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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟏. 𝟏

𝑬𝒈 𝟏. 𝟏 ∶ 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒔𝒖𝒃𝒔𝒆𝒕 𝒐𝒇 𝑨 𝒊𝒇 𝑨 =
𝒙: 𝒙 = 𝟒𝒏 + 𝟏, 𝟐 ≤ 𝒏 ≥ 𝟓, 𝒏 ∈ ℕ

A = {𝑥 : 𝑥 = 4𝑛 + 1,𝑛 = 2,3,4,5}
𝑥 = 4𝑛 + 1

𝑛 = 2;𝑥 = 4 2 + 1 = 8 + 1 𝑥 = 9

𝑛 = 3;𝑥 = 4 3 + 1 = 12 + 1 𝑥 = 13

𝑛 = 4;𝑥 = 4 4 + 1 = 16 + 1 𝑥 = 17

𝑛 = 5;𝑥 = 4 5 + 1 = 20 + 1 𝑥 = 21

A = {9,13,17,21} ⟹ 𝑛 𝐴 = 4

𝑛 𝒫 𝐴 = 2𝑛 𝑤ℎ𝑒𝑟𝑒 𝑛 = 4

𝑛 𝒫 𝐴 = 24 = 2 × 2 × 2 × 2 = 16

⟹

⟹

⟹

⟹

⟹

Example 1.2 : In a survey of 5000 person in a town, it was found 45% of the
persons know language A, 25% know language B, 10% know language
C, 5% know languages A and B, 4% know language B and C, and 4% know
languages A and C. If 3% of the persons know all the three languages, find
the number of persons who knows only language A.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 ∶

𝑛 𝐴 =
45

100
× 5000𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐴 = 45% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑠𝑜𝑛 𝑖𝑛 𝑎 𝑡𝑜𝑤𝑛 = 5000

= 45 × 50

𝑛 𝐴 = 2250 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐵 = 25% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑛 𝐵 =
25

100
× 5000 = 25 × 50 𝑛 𝐵 = 1250

𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐶 = 10% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

⟹

⟹

⟹

𝑛 𝐶 =
10

100
× 5000 = 10 × 50 𝑛 𝐶 = 500

𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐴 𝑎𝑛𝑑 𝐵 = 5% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑛 𝐴 ∩ 𝐵 =
5

100
× 5000 = 5 × 50 𝑛 𝐴 ∩ 𝐵 = 250

𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐵 𝑎𝑛𝑑 𝐶 = 4% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑛 𝐵 ∩ 𝐶 =
4

100
× 5000 = 4 × 50 𝑛 𝐵 ∩ 𝐶 = 200

𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 𝐶 𝑎𝑛𝑑 𝐴 = 4% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑛 𝐶 ∩ 𝐴 =
4

100
× 5000 = 4 × 50 𝑛 𝐶 ∩ 𝐴 = 200

⟹

⟹

⟹

⟹

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝑷𝒓𝒐𝒅𝒖𝒄𝒕
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𝐴𝑙𝑙 𝑡ℎ𝑒 𝑡ℎ𝑟𝑒𝑒 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒 = 3% 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛

𝑛 𝐴 ∩ 𝐵 ∩ 𝐶 =
3

100
× 5000 = 3 × 50

𝑛 𝐴 ∩ 𝐵 ∩ 𝐶 = 150

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 𝑤ℎ𝑜 𝑘𝑛𝑜𝑤𝑠 𝑜𝑛𝑙𝑦 𝐴 𝑖𝑠

𝑛 𝐴 ∩ B´∩C´ = 𝑛 𝐴 ∩ B∩C ′

𝐴 ∩ 𝐵′ = 𝐴 − 𝐵

𝐴 ∩ B∩C ′ = 𝐴 − 𝐴 ∩ B∩C

= 𝑛 𝐴 − 𝑛 𝐴 ∩ B∩C

= 𝑛 𝐴 − 𝑛 A ∩ B ∪ A ∩ C

= 𝑛 𝐴 − 𝑛 A ∩ B − 𝑛 𝐴 ∩ 𝐶 + 𝑛 𝐴 ∩ 𝐵 ∩ 𝐶

= 2250 ⎼ 250 ⎼ 200 + 150 = 1950

Thus the required number of person is 1950

A B

C

45
5

4 43

= 2

= 1 = 1

= 39

− 3

− 3− 3

− 2 + 3 + 1

Example 1.2 : In a survey of 5000 person in a town, it was found 45% of the
persons know language A, 25% know language B, 10% know language C,
5% know languages A and B, 4% know language B and C, and 4% know
languages A and C. If 3% of the persons know all the three languages, find the
number of persons who knows only language A.

45

From figure, the percentage of personwho know only language A is 39.

Therefore, the required number of person is

39

100
× 5000

25

10
= 1950

Prove that 𝑨 ∪ 𝑩′ ∪ 𝑪 ∩ 𝑨 ∩ 𝑩 ∩ 𝑪′ ∪ 𝑨 ∪ 𝑩 ∪ 𝑪′ ∩ 𝑩′ ∩ 𝑪′ = 𝑩′ ∩ 𝑪′

we have A ∩ 𝐵′ ∩ 𝐶′ ⊆ A ⊆ A ∪ 𝐵′ ∪ 𝐶

and hence 𝐴 ∪ 𝐵′ ∪ 𝐶 ∩ 𝐴 ∩ 𝐵′ ∩ 𝐶′ = 𝐴 ∩ 𝐵′ ∩ 𝐶′

𝐴𝑙𝑠𝑜. 𝐵′ ∩ 𝐶′ ⊆ 𝐶′ ⊆ 𝐴 ∪ 𝐵 ∪ 𝐶′

and hence 𝐴 ∪ 𝐵 ∪ 𝐶′ ∩ 𝐵′ ∩ 𝐶′ = 𝐵′ ∩ 𝐶′.

𝑁𝑜𝑤 𝑎𝑠 𝐴 ∪ 𝐵′ ∩ 𝐶′ ⊆ 𝐵′ ∩ 𝐶′.

we have 𝐴 ∪ 𝐵′ ∪ 𝐶 ∩ 𝐴 ∩ 𝐵 ∩ 𝐶′ ∪ 𝐴 ∪ 𝐵 ∪ 𝐶′ ∩ 𝐵′ ∩ 𝐶′ = 𝐵′ ∩ 𝐶′

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟑
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Prove that 𝑨 ∪ 𝑩′ ∪ 𝑪 ∩ 𝑨 ∩ 𝑩 ∩ 𝑪′ ∪ 𝑨 ∪ 𝑩 ∪ 𝑪′ ∩ 𝑩′ ∩ 𝑪′ = 𝑩′ ∩ 𝑪′
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟑

A B

U𝐴 ∪ 𝐵′ ∪ 𝐶

C

A B

U𝐴 ∩ 𝐵 ∩ 𝐶′

C

A B U

𝐴 ∪ 𝐵′ ∪ 𝐶 ∩ 𝐴 ∩ 𝐵 ∩ 𝐶′

C

A B

U𝐴 ∪ 𝐵 ∪ 𝐶′

C

A B

U𝐵′ ∩ 𝐶′

C

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟒
𝑰𝒇 𝑿 = 𝟏, 𝟐, 𝟑 … 𝟏𝟎 𝐚𝐧𝐝 𝑨 = 𝟏, 𝟐, 𝟑, 𝟒, 𝟓 , 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐞𝐭𝐬 𝐁 ⊆ 𝐗

𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐀 − 𝐁 = {𝟒}

For every subset C of 6,7,8,9,10 ,

𝑙𝑒𝑡 𝐵 = 𝐶 ∪ 1,2,3,5 . Then 𝐴 − 𝐵 = 4 .

In other words, for every subset C of 6,7,8,9,10 ,

we are a unique set B so that 𝐴 − 𝐵 = {4}. so number of set 𝐵 ⊆ 𝑋

such that 𝐴 − 𝐵 = {4} and the number of substes of {6,7,8,9,10}

are the same. So the number of sets 𝐵 ⊆ 𝑋

Such that 𝐴 − 𝐵 = 4 𝑖𝑠 25 = 32.

Example 1.5

𝑖𝑓 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑛 𝐵 − 𝐴 = 2𝑛 𝐴 − 𝐵 = 4𝑛 𝐴 ∩ 𝐵 𝑎𝑛𝑑 𝑖𝑓

𝑛 𝐴 ∪ 𝐵 = 14, 𝑡ℎ𝑒𝑛 𝑓𝑖𝑛𝑑 𝑛 𝑝 𝐴

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑛 𝑝 𝐴 . 𝑊𝑒 𝑛𝑒𝑒𝑑 𝑛 𝐴 .

𝐿𝑒𝑡 𝑛 𝐴 ∩ 𝐵 = 𝑘.

𝑛 𝐵 − 𝐴 = 2𝑛 𝐴 − 𝐵 = 4𝑛 𝐴 ∩ 𝐵

𝑛 𝐵 − 𝐴 = 2𝑛 𝐴 − 𝐵 = 4𝑘

𝑛 𝐵 − 𝐴 = 4𝑘

2𝑛 𝐴 − 𝐵 = 4𝑘 ⟹ 𝑛 𝐴 − 𝐵 = 2𝑘

𝐴 = 𝐴 − 𝐵 ∪ 𝐴 ∩ 𝐵

𝑛 𝐴 = 𝑛 𝐴 − 𝐵 + 𝑛 𝐴 ∩ 𝐵

𝑛 𝐵 = 𝑛 𝐵 − 𝐴 + 𝑛 𝐴 ∩ 𝐵
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𝑛 𝐴 ∪ 𝐵 = 𝑛 𝐴 − 𝐵 + 𝑛 𝐴 ∩ 𝐵 + 𝑛 𝐵 − 𝐴 + 𝑛 𝐴 ∩ 𝐵 − 𝑛 𝐴 ∩ 𝐵

𝑛 𝐴 ∪ 𝐵 = 𝑛 𝐴 + 𝑛 𝐵 − 𝑛 𝐴 ∩ 𝐵

𝑛 𝐴 ∪ 𝐵 = 2𝑘 + 4𝑘 + 𝑘

𝑤ℎ𝑒𝑟𝑒 𝑛 𝐴 ∪ 𝐵 = 14

𝑛 𝐴 ∪ 𝐵 = 𝑛 𝐴 − 𝐵 + 𝑛 𝐵 − 𝐴 + 𝑛 𝐴 ∩ 𝐵

𝑘 = 2

𝑛 𝐴 = 𝑛 𝐴 − 𝐵 + 𝑛 𝐴 ∩ 𝐵

𝑛 𝐴 = 6 and hence 𝑛 𝑝 𝐴 = 2𝑛

14 = 7𝑘

𝑛 𝐴 ∩ 𝐵 = 𝑘

𝑛 𝐵 − 𝐴 = 4𝑘

𝑛 𝐴 − 𝐵 = 2𝑘

𝑛 𝐴 ∩ 𝐵 = 2

𝑛 𝐵 − 𝐴 = 4 2 𝑛 𝐵 − 𝐴 = 8

𝑛 𝐴 − 𝐵 = 2 2 𝑛 𝐴 − 𝐵 = 4

𝑛 𝐴 = 4 + 2

𝑛 𝑝 𝐴 = 64.

⟹

⟹

⟹

⟹

𝑛 𝑝 𝐴 = 26

⟹

⟹

⟹

⟹ ⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟔

𝑻𝒘𝒐 𝒔𝒆𝒕𝒔 𝒉𝒂𝒗𝒆 𝒎 𝒂𝒏𝒅 𝒌 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔. 𝑰𝒇 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒔𝒖𝒃𝒔𝒆𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒇𝒊𝒓𝒔𝒕 𝒔𝒆𝒕 𝒊𝒔 𝟏𝟏𝟐
𝒎𝒐𝒓𝒆 𝒕𝒉𝒂𝒏 𝒕𝒉𝒂𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒔𝒆𝒕, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒎 𝒂𝒏𝒅 𝒌.

𝐿𝑒𝑡 𝐴 𝑎𝑛𝑑 𝐵 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠 𝑤𝑖𝑡ℎ 𝑛 𝐴 = 𝑚 𝑎𝑛𝑑 𝑛 𝐵 = 𝑘.

𝑆𝑖𝑛𝑐𝑒 𝐴 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑚𝑜𝑟𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑡ℎ𝑎𝑛 𝐵, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑚 > 𝑘.

2m − 2k = 112

2𝑘(2𝑚−𝑘 − 1)

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝐵 = 112

2𝑘
2𝑚

2𝑘
−

2𝑘

2𝑘
= 112

2𝑘 2𝑚 × 2−𝑘 − 1 = 112 = 24 × 7

1122

562
282
142

7

𝑎𝑛𝑑 2𝑚−𝑘 − 1 = 72𝑘 = 24 𝑘 = 4

𝑛 𝑃 𝐴 = 2𝑚 𝑎𝑛𝑑 𝑛 𝑃 𝐵 = 2𝑘

𝑛 𝑃 𝐴 − 𝑛 𝑃 𝐵 = 112

⟹

⟹

⟹

2𝑚−𝑘 = 7 + 1 2𝑚−𝑘 = 8 2𝑚−𝑘 = 23 𝑚 − 𝑘 = 3
𝑠𝑢𝑏 𝑘 = 4

⟹

𝑚 − 4 = 3 ⟹ 𝑚 = 7

⟹ ⟹

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟕

𝑰𝒇 𝒏 𝑨 = 𝟏𝟎 𝒂𝒏𝒅 𝒏 𝑨 ∩ 𝑩 = 𝟑, 𝒇𝒊𝒏𝒅 𝒏 𝑨 ∩ 𝑩 ′ ∩ 𝑨 .

𝐴 ∩ 𝐵 ′ ∩ A = A′ ∩ A= A′ ∪ B′ ∩ A ∪ B′ ∩ A

= ∅ ∪ 𝐵′ ∩ 𝐴 = 𝐵′ ∩ 𝐴

𝐴 ∩ 𝐵′ = 𝐴 − 𝐵

= 𝐴 − 𝐵

𝑛 𝐴 ∩ 𝐵 ′ ∩ 𝐴 = 𝑛 𝐴 − 𝐵

A′ ∩ A = ∅

= 𝑛 𝐴 − 𝐴 ∩ 𝐵 = 𝑛 𝐴 − 𝑛 𝐴 ∩ 𝐵 = 10 − 3= 7

𝐴 − 𝐵 = 𝐴 − 𝐴 ∩ 𝐵
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟖

𝐈𝐟 𝐀 = 𝟏, 𝟐, 𝟑, 𝟒 𝒂𝒏𝒅 𝑩 = 𝟑, 𝟒, 𝟓, 𝟔 𝒇𝒊𝒏𝒅 𝒏 𝑨 ∪ 𝑩 × 𝑨 ∩ 𝑩 × 𝑨 ∆ 𝑩

𝑛 𝐴 ∪ 𝐵 = 6,

A ∪ B = 1, 2, 3, 4 ∪ 3, 4, 5, 6 A ∪ 𝐵 = 1,2,3,4,5,6

A ∩ B = 1, 2, 3, 4 ∩ 3, 4, 5, 6 A ∩ 𝐵 = 3, 4

𝐴 ∆ 𝐵 = 𝐴 − 𝐵 ∪ 𝐵 − 𝐴

𝐴 − 𝐵 = 1,2,3,4 − 3,4,5,6 𝐴 − 𝐵 = 1, 2 𝐵 − 𝐴 = 3, 4, 5, 6 − 1, 2, 3, 4

𝐵 − 𝐴 = 5, 6 𝐴 ∆ 𝐵 = 1, 2 ∪ 5, 6 𝐴 ∆ 𝐵 = 1, 2, 5, 6

𝑛 𝐴 ∩ 𝐵 = 2 𝑎𝑛𝑑 𝑛 𝐴 ∆ 𝐵 = 4

⇒

⇒

⇒ ⇒

⇒ ⇒

𝑛 𝐴 ∪ 𝐵 × 𝐴 ∩ 𝐵 × 𝐴 ∆ 𝐵 = 𝑛 𝐴 ∪ 𝐵 × 𝑛 𝐴 ∩ 𝐵 × 𝑛 𝐴 ∆ 𝐵

= 6 × 2 × 4 = 48
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟗

𝐈𝐟 𝐩 𝑨 𝐝𝐞𝐧𝐨𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐨𝐰𝐞𝐫 𝐬𝐞𝐭 𝐨𝐟 𝐀, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐧 𝐩 𝐩 𝐩 ∅

Since p ∅ contains 1 element.

p p ∅ contains 2 element

𝑛 𝑃 𝐴 = 2𝑛 𝐴 = ∅ = { } 𝑛 𝑃 ∅ = 20𝑛 = 0 = 1⟹

𝑛 = 1 𝐹𝑜𝑟 𝑃 𝑃 ∅

𝑛 𝑃 𝑃 ∅ = 21 = 2

n p p p ∅

𝑛 = 2 𝐹𝑜𝑟 p p p ∅

= 22 contains 4 elements. 

⟹ ⟹

⟹

⟹ ⟹

𝟏. 𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧 𝐫𝐨𝐬𝐭𝐞𝐫 𝐟𝐨𝐫𝐦.
𝒊 𝒙 ∈ 𝑵 ⋮ 𝒙𝟐 < 𝟏𝟐𝟏 𝒂𝒏𝒅 𝒙 𝒊𝒔 𝒂 𝒑𝒓𝒊𝒎𝒆 .

𝐿𝑒𝑡 𝑢𝑠 𝑐ℎ𝑒𝑐𝑘 𝑥 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑎𝑛𝑑 𝑥2 < 121

𝒙𝟐

22 = 4

32 = 9

52 = 25

72 = 49

112 = 121

𝑥 = 2 ⟹

𝑥 = 3 ⟹

𝑥 = 5 ⟹

𝑥 = 7 ⟹

𝑥 = 11⟹

𝐀 = 𝟐, 𝟑, 𝟓, 𝟕

𝒊𝒊 𝑻𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙 − 𝟏 𝒙 + 𝟏 𝒙𝟐 − 𝟏 = 𝟎

𝑥 − 1 𝑥 + 1 𝑥2 − 1 = 0

A = 1

𝑥 − 1 = 0 , 𝑥 + 1 = 0 , 𝑥2 − 1 = 0

𝑥 = 1 , 𝑥 = −1 , 𝑥2 − 12 = 0

𝑥 − 1 𝑥 + 1 = 0

𝑥 − 1 = 0 , 𝑥 + 1 = 0 𝑥 = 1 , 𝑥 = −1⟹

𝒊𝒊𝒊 𝒙 ∈ 𝑵 ⋮ 𝟒𝒙 + 𝟗 < 𝟓𝟐 .

4𝑥 + 9

= 4 + 9 = 13𝑥 = 1 ⟹ 4 1 + 9 5
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= 8 + 9 = 17𝑥 = 2 ⟹ 4 2 + 9

= 12 + 9 = 21𝑥 = 3 ⟹ 4 3 + 9

𝑆𝑖𝑚𝑖𝑙𝑖𝑎𝑟𝑙𝑦 ∶

𝑥 = 4 ⟹ 25
4𝑥 + 9

𝑥 = 5 ⟹ 29

𝑥 = 6 ⟹ 33

𝑥 = 7 ⟹ 37

, 𝑥 = 8 ⟹ 41
, 𝑥 = 9 ⟹ 45

, 𝑥 = 10⟹ 49

, 𝑥 = 11 ⟹ 53 > 52

1, 2, 3, 4, 5, 6, 7, 8, 9, 10

(𝑖𝑣)
𝒙 − 𝟒

𝒙 + 𝟐
= 𝟑, 𝒙 ∈ 𝑹 − {−𝟐}

𝑥 − 4

𝑥 + 2
= 3 ⟹ 𝑥 − 4 = 3 𝑥 + 2

𝑥 − 4 = 3𝑥 + 6 𝑥 − 3𝑥 = 6 + 4⟹

−2𝑥 = 10 ⟹ − 𝑥 = 5

𝑥 = −5 −5⟹

𝟐. 𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐬𝐞𝐭 −𝟏, 𝟏 𝐢𝐧 𝐬𝐞𝐭 𝐛𝐮𝐢𝐥𝐝𝐞𝐫 𝐟𝐨𝐫𝐦.

𝐴 = 𝑥 ⋮ 𝑥 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑥2 − 1 = 0

𝑥 = −1, 𝑥 = 1

𝑥 + 1 = 0, 𝑥 − 1 = 0 𝑥 + 1 𝑥 − 1 = 0

𝑥2 − 1 = 0𝑥2 − 12 = 0 ⟹

𝟑. 𝐒𝐭𝐚𝐭𝐞 𝐰𝐡𝐞𝐭𝐡𝐞𝐫 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐬𝐞𝐭𝐬 𝐚𝐫𝐞 𝐟𝐢𝐧𝐢𝐭𝐞 𝐨𝐫 𝐢𝐧𝐟𝐢𝐧𝐢𝐭𝐞

𝒊 𝒙 ∈ 𝑵 ⋮ 𝒙 𝒊𝒔 𝒂𝒏 𝒆𝒗𝒆𝒏 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓

𝐹𝑖𝑛𝑖𝑡𝑒

𝒊𝒊 𝒙 ∈ 𝑵 ⋮ 𝒙 𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 .

𝐼𝑛𝑓𝑖𝑛𝑖𝑡𝑒.

⟹

𝒊𝒊𝒊 𝒙 ∈ 𝒁 ⋮ 𝒙 𝒊𝒔 𝒆𝒗𝒆𝒏 𝒂𝒏𝒅 𝒍𝒆𝒔𝒔 𝒕𝒉𝒂𝒏 𝟏𝟎

𝐼𝑛𝑓𝑖𝑛𝑖𝑡𝑒

𝒊𝒗 𝒙 ∈ 𝑹 ⋮ 𝒙 𝒊𝒔 𝒂 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 .

I𝑛𝑓𝑖𝑛𝑖𝑡𝑒

𝒗 𝒙 ∈ 𝑵 ⋮ 𝒙 𝒊𝒔 𝒂 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 .
𝐼𝑛𝑓𝑖𝑛𝑖𝑡𝑒

𝟒. 𝐁𝐲 𝐭𝐚𝐤𝐢𝐧𝐠 𝐬𝐮𝐢𝐭𝐚𝐛𝐥𝐞 𝐬𝐞𝐭𝐬 𝐀, 𝐁, 𝐂, 𝐯𝐞𝐫𝐢𝐟𝐲 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐰𝐨𝐢𝐧𝐠 𝐫𝐞𝐬𝐮𝐥𝐭𝐬.

𝒊 𝑨 × 𝑩 ∩ 𝑪 = 𝑨 × 𝑩 ∩ 𝑨 × 𝑪 .

To prove, A × B ∩ C = A × B ∩ A × C

Let 𝐴 = 𝑎 , B = 𝑎, 𝑏 , C = 𝑎, 𝑏, 𝑐
6
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𝐵 ∩ 𝐶 = 𝑎, 𝑏 ∴ A × B ∩ C =

𝐴 × 𝐵 =

𝐴 × 𝐶 =

𝐿. 𝐻. 𝑆 = A × B ∩ C

𝑎 × 𝑎, 𝑏

{ 𝑎, 𝑎 , 𝑎, 𝑏

, 𝑎, 𝑐

}A × B ∩ C = … 1

𝑎 × 𝑎, 𝑏 { 𝑎, 𝑎 , 𝑎, 𝑏 }𝐴 × 𝐵 =

𝑎 × 𝑎, 𝑏, 𝑐 = { 𝑎, 𝑎 , 𝑎, 𝑏 }𝐴 × 𝐶

𝑅. 𝐻. 𝑆 = A × B ∩ A × C

⟹

⟹

𝐴 × 𝐵 ∩ 𝐴 × 𝐶 = { 𝑎, 𝑎 , 𝑎, 𝑏 } ∩ , 𝑎, 𝑐{ 𝑎, 𝑎 , 𝑎, 𝑏 }

𝐢𝐢 𝐀 × 𝐁 ∪ 𝐂 = 𝐀 × 𝐁 ∪ 𝐀 × 𝐂

To Prove ∶ A × B ∪ C = A × B ∪ (A × C)

Let 𝐴 = 𝑎 , B = 𝑎, 𝑏 , C = 𝑎, 𝑏, 𝑐

B ∪ C = 𝑎, 𝑏 ∪ 𝑎, 𝑏, 𝑐

𝐿. 𝐻. 𝑆 = A × B ∪ C

𝐴 × 𝐵 ∩ 𝐴 × 𝐶 = { 𝑎, 𝑎 , 𝑎, 𝑏 } … 2

From 1 and 2 ∴ L. H. S = R. H. S

⟹

B ∪ C = 𝑎, 𝑏, 𝑐

A × B ∪ C = 𝑎 × 𝑎, 𝑏, 𝑐 A × B ∪ C , 𝑎, 𝑐= { 𝑎, 𝑎 , 𝑎, 𝑏 } … 1⟹

𝑅. 𝐻. 𝑆 = A × B ∪ A × C

𝐴 × 𝐵 = 𝑎 × 𝑎, 𝑏 𝑎, 𝑎 , 𝑎, 𝑏𝐴 × 𝐵 ={ }⟹

𝐴 × 𝐶 = , 𝑎, 𝑐𝑎 × 𝑎, 𝑏, 𝑐 = { 𝑎, 𝑎 , 𝑎, 𝑏 }𝐴 × 𝐶⟹

𝐴 × 𝐵 ∪ 𝐴 × 𝐶 = { 𝑎, 𝑎 , 𝑎, 𝑏 } ∪ , 𝑎, 𝑐{ 𝑎, 𝑎 , 𝑎, 𝑏 }

A × B) ∪ (A × C =

A × B ∪ C = A × B ∪ A × C

, 𝑎, 𝑐{ 𝑎, 𝑎 , 𝑎, 𝑏 }… 2

𝐹𝑟𝑜𝑚 (1)𝑎𝑛𝑑 (2)

𝐢𝐢𝐢 𝐀 × 𝐁 ∩ 𝐁 × 𝐀 = (𝐀 ∩ 𝐁) × (𝐁 ∩ 𝐀)

To prove ∶ A × B ∩ B × A = (A ∩ B) × (B ∩ A)

Let 𝐴 = 𝑎, 𝑏 , B = 𝑎, 𝑏, 𝑐

A × B =

B × A =

A × B ∩ B × A =

𝑎, 𝑏 × 𝑎, 𝑏, 𝑐

𝑎, 𝑎 , 𝑎, 𝑏𝐴 × 𝐵 = { }, 𝑎, 𝑐 , 𝑏, 𝑎 , 𝑏, 𝑏 , 𝑏, 𝑐

𝑎, 𝑏, 𝑐 × 𝑎, 𝑏

𝑎, 𝑎 , 𝑎, 𝑏{ }, 𝑐, 𝑎, 𝑏, 𝑎 , 𝑏, 𝑏 , 𝑐, 𝑏B × A =

{ 𝑎, 𝑎 , 𝑎, 𝑏 , 𝑏, 𝑏 }… 1, 𝑏, 𝑎

7
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A ∩ B =

A ∩ B × B ∩ A =

𝑎, 𝑏 𝑎, 𝑏, 𝑐∩ A ∩ B = 𝑎, 𝑏

B ∩ A = 𝑎, 𝑏𝑎, 𝑏, 𝑐 ∩ B ∩ A = 𝑎, 𝑏

𝑎, 𝑏 × 𝑎, 𝑏

A ∩ B × B ∩ A = { 𝑎, 𝑎 , 𝑎, 𝑏 , 𝑏, 𝑏 }… 2

From 1 and (2) ∴ L. H. S = R. H. S

, 𝑏, 𝑎

𝐢𝐯 𝐂 − 𝐁 − 𝐀 = 𝐂 ∩ 𝐀 ∪ 𝐂 ∩ 𝐁′

To prove: C − B − A = (C ∩ A) ∪ (C ∩ B′)

C = 12, 24, 28

𝐵 − 𝐴 =

U = 4, 8, 12, 16, 20, 24, 28 , A = 8, 16, 24 , B = 4, 16, 20, 28 and

𝐿. 𝐻. 𝑆 = C − B − A

4, 16, 20, 28 − 8, 16, 24 𝐵 − 𝐴 = 4, 20, 28

C − B − A = 12, 24, 28 − 4, 20, 28

C − B − A = 12, 24 … 1

C ∩ A

𝑅. 𝐻. 𝑆 = C ∩ A ∪ C ∩ B′

= 12, 24, 28 ∩ 8, 16, 24 C ∩ A = 24

C ∩ B′ = 12, 24, 28 ∩ 8, 12, 24

C ∩ A ∪ C ∩ B′ = 24 ∪ 12, 24

𝐵′ = 𝑈 − 𝐵

𝐵′ = 8, 12, 24

= 4, 8, 12, 16, 20, 24, 28 − 4, 16, 20, 28

C ∩ B′ = 12, 24

C ∩ A ∪ C ∩ B′ = 12, 24 … 2

⟹

⟹

⟹

⟹

⟹

⟹

From 1 and (2) L. H. S = R. H. S

𝐯 𝐁 − 𝐀 ∩ 𝐂 = 𝐁 ∩ 𝐂 − 𝐀 = 𝐁 ∩ 𝐂 − 𝐀

To prove: B − A ∩ C = B ∩ C − A = B ∩ (C − A)

𝐵 − 𝐴 = 4, 16, 20, 28 − 8, 16, 24 𝐵 − 𝐴 = 4, 20, 28

𝐵 − 𝐴 ∩ 𝐶 = 4, 20, 28 ∩ 12, 24, 28 𝐵 − 𝐴 ∩ 𝐶 = 28 … 1

⟹

⟹

𝑩 ∩ 𝑪 − 𝑨

B ∩ C = 4, 16, 20, 28 ∩ 12, 24, 28 = 28

B ∩ C − A = 28 − 8, 16, 24

𝐵 ∩ 𝐶 − 𝐴 = 28 … 2

𝑩 ∩ 𝑪 − 𝑨

C − A = 12, 24, 28 − 8, 16, 24 C − A = 12, 28

𝐁 − 𝑨 ∩ 𝐂

⟹

B ∩ C − A = 4, 16, 20, 28 ∩ 12, 24, 28

B ∩ C − A = 28 … 3
8
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𝐹𝑟𝑜𝑚 1 , 2 𝑎𝑛𝑑 3

B − A ∩ C = B ∩ C − A = B ∩ (C − A)

𝒗𝒊 𝑩 − 𝑨 ∪ 𝑪 = 𝑩 ∪ 𝑪 − 𝑨 − 𝑪 𝒃𝒚 𝒕𝒂𝒌𝒊𝒏𝒈 𝒔𝒖𝒊𝒕𝒂𝒃𝒍𝒆 𝑨, 𝑩, 𝑪.

𝐓𝐨 𝐩𝐫𝐨𝐯𝐞: 𝐁 − 𝑨 ∪ 𝐂 = 𝑩 ∪ 𝑪 − (𝑨 − 𝑪)

𝑳. 𝑯. 𝑺 = 𝐁 − 𝑨 ∪ 𝐂

𝐵 − 𝐴 = 4, 16, 20, 28 − 8, 16, 24 𝐵 − 𝐴 = 4, 20, 28

𝐵 − 𝐴 ∪ 𝐶 = 4, 20, 28 ∪ 12, 24, 28

𝐵 − 𝐴 ∪ 𝐶 = 4, 12, 20, 24, 28 … 1

𝑅. 𝐻. 𝑆 = 𝐵 ∪ 𝐶 − (𝐴 − 𝐶)

B ∪ C = 4, 16, 20, 28 ∪ 12, 24, 28 B ∪ C = 4, 12, 16, 20, 24, 28

𝐴 − C − 12, 24, 28= 8, 16, 24 𝐴 − C = 8, 16

𝐵 ∪ 𝐶 − (𝐴 − 𝐶) = 4, 12, 16, 20, 24, 28 − 8, 16

𝐵 ∪ 𝐶 − (𝐴 − 𝐶) = 4, 12, 20, 24, 28

From 1 and (2)

𝐵 − 𝐴 ∪ 𝐶 = 𝐵 ∪ 𝐶 − (𝐴 − 𝐶)

𝟓. 𝑱𝒖𝒔𝒕𝒊𝒇𝒚 𝒕𝒉𝒆 𝒕𝒓𝒖𝒆𝒏𝒆𝒔𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕:

"An element of a set can never be a subset of itself".

Let S = {a, b, c}

𝐸𝑣𝑒𝑟𝑦 𝑠𝑒𝑡 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑖𝑡𝑠𝑒𝑙𝑓.

. 𝑖𝑡 𝑚𝑒𝑎𝑛𝑠 𝑎 𝑖𝑠 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑆.

𝐵𝑢𝑡 𝑎 𝑖𝑠 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑆 a ⊂ S.

P (S) = { ⊘ ,{a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}}

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑖𝑓 𝑤𝑒 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑡

𝑖𝑓 𝑤𝑒 𝑡𝑎𝑘𝑒 𝑎 ∈ S 𝑤𝑖𝑙𝑙 𝑛𝑜𝑡 𝑏𝑒 𝑠𝑢𝑏 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑡𝑠𝑒𝑙𝑓

𝑖. 𝑒

⟹

⟹

⟹

𝟔. 𝐈𝐟 𝐧 𝐏 𝐀 = 𝟏𝟎𝟐𝟒, 𝐧 𝐀 ∪ 𝐁 = 𝟏𝟓 𝐚𝐧𝐝 𝐧 𝐏 𝑩 = 𝟑𝟐, 𝐅𝐢𝐧𝐝 𝐧 𝐀 ∩ 𝑩 .

𝑛 𝑃 𝐴 = 1024

𝑛 𝑃 𝐵 = 32

𝑛 𝑃 𝐴 = 210

𝑛 𝑃 𝐵 = 25 𝑛 𝐵 = 5

15 = 10 + 5 − n(A ∩ B) n A ∩ B = 0

⟹ 𝑛 𝐴 = 10

⟹ ⟹

⟹

𝐧 𝐀 ∪ 𝑩 = 𝐧 𝑨 + 𝐧 𝑩 − 𝐧(𝐀 ∩ 𝐁)

𝟕. 𝐢𝐟 𝐧 𝐀 ∩ 𝐁 = 𝟑 𝐚𝐧𝐝 𝐧 𝐀 ∪ 𝐁 = 𝟏𝟎, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐧 𝐏 𝐀 ∆ 𝐁 .

𝐴 ∆ 𝐵 = 𝐴 ∪ 𝐵 − (𝐴 ∩ 𝐵)

Given n A ∩ B = 3 and n A ∪ B = 10

𝑛 𝐴 ∆ 𝐵 = 7 𝑛 𝑝 𝐴 ∆ 𝐵 = 27

𝑛 𝐴 ∆ 𝐵 = n A ∪ B − n A ∩ B

𝑛 𝐴 ∆ 𝐵 = 10 − 3 ⟹

𝑛 𝑝 𝐴 ∆ 𝐵 = 128

⟹

⟹
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𝟖. 𝑭𝒐𝒓 𝒂 𝒔𝒆𝒕 𝑨, 𝑨 × 𝑨 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒔 𝟏𝟔 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒏𝒅 𝒕𝒘𝒐 𝒐𝒇 𝒊𝒕𝒔 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔
𝒂𝒓𝒆 𝟏, 𝟑 𝒂𝒏𝒅 𝟎, 𝟐 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝑨.

𝑛 𝐴 × 𝐴 = 16 𝑛 𝐴 = 4

𝐴 × 𝐴 ∈ 1, 3 , 0, 2

𝐴 = 0,1,2,3

𝑛 𝐴 × 𝑛 𝐴 = 4 × 4⟹ ⟹

𝟗. 𝑳𝒆𝒕 𝑨 𝒂𝒏𝒅 𝑩 𝒃𝒆 𝒕𝒘𝒐 𝒔𝒆𝒕𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒏 𝑨 = 𝟑 𝒂𝒏𝒅 𝒏 𝑩 = 𝟐. 𝑰𝒇 𝒙, 𝟏 𝒚, 𝟐
𝒛, 𝟏 𝒂𝒓𝒆 𝒊𝒏 𝑨 × 𝑩, 𝒇𝒊𝒏𝒅 𝑨 𝒂𝒏𝒅 𝑩, 𝒘𝒉𝒆𝒓𝒆 𝒙, 𝒚, 𝒛 𝒂𝒓𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔.

𝑛 𝐴 = 3,

∴ 𝐴 = 𝑥, 𝑦, 𝑧 ,

𝑛 𝐵 = 2 𝑎𝑛𝑑 𝑥, 1 𝑦, 2 𝑧, 1 ∈ 𝐴 × 𝐵

𝐵 = 1, 2

𝟏𝟎. 𝐈𝐟 𝐀 × 𝐀 𝐡𝐚𝐬 𝟏𝟔 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬, 𝐒 = 𝐚, 𝐛 ∈ 𝐀 × 𝐀 ∶ 𝐚 < 𝐛 ; −𝟏, 𝟐 𝐚𝐧𝐝 𝟎, 𝟏
𝐚𝐫𝐞 𝐭𝐰𝐨 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬 𝐨𝐟 𝐒, 𝐭𝐡𝐞𝐧 𝐰𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐫𝐞𝐦𝐚𝐢𝐧𝐢𝐧𝐠 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬 𝐨𝐟 𝐒.

Let A = −1,0,1,2

𝐴 × A = −1, 0, 1, 2 × −1, 0, 1, 2

−1, −1 , −1, 0𝐴 × 𝐴 = {

}

, −1, 1 , −1, 2 , 0, −1 , 0, 0 , 0, 1 , 0, 2 , 1, −1

, 1, 0 , 1, 1 , 1, 2

S = a, b ∈ A × A; a < b

, 2, −1 , 2, 0 , 2, 1 , 2, 2

−1, 0= { , −1, 1 , −1, 2 , 0, 1 , 0, 2 , 1, 2 }

Give that −1,2 , 0,1 are in S.

Other elements are −1, 0 , −1, 1 , 0, 2 , 1, 2
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It is customary to represent constants by the letters a, b, c, … and 
variable by x, y, z.

Constant and variable:

A variable is a quantity which can have different values in a particular 
mathematical process.

A quantity, which retains the same value throughout a mathematical 
process, is called a  constant

Independent / dependent variables

𝑽 =
𝟏

𝟑
𝝅𝒓𝟐𝒉 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔

𝑨 = 𝝅𝒓𝟐 𝒔𝒒. 𝒖𝒏𝒊𝒕𝒔

𝑺 = 𝟒𝝅𝒓𝟐𝒉 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔

V, A and S are dependent variables the quantities,

r and h are independent variables

11
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The real numbers can be represented geometrically as points on a
number line called the real line

𝐈𝐍𝐓𝐄𝐑𝐕𝐀𝐋𝐒 𝐀𝐍𝐃 𝐍𝐄𝐈𝐆𝐇𝐁𝐎𝐔𝐑𝐇𝐎𝐎𝐃𝐒

−3 − 2 − 1 0 1 2 3 4

Any real number can be identified as a point on the line, We call the line as
the real line.

−∞ ∞

2 𝑒 𝜋

𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑎𝑠 𝑤𝑒 𝑔𝑜 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑑 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑒𝑠 𝑎𝑠 𝑤𝑒 𝑔𝑜 𝑙𝑒𝑓𝑡.

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑚𝑎𝑛𝑦 𝑅𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎𝑛𝑦 𝑡𝑤𝑜 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟏. 𝟏

A subset I of R is said to be an interval if

𝑖 I contains at least two elements and

𝑖𝑖 𝑎, 𝑏 ∈ 𝐼 𝑎𝑛𝑑 𝑎 < 𝑐 < 𝑏 𝑡ℎ𝑒𝑛 𝑐 ∈ 𝐼

Geomerically, intervals correspond to rays and line segments on the real line.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠, 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠, 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠, 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙

𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠.
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𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑒𝑡𝑠

𝑖 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 0

𝑖𝑖 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 5 𝑎𝑛𝑑 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 7

𝑖𝑖𝑖 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑛 1 ≤ 𝑥 ≤ 3.

𝑖𝑣 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 1 < 𝑥 ≤ 2.

𝑇ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑓𝑜𝑢𝑟 𝑠𝑒𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠.

𝑖

–5 –4 –3 –2 –1 0 1 2 3 4 5

(

𝑖 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙

𝑖𝑖 , 𝑖𝑖𝑖 𝑎𝑛𝑑 𝑖𝑣 𝑎𝑟𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠

The term “finite interval” does not mean that the interval contains
Only finitely many real numbers, however both ends are finite numbers.

Both finite and Infinite intervals are infinite sets.

𝑖𝑖 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 5 𝑎𝑛𝑑 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 7

–3 –2 –1 0 1 2 3 4 5 6 7

( )

𝑖𝑖𝑖 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑛 1 ≤ 𝑥 ≤ 3.

–3 –2 –1 0 1 2 3 4 5 6 7

[ ]

𝑖𝑣 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 1 < 𝑥 ≤ 2.

–3 –2 –1 0 1 2 3 4 5 6 7

( ]

𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑤ℎ𝑒𝑟𝑒𝑎𝑠 𝑡ℎ𝑎𝑡 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑 𝑡𝑜 𝑟𝑎𝑦𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑒𝑛𝑡𝑖𝑟𝑒 𝑟𝑒𝑎𝑙 𝑙𝑖𝑛𝑒
𝑎𝑟𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠.

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑 𝑡𝑜 𝑙𝑖𝑛𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑓𝑖𝑛𝑖𝑡𝑒

𝐴 𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑓 𝑖𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑏𝑜𝑡ℎ 𝑜𝑓 𝑖𝑡𝑠 𝑒𝑛𝑑 𝑝𝑜𝑖𝑛𝑡𝑠

𝑎𝑛𝑑 𝑜𝑝𝑒𝑛 𝑖𝑓 𝑖𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑜𝑓 𝑖𝑡𝑠 𝑒𝑛𝑑 𝑝𝑜𝑖𝑛𝑡𝑠.

( ) 𝑝𝑎𝑟𝑒𝑛𝑡ℎ𝑒𝑠𝑒𝑠 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒 𝑜𝑝𝑒𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙

0, ∞ 𝑎𝑛𝑑 1, 3

0−∞ ∞
( )

[ ] 𝑠𝑞𝑢𝑎𝑟𝑒 𝑏𝑟𝑎𝑐𝑘𝑒𝑡𝑠 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙.
–3 –2 –1 0 1 2 3 4 5 6 7

( )
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𝟓, 𝟕

–3 –2 –1 0 1 2 3 4 5 6 7

[ ]

( ] 𝑜𝑛𝑒 𝑒𝑛𝑑 𝑜𝑝𝑒𝑛 𝑎𝑛𝑑 𝑜𝑡ℎ𝑒𝑟 𝑒𝑛𝑑 𝑐𝑙𝑜𝑠𝑒𝑑

(1, 2]

–3 –2 –1 0 1 2 3 4 5 6 7

( ]

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 1, 2 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 1 𝑏𝑢𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 2 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑖𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛
𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 ∞ 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟

𝐼𝑛 𝑝𝑎𝑟𝑖𝑐𝑢𝑙𝑎𝑟 5, 7 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑏𝑜𝑡ℎ 5 𝑎𝑛𝑑 7 𝑎𝑛𝑑 𝑖𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 1, 3 . 𝐷𝑜𝑒𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 1 𝑎𝑛𝑑 3 𝑏𝑢𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎𝑙𝑙 𝑖𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛
𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟.

𝑇ℎ𝑒 𝑠𝑦𝑚𝑏𝑜𝑙𝑠 − ∞ 𝑎𝑛𝑑 ∞ 𝑎𝑟𝑒 𝑢𝑠𝑒𝑑 𝑡𝑜 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒 𝑡ℎ𝑒 𝑒𝑛𝑑𝑠 𝑜𝑓 𝑅𝑒𝑎𝑙 𝑙𝑖𝑛𝑒

𝐹𝑢𝑟𝑡ℎ𝑒𝑟, 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎, 𝑏 𝑎𝑛𝑑 [𝑎, 𝑏] 𝑎𝑟𝑒 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝑅

𝑁𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟ℎ𝑜𝑜𝑑 𝑜𝑓 𝑎 𝑝𝑜𝑖𝑛𝑡 ′𝑎′𝑖𝑠 𝑎𝑛𝑦 𝑜𝑝𝑒𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 ′𝑎′.

If ∈ 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟, 𝑢𝑠𝑢𝑎𝑙𝑙𝑦 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙,

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 ∈ − 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟ℎ𝑜𝑜𝑑 𝑜𝑓 ′𝑎′

Is the open interval (a− ∈, a +∈).

The set (a −∈, a +∈) − {a} is called deleted Neighborhood of ‘a’

𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑎𝑠 0 < 𝑥 − 𝑎 < ∈

( ) ( )
𝑎 − ∈ 𝑎 𝑎 + ∈ 𝑎 − ∈ 𝑎 + ∈𝑎

14



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝐰𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐭𝐞𝐫𝐯𝐚𝐥𝐬 𝐢𝐧 𝐬𝐲𝐦𝐛𝐨𝐥𝐢𝐜 𝐟𝐨𝐫𝐦

𝒊 {𝒙 ⋮ 𝒙 ∈ 𝑹, −𝟐 ≤ 𝒙 ≤ 𝟎} 𝒊𝒊 {𝒙 ⋮ 𝒙 ∈ 𝑹, 𝟎 < 𝒙 < 𝟖}

𝒊𝒊𝒊 {x⋮ 𝒙 ∈ 𝑹, −𝟖 < 𝒙 ≤ −𝟐} (iv) 𝒙 ⋮ 𝒙 ∋ 𝑹, −𝟓 ≤ 𝒙 ≤ 𝟗 .

𝑖 −2, 0 𝑖𝑖 0, 8 𝑖𝑖𝑖 (−8, −2] 𝑖𝑣 −5, 9
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟏. 𝟐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟎 𝑪𝒉𝒆𝒄𝒌 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝑹 = 𝟏, 𝟏 , 𝟐, 𝟐 , 𝟑, 𝟑 , … , 𝒏, 𝒏
𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒐𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝑺 = {𝟏, 𝟐, 𝟑, … 𝒏} 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 𝒃𝒂𝒔𝒊𝒄 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔.

𝐴𝑠 (𝑎, 𝑎) ∈ 𝑅 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ 𝑆, 𝑅 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

, (𝑏, 𝑎) 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑖𝑛 𝑅.𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑝𝑎𝑖𝑟 𝑎, 𝑏 ∈ R 𝑇ℎ𝑢𝑠 𝑅 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑆𝑖𝑛𝑐𝑒 𝑅 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒
𝑊𝑒 𝑐𝑎𝑛𝑛𝑜𝑡, 𝑓𝑖𝑛𝑑 𝑡𝑤𝑜 𝑝𝑎𝑖𝑟𝑠 𝑎, 𝑏 𝑎𝑛𝑑 𝑏, 𝑐 𝑖𝑛 𝑅, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎, 𝑐 ∉ 𝑅.
ℎ𝑒𝑛𝑐𝑒 𝑅 𝑖𝑠 𝑇𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑇ℎ𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟏 𝑳𝒆𝒕 𝑺 = 𝟏, 𝟐, 𝟑 𝒂𝒏𝒅 𝝆 = { 𝟏, 𝟏 , 𝟏, 𝟐 , 𝟐, 𝟐 , 𝟏, 𝟑 , 𝟑, 𝟏 }

𝒊 𝑰𝒔 𝝆 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆 ? 𝑰𝒇 𝒏𝒐𝒕, 𝒔𝒕𝒂𝒕𝒆 𝒕𝒉𝒆 𝒓𝒆𝒂𝒔𝒐𝒏 𝒂𝒏𝒅 𝒘𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎
𝒔𝒆𝒕 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓𝒆𝒅 𝑷𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒕𝒐 𝝆 𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆.

𝒊𝒊 𝑰𝒔 𝝆 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄? 𝑰𝒇 𝒏𝒐𝒕, 𝒔𝒕𝒂𝒕𝒆 𝒕𝒉𝒆 𝒓𝒆𝒂𝒔𝒐𝒏, 𝒘𝒓𝒊𝒕𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓
𝒐𝒇 𝒐𝒓𝒅𝒆𝒓𝒆𝒅𝑷𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒕𝒐 𝝆 𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄

𝒂𝒏𝒅 𝒘𝒓𝒊𝒕𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑶𝒓𝒅𝒆𝒓𝒆𝒅 𝒑𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒅𝒆𝒍𝒆𝒕𝒆𝒅 𝒇𝒓𝒐𝒎
𝝆 𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄.

𝒊𝒊𝒊 𝑰𝒔 𝝆 𝒕𝒓𝒂𝒏𝒔𝒘𝒊𝒕𝒊𝒗𝒆? 𝑰𝒇 𝒏𝒐𝒕, 𝒔𝒕𝒂𝒕𝒆 𝒕𝒉𝒆 𝒓𝒆𝒂𝒔𝒐𝒏, 𝒘𝒓𝒊𝒕𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓
𝒐𝒇 𝒐𝒓𝒅𝒆𝒓𝒆𝒅 𝑷𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒕𝒐 𝝆 𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆

𝒂𝒏𝒅 𝒘𝒓𝒊𝒕𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑶𝒓𝒅𝒆𝒓𝒆𝒅 𝒑𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒅𝒆𝒍𝒆𝒕𝒆𝒅 𝒇𝒓𝒐𝒎
𝝆 𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.

𝒊𝒗 𝑰𝒔 𝝆 𝒂𝒏 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏? 𝑰𝒇 𝒏𝒐𝒕, 𝒘𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒏𝒎𝒖𝒎 𝒐𝒓𝒅𝒆𝒓𝒆𝒅
𝒑𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝑰𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒕𝒐 𝝆𝒔𝒐 𝒂𝒔 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕 𝒂𝒏 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏

𝑖 𝐼𝑠 𝜌 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 ? 𝐼𝑓 𝑛𝑜𝑡, 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑠𝑜𝑛 𝑎𝑛𝑑 𝑤𝑟𝑖𝑡𝑒 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑠𝑒𝑡 𝑜𝑓
𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑃𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝜌 𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3, 3 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛 𝜌.
𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 3, 3 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝐴𝑠 1, 1 𝑎𝑛𝑑 2, 2 𝑎𝑟𝑒 𝑖𝑛 𝜌, 𝑖𝑡
𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 }

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 , 3, 3 } 𝑖𝑠 𝑅𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.
𝑖𝑖 𝐼𝑠 𝜌 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐? 𝐼𝑓 𝑛𝑜𝑡, 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑠𝑜𝑛, 𝑤𝑟𝑖𝑡𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓

𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑃𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑤𝑟𝑖𝑡𝑒
𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑂𝑟𝑑𝑒𝑟𝑒𝑑 𝑝𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑑𝑒𝑙𝑒𝑡𝑒𝑑 𝑓𝑟𝑜𝑚 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒
𝑖𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑖𝑖𝑖 𝜌 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 1, 2 𝑖𝑠 𝑖𝑛 𝜌, 𝑏𝑢𝑡 2, 1 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛 𝜌.

𝐼𝑡 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (2, 1) 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 , 2, 1 } 𝐼𝑡 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑟𝑒𝑚𝑜𝑣𝑒 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟

(1, 2) 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 𝜌 = { 1, 1 , 2, 2 , 1, 3 , 3, 1 }

𝑖𝑖𝑖 𝐼𝑠 𝜌 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒? 𝐼𝑓 𝑛𝑜𝑡, 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑠𝑜𝑛, 𝑤𝑟𝑖𝑡𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓
𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑃𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡𝑜 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑤𝑟𝑖𝑡𝑒

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑂𝑟𝑑𝑒𝑟𝑒𝑑 𝑝𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑑𝑒𝑙𝑒𝑡𝑒𝑑 𝑓𝑟𝑜𝑚 𝜌 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒
𝑖𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑹𝑬𝑳𝑨𝑻𝑰𝑶𝑵
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

1, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 2 ∈ 𝑅 ⟹ 1, 2 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

1, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 3 ∈ 𝑅 ⟹ 1, 3 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

1, 2 ∈ 𝑅 𝑎𝑛𝑑 2, 2 ∈ 𝑅 ⟹ 1, 2 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

1, 3 ∈ 𝑅 𝑎𝑛𝑑 3, 1 ∈ 𝑅 ⟹ 1, 1 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

3, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 3 ∈ 𝑅 ⟹ 3, 3 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 }

3, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 2 ∈ 𝑅 ⟹ 3, 2 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝑆𝑜 3, 3 𝑎𝑛𝑑 3, 2 𝑎𝑟𝑒 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑖𝑛𝑡𝑜 𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝜌 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 , 3,3 , 3,2 }

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 }

𝐵𝑢𝑡 𝑖𝑓 𝑤𝑒 𝑟𝑒𝑚𝑜𝑣𝑒 3, 1 𝑓𝑟𝑜𝑚 𝜌, 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑖𝑣

𝜌 = { 1, 1 , 1, 2 , 2, 2 , 1, 3 , 3, 1 }

➢ 𝑇𝑜 𝑚𝑎𝑘𝑒 𝜌 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 3, 3

➢ To make ρ symmetric, we have to include (2,1)

➢ 𝐴𝑛𝑑 𝑡𝑜 𝑚𝑎𝑘𝑒 𝜌 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 (3, 2).

𝐼𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1), (1, 3), (3, 1), (3, 2)}

𝑁𝑜𝑤 𝑡ℎ𝑒 𝑛𝑒𝑤 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠

𝑇𝑜 𝑚𝑎𝑘𝑒 𝜌 𝑎𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑎𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑝𝑎𝑖𝑟𝑠.

𝐵𝑢𝑡 𝑡ℎ𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 3, 2 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑
2, 3 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛. 𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 (2, 3) 𝑎𝑙𝑠𝑜.

{ 1, 1 , 2, 2 , 3, 3 , 1, 2 , 2, 1 1, 3 , 3, 1 , 3, 2 , 2, 3 }

𝑖𝑣 𝐼𝑠 𝜌 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛? 𝐼𝑓 𝑛𝑜𝑡, 𝑤𝑟𝑖𝑡𝑒 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑛𝑚𝑢𝑚 𝑜𝑟𝑑𝑒𝑟𝑒𝑑
𝑝𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝐼𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡𝑜 𝜌𝑠𝑜 𝑎𝑠 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛

𝑁𝑜𝑤 𝑡ℎ𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒, 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒

𝑖𝑡𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟐

𝒊 𝑵𝒐𝒕 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒏𝒐𝒕 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒏𝒐𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆,

(𝒗𝒊𝒊𝒊) 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.

𝒊𝒊 𝑵𝒐𝒕 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒏𝒐𝒕 𝒔𝒚𝒎𝒎𝒆𝒓𝒕𝒓𝒊𝒄, 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.
(𝒊𝒊𝒊) 𝑵𝒐𝒕 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒏𝒐𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.
(𝒊𝒗) 𝑵𝒐𝒕 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.
(𝒗) 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒏𝒐𝒕 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒏𝒐𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.
(𝒗𝒊) 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒏𝒐𝒕 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.
(𝒗𝒊𝒊) 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆, 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒏𝒐𝒕 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆.

𝒐𝒏 𝑨 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒕𝒚𝑳𝒆𝒕 𝑨 = 𝟎, 𝟏, 𝟐, 𝟑 . 𝑪𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒑𝒆𝒔;
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒,

1,2 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒,

{(1, 2) , (2, 1)} 𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒; 𝑖𝑡 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐; 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝐴 = 0, 1, 2, 3

𝑖 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒,

𝑖 𝐿𝑒𝑡 𝑢𝑠 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 1, 2 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 "not symmetric"
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛 {(1, 2)}. 𝐼𝑡 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝐼𝑓 𝑤𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 (2, 3) 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑇𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.
So the relation {(1, 2),(2, 3)} 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑛𝑜𝑡

𝐿𝑒𝑡 𝑢𝑠 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 1, 2 . 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 "symmetric"

𝑎𝑛𝑑 𝑛𝑜𝑡 𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 . 𝑇ℎ𝑒 𝑝𝑎𝑖𝑟 2, 1

(𝑖𝑖𝑖) 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.
𝑖𝑖 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑟𝑡𝑟𝑖𝑐, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.
𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒

(𝑖𝑣) 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝐴 = 0, 1, 2, 3

𝐿𝑒𝑡 𝑢𝑠 𝑡𝑎𝑘𝑒 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 {(1, 2)
, (2, 1)}

𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐
𝑇𝑜 𝑚𝑎𝑘𝑒 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

1, 2 ∈ 𝑅 𝑎𝑛𝑑 2, 1 ∈ 𝑅 ⟹ 1, 1 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛 { 1, 2 , 2, 1 , 1, 1 } 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

2, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 1 ∈ 𝑅 ⟹ 2, 1 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

2, 1 ∈ 𝑅 𝑎𝑛𝑑 1, 2 ∈ 𝑅 ⟹ 2, 2 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛 { 1, 2 , 2, 1 , 1, 1 , 2, 2 } 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑇ℎ𝑢𝑠 {(1, 2), (2, 1), (1, 1), (2, 2)} 𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒; 𝑖𝑡 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

(𝑣) 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝐹𝑜𝑟𝑡𝑢𝑛𝑎𝑡𝑒𝑙𝑦, 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

For a relation on 0,1,2,3 to be reflexive, it must have the pairs
0, 0 , 1, 1 2, 2 , (3, 3)

𝑖𝑓 𝑤𝑒 𝑖𝑛𝑠𝑒𝑟𝑡 (1, 2)
Relation { 0, 0 , 1, 1 2, 2 , (3, 3), 1, 2 } 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

1, 2 ∈ 𝑅 𝑎𝑛𝑑 2, 2 ∈ 𝑅 ⟹ 1, 2 ∈ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐 𝐹𝑜𝑟𝑡𝑢𝑛𝑎𝑡𝑒𝑙𝑦, 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑁𝑜𝑤 𝑤𝑒 𝑖𝑛𝑠𝑒𝑟𝑡 (2, 3) 𝑇ℎ𝑢𝑠 {(0, 0), (1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}

1, 2 ∈ 𝑅 𝑎𝑛𝑑 2, 3 ∈ 𝑅 ⟹ 1, 3 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.
(𝑣𝑖) 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 0,0 , 1,1 , 2,2 , 3,3 , 1, 2
𝑇ℎ𝑎𝑡 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 18
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(𝑣𝑖𝑖) 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑇ℎ𝑢𝑠 {(0, 0), (1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}

1, 2 ∈ 𝑅 𝑎𝑛𝑑 2, 3 ∈ 𝑅 ⟹ 1, 3 ∉ 𝑅
𝑎 𝑏 𝑏 𝑐 𝑎 𝑐

𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝐹𝑜𝑟𝑡𝑢𝑛𝑎𝑡𝑒𝑙𝑦, 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑇𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 𝐼𝑡 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 2, 1 𝑎𝑛𝑑 3,2

𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 0,0 , 1,1 , 2,2 , 3,3 , 1,2 , 2,3 , 2,1 , 3,2 𝑡ℎ𝑎𝑡
𝐼𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 0, 0 , 1, 1 , 2, 2 , 3, 3 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑
𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

(𝑣𝑖𝑖𝑖) 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟑 ∶ 𝑰𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒁 𝒐𝒇 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔, 𝒅𝒆𝒇𝒊𝒏𝒆 𝒎 𝑹 𝒏 𝒊𝒇 𝒎 − 𝒏 𝒊𝒔 𝒂
𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝒐𝒇 𝟏𝟐. 𝑷𝒓𝒐𝒗𝒆 𝑻𝒉𝒂𝒕 𝑹 𝒊𝒔 𝒂𝒏 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏.

⟹ 𝑚 − 𝑛 = 12𝑘
𝑤ℎ𝑒𝑛 , 𝑘 = 0

ℎ𝑒𝑛𝑐𝑒 𝑚 𝑅 𝑚 𝑝𝑟𝑜𝑣𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒

𝑚 𝑅 𝑛

𝑛 − 𝑚 = 12

. 𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

−𝑘 ⟹ 𝑛 𝑅 𝑚.

𝑚 − 𝑛 = 0 𝑖. 𝑒 𝑛 = 𝑚

𝑚 𝑅 𝑛 ⟹ 𝑚 𝑅 𝑚

⟹ 𝑚 − 𝑛 = 12𝑘

𝑚 𝑅 𝑛 ⟹ 𝑛 𝑅 𝑚

− 𝑛 − 𝑚 = 12𝑘

𝑛 − 𝑚 = −12𝑘

𝑚 𝑅 𝑛

𝐿𝑒𝑡 𝑚 𝑅 𝑛 𝑎𝑛𝑑 𝑛 𝑅 𝑝 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑚 𝑅 𝑝

𝐿𝑒𝑡 𝑚 𝑅 𝑛 ⟹ 𝑚 − 𝑛 = 12𝑘 … 1

𝐿𝑒𝑡 𝑛 𝑅 𝑝
𝑎𝑛𝑑

⟹ 𝑛 − 𝑝 = 12𝑙… 2

𝑚 − 𝑛 = 12𝑘

𝑛 − 𝑝 = 12𝑙

𝑚 − 𝑝 = 12𝑘 + 12𝑙

𝑚 − 𝑝 = 12 𝑘 + 𝑙

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 2

𝑇ℎ𝑢𝑠 𝑅 𝑖𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑚 𝑅 𝑛 ⟹𝑛 𝑅 𝑝𝑎𝑛𝑑 𝑚 𝑅 𝑝

So 𝑚 − 𝑝 = 12(𝑘 + 𝑙) 𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚 𝑅 𝑝.
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏. 𝟏

𝑻𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔 𝒇𝒓𝒐𝒎 𝒂 𝒔𝒆𝒕 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒎 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒕𝒐 𝒂 𝒔𝒆𝒕
𝑪𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒏 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒊𝒔 𝟐𝒎𝒏. 𝑰𝒏 𝒑𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔
𝒐𝒏 𝒂 𝒔𝒆𝒕 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝑵 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒊𝒔 𝟐𝒏𝟐 .

𝑃𝑟𝑜𝑜𝑓. 𝐿𝑒𝑡 𝐴 𝑎𝑛𝑑 𝐵 𝑏𝑒 𝑠𝑒𝑡𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑚 𝑎𝑛 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.

𝑛 𝐴 = 𝑚 𝑎𝑛𝑑 𝑛 𝐵 = 𝑛 . 𝑇ℎ𝑒𝑛 𝐴 × 𝐵

𝑛 𝐴 × 𝐵 = 𝑛 𝐴 × 𝑛 𝐵 𝑛 𝐴 × 𝐵 = 𝑚𝑛⟹

𝐴 × 𝐵 𝐶𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑚𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑛𝑑 𝐴 × 𝐵 ℎ𝑎𝑠 2𝑚𝑛𝑠𝑢𝑏𝑠𝑒𝑡𝑠.

𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐴 × 𝐵 𝑖𝑠 𝑎 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝐴 𝑡𝑜 𝐵,

= 2𝑚𝑛𝑡𝑜 𝑎 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠

𝑇𝑎𝑘𝑖𝑛𝑔 𝐴 = 𝐵

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑎 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 = 2𝑛2

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 𝑎 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑚 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠.

𝑁𝑜𝑡𝑒:

𝑖 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑎 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑠2𝑛2−𝑛

𝑖𝑖 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑛 𝑎 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑠 2
𝑛2+𝑛

2

𝐼𝑓 𝑅 𝑖𝑠 𝑎 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝐴 𝑡𝑜 𝐵, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅−1 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑟𝑜𝑚 𝐵 𝑎𝑛𝑑 𝐴
𝑏𝑦

𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1.5

R−1 = {(𝑏, 𝑎): 𝑎, 𝑏 ∈ 𝑅} 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅. 𝐹𝑜𝑟

𝑒𝑥𝑎𝑚𝑝𝑙𝑒, 𝑖𝑓 𝑅 = 1, 𝑎 , 2, 𝑏 , 3, 𝑎 , 𝑡ℎ𝑒𝑛 𝑅−1 = 𝑎, 1 , 𝑏, 2 , 𝑐, 2 , 𝑎, 3

𝐼𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑅 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 R−1 𝑎𝑛𝑑 𝑡ℎ𝑒
𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑅 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 R−1

𝐴𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑎 𝑠𝑒𝑡 𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑒𝑠 𝑖𝑡 𝑖𝑛𝑡𝑜 𝑎 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑢𝑛𝑖𝑜𝑛 𝑜𝑓 𝑖𝑡𝑠
𝑠𝑢𝑏𝑠𝑒𝑡𝑠 ("𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑐𝑙𝑎𝑠𝑠𝑒𝑠). 𝑆𝑢𝑐ℎ 𝑎 𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛.

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑒𝑥𝑝𝑙𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑥𝑎𝑚𝑝𝑙𝑒.

𝐹𝑜𝑟 𝑎, 𝑏 ∈ 𝑍, 𝑎𝑅𝑏 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑎 − 𝑏 = 3𝑘, 𝑘 ∈ 𝑍 𝑖𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒
𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑍.
𝑍0 = 𝑥 ∈ 𝑍: 𝑥𝑅0 = {… , −6, −3,0,3,6, … }

𝑍1 = 𝑥 ∈ 𝑍: 𝑥𝑅1 = {… , −5, −2,1,4,7, … }

𝑍2 = 𝑥 ∈ 𝑍: 𝑥𝑅2 = {… , −4, −1,2,5,8, … }

𝑇ℎ𝑢𝑠 𝑍 = 𝑍0 ∪ 𝑍1∪ 𝑍2 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑎𝑟𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑠𝑢𝑏𝑠𝑒𝑡𝑠.

𝐹𝑜𝑟 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 S1 ∪ S2 ∪ … . .∪ Sn 𝑜𝑓 𝑎𝑠 𝑠𝑒𝑡 𝑆 𝑖𝑛𝑡𝑜 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑠𝑢𝑏𝑠𝑒𝑡𝑠,

𝑜𝑛𝑒 Can construct an equivalence relation R on S by xRy if
x,y ∈ Si for some i.
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1.  𝐷𝑖𝑠𝑐𝑢𝑠𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑖𝑡𝑦, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑖𝑡𝑦 𝑎𝑛𝑑
𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦

2. 𝑖 𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑏𝑦 𝑚𝑅𝑛
𝑖𝑓 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑛.

𝑖𝑖 𝐿𝑒𝑡 𝑃 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑛 𝑎 𝑝𝑙𝑎𝑛𝑒. 𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅
𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑙𝑅𝑚 𝑖𝑓 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑚”.

𝑖𝑖𝑖 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.
𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎𝑅𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏.

𝑖𝑣 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑓𝑒𝑚𝑎𝑙𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.
𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎 𝑅 𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏.

𝑣 𝑂𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑥 𝑅 𝑦 𝑖𝑓
𝑥 + 2𝑦 = 1.

𝑖 𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑏𝑦 𝑚 𝑅 𝑛
𝑖𝑓 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑛.

𝐼𝑓 𝑚 𝑅 𝑚 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑚⟹

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑒𝑣𝑒𝑟𝑦 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑖𝑡𝑠𝑒𝑙𝑓 ⟹ 𝑅𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒: 𝑎 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑎, 𝑏 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑏 𝑒𝑡𝑐.

𝑏 𝑖𝑓 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑛 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑚

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒:

𝑚 𝑅 𝑛 ≠ 𝑛 𝑅 𝑚 ⟹ 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

9 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑑𝑖𝑣𝑖𝑑𝑒 3.⟹

𝑐 𝐼𝑓 𝑚 𝑅 𝑛 𝑎𝑛𝑑 𝑛 𝑅 𝑝 ⟹ 𝑚 𝑅 𝑝

𝑖𝑓 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑛 𝑎𝑛𝑑 𝑛 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑝 ⟹ 𝑚 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑝

𝑭𝒐𝒓 𝒆𝒙𝒂𝒎𝒑𝒍𝒆: 𝟑 𝒅𝒊𝒗𝒊𝒅𝒆𝒔 𝟏𝟓𝒂𝒏𝒅 𝟏𝟓 𝒅𝒊𝒗𝒊𝒅𝒆𝒔 𝟒𝟓 ⟹ 𝟑 𝒅𝒊𝒗𝒊𝒅𝒆𝒔 𝟒𝟓

3 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 9

𝑅 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑙 𝑅 𝑚 𝑖𝑓 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑚.

𝑎 𝐴 𝑙𝑖𝑛𝑒 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑖𝑡𝑠𝑒𝑙𝑓

𝑏 𝐼𝑓 𝑎 𝑙𝑖𝑛𝑒 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑎 𝑙𝑖𝑛𝑒 𝑚

𝑖𝑖 𝐿𝑒𝑡 𝑃 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑛 𝑎 𝑝𝑙𝑎𝑛𝑒. 𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅
𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑙𝑅𝑚 𝑖𝑓 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑚”.

𝑙 𝑅 𝑙 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑢𝑒 ⟹ 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑡ℎ𝑒𝑛 𝑚 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑙.

𝑖𝑓 𝑙 𝑅 𝑚 ⟹ 𝑚 𝑅 𝑙 ⟹ 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

(𝑐) 𝐼𝑓 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑚

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑢𝑒 𝑡ℎ𝑎𝑡 𝑙 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑛.

𝑎𝑛𝑑 𝑚 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑛.

𝑙 𝑅 𝑚 𝑎𝑛𝑑 𝑚 𝑅 𝑛 ⟹ 𝑙 𝑅 𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.
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BLUE STARS HR.SEC SCHOOL

𝐴 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.

𝑎 𝐴 𝑚𝑒𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 ℎ𝑒𝑟𝑠𝑒𝑙𝑓 𝑎 𝑅 𝑎 𝑖𝑠 𝑡𝑟𝑢𝑒

(𝑏) 𝐼𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏,

𝑖𝑖𝑖 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.
𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎 𝑅 𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏.

𝑅 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎 𝑅 𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏

𝑖𝑠 𝑅𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑏 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑎

𝑏 𝑖𝑠 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑎

⟹

𝑂𝑅 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 ⟹ 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓

𝑎 𝑏 𝑏 𝑎

𝑎 𝑏

𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 ⟹

𝑏

𝑖𝑠 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓

𝑎

𝑐 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑖𝑛 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑖𝑓 𝑤𝑒 𝑡𝑎𝑘𝑒 𝑚𝑜𝑡ℎ𝑒𝑟 𝑏 𝑎𝑛𝑑 𝑡𝑤𝑜 𝑑𝑎𝑢𝑔ℎ𝑡𝑒𝑟𝑠 𝑎 𝑎𝑛𝑑 𝑐

𝑏 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑐

𝑖𝑡 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑡ℎ𝑎𝑡 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏 ⟹ 𝑎 𝑅 𝑏

𝐵𝑢𝑡 𝑎 𝑎𝑛𝑑 𝑐 𝑎𝑟𝑒 𝑠𝑖𝑠𝑡𝑒𝑟𝑠

⟹ 𝑏 𝑅 𝑐.

⟹ 𝑎 𝑅 𝑐 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑖𝑣 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑓𝑒𝑚𝑎𝑙𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.
𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎 𝑅 𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏.
𝐴 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑓𝑒𝑚𝑎𝑙𝑒 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦.

𝑎 𝑅 𝑏 ⟹ 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏

𝑎 𝐴 𝑓𝑒𝑚𝑎𝑙𝑒 𝑚𝑒𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑚𝑖𝑙𝑦 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 ℎ𝑒𝑟𝑠𝑒𝑙𝑓 𝑎 𝑅 𝑎

𝑖𝑠 𝑅𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏 𝑡ℎ𝑒𝑛 𝑏 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑎

𝑎 𝑅 𝑏 ⟹ 𝑏 𝑅 𝑎 𝑖𝑠 𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑐 𝑇𝑎𝑘𝑒 𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑚𝑜𝑡ℎ𝑒𝑟 𝑏 𝑎𝑛𝑑 𝑡𝑤𝑜 𝑑𝑎𝑢𝑔ℎ𝑡𝑒𝑟𝑠 𝑎 𝑎𝑛𝑑 𝑐 𝑖𝑡 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑡ℎ𝑎𝑡

𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑏 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑖𝑠𝑡𝑒𝑟 𝑜𝑓 𝑐

𝐵𝑢𝑡 𝑎 𝑎𝑛𝑑 𝑐 𝑎𝑟𝑒 𝑠𝑖𝑠𝑡𝑒𝑟𝑠 ⟹ 𝑎 𝑅 𝑐 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑎 𝑅 𝑏 ⟹𝑏 𝑅 𝑐𝑎𝑛𝑑 𝑎 𝑅 𝑐

22



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑅 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑥 𝑅 𝑦 𝑖𝑓 𝑥 + 2𝑦 = 1

∴ 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑣 𝑂𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑅 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑥 𝑅 𝑦
𝑖𝑓 𝑥 + 2𝑦 = 1.

𝑥 + 2𝑦 = 1𝑥 𝑅 𝑦 ⟹

𝑥 + 2𝑥 = 1𝑥 𝑅 𝑥 ⟹

3𝑥 = 1 ⟹ 𝑥 =
1

3
∉ 𝑁

𝑎

𝑏 𝑥 𝑅 𝑦 ⟹ 𝑥 + 2𝑦 = 1 𝑖𝑠 𝑎𝑛 𝑒𝑚𝑝𝑡𝑦 𝑠𝑒𝑡

𝐸𝑚𝑝𝑡𝑦 𝑠𝑒𝑡 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝐿𝑒𝑡 𝑋 = 𝑎, 𝑏, 𝑐, 𝑑 𝑎𝑛𝑑 𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 . 𝑊𝑟𝑖𝑡𝑒 𝑑𝑜𝑤𝑛 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑝𝑎𝑖𝑟𝑠 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 𝑡𝑜 𝑅 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡
𝑖 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 𝑖𝑖 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑖𝑖𝑖 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑣 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒.

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑐 , 𝑑, 𝑑 𝑓𝑜𝑟 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 (𝑐, 𝑎)𝑓𝑜𝑟 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑖𝑖𝑖 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑎 𝑓𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑐 , 𝑑, 𝑑 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑎 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑎 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑖 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒

𝑖𝑖 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑖𝑖𝑖 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑐 , 𝑑, 𝑑 , 𝑐, 𝑎 𝑓𝑜𝑟 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑖𝑣 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒.

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑐 , 𝑑, 𝑑 , 𝑐, 𝑎 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑎𝑛𝑐𝑒

𝟑. 𝑳𝒆𝒕 𝑨 = 𝒂, 𝒃, 𝒄 𝒂𝒏𝒅 𝑹 = 𝒂, 𝒂 , 𝒃, 𝒃 , 𝒂, 𝒄 . 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎
𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓𝒆𝒅 𝒑𝒂𝒊𝒓𝒔 𝒕𝒐 𝒃𝒆 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒕𝒐 𝑹 𝒕𝒐 𝒎𝒂𝒌𝒆 𝒊𝒕
𝒊 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆 𝒊𝒊 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 (𝒊𝒊𝒊)𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆 (𝒊𝒗) 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆.

𝐿𝑒𝑡 𝐴 = {𝑎, 𝑏, 𝑐} 𝑎𝑛𝑑 𝑅 = {(𝑎, 𝑎), (𝑏, 𝑏)(𝑎, 𝑐)}

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑐 𝑓𝑜𝑟 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑐 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑖 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒
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𝑖𝑖𝑖 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑐 , 𝑐, 𝑎 𝑓𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑖𝑖𝑖 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑎 , 𝑐, 𝑐 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 (𝑐, 𝑎)𝑓𝑜𝑟 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐 , 𝑐, 𝑎 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑖𝑖 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑐, 𝑐 , 𝑐, 𝑎 𝑓𝑜𝑟 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑖𝑣 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒.

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑎, 𝑐

𝑅 = 𝑎, 𝑎 , 𝑏, 𝑏 , 𝑐, 𝑐 , 𝑐, 𝑎 , 𝑎, 𝑐 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑎𝑛𝑐𝑒

𝟒. 𝑳𝒆𝒕 𝑷 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝒊𝒏 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒂𝒏𝒅 𝑹 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏
𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒐𝒏 𝑷 𝒂𝒔 𝒂 𝑹 𝒃 𝒊𝒇 𝒂 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒕𝒐 𝒃. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝑹 𝒊𝒔 𝒂𝒏
𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏.

𝑃 = 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠 𝑖𝑛 𝑎 𝑝𝑙𝑎𝑛𝑒

𝐼𝑓 𝑎 𝑅 𝑏 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑏 𝑅 𝑎

𝑎 𝑅 𝑏 𝑖𝑓 𝑎 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 𝑏.

𝑖 𝐸𝑣𝑒𝑟𝑦 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 𝑖𝑡𝑠𝑒𝑙𝑓

𝑖𝑖𝑖 𝑖𝑓 𝑎 𝑅 𝑏 𝑎𝑛𝑑 𝑏 𝑅 𝑐 ⟹ 𝑎 𝑅 𝑐

𝑖𝑣 𝑆𝑖𝑛𝑐𝑒 𝑅 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑡 𝑖𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒
𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑎 𝑅 𝑎 ⟹ 𝑅𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒.

𝑖𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒′𝑎′𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ′𝑏′

𝑎𝑅𝑏 ⟹ 𝑏𝑅𝑎 𝑖𝑠 𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐

𝑡ℎ𝑒𝑛 ′𝑏′𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜′𝑎′

𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒

𝟓. 𝑶𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒍𝒆𝒕 𝑹 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒂𝑹𝒃
𝒊𝒇 𝟐𝒂 + 𝟑𝒃 = 𝟑𝟎. 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒍𝒊𝒔𝒕𝒊𝒏𝒈 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓𝒔.
𝑪𝒉𝒆𝒄𝒌 𝑾𝒉𝒆𝒕𝒉𝒆𝒓 𝒊𝒕 𝒊𝒔 𝒊 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆 𝒊𝒊 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒊𝒊𝒊 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆

(𝒊𝒗)𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆.

𝑎 𝑅 𝑏 ⟹ 2𝑎 + 3𝑏 = 30 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝑁
𝑁 = {1,2,3, … . }

2𝑎 + 3𝑏 = 30 ⟹ 3𝑏 = 30 − 2𝑎

𝑏 =
30 − 2𝑎

3

𝑎 = 3; 𝑏 =
30 − 2 3

3
=

30 − 6

3
𝑏 = 8

𝑎 = 6; 𝑏 =
30 − 2 6

3
=

30 − 12

3
𝑏 = 6

=
24

3

=
18

3
24
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𝑎 = 9; 𝑏 =
30 − 2 9

3
=

30 − 18

3

𝑏 = 4

=
12

3

𝑎 = 12; 𝑏 =
30 − 2 12

3
=

30 − 24

3

𝑏 = 2

=
6

3

𝑅 = { 3, 8 , 6, 6 , 9, 4 , 12, 2 }

𝑖 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒

𝑖𝑖 𝑁𝑜𝑡 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑖𝑖𝑖 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑖𝑣 𝑁𝑜𝑡 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒇𝒓𝒊𝒆𝒏𝒅𝒔𝒉𝒊𝒑 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒏 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏
𝒐𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒑𝒆𝒐𝒑𝒍𝒆 𝒊𝒏 𝑪𝒉𝒆𝒏𝒏𝒂𝒊.

𝟕. 𝑶𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒍𝒆𝒕 𝑹 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒂𝑹𝒃
𝒊𝒇 𝒂 + 𝒃 ≤ 𝟔. 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒍𝒊𝒔𝒕𝒊𝒏𝒈 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓𝒔. 𝑪𝒉𝒆𝒄𝒌
𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒊𝒕 𝒊𝒔 𝒊 𝒓𝒆𝒇𝒍𝒆𝒙𝒊𝒗𝒆 𝒊𝒊 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒊𝒊𝒊 𝒕𝒓𝒂𝒏𝒔𝒊𝒕𝒊𝒗𝒆
(𝒊𝒗)𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆.

𝑅 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑎 𝑅 𝑏 𝑖𝑓 𝑎 + 𝑏 ≤ 6.

1, 5 , 1, 4𝑅 = { , 1, 3 , 1, 2 , 1, 1 , 2, 2, 2, 1 , 2, 3 , 2, 4

3, 3

, 3, 2

, 4, 1 , 4, 2

, 3, 1

, 5, 1 }

𝑖 𝑁𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 𝑎𝑠 4, 4 𝑎𝑛𝑑 (5, 5) ∉ 𝑅.

𝑖𝑖 𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑖𝑖𝑖 𝑁𝑜𝑡 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒.

𝑖𝑣 𝑁𝑜𝑡 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒, 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒. 25
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𝟖. 𝑳𝒆𝒕 𝑨 = 𝒂, 𝒃, 𝒄 . 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕
𝒄𝒂𝒓𝒅𝒊𝒏𝒂𝒍𝒊𝒕𝒚 𝒐𝒏 𝑨? 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒍𝒂𝒓𝒈𝒆𝒓
𝒄𝒂𝒓𝒅𝒊𝒏𝒂𝒍𝒊𝒕𝒚 𝒐𝒏 𝑨?

𝐴 = {𝑎, 𝑏, 𝑐}

𝐴 × 𝐴 = { 𝑎, 𝑎 , 𝑎, 𝑏 , 𝑎, 𝑐 , 𝑏, 𝑎 , 𝑏, 𝑏 , 𝑏, 𝑐 , 𝑐, 𝑎 , 𝑐, 𝑏 , (𝑐, 𝑐)}

𝐴 × 𝐴 = {𝑎, 𝑏, 𝑐} × {𝑎, 𝑏, 𝑐}

𝐿𝑒𝑡 R1 = { 𝑎, 𝑎 , 𝑎, 𝑏 , 𝑎, 𝑐 , 𝑏, 𝑎 , 𝑏, 𝑏 , 𝑏, 𝑐 , 𝑐, 𝑎 , 𝑐, 𝑏 , (𝑐, 𝑐)}

R1𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 . ∴ n R1 = 9. 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦.

𝐿𝑒𝑡 𝑅2 = { 𝑎, 𝑎 , 𝑏, 𝑏 , (𝑐, 𝑐)} R2 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛. ∴ 𝑛(𝑅2) = 3

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦.

𝟗. 𝑰𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒁 𝒐𝒇 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔, 𝒅𝒆𝒇𝒊𝒏𝒆 𝒎𝑹𝒏 𝒊𝒇 𝒎 − 𝒏 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟕.
𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝑹 𝒊𝒔 𝒂𝒏 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏.
𝑚𝑅𝑛 ⟹ 𝑚 − 𝑛 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 7

𝑚 𝑅 𝑛 ⟹ 𝑚 − 𝑛 = 7𝑘

𝑤ℎ𝑒𝑛 , 𝑘 = 0

𝑚 − 𝑛 = 0
𝑛 = 𝑚

ℎ𝑒𝑛𝑐𝑒 𝑚 𝑅 𝑚 𝑝𝑟𝑜𝑣𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒

𝑚 𝑅 𝑛

𝑛 − 𝑚 = 7

. 𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

−𝑘 ⟹ 𝑛 𝑅 𝑚.

𝑚 𝑅 𝑛 ⟹ 𝑚 𝑅 𝑚

⟹ 𝑚 − 𝑛 = 7𝑘

𝑚 𝑅 𝑛 ⟹ 𝑛 𝑅 𝑚

− 𝑛 − 𝑚 = 7𝑘

𝑛 − 𝑚 = −7𝑘

𝐿𝑒𝑡 𝑚 𝑅 𝑛 𝑎𝑛𝑑 𝑛 𝑅 𝑝 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑚 𝑅 𝑝

𝐿𝑒𝑡 𝑚 𝑅 𝑛 ⟹ 𝑚 − 𝑛 = 7𝑘 … 1

𝐿𝑒𝑡 𝑛 𝑅 𝑝
𝑎𝑛𝑑

⟹ 𝑛 − 𝑝 = 7𝑙 … 2

𝑇ℎ𝑢𝑠 𝑅 𝑖𝑠 𝑎𝑛 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

𝑚 𝑅 𝑛 ⟹𝑛 𝑅 𝑝𝑎𝑛𝑑 𝑚 𝑅 𝑝

So 𝑚 − 𝑝 = 7 (𝑘 + 𝑙) 𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑅 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚 𝑅 𝑝.

𝑚 − 𝑛 = 7𝑘

𝑛 − 𝑝 = 7𝑙

𝑚 − 𝑝 = 7𝑘 + 7𝑙

𝑚 − 𝑝 = 7 𝑘 + 𝑙

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 2

26
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟏. 𝟑

Check whether the following functions are one-to-one and onto. 
(i)𝑓:ℕ→ℕ defined by 𝑓(𝓃) =𝓃+2. (ii) 𝑓:ℕ∪{−1,0}→ℕ defined by 𝑓(𝓃) =𝓃+2.

Example 1.14

If 𝑓(𝓃)= 𝑓(𝑚),𝑖 then 𝓃+2 = 𝑚+2 and hence 𝑚 = 𝓃.

𝑓(𝓃) = 𝓃+2.

𝑓 1 = 1 + 2 = 3𝑛 = 1:

𝑓 2 = 2 + 2 = 4𝑛 = 2:

𝑓 3 = 3 + 2 = 5𝑛 = 3:

:
:

1

2

3

4

.

.

.

N

1

2

3

4

.

.

.

N𝑓

𝑖 Thus 𝑓 is one−to−one. As 1 & 2 has no pre−image, this function is not onto.

𝑓(𝓃) = 𝓃+2

𝑓 −1 = −1 + 2 = 1𝑛 = −1:

𝑓 0 = 0 + 2 = 2𝑛 = 0:

𝑓 1 = 1 + 2 = 3𝑛 = 1:

:
:

𝑓 2 = 2 + 2 = 4𝑛 = 2:

−1

0

1

2

.

.

.

𝑁 ∪ −1, 0

1

2

3

4

.

.

.

N
𝑓

(ii) As above, this function is one-to-one.

𝑚 = 𝑛 + 2

𝑓 𝑛 = 𝑚
𝑛 = 𝑚 − 2⟹

𝑓 𝑚 − 2 = 𝑚 − 2 + 2

(ii) 𝑓:ℕ∪{−1,0}→ℕ defined by 𝑓(𝓃) = 𝓃+2.

𝑓 𝑚 − 2 = 𝑚 𝑡ℎ𝑢𝑠 𝑚 ℎ𝑎𝑠 𝑎 𝑝𝑟𝑒 − 𝑖𝑚𝑎𝑔𝑒 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑛𝑡𝑜

27
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Check the following functions for one-to-one and ontoness. 
(i) 𝑓: ℕ→ℕ defined by 𝑓(𝓃) = 𝓃𝟐 (ii) 𝑓: ℝ→ ℝ defined by 𝑓(𝓃) = 𝓃𝟐

Example 1.15

But, non-perfect square elements in the co-domain do 
not have pre-images and hence not onto. 

(i) 𝑓(n)= 𝑓(m)

since 𝑚, 𝓃 ϵ ℕ. Thus 𝑓 is one−to−one

n2= m2 ⟹ n= m
1

2

3

4

.

.

.

N

1

4

9

16

.

.

.

N
𝑓

(ii) 𝑓: ℝ→ ℝ defined by 𝑓(𝓃) = 𝓃2

−2

−1

0

1

2

.

.

ℝ

1

2

3

4

.

.

.

ℝ
𝑓

(ii) Two different elements in the domain have same images and hence                                   
𝑓 is not one-to-one. Clearly the range of 𝑓 is a  proper subset of ℝ . Thus   
it is not onto. 

𝑪𝒉𝒆𝒄𝒌 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇𝒐𝒓 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆𝒏𝒆𝒔𝒔 𝒂𝒏𝒅 𝒐𝒏𝒕𝒐𝒏𝒆𝒔

𝒊 𝒇: ℝ → ℝ 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝒙 =
𝟏

𝑥
𝒊𝒊 𝒇: ℝ ⎼ 𝟎 → ℝ 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇(𝒙) =

𝟏

𝑥

Example 1.16

(𝑖) 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑡 𝑎𝑙𝑙 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑓(𝑥) 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑥 = 0.

𝑖𝑖 𝑇ℎ𝑖𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑛𝑒 − 𝑡𝑜 𝑜𝑛𝑒 𝑣𝑒𝑟𝑖𝑓𝑦 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑜𝑛𝑡𝑜 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 0

ℎ𝑎𝑠 𝑛𝑜 𝑝𝑟𝑒 − 𝑖𝑚𝑎𝑔𝑒. 28
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Example 1.17

𝑊𝑒 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑓(𝑥) = 𝑓(𝑦). 𝑇ℎ𝑒𝑛,

If 𝑓: ℝ ⎼ {⎼1,1} → ℝ defined by 𝑓(𝑥) =
𝑥

𝒙𝟐−1
, verify whether 𝑓 is

one−to−one or not.

𝑥 𝑦2 − 1
𝑥

𝑥2 − 1
=

𝑦

𝑦2 − 1
= 𝑦 𝑥2 − 1

𝑥𝑦2 − 𝑥 − 𝑦𝑥2 + 𝑦 = 0 𝑦 − 𝑥 + 𝑥𝑦2 − 𝑦𝑥2 = 0

𝑦 − 𝑥 + 𝑥𝑦 𝑦 − 𝑥 = 0 𝑦 − 𝑥 1 + 𝑥𝑦 = 0

⟹

⟹

⟹

𝑦 − 𝑥 = 0 𝑎𝑛𝑑 1 + 𝑥𝑦 = 0

So, if we select two numbers 𝑥 and 𝓎 so that 𝑥y = ⎼1, then 𝑓(𝑥) = 𝑓(y).

𝑦 = −
1

𝑥

𝑤ℎ𝑒𝑛 𝑥 = 2 ⟹ 𝑦 = −
1

2
∴ 2, −

1

2

𝑥𝑦2 − 𝑥 = 𝑦𝑥2 − 𝑦

⟹ 𝑥𝑦 = −1
𝑥 = 𝑦

𝑤ℎ𝑒𝑛 𝑥 = 7 ⟹ 𝑦 = −
1

7

2, −
1

2
, 7, −

1

7
, −2 ,

1

2

∴ 7, −
1

7

𝑤ℎ𝑒𝑛 𝑥 = −2 ⟹ 𝑦 =
1

2
∴ −2 ,

1

2

are some among the infinitely many possible pairs

𝑓 𝑥 =
𝑥

𝑥2 − 1

𝑓 2 =
2

22 − 1
=

2

3

𝑓 𝑦 =
𝑦

𝑦2 − 1

𝑓 −
1

2
=

−
1
2

−
1
2

2

− 1

=
−

1
2

1
4

− 1
=

−
1
2

−
3
4

=
1

2
×

4

3
=

2

3

𝑓 2 = 𝑓 −
1

2
=

2

3

𝑖. 𝑒. 𝑓(𝑥) = 𝑓(𝓎) 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑖𝑚𝑝𝑙𝑦 𝑥 𝓎. 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒.
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Example 1.18

If 𝑓: ℝ→ ℝ is defined by 𝑓(𝑥) = 2𝑥2 ⎼1, find pre−image of 17, 4 and ⎼2.

To find the pre−image of 17𝑖. 𝑒 𝑓 𝑥 = 17

2𝑥2 ⎼ 1 = 17 2𝑥2 = 17 + 1⟹

2𝑥2 = 18 𝑥2 = 9
𝑥 = 9

⟹

𝑥 = ±3

3 and ⎼3 are the pre−images of 17 under 𝑓.

To find the pre−image of 4 𝑖. 𝑒 𝑓 𝑥 = 4

2𝑥2 ⎼1 = 4 ⟹ 2𝑥2 = 4 + 1

2𝑥2 = 5 𝑥2 =
5

2

𝑥 = ±
5

2

⟹

5

2
and ⎼

5

2
are the pre−images of 4 under 𝑓.

To find the pre−image of − 2 𝑖. 𝑒 𝑓 𝑥 = −2

2𝑥2 ⎼ 1 = − 2 ⟹ 2𝑥2 = − 2 + 1

2𝑥2 = − 1 𝑥2 = −
1

2
⟹

𝑥2 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑥 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 which has no solution in ℝ

and hence ⎼ 2 has no pre−image under 𝑓.

Example 1.19

If 𝑓: [⎼2, 2]→B is given by 𝑓(𝑥) = 2𝑥𝟑, then find B so that 𝑓 is onto.

𝑥 = −2 ⟹

𝑓(𝑥) = 2𝑥𝟑

𝑓( − 2) = 2 −2 3

𝑓( − 2) = 2 −8

𝑓( − 2) = − 16

𝑥 = 2 ⟹ 𝑓(2) = 2 2 3

𝑓(2) = 2 8

𝑓(2) = 16

𝑤ℎ𝑒𝑛 𝑥 = −2 , 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑖𝑠 𝑓 ⎼2 = −16

𝑤ℎ𝑒𝑛 𝑥 = 2 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑖𝑠 𝑓 2 = 16

So B, is [⎼16, 16].
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Example 1.19

If 𝑓: [⎼2, 2]→B is given by 𝑓(𝑥) = 2𝑥𝟑, then find B so that 𝑓 is onto.

𝑥 = −2 ⟹

𝑓(𝑥) = 2𝑥𝟑

𝑓( − 2) = 2 −2 3

𝑓( − 2) = 2 −8

𝑓( − 2) = − 16

𝑥 = 2 ⟹ 𝑓(2) = 2 2 3

𝑓(2) = 2 8

𝑓(2) = 16

𝑤ℎ𝑒𝑛 𝑥 = −2 , 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑖𝑠 𝑓 ⎼2 = −16

𝑤ℎ𝑒𝑛 𝑥 = 2 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑖𝑠 𝑓 2 = 16

So B, is [⎼16, 16].

Example 1.20

Check whether the function 𝑓(𝑥) = 𝑥 |𝓍|, defined on [⎼2, 2] is one−to−one

or not. If it is one−to−one, find a suitable co−domain so that the function

becomes a bijection.

𝐿𝑒𝑡 𝑥, 𝑦 ∈ −2,2 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓 𝑥 = 𝑓 𝑦 . 𝐼𝑓 𝑦 = 0, 𝑡ℎ𝑒𝑛 𝑥 = 0

𝑙𝑒𝑡 𝑦 ≠ 0 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑥 ≠ 0

𝑠𝑖𝑛𝑐𝑒 𝑓 𝑥 = 𝑓 𝑦

𝑥 𝑥 = 𝑦 𝑦 ⟹
𝑥

𝑦
=

𝑦

𝑥
𝑠𝑖𝑛𝑐𝑒

𝑦

𝑥
> 0,

𝑥

𝑦
> 0

𝑥 𝑎𝑛𝑑 𝑦 𝑎𝑟𝑒 𝑒𝑖𝑡ℎ𝑒𝑟 𝑏𝑜𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑜𝑟 𝑏𝑜𝑡ℎ 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒

𝑠𝑜 𝑖𝑓 𝑓 𝑥 = 𝑓 𝑦 𝑤𝑒 𝑚𝑢𝑠𝑡 ℎ𝑎𝑣𝑒 𝑥2 = 𝑦2

. 𝐴𝑙𝑠𝑜 𝑥 𝑎𝑛𝑑 𝑦 𝑎𝑟𝑒 𝑒𝑖𝑡ℎ𝑒𝑟 𝑏𝑜𝑡ℎ 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑜𝑟 𝑏𝑜𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑥2 = 𝑦2

⟹
𝑥

𝑦
=

𝑦

𝑥

𝑥2 = 𝑦2 ⟹ ±𝑥 = ±𝑦

. 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦
𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒.

⟹ 𝑥 < 0, 𝑓(𝑥) = ⎼ 
𝑥2

𝑓(𝑥) = 
𝑥2

𝑓(𝑥) = 𝑥 𝑥 ⟹ 𝑓(𝑥) = 𝑥 ± 𝑥

When 𝑥 < 0,𝑓(𝑥)= 𝑥 −𝑥

When 𝑥 ≥ 0, 𝑓(𝑥)= 𝑥 𝑥 ⟹

𝑥 = −2: 𝑓(𝑥) = ⎼ 𝑥2

𝑓( − 2) = ⎼ −2 2 𝑓( − 2)= − 4⟹

𝑥 = 2 ∶𝑓(𝑥) = 𝑥2

𝑓(2) = 2 2 𝑓(2) = 4⟹

𝑆𝑜 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑖𝑠 [⎼ 4, 4]. 𝑆𝑜 𝑓 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑎 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 [⎼2, 2] 𝑡𝑜 [⎼ 4, 4]
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Example 1.21

𝑓 𝑥 = 𝑥2 − 5𝑥 + 6

Find the largest possible domain for the real valued function f defined by

𝑥2 − 5𝑥 + 6 ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝐷𝑜𝑚𝑎𝑖𝑛

Equating the linear factors to zero.

𝑥 − 2 𝑥 − 3 ≥ 0

𝑥 − 2 𝑥 − 3 = 0

𝑥 − 2 = 0, 𝑥 − 3 = 0
𝑥 = 2, 𝑥 = 3

−∞ ∞2 3

(+) (+)
(−)

𝑊𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑟𝑒𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 −∞, 2 , 2, 3 𝑎𝑛𝑑 3, ∞ .

∴ 𝑥 𝜖 −∞, 2 ∪ [3, ∞)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑥 − 2 𝑥 − 3 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑒𝑙𝑒𝑐𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑥 − 2 𝑥 − 3 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

(𝑖) 𝑇𝑎𝑘𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 −∞, 2 ,

(𝑖𝑖) 𝑇𝑎𝑘𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 2, 3 ,

(𝑖𝑖𝑖) 𝑇𝑎𝑘𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 3, ∞ , 𝑠𝑎𝑦 𝑥 = 4

𝐹𝑜𝑟 𝑎𝑙𝑙, 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 −∞, 2 𝑎𝑛𝑑 3, ∞ , 𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑎𝑦 𝑥 = 1. 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑎𝑦 𝑥 = 2.5 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒

𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝐴𝑡 𝑥 = 2, 3 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑧𝑒𝑟𝑜 .

𝑥2 − 5𝑥 + 6 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑥 𝜖 −∞, 2 ∪ [3, ∞)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟓

𝑓 = 1,2 , 3,4 , 2,2

𝑔 = 2,1 , 3,1 , 4,2

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑓 = 1,2,3

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑓 = 2,4

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑔 = 2,3,4

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑔 = 1,2

𝑳𝒆𝒕 𝒇 = 𝟏, 𝟐 , 𝟑, 𝟒 , 𝟐, 𝟐 𝒈 = 𝟐, 𝟏 , 𝟑, 𝟏 , 𝟒, 𝟐 𝑭𝒊𝒏𝒅 𝒈 ∘ 𝒇 𝒂𝒏𝒅 𝒇 ∘ 𝒈.

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑔 𝑇𝑜 𝑓𝑖𝑛𝑑 𝑔 ∘ 𝑓

𝑔 ∘ 𝑓 1 = 𝑔 𝑓 1 = 𝑔 2 = 1

𝑔 ∘ 𝑓 2 𝑔 𝑓 2 = 𝑔 2 = 1=

𝑔 ∘ 𝑓 3 𝑔 𝑓 3 = 𝑔 4 = 2=

𝑔 ∘ 𝑓 = 1,1 , 2,1 , 3,2 32
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𝑇𝑜 𝑓𝑖𝑛𝑑 𝑓 ∘ 𝑔

𝑓 ∘ 𝑔 2 = 𝑓 𝑔 2

= 𝑓 1 = 2

𝑓 ∘ 𝑔 3 = 𝑓 𝑔 3

= 𝑓 1 = 2

𝑓 ∘ 𝑔 4 = 𝑓 𝑔 4

= 𝑓 2 = 2

𝑓 ∘ 𝑔 = 2,2 , 3,2 , 4,2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟔 ∶ 𝑳𝒆𝒕 𝑓 = 𝟏, 𝟒 , 𝟐, 𝟓 , 𝟑, 𝟓

𝒈 = 𝟒, 𝟏 , 𝟓, 𝟐 , 𝟔, 𝟒 𝑭𝒊𝒏𝒅 𝒈 ∘ 𝒇𝒄𝒂𝒏 𝒚𝒐𝒖 𝒇𝒊𝒏𝒅 𝒇 ∘ 𝒈.

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑓 = 1,2,3

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑓 = 4,5

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑔 = 4,5,6

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑔 = 1,2,4

𝒂𝒏𝒅

𝑓 = 1,4 , 2,5 , 3,5

𝑔 = 4,1 , 5,2 , 6,4

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑓 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑔

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑔 ∘ 𝑓

𝑔 ∘ 𝑓 1 = 𝑔 𝑓 1 = 𝑔 4 = 1

𝑔 ∘ 𝑓 2 𝑔 𝑓 2 = 𝑔 5 = 2=

𝑔 ∘ 𝑓 3 𝑔 𝑓 3 = 𝑔 5 = 2=

𝑔 ∘ 𝑓 = 1, 1 , 2, 2 , 3, 2

𝐵𝑢𝑡 𝑓 ∘ 𝑔 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑡ℎ𝑒 𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑔 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛
𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑓.

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑔 ∘ 𝑓

𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥

𝑔 3𝑥 − 4= = 3𝑥 − 4 2 + 3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟕
𝑳𝒆𝒕 𝒇 𝒂𝒏𝒅 𝒈 𝒃𝒆 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒓𝒐𝒎 ℝ 𝒕𝒐 ℝ 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚
𝒇 𝒙 = 𝟑𝒙 − 𝟒 𝒂𝒏𝒅 𝒈 𝒙 = 𝒙𝟐 + 𝟑. 𝑭𝒊𝒏𝒅 𝒈 ∘ 𝒇𝒂𝒏𝒅 𝒇 ∘ 𝒈
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= 9𝑥2 − 24𝑥 + 3+ 16

= 9𝑥2 − 24𝑥 + 19𝑇𝑜 𝑓𝑖𝑛𝑑 𝑓 ∘ 𝑔

𝑓 ∘ 𝑔 𝑥 = 𝑓 𝑔 𝑥

= 𝑓 𝑥2 + 3 = 3 𝑥2 + 3 − 4

= 3𝑥2 − 4+ 9 = 3𝑥2 + 5
∴ 𝑓 ∘ 𝑔 𝑔 ∘ 𝑓≠

𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏. 𝟐:

𝒇 ∶ 𝑨 ⟶ 𝑩 𝒂𝒏𝒅 𝒈 ∶ 𝑩 ⟶ 𝑪 𝒃𝒆 𝒕𝒘𝒐 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔. 𝑰𝒇 𝒇 𝒂𝒏𝒅 𝒈 𝒂𝒓𝒆
𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆 𝒕𝒉𝒆𝒏 𝒈 ∘ 𝒇

𝒑𝒓𝒐𝒐𝒇:

𝐿𝑒𝑡 𝑥 ≠ 𝑦 𝑖𝑛 𝐴

𝑆𝑖𝑛𝑐𝑒 𝑔 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑛𝑒

𝑇ℎ𝑎𝑡 𝑖𝑓 𝑥 ≠ 𝑦 ⟹ 𝑔 ∘ 𝑓 𝑥 ≠ 𝑓 ∘ 𝑔 𝑦
𝐻𝑒𝑛𝑐𝑒 𝑔 ∘ 𝑓 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑛𝑒

𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑛𝑒, 𝑓 𝑥 ≠ 𝑓 𝑦

𝑔 𝑓 𝑥 ≠ 𝑔 𝑓 𝑦

= 3𝑥 2 − 2 3𝑥 4 + 3+ 42

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟗

𝑳𝒆𝒕 𝒇, 𝒈 ∶ ℝ ⟶ ℝ 𝒃𝒆 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒂𝒔 𝒇 𝒙 = 𝟐𝒙 − 𝒙 𝒂𝒏𝒅 𝒈 𝒙 = 𝟐𝒙 + 𝒙
𝑭𝒊𝒏𝒅 𝒇 ∘ 𝒈.

𝑓 𝑥 =
2𝑥 − −𝑥

2𝑥 − 𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

𝑥 =
−𝑥

𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

⟹ 𝑓 𝑥 =

3𝑥

𝑥

𝑖𝑓 𝑥 ≤ 0

𝑥 𝑖𝑓 𝑥 > 0

𝑓 𝑥 = 2𝑥 − 𝑥

𝑔 𝑥 = 2𝑥 + 𝑥

𝑔 𝑥 =

2𝑥 + −𝑥

2𝑥 + 𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

⟹ 𝑔 𝑥 =
𝑥

3𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

𝐿𝑒𝑡 𝑥 ≤ 0 𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥 = 𝑔 3𝑥 = 3𝑥

𝐿𝑒𝑡 𝑥 > 0 𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥 = 𝑔 𝑥

= 3𝑥
∴ 𝑔 ∘ 𝑓 𝑥 = 3𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 34
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 1.30

𝑰𝒇 𝒇: ℝ ⟶ ℝ 𝒊𝒔 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝒙 = 𝟐𝒙 − 𝟑 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒇 𝒊𝒔 𝒂 𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒐𝒏
𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒊𝒕𝒔 𝒊𝒏𝒗𝒆𝒓𝒔𝒆.

𝑴𝒆𝒕𝒉𝒐𝒅 𝟏: 𝐿𝑒𝑡 𝑓 𝑥 = 𝑓 𝑦

2𝑥 − 3 = 2𝑦 − 3

2𝑥 = 2𝑦 ⟹ 𝑥 = 𝑦

∴ 𝑓 𝑥 = 𝑓 𝑦 ⟹ 𝑥 = 𝑦 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒

𝑜𝑛𝑡𝑜: 𝐿𝑒𝑡 𝑦 ∈ ℝ 𝑦 = 2𝑥 − 3

𝑦 + 3 = 2𝑥 ⟹ 𝑥 =
𝑦 + 3

2
𝑓 𝑥 = 2𝑥 − 3

= 2
𝑦 + 3

2
− 3 = 𝑦 + 3 − 3

= 𝑦 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑜𝑛𝑡𝑜.

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑒:

𝑦 + 3 = 2𝑥 ⟹ 𝑥 =
𝑦 + 3

2

𝑓−1 𝑦 =
𝑦 + 3

2

𝐵𝑦 𝑟𝑒𝑝𝑙𝑎𝑠𝑖𝑛𝑔 𝑦 𝑎𝑠 𝑥 𝑓−1 𝑥 =
𝑥 + 3

2𝑀𝑒𝑡ℎ𝑜𝑑 2:

𝐿𝑒𝑡 𝑦 = 2𝑥 − 3

𝑦 + 3 = 2𝑥 ⟹ 𝑥 =
𝑦 + 3

2

𝐿𝑒𝑡 𝑔 𝑦 =
𝑦 + 3

2
𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥

=
2𝑥 − 3 + 3

2
=

2𝑥

2
= 𝑥

= 𝑔 2𝑥 − 3

𝑓 𝑥 = 𝑦

𝑥 = 𝑓−1 𝑦

𝑙𝑒𝑡 𝑦 = 2𝑥 − 3

𝑓 ∘ 𝑔 𝑦

= 2
𝑦 + 3

2
− 3 = 𝑦 + 3 − 3 = 𝑦

𝑔 ∘ 𝑓 = 𝐼𝑥 𝑎𝑛𝑑 𝑓 ∘ 𝑔 = 𝐼𝑦

𝑓−1 𝑦 =
𝑦 + 3

2
𝑅𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑦 𝑏𝑦 𝑥 𝑓−1 𝑥 =

𝑥 + 3

2

= 𝑓 𝑔 𝑦 = 𝑓
𝑦 + 3

2
𝑓 𝑥 = 2𝑥 − 3

𝑔 𝑦 =
𝑦 + 3

2
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟐 ∶ 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒇 𝒙 =
𝟏

𝟏 − 𝟐 𝒄𝒐𝒔 𝒙
.

𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ

1 − 2 cos 𝑥 = 0.𝐸𝑥𝑐𝑒𝑝𝑡:

cos 𝑥 =
1

2

𝑖. 𝑒 𝐸𝑥𝑐𝑒𝑝𝑡 𝑥 = 2𝑛𝜋 ±
𝜋

3
, 𝑛 ∈ ℤ

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑖𝑠 , 𝑛 ∈ ℤ

−2𝑐𝑜𝑠𝑥 = −1 ⟹ 2𝑐𝑜𝑠𝑥 = 1

𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼

𝜃 = 2𝑛𝜋 ± 𝛼 , 𝑛 ∈ ℤ

cos 𝑥 = 𝑐𝑜𝑠60° cos 𝑥 = cos
𝜋

3
⟹

ℝ − 2𝑛𝜋 ±
𝜋

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟑 ∶ 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒄𝒏𝒕𝒊𝒐𝒏
𝟏

𝟏 − 𝟑𝒄𝒐𝒔𝒙

−1 ≤ 𝑐𝑜𝑠 𝑥 ≤ 1

−3 ≤ 3 𝑐𝑜𝑠 𝑥 ≤ 3

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑐𝑜𝑠𝑖𝑛𝑒 𝑖𝑠 −1 ≤ 𝑐𝑜𝑠 𝑥 ≤ 1

𝑀𝑢𝑙𝑡𝑖𝑝𝑦𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 𝑏𝑦 3

3 ≥ −3 𝑐𝑜𝑠 𝑥 ≥ −3

4 ≥ 1 − 3 𝑐𝑜𝑠𝑥 ≥ −2

1

4
≤

1

1 − 3𝑐𝑜𝑠𝑥
≤ −

1

2

Range is (−∞, ൨−
1

2
∪ ቈ

1

4
), ∞

3 + 1 ≥ 1 − 3𝑐𝑜𝑠𝑥 ≥ −3 + 1

𝑇𝑎𝑘𝑖𝑛𝑔 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒓𝒈𝒆𝒔𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒅 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

𝒇 𝒙 =
𝟒 − 𝒙𝟐

𝒙𝟐 − 𝟗

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑓 𝑥 =
4 − 𝑥2

𝑥2 − 9

4 − 𝑥2 ≥ 0 −𝑥2 ≥ −4⟹

𝑥2 ≤ 4
𝑥 ≤ ± 2

⟹ 𝑥 ≤ 4

⟹ 𝑥 ≤ 2 𝑜𝑟 𝑥 ≥ −2

−∞ ∞−2 2
[ ]

𝑆𝑜 𝑥 𝑚𝑢𝑠𝑡 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 −2, 2 . 36
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𝑥2 − 9 > 0 ⟹ 𝑥2 > 9

𝑥 > 9 ⟹ 𝑥 > ±3

𝑥 > 3 𝑜𝑟 𝑥 < −3

−∞ ∞−3 3

𝑥 𝑙𝑖𝑒𝑠 𝑥 𝑙𝑖𝑒𝑠

𝑇ℎ𝑎𝑡 𝑖𝑠, 𝑥 𝑚𝑢𝑠𝑡 𝑙𝑖𝑒 𝑜𝑛 −∞, −3 ∪ 3, ∞ .

−2, 2 ∩ −∞, −3 ∪ 3, ∞

𝐹𝑜𝑟 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑥, 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑒 𝑓 𝑥 .

= { }

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟏. 𝟐𝟒 ∶ 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒓𝒈𝒆𝒔𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒅

𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 𝒇 𝒙 =
𝟗 − 𝒙𝟐

𝒙𝟐 − 𝟏
.

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑓 𝑥 =
9 − 𝑥2

𝑥2 − 1
9 − 𝑥2 ≥ 0 −𝑥2 ≥ −9

𝑥2 ≤ 9
𝑥 ≤ ±3

⟹

⟹ 𝑥 ≤ 9

⟹ 𝑥 ≤ 3 𝑜𝑟 𝑥 ≥ −3

−∞ ∞−3 3
[ ]

𝑆𝑜 𝑥 𝑚𝑢𝑠𝑡 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 −3, 3 .

𝑥2 − 1 > 0 ⟹ 𝑥2 > 1

𝑥 > 1 ⟹ 𝑥 > ±1

𝑥 > 1 𝑜𝑟 𝑥 < −1

−∞ ∞−1 1

𝑥 𝑙𝑖𝑒𝑠 𝑥 𝑙𝑖𝑒𝑠

𝑇ℎ𝑎𝑡 𝑖𝑠, 𝑥 𝑚𝑢𝑠𝑡 𝑙𝑖𝑒 𝑜𝑛 −∞, −1 ∪ 1, ∞ .

𝐶𝑜𝑚𝑏𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑓𝑜𝑟 𝑓 𝑖𝑠

−3, 3 ∩ −∞, −1 ∪ 1, ∞

𝑇ℎ𝑎𝑡 𝑖𝑠, [−3, −1) ∪ (1, 3]

𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 𝟏𝟐𝟎 𝒔𝒕𝒖𝒅𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒔𝒕𝒖𝒅𝒚𝒊𝒏𝒈 𝒊𝒏 𝟒 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒆𝒍𝒆𝒗𝒆𝒏𝒕𝒉
𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒊𝒏 𝒂 𝒔𝒄𝒉𝒐𝒐𝒍. 𝑳𝒆𝒕 𝑨 𝒅𝒆𝒏𝒐𝒕𝒆 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒔𝒕𝒖𝒅𝒆𝒏𝒕𝒔 𝒂𝒏𝒅 𝑩 𝒅𝒆𝒏𝒐𝒕𝒆
𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔. 𝑫𝒆𝒇𝒊𝒏𝒆 𝒂 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒇𝒓𝒐𝒎 𝑨 𝒕𝒐 𝑩 𝒂𝒔 " 𝒙 𝒓𝒆𝒍𝒂𝒕𝒆𝒅
𝒕𝒐 𝒚′′ 𝒊𝒇 𝒕𝒉𝒆 𝒔𝒕𝒖𝒅𝒆𝒏𝒕 𝒙 𝒃𝒆𝒍𝒐𝒏𝒈𝒔 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒆𝒄𝒕𝒊𝒐𝒏"𝒚. 𝑰𝒔 𝒕𝒉𝒊𝒔 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒂
𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏? 𝑾𝒉𝒂𝒕 𝒄𝒂𝒏 𝒚𝒐𝒖 𝒔𝒂𝒚 𝒂𝒃𝒐𝒖𝒕 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏?
𝑬𝒙𝒑𝒍𝒂𝒊𝒏 𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓.

𝐴 𝐿𝑒𝑡 𝐴 = 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 120 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠: 1,2,3, … 120

𝐵 = 𝑆𝑒𝑡 𝑜𝑓 𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠: 𝐴, 𝐵, 𝐶, 𝐷
37
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𝑅: 𝑥 𝑅 𝑦 ⟹ 𝑥 𝑖𝑠 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 120 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒
𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑦.

𝑖 𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 𝑤𝑖𝑙𝑙 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 4 𝑐𝑙𝑎𝑠𝑠𝑒𝑠, 𝑎𝑙𝑙 𝑡ℎ𝑒
𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐴 𝑤𝑖𝑙𝑙 ℎ𝑎𝑣𝑒 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑖𝑚𝑎𝑔𝑒 𝑖𝑛 𝐵

𝐴 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 𝑤𝑖𝑙𝑙 𝑛𝑜𝑡 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 1 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 , 𝑡ℎ𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.

𝑖𝑖 𝐴𝑙𝑙 𝑡ℎ𝑒 4 𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑙𝑙 ℎ𝑎𝑣𝑒 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠.

𝐼𝑛 𝑜𝑡ℎ𝑒𝑟 𝑤𝑜𝑟𝑑𝑠 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐵 𝑤𝑖𝑙𝑙 ℎ𝑎𝑣𝑒 𝑝𝑒𝑟 𝑖𝑚𝑎𝑔𝑒 𝑖𝑛 𝐴.
𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑖𝑡 𝑖𝑠 𝑜𝑛𝑡𝑜 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.

𝑖𝑖𝑖 𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐴 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙
𝑡𝑜 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐵.

𝑖𝑣 𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝐵 𝑡𝑜 𝐴 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑢𝑐𝑛𝑡𝑖𝑜𝑛, 𝑠𝑖𝑛𝑐𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐵
𝑤𝑖𝑙𝑙 𝑛𝑜𝑡 ℎ𝑎𝑣𝑒 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑖𝑚𝑎𝑔𝑒 𝑖𝑛 𝐴.

𝟐. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒇 𝒂𝒕 − 𝟒, 𝟏, −𝟐, 𝟕, 𝟎

𝒊𝒇 𝒇 𝒙 =

−𝒙 + 𝟒 𝒊𝒇 − ∞ < 𝒙 ≤ −𝟑
𝒙 + 𝟒 𝒊𝒇 − 𝟑 < 𝒙 < −𝟐

𝒙𝟐 − 𝒙 𝒊𝒇 − 𝟐 ≤ 𝒙 < 𝟏

𝒙 − 𝒙𝟐 𝒊𝒇 𝟏 ≤ 𝒙 < 𝟕
𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

𝑓 −4 = 4 + 4

𝑓 1 = 1 − 12

𝑥 = −4 ∈ (−∞, −3] ∴ 𝑓 𝑥 = −𝑥 + 4

= 8

𝑥 = 1 ∈ [1, 7) ∴ 𝑓 𝑥 = 𝑥 − 𝑥2

= 0

𝑥 = −2 ∈ [−2, 1) ∴ 𝑓 𝑥 = 𝑥2 − 𝑥

𝑓 −2 = −2 2 − −2
= 4 + 2 = 6

𝑥 = 7 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑎𝑛𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 ∴ 𝑓 7 = 0

𝑥 = 0 ∈ [−2, 1) ∴ 𝑓 𝑥 = 𝑥2 − 𝑥

𝑓 0 = 02 − 0 = 0

𝟑. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒇 𝒂𝒕 − 𝟑, 𝟓, 𝟐, −𝟏, 𝟎

𝒊𝒇 𝒇 𝒙 =

𝒙𝟐 + 𝒙 − 𝟓 𝒊𝒇 𝒙 ∈ −∞, 𝟎

𝒙𝟐 + 𝟑𝒙 − 𝟐 𝒊𝒇 𝒙 ∈ 𝟑, ∞

𝒙𝟐 𝒊𝒇 𝒙 ∈ 𝟎, 𝟐

𝒙𝟐 − 𝟑 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆 38
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𝑓 5 = 52 + 3 5 − 2

𝑓 2 = (2)2 −3

𝑓 −3 = −3 2 − 3 − 5

𝑥 = −3 ∈ (−∞, 0) ∴ 𝑓 𝑥 = 𝑥2 + 𝑥 − 5

= 9 − 3 − 5 = 9 − 8= 1
𝑥 = 5 ∈ 3, ∞ ∴ 𝑓 𝑥 = 𝑥2 + 3𝑥 − 2

= 25 + 15 − 2= 38

𝑥 = 2 𝑖𝑛 𝑓 𝑥 = 𝑥2 − 3

= 4 − 3 = 1

𝑥 = −1 ∈ (−∞, 0) ∴ 𝑓 𝑥 = 𝑥2 + 𝑥 − 5

𝑓 −1 = (− )1 2 + −1 − 5 = 1 − 1 − 5 = −5

𝑓 0 = 02 − 3 = −3

𝑥 = 0 𝑖𝑛 𝑓 𝑥 = 𝑥2 − 3

𝟒. 𝑺𝒕𝒂𝒕𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒓 𝒏𝒐𝒕. 𝑰𝒇 𝒊𝒕
𝒊𝒔 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒄𝒉𝒆𝒄𝒌 𝒇𝒐𝒓 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆𝒏𝒆𝒔𝒔 𝒂𝒏𝒅 𝒐𝒏𝒕𝒐𝒏𝒆𝒔𝒔. 𝑰𝒇 𝒊𝒕 𝒊𝒔

𝒏𝒐𝒕 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒔𝒕𝒂𝒕𝒆 𝒘𝒉𝒚?

𝒊 𝑰𝒇 𝑨 = 𝒂, 𝒃, 𝒄 𝒂𝒏𝒅 𝒇 = 𝒂, 𝒄 , 𝒃, 𝒄 , 𝒄, 𝒃 ; 𝒇: 𝑨 → 𝑨 .

𝒊𝒊 𝑰𝒇 𝑿 = 𝒙, 𝒚, 𝒛 𝒂𝒏𝒅 𝒇 = 𝒙, 𝒚 , 𝒙, 𝒛 , 𝒛, 𝒙 ; 𝒇: 𝑿 → 𝑿 .

i Let A = 𝑎, 𝑏, 𝑐

𝑓: 𝐴 → 𝐴 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑓: 𝑎, 𝑐 , 𝑏, 𝑐 , 𝑐, 𝑏

𝑎

𝑏

𝑐

A

a

b

c

A

(i) Different elements of A does not have 

different image in A .Thus, f is not one-one 

function 

It is not onto fuction because a ∈ A does not have pre − image in A.

Every elements in A has a image in A .
Hence it is a function

𝑖𝑖 𝐿𝑒𝑡 𝑋 = 𝑥, 𝑦, 𝑧 𝑓 ⋮ 𝑋 → 𝑋 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑓 ⋮ 𝑥, 𝑦 (𝑥, 𝑧)(𝑧, 𝑥)

𝑥

𝑦

𝑧

𝑥

𝑦

𝑧

X Xf

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑓𝑢𝑐𝑡𝑖𝑜𝑛 𝑠𝑖𝑛𝑐𝑒 𝑥 ℎ𝑎𝑠 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 𝑜𝑛𝑒 𝑖𝑚𝑎𝑔𝑒, 𝑎𝑛𝑑 𝑦
ℎ𝑎𝑠 𝑛𝑜 𝑖𝑚𝑎𝑔𝑒 𝑖𝑛 𝐵 39



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝟓. 𝑳𝒆𝒕 𝑨 = 𝟏, 𝟐, 𝟑, 𝟒 𝒂𝒏𝒅 𝑩 = 𝒂, 𝒃, 𝒄, 𝒅 . 𝑮𝒊𝒗𝒆 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒓𝒐𝒎 𝑨 → 𝑩
𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒖𝒏𝒈 ⋮

𝒊 𝒏𝒆𝒊𝒕𝒉𝒆𝒓 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆 𝒂𝒏𝒅 𝒏𝒐𝒓 𝒐𝒏𝒕𝒐,

𝒊𝒊 𝒏𝒐𝒕 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆 𝒃𝒖𝒕 𝒐𝒏𝒕𝒐

𝒊𝒊𝒊 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆 𝒃𝒖𝒕 𝒏𝒐𝒕 𝒐𝒏𝒕𝒐, 𝒊𝒗 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆 𝒂𝒏𝒅 𝒐𝒏𝒕𝒐.

𝐿𝑒𝑡 𝐴 = 1, 2, 3, 4 𝐵 = 𝑎, 𝑏, 𝑐, 𝑑

𝑖 𝑓1 ⋮ 𝐴 → 𝐵 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑓1 ⋮ 1, 𝑐 2, 𝑎 3, 𝑏 4, 𝑐

1

2

3

4

a

b

c

d

A B

The element 𝑑 in B has no pre-image in A. 

Thus, it is not onto Function.

Every element in A has only 0ne image in B .
Hence it is a function.

The elements 1 and 4 in A have same 

image c in B. Hence it is not one-one.

𝑓 𝑖𝑠 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑛𝑜𝑟 𝑜𝑛𝑡𝑜

𝑖𝑖 𝑛𝑜𝑡 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑏𝑢𝑡 𝑜𝑛𝑡𝑜

1

2

3

4

A

a

b

c

d

B

𝑖𝑖 𝑁𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒, 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑏𝑢𝑡 𝑜𝑛𝑡𝑜.

𝑠𝑖𝑛𝑐𝑒 𝑛 𝐴 = 𝑛 𝐵

𝑖𝑖𝑖 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑜𝑛𝑡𝑜

1

2

3

4

A

a

b

c

d

B

𝑖𝑖 𝑁𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒, 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑜𝑛𝑡𝑜.

𝑠𝑖𝑛𝑐𝑒 𝑛 𝐴 = 𝑛 𝐵 40
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𝑖𝑣 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛𝑡𝑜.

1

2

3

4

A

a

b

c

d

B
Different elements of A into different elements of B.

Hence, it is one-one function

Each element  in B pre-image in A.

Thus, it is onto. Hence, it is a 

bijective function.

𝑖𝑣 𝑓2 ⋮ 𝐴
→ 𝐵 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 1, 𝑎 2, 𝑏 3, 𝑐 4, 𝑑 . 𝐼𝑡 𝑖𝑠 𝑜𝑛𝑒 − 𝑡𝑜 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛𝑡𝑜.

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇
𝟏

𝟏 − 𝟐 𝒔𝒊𝒏 𝒙

1 − 2 𝑠𝑖𝑛 𝑥 = 0

𝑠𝑖𝑛 𝑥 =
1

2

𝐿𝑒𝑡 𝑓 𝑥 =
1

1 − 2 𝑠𝑖𝑛 𝑥

⟹ 1 = 2 𝑠𝑖𝑛 𝑥

⟹ 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛30°

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛
𝜋

6

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛𝛼

𝜃 = 𝑛𝜋 + −1 𝑛𝛼, 𝑛 ∈ 𝑍

𝑥 = 𝑛𝜋 + (−1)𝑛
𝜋

6

𝐷𝑜𝑚𝑎𝑖𝑛 𝑖𝑠 𝑅 − 𝑛𝜋 + (−1)𝑛
𝜋

6

𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ

𝐸𝑥𝑐𝑒𝑝𝑡:

𝐸𝑥𝑐𝑒𝑝𝑡:

𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒄𝒏𝒕𝒊𝒐𝒏
𝟏

𝟐 𝒄𝒐𝒔 𝒙 − 𝟏

−1 ≤ 𝑐𝑜𝑠 𝑥 ≤ 1

−2 ≤ 2 𝑐𝑜𝑠 𝑥 ≤ 2

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑐𝑜𝑠𝑖𝑛𝑒 𝑖𝑠 −1 ≤ 𝑐𝑜𝑠 𝑥 ≤ 1

𝑀𝑢𝑙𝑡𝑖𝑝𝑦𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 𝑏𝑦 2

−3 ≤ 2 𝑐𝑜𝑠 𝑥 − 1 ≤ 1

−
1

3
≥

1

2 𝑐𝑜𝑠 𝑥 − 1
≥ 1

Range is (−∞, ൨−
1

3
∪ [ )1, ∞

−2 − 1 ≤ 2 𝑐𝑜𝑠𝑥 −1 ≤ 2 − 1

𝑇𝑎𝑘𝑖𝑛𝑔 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙
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𝟗. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒙𝒚 = −𝟐 𝒊𝒔 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒂 𝒔𝒖𝒊𝒕𝒂𝒃𝒍𝒆 𝒅𝒐𝒎𝒂𝒊𝒏.
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏.

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥𝑦 = −2

𝑦 = −
2

𝑥

𝑓 𝑥 = 𝑓 𝑦 −
2

𝑦
= −

2

𝑥
⟹

1

𝑦
=

1

𝑥
⟹ 𝑥 = 𝑦

𝑓 𝑖𝑠 𝑎 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑓 𝑥 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑥 = 0

𝐷𝑜𝑚𝑎𝑖𝑛 = 𝑅 − 0 𝑎𝑛𝑑 𝑅𝑎𝑛𝑔𝑒 = 𝑅 − 0

⟹ 𝑓 𝑥 = −
2

𝑥

𝑓 𝑥 = 2𝑥 + 4𝑦 =

𝑥 = 2: 𝑓 2 = 2 2 + 4 = 4 + 4

𝑓 2 = 8

𝑥 = 3: 𝑓 3 = 2 3 + 4

𝑓 3 = 10

= 6 + 4

𝑥 = 4: 𝑓 4 = 2 4 + 4

𝑓 4 = 12

= 8 + 4

𝐷𝑜𝑚𝑎𝑖𝑛 𝑅𝑎𝑛𝑔𝑒

2 8
𝑓: 2 ⟶ 8

3 10
𝑓: 3 ⟶ 10

4 12
𝑓: 4 ⟶ 12

𝑦 = 2𝑥 + 4

𝑦 − 4 = 2𝑥

𝑦 − 4

2
= 𝑥

𝑥 =
𝑦 − 4

2

𝑓−1 𝑦 =
𝑦 − 4

2

𝑓−1 8 =
8 − 4

2
=

4

2
= 2 𝑓−1 10 =

10 − 4

2
=

6

2
= 3

𝑓−1 12 =
12 − 4

2
=

8

2
= 4

𝐷𝑜𝑚𝑎𝑖𝑛 𝑅𝑎𝑛𝑔𝑒

2 8
𝑓−1: 8 ⟶ 2

3 10
𝑓−1: 10 ⟶ 3

4 12
𝑓−1: 12 ⟶ 4

⟹
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𝑥 ⟶
𝒇

⟶

𝒈
⟶ 𝑔 𝑓 𝑥

𝑓 𝑥

𝟏𝟎. 𝑰𝒇 𝒇, 𝒈: 𝑹 → 𝑹 𝒂𝒓𝒆 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝒙 = 𝒙 + 𝒙 𝒂𝒏𝒅 𝒈 𝒙 = 𝒙 − 𝒙,
𝒇𝒊𝒏𝒅 𝒈 ∘ 𝒇 𝒂𝒏𝒅 𝒇 ∘ 𝒈.

𝑓 𝑥 = 𝑥 + 𝑥 𝑔 𝑥 = 𝑥 − 𝑥𝑎𝑛𝑑

𝑓 𝑥 = 𝑥 + 𝑥

𝑥 =
−𝑥

𝑥

𝑓 𝑥 =
−𝑥 + 𝑥

𝑥 + 𝑥
𝑓 𝑥 =

0

2𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0
⟹

𝑔 𝑥 = 𝑥 − 𝑥

𝑔 𝑥 =

−𝑥 − 𝑥

𝑥 − 𝑥

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0
⟹ 𝑔 𝑥 =

−2𝑥

0

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

𝑖𝑓 𝑥 ≤ 0

𝑖𝑓 𝑥 > 0

𝐿𝑒𝑡 𝑥 ≤ 0,

𝑁𝑒𝑥𝑡, 𝐿𝑒𝑡 𝑥 ≤ 0, 𝑡ℎ𝑒𝑛

𝑡ℎ𝑒𝑛 𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥 = 𝑔 0 = 0

𝑓 ∘ 𝑔 𝑥 = 𝑓 𝑔 𝑥 = 𝑓 −2𝑥 = 0

𝐿𝑒𝑡 𝑥 > 0, 𝑡ℎ𝑒𝑛 𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥 = 𝑔 2𝑥 = 0

𝑥 > 0, 𝑡ℎ𝑒𝑛 𝑓 ∘ 𝑔 𝑥 = 𝑓 𝑔 𝑥 = 0= 𝑓 0

𝟏𝟏. 𝑰𝒇 𝒇, 𝒈, 𝒉 𝒂𝒓𝒆 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒅 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒐𝒏 𝑹, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒇 + 𝒈 ∘ 𝒉 = 𝒇 ∘ 𝒉 + 𝒈 ∘ 𝒉 𝑾𝒉𝒂𝒕 𝒄𝒂𝒏 𝒚𝒐𝒖 𝒔𝒂𝒚 𝒂𝒃𝒐𝒖𝒕 𝒇 ∘ 𝒈 + 𝒉 ?

𝑱𝒖𝒔𝒕𝒊𝒇𝒚 𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓.

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑓 + 𝑔 ∘ ℎ = 𝑓 ∘ ℎ + 𝑔 ∘ ℎ

𝑓 + 𝑔 ∘ ℎ 𝑥

= 𝑓 ℎ 𝑥

= 𝑓 ∘ ℎ 𝑥

= 𝑓 + 𝑔 ℎ 𝑥

+ 𝑔 ℎ 𝑥

+ 𝑔 ∘ ℎ 𝑥

𝑓 + 𝑔 ∘ ℎ = 𝑓 ∘ ℎ + 𝑔 ∘ ℎ
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𝑓 ∘ 𝑔 + ℎ 𝑥 = 𝑓 𝑔 + ℎ 𝑥

= 𝑓 𝑔 𝑥 + ℎ 𝑥 = 𝑓 𝑔 𝑥 + 𝑓 ℎ 𝑥

= 𝑓 ∘ 𝑔 𝑥 + 𝑓 ∘ ℎ 𝑥

𝑓 ∘ 𝑔 + ℎ = 𝑓 ∘ 𝑔 + 𝑓 ∘ ℎ

𝑓 + 𝑔 ∘ ℎ ≠ 𝑓 ∘ 𝑔 + ℎ

𝟏𝟐. 𝑰𝒇 𝒇: 𝑹 → 𝑹 𝒊𝒔 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝒙 = 𝟑𝒙 − 𝟓, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒇 𝒊𝒔 𝒂 𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒐𝒏
𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒊𝒕𝒔 𝒊𝒏𝒗𝒆𝒓𝒔𝒆.

𝑓: 𝑅 → 𝑅 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑓 𝑥 = 3𝑥 − 5

𝐿𝑒𝑡 𝑦 = 3𝑥 − 5 .

𝐿𝑒𝑡 𝑔 𝑦 =
𝑦 + 5

3

𝑓 ∘ 𝑔 𝑦 = 𝑓 𝑔 𝑦

= 𝑓
𝑦 + 5

3
= 3

𝑦 + 5

3
− 5

= 𝑦

= 𝑦 + 5 − 5

𝑁𝑜𝑤 𝑔 ∘ 𝑓 𝑥 = 𝑔 𝑓 𝑥

= 𝑔 3𝑥 − 5 =
3𝑥 − 5 + 5

3
= 𝑥

𝑇ℎ𝑒𝑛 𝑥 =
𝑦 + 5

3

𝑦 + 5 = 3𝑥

𝑦 + 5

3
= 𝑥

𝑇ℎ𝑢𝑠 𝑔 ∘ 𝑓 = 𝐼𝑥,

𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑒𝑠 𝑡𝑜 𝑒𝑎𝑐ℎ 𝑜𝑡ℎ𝑒𝑟. 𝑓 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒.

𝑓−1 𝑦 =
𝑦 + 5

3
,

𝑓−1 𝑥 =
𝑥 + 5

3

𝑓 ∘ 𝑔 = 𝐼𝑦

𝑥 =
𝑦 + 5

3
⟹

𝟏𝟑. 𝑻𝒉𝒆 𝒘𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒖𝒔𝒄𝒍𝒆𝒔 𝒐𝒇 𝒂 𝒎𝒂𝒏 𝒊𝒔 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒉𝒊𝒔 𝒃𝒐𝒅𝒚

𝒘𝒆𝒊𝒈𝒉𝒕 𝒙 𝒂𝒏𝒅 𝒄𝒂𝒏 𝒃𝒆 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒆𝒅 𝒂𝒔 𝑾 𝒙 = 𝟎. 𝟑𝟓𝒙. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆

𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒊𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏.

𝑊 𝑥 = 0.35𝑥 (𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑥 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟)

𝐷𝑜𝑚𝑎𝑖𝑛: 𝑥 > 0

𝟏𝟒. 𝑻𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒂𝒏 𝒐𝒃𝒋𝒆𝒄𝒕 𝒇𝒂𝒍𝒍𝒊𝒏𝒈 𝒊𝒔 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒊𝒎𝒆 𝒕 𝒂𝒏𝒅 𝒄𝒂𝒏

𝒃𝒆 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒆𝒅 𝒂𝒔 𝑺 𝒕 = −𝟏𝟔𝒕𝟐. 𝑮𝒓𝒂𝒑𝒉 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆

𝒊𝒇 𝒊𝒕 𝒊𝒔 𝒐𝒏𝒆 − 𝒕𝒐 − 𝒐𝒏𝒆. 44
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𝑆 𝑡 = −16𝑡2

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑆 𝑡1 = 𝑆 𝑡2

−16𝑡1
2 = −16𝑡2

2

𝑡1 = 𝑡2 . 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒.

𝑆 𝑡 = −16𝑡2

1 2 3

−16

−64

−144

0 𝑡

𝑡

𝑠

0 1 2

0 −16 −64

𝑠

−1 −2

−16 −64

−2 −1

𝟏𝟓. 𝑻𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒂𝒊𝒓𝒇𝒂𝒓𝒆 𝒐𝒏 𝒂 𝒈𝒊𝒗𝒆𝒏 𝒓𝒐𝒖𝒕𝒆 𝒊𝒔 𝒄𝒐𝒎𝒑𝒓𝒊𝒔𝒆𝒅 𝒐𝒇 𝒕𝒉𝒆
𝒃𝒂𝒔𝒆 𝒄𝒐𝒔𝒕 𝑪 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒇𝒖𝒆𝒍 𝒔𝒖𝒓𝒄𝒉𝒂𝒓𝒈𝒆 𝑺 𝒊𝒏 𝒓𝒖𝒑𝒆𝒆. 𝑩𝒐𝒕𝒉 𝑪 𝒂𝒏𝒅 𝑺 𝒂𝒓𝒆
𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒊𝒍𝒆𝒂𝒈𝒆 𝒎, 𝑪 𝒎 = 𝟎. 𝟒𝒎 + 𝟓𝟎 𝒂𝒏𝒅 𝑺 𝒎 = 𝟎. 𝟎𝟑𝒎.

𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒂 𝒕𝒊𝒄𝒌𝒆𝒕 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒎𝒊𝒍𝒆𝒂𝒈𝒆 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒊𝒓𝒇𝒂𝒓𝒆 𝒇𝒐𝒓 𝒇𝒍𝒚𝒊𝒏𝒈 𝟏𝟔𝟎𝟎 𝒎𝒊𝒍𝒆𝒔.

𝐶 𝑚 = 0.4𝑚 + 50 𝑎𝑛𝑑 𝑆 𝑚 = 0.03𝑚

𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡 𝑇 𝑚 = 𝐶 𝑚 + 𝑠(𝑚)

𝑇 𝑚 = 0.43𝑚 + 50

𝑊ℎ𝑒𝑟𝑒 𝑚 = 1600

𝑇 𝑚 = 0.43 1600 + 50

= 0.4𝑚 + 50 + 0.03𝑚
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𝑇 𝑚 = 𝑅𝑠. 738

𝑇 𝑚 = 43 × 16 + 50

= 688 + 50

𝟏𝟔. 𝑨 𝒔𝒂𝒍𝒆𝒔𝒑𝒆𝒓𝒔𝒐𝒏 𝒘𝒉𝒐𝒔𝒆 𝒂𝒏𝒏𝒖𝒂𝒍 𝒆𝒂𝒓𝒏𝒊𝒏𝒈𝒔 𝒄𝒂𝒏 𝒃𝒆 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆
𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝑨 𝒙 = 𝟑𝟎, 𝟎𝟎𝟎 + 𝟎. 𝟎𝟒𝒙, 𝒘𝒉𝒆𝒓𝒆 𝒙 𝒊𝒔 𝒕𝒉𝒆 𝒓𝒖𝒑𝒆𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒉𝒆
𝒎𝒆𝒓𝒄𝒉𝒂𝒏𝒅𝒊𝒔𝒆 𝒉𝒆 𝒔𝒆𝒍𝒍𝒔. 𝑯𝒊𝒔 𝒔𝒐𝒏 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒊𝒏 𝒔𝒂𝒍𝒆𝒔 𝒂𝒏𝒅 𝒉𝒊𝒔 𝒆𝒂𝒓𝒏𝒊𝒏𝒈𝒔 𝒂𝒓𝒆
𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝑺 𝒙 = 𝟐𝟓𝟎𝟎𝟎 + 𝟎. 𝟎𝟓𝒙. 𝑭𝒊𝒏𝒅 𝑨 + 𝑺 𝒙
𝒂𝒏𝒅 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒇𝒂𝒎𝒊𝒍𝒚 𝒊𝒏𝒄𝒐𝒎𝒆 𝒊𝒇 𝒕𝒉𝒆𝒚 𝒆𝒂𝒄𝒉 𝒔𝒆𝒍𝒍 𝑹𝒖𝒑𝒆𝒆𝒔
𝟏, 𝟓𝟎, 𝟎𝟎, 𝟎𝟎𝟎 𝒘𝒐𝒓𝒕𝒉 𝒐𝒇 𝒎𝒆𝒓𝒄𝒉𝒂𝒏𝒅𝒊𝒔𝒆.

𝐴 𝑥 = 30,000 + 0.04𝑥 𝑆 𝑥 = 25,000 + 0.05𝑥

𝐴 + 𝑆 𝑥 = 𝐴 𝑥 + 𝑆(𝑥)

= 55,000 + 0.09𝑥

𝐼𝑓 𝑥 = 1,50,00,000 𝑡ℎ𝑒𝑛

𝑎𝑛𝑑

= 30,000 + 0.04𝑥 + 25,000 + 0.05𝑥

𝐴 + 𝑆 𝑥 = 55,000 + 0.09 1,50,00,000

= 55,000 + 1350000

= 1405000

𝟏𝟕. 𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒆𝒙𝒄𝒉𝒂𝒏𝒈𝒊𝒏𝒈 𝑨𝒎𝒆𝒓𝒊𝒄𝒂𝒏 𝒅𝒐𝒍𝒍𝒂𝒓𝒔 𝒇𝒐𝒓 𝑺𝒊𝒏𝒂𝒑𝒐𝒓𝒆
𝑫𝒐𝒍𝒍𝒂𝒓 𝒐𝒏 𝒂 𝒈𝒊𝒗𝒆𝒏 𝒅𝒂𝒚 𝒊𝒔 𝒇 𝒙 = 𝟏. 𝟐𝟑𝒙, 𝒘𝒉𝒆𝒓𝒆 𝒙 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒕𝒉𝒆
𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑨𝒎𝒆𝒓𝒊𝒄𝒂𝒏 𝒅𝒐𝒍𝒍𝒂𝒓𝒔. 𝒐𝒏 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒅𝒂𝒚 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓

𝒆𝒙𝒄𝒉𝒂𝒏𝒈𝒊𝒏𝒈 𝑺𝒊𝒏𝒈𝒂𝒑𝒐𝒓𝒆 𝑫𝒐𝒍𝒍𝒂𝒓 𝒕𝒐 𝑰𝒏𝒅𝒊𝒂𝒏 𝑹𝒖𝒑𝒆𝒆 𝒊𝒔 𝒈 𝒚 = 𝟓𝟎. 𝟓𝟎𝒚,
𝒘𝒉𝒆𝒓𝒆 𝒚 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝑺𝒊𝒏𝒈𝒂𝒑𝒐𝒓𝒆 𝒅𝒐𝒍𝒍𝒂𝒓𝒔. 𝑾𝒓𝒊𝒕𝒆
𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒘𝒉𝒊𝒄𝒉 𝒘𝒊𝒍𝒍 𝒈𝒊𝒗𝒆 𝒕𝒉𝒆 𝒆𝒙𝒄𝒉𝒂𝒏𝒈𝒆 𝒓𝒂𝒕𝒆 𝒐𝒇 𝑨𝒎𝒆𝒓𝒊𝒄𝒂𝒏
𝒅𝒐𝒍𝒍𝒂𝒓𝒔 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝑰𝒏𝒅𝒊𝒂𝒏 𝒓𝒖𝒑𝒆𝒆

𝑓 𝑥 = 1.23𝑥 𝑥 𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 𝑑𝑜𝑙𝑙𝑎𝑟𝑠

𝑦 𝑖𝑠 𝑡ℎ𝑒 𝑆𝑖𝑛𝑔𝑎𝑝𝑜𝑟𝑒 𝑑𝑜𝑙𝑙𝑎𝑟. 𝑔 𝑦 𝑖𝑠 𝐼𝑛𝑑𝑖𝑎𝑛 𝑟𝑢𝑝𝑒𝑒.

𝑓 𝑥 𝑖𝑠 𝑆𝑖𝑛𝑔𝑎𝑝𝑜𝑟𝑒 𝑑𝑜𝑙𝑙𝑎𝑟.𝑔(𝑦) = 50.50𝑦

𝑓 𝑥 = 1.23𝑥 𝑔 𝑦 = 50.50𝑦
> >

𝑥 𝑖𝑠 𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 𝑑𝑜𝑙𝑙𝑎𝑟𝑠 𝑦 𝑖𝑠 𝑆𝑖𝑛𝑔𝑎𝑝𝑜𝑟𝑒 𝑑𝑜𝑙𝑙𝑎𝑟. 𝑔 𝑦 𝑖𝑠 𝐼𝑛𝑑𝑖𝑎𝑛 𝑟𝑢𝑝𝑒𝑒.

𝑥 𝑦
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𝐸𝑥𝑐ℎ𝑎𝑛𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 𝑜𝑓 𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 𝑑𝑜𝑙𝑙𝑎𝑟 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝐼𝑛𝑑𝑖𝑎𝑛 𝑟𝑢𝑝𝑒𝑒 𝑖𝑠

𝑔 ∘ 𝑓 𝑥

= 𝑔 1.23𝑥

= 𝑔 𝑓 𝑥

= 50.50(1.23𝑥)

= 62.115𝑥 𝑥 𝑖𝑠 𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 𝑑𝑜𝑙𝑙𝑎𝑟

𝑔 ∘ 𝑓 𝑥 𝑖𝑠 𝐼𝑛𝑑𝑖𝑎𝑛 𝑟𝑢𝑝𝑒𝑒𝑠.

𝟏𝟖. 𝑻𝒉𝒆 𝒐𝒘𝒏𝒆𝒓 𝒐𝒇 𝒂 𝒔𝒎𝒂𝒍𝒍 𝒓𝒆𝒔𝒕𝒂𝒖𝒓𝒂𝒏𝒕 𝒄𝒂𝒏 𝒑𝒓𝒆𝒑𝒂𝒓𝒆 𝒂 𝒑𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝒎𝒆𝒂𝒍
𝒂𝒕 𝒂 𝒄𝒐𝒔𝒕 𝒐𝒇 𝑹𝒖𝒑𝒆𝒆𝒔 𝟏𝟎𝟎. 𝑯𝒆 𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆𝒔 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒕𝒉𝒆 𝒎𝒆𝒏𝒖 𝒑𝒓𝒊𝒄𝒆 𝒐𝒇
𝒕𝒉𝒆 𝒎𝒆𝒂𝒍 𝒊𝒔 𝒙 𝒓𝒖𝒑𝒆𝒆𝒔, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒄𝒖𝒔𝒕𝒐𝒎𝒆𝒓𝒔 𝒘𝒉𝒐 𝒘𝒊𝒍𝒍

𝒐𝒓𝒅𝒆𝒓 𝒕𝒉𝒂𝒕 𝒎𝒆𝒂𝒍 𝒂𝒕 𝒕𝒉𝒂𝒕 𝒑𝒓𝒊𝒄𝒆 𝒊𝒏 𝒂𝒏 𝒆𝒗𝒆𝒏𝒊𝒏𝒈 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 𝒕𝒉𝒆
𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝑫 𝒙 = 𝟐𝟎𝟎 − 𝒙. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒉𝒊𝒔 𝒅𝒂𝒚 𝒓𝒆𝒗𝒆𝒏𝒖𝒆, 𝒕𝒐𝒕𝒂𝒍 𝒄𝒐𝒔𝒕 𝒂𝒏𝒅

𝒑𝒓𝒐𝒇𝒊𝒕 𝒐𝒏 𝒕𝒉𝒊𝒔 𝒎𝒆𝒂𝒍 𝒂𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑠 = 200 − 𝑥

𝐶𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑚𝑒𝑎𝑙 = 100

𝑇𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡 = 100(200 − 𝑥)

𝑅𝑒𝑣𝑒𝑛𝑢𝑒 𝑜𝑛 𝑜𝑛𝑒 𝑚𝑒𝑎𝑙 = 𝑥
𝑇𝑜𝑡𝑎𝑙 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 = 𝑥(200 − 𝑥)

𝑃𝑟𝑜𝑓𝑖𝑡 = 𝑅𝑒𝑣𝑒𝑛𝑢𝑒 − 𝑐𝑜𝑠𝑡

= 𝑥 200 − 𝑥 − 100(200 − 𝑥)

= (200 − 𝑥)(𝑥 − 100)

𝟏𝟗. 𝑻𝒉𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒇𝒐𝒓 𝒄𝒐𝒏𝒗𝒆𝒓𝒕𝒊𝒏𝒈 𝒇𝒓𝒐𝒎 𝑭𝒂𝒉𝒓𝒆𝒏𝒉𝒆𝒊𝒕 𝒕𝒐 𝑪𝒆𝒍𝒔𝒊𝒖𝒔

𝒕𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒆𝒔 𝒊𝒔 𝒚 =
𝟓𝒙

𝟗
−

𝟏𝟔𝟎

𝟗
. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒕𝒉𝒊𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

𝒂𝒏𝒅 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏.

𝐼𝑓 𝑓 𝑥 =
5𝑥 − 160

9
𝑡𝑜 𝑓𝑖𝑛𝑑 𝑓−1(𝑥)

𝐿𝑒𝑡 𝑦 =
5𝑥 − 160

9

𝑓−1 𝑦 =
9𝑦 + 160

5

5𝑥 − 160 = 9𝑦⟹9𝑦 = 5𝑥 − 160

5𝑥 = 9𝑦 + 160

𝑦 = 𝑓 𝑥

𝑓−1 𝑦 = 𝑥

⟹𝑥 =
9𝑦 + 160

5
𝑅𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑦 𝑏𝑦 𝑥

𝑓−1(𝑥) =
9𝑥 + 160

5

𝑓−1(𝑥) =
9𝑥 + 160

5

𝑓−1(𝑥) = 𝑓−1(𝑦)
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𝑓(𝑥) = 𝑓(𝑦)

5𝑥 − 160

9
=

5𝑦 − 160

9

⟹ 𝑥 = 𝑦5𝑥 − 160 = 5𝑦 − 160

ℎ𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

ℎ𝑒𝑛𝑐𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑦 =
5𝑥

9
−

160

9

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑓 𝑥 = 𝑓(𝑦)

5𝑥 − 160

9
=

5𝑦 − 160

9

⟹ 𝑥 = 𝑦

𝑦 =
5𝑥 − 160

9

5𝑥 − 160 = 5𝑦 − 160

𝐼𝑡 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝟐𝟎. 𝑨 𝒔𝒊𝒎𝒑𝒍𝒆 𝒄𝒊𝒑𝒉𝒆𝒓 𝒕𝒂𝒌𝒆𝒔 𝒂 𝒏𝒖𝒎𝒃𝒆𝒓 𝒂𝒏𝒅 𝒄𝒐𝒅𝒆𝒔 𝒊𝒕, 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏
𝒇 𝒙 = 𝟑𝒙 − 𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒕𝒉𝒊𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆

𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒗𝒆𝒓𝒊𝒇𝒚 𝒕𝒉𝒆
𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄𝒂𝒍 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 𝒂𝒃𝒐𝒖𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒚 = 𝒙(𝒃𝒚 𝒅𝒓𝒂𝒘𝒊𝒏𝒈𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔)

𝑓 𝑥 = 3𝑥 − 4

𝐿𝑒𝑡 𝑦 = 3𝑥 − 4 ⟹ 𝑦 + 4 = 3𝑥

𝑦 + 4

3
= 𝑥 ⟹ 𝑥 =

𝑦 + 4

3

𝑓−1 𝑦 =
𝑦 + 4

3

𝐵𝑦 𝑟𝑒𝑝𝑙𝑎𝑠𝑖𝑛𝑔 𝑦 𝑎𝑠 𝑥 𝑓−1 𝑥 =
𝑥 + 4

3

𝑓 𝑥 = 𝑦
𝑥 = 𝑓−1 𝑦

𝑓−1 𝑥 = 𝑓−1 𝑦

𝑓 𝑥 = 𝑓 𝑦

3𝑥 − 4 = 3𝑦 − 4 𝑥 = 𝑦 ∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛⟹
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟐 −𝟏 𝑥

𝟑

𝟐

𝟏

−𝟏

−𝟐

−𝟑

−𝟒

−𝟓

𝑥′

𝑦

𝑦′

−𝟑

𝑓−1 𝑥 =
𝑥 + 4

3

𝑥 −1 2

𝑦 1 2

𝑦 = 3𝑥 − 4

−1 0 1 2

𝑦 −7 −4 −1 2

𝑥
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟏. 𝟒

Transformation of Functions

𝟏. 𝑻𝒓𝒂𝒏𝒔𝒍𝒂𝒕𝒊𝒐𝒏𝒔 𝟐. 𝑹𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏𝒔

𝟑. 𝑫𝒊𝒍𝒂𝒕𝒊𝒐𝒏𝒔 (𝒆𝒙𝒑𝒂𝒏𝒅𝒔) 𝒐𝒓 𝒄𝒐𝒎𝒑𝒓𝒆𝒔𝒔𝒆𝒔

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 + 𝑐 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑢𝑝 𝑐 𝑢𝑛𝑖𝑡𝑠

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 − 𝑐 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑑𝑜𝑤𝑛 𝑐 𝑢𝑛𝑖𝑡𝑠

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 + 𝑐 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑙𝑒𝑓𝑡 𝑐 𝑢𝑛𝑖𝑡𝑠

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 − 𝑐 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑟𝑖𝑔ℎ𝑡 𝑐 𝑢𝑛𝑖𝑡𝑠

𝟏. 𝑻𝒓𝒂𝒏𝒔𝒍𝒂𝒕𝒊𝒐𝒏𝒔

𝟐. 𝑹𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏𝒔
𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒

𝑦 = −𝑓 𝑥 ⟶ 𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑏𝑜𝑢𝑡 𝑥 − 𝑎𝑥𝑖𝑠

𝑦 = 𝑓 −𝑥 ⟶ 𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑏𝑜𝑢𝑡 𝑦 − 𝑎𝑥𝑖𝑠

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑥 ⟶ 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑜𝑣𝑒𝑟 𝑦

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑦 ⟶ 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑜𝑣𝑒𝑟 𝑥

𝟑. 𝑫𝒊𝒍𝒂𝒕𝒊𝒐𝒏𝒔 (𝑬𝒙𝒑𝒂𝒏𝒅𝒔) 𝒐𝒓 𝑪𝒐𝒎𝒑𝒓𝒆𝒔𝒔𝒆𝒔
𝑦 = 𝑎 𝑓 𝑥 ⟶ 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑡𝑟𝑒𝑡𝑐ℎ 𝑜𝑟 𝑠ℎ𝑖𝑛𝑘

𝑎 > 1 → 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑛𝑘

0 < 𝑎 < 1 → 𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑡𝑟𝑒𝑡𝑐ℎ

𝑦 = 𝑓 𝑏𝑥 ⟶ 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑡𝑟𝑒𝑡𝑐ℎ 𝑜𝑟 𝑠ℎ𝑖𝑛𝑘

𝑏 > 1 → 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑛𝑘

0 < 𝑏 < 1 → 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑡𝑟𝑒𝑡𝑐ℎ

𝟏. 𝑭𝒐𝒓 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒚 = 𝒙𝟑 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏 𝒇𝒊𝒈𝒖𝒓𝒆 𝒅𝒓𝒂𝒘, 𝒊 𝒚 = −𝒙𝟑 𝒊𝒊 𝒚 = 𝒙𝟑 + 𝟏
𝒊𝒊𝒊 𝒚 = 𝒙𝟑 − 𝟏 𝒊𝒗 𝒚 = 𝒙 + 𝟏 𝟑 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒄𝒂𝒍𝒆.

𝒚 = 𝒙𝟑

𝒚 = −𝒙𝟑

𝑦 = −𝑓 𝑥 ⟶ 𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑏𝑜𝑢𝑡 𝑥 − 𝑎𝑥𝑖𝑠
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑥

𝒚

𝟎 1 2 3 4 5−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝑦 = 𝑥3

𝒊𝒊 𝒚 = 𝒙𝟑 + 𝟏.

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛
𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥3 + 1 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑢𝑝 1 𝑢𝑛𝑖𝑡𝑠

𝑥

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝟎, 𝟏

𝒚 = 𝒙𝟑

𝒊𝒊𝒊 𝒚 = 𝒙𝟑 − 𝟏.

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛
𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥3 − 1 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑑𝑜𝑤𝑛 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝒚 = 𝒙𝟑

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑦 ⟶ 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑜𝑣𝑒𝑟 𝑥
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒊𝒗 𝒚 = 𝒙 + 𝟏 𝟑

𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛
𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 + 1 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑙𝑒𝑓𝑡 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

0 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−3−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝒚 = 𝒙𝟑

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝟐. 𝑭𝒐𝒓 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒚 = 𝒙
𝟏
𝟑

𝑦 = −𝑓 𝑥 ⟶ 𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑏𝑜𝑢𝑡 𝑥 − 𝑎𝑥𝑖𝑠

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑦 ⟶ 𝑟𝑒𝑓𝑙𝑒𝑐𝑡 𝑜𝑣𝑒𝑟 𝑥

𝑦 = −𝑥
1
3

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝒚 = 𝒙
𝟏
𝟑
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛
𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥

1
3 + 1 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑢𝑝 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝟎, 𝟏

𝒚 = 𝒙
𝟏
𝟑 + 𝟏

𝒚 = 𝒙
𝟏
𝟑

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛
𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥

1
3 − 1 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑑𝑜𝑤𝑛 1 𝑢𝑛𝑖𝑡𝑠

𝑥

𝑦

0 1 2 3 4 5−1−2−3−4

1

2

3

4

−1

−2

0,0
0, −1

𝒚 = 𝒙
𝟏
𝟑 − 𝟏

𝒚 = 𝒙
𝟏
𝟑

𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥 + 1
1
3 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑓 𝑥 𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑙𝑒𝑓𝑡 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

−𝟏, 𝟎

𝒚 = 𝒙
𝟏
𝟑

𝒚 = 𝒙 + 𝟏
𝟏
𝟑
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝟑. 𝑮𝒓𝒂𝒑𝒉 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒇 𝒙 = 𝒙𝟑 𝒂𝒏𝒅 𝒈 𝒙 = 𝟑 𝒙 𝒐𝒏 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒄𝒐 −
𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒑𝒍𝒂𝒏𝒆. 𝑭𝒊𝒏𝒅 𝒇𝒐𝒈 𝒂𝒏𝒅 𝒈𝒓𝒂𝒑𝒉 𝒊𝒕 𝒐𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒂𝒔 𝒘𝒆𝒍𝒍.
𝑬𝒙𝒑𝒍𝒂𝒊𝒏 𝒚𝒐𝒖𝒓 𝒓𝒆𝒔𝒖𝒍𝒕𝒔.

𝑮𝒊𝒗𝒆𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆𝒇 𝒙 = 𝒙𝟑 𝒂𝒏𝒅 𝒈 𝒙 = 𝟑 𝒙.

𝑓 𝑥 = 𝑥3

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝑔 𝑥 = 𝑥
1
3

𝑓𝑜𝑔 = 𝑥

𝑥

𝑦

0 1 2 3 4 5−1−2−3−4

1

2

3

4

−1

−2

0,0

𝑓 𝑥 = 𝑥3

𝑔 𝑥 = 𝑥
1
3

𝑓𝑜𝑔 𝑥 = 𝑥

𝑓𝑜𝑔 𝑥 = 𝑓 𝑔 𝑥 = 𝑓 𝑥
1
3 = 𝑥

1
3

3
= 𝑥

𝟒. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒔𝒕𝒆𝒑𝒔 𝒕𝒐 𝒐𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏
𝒚 = 𝟑(𝒙 − 𝟏)𝟐 + 𝟓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉 𝒚 = 𝒙𝟐.

𝑆𝑡𝑒𝑝1: 𝐷𝑟𝑎𝑤 𝑡ℎ𝑒 𝐺𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥2

𝑆𝑡𝑒𝑝 2: 𝐷𝑟𝑎𝑤 𝑡ℎ𝑒 𝐺𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥 − 1 2 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥2

𝑆𝑡𝑒𝑝 3: 𝐷𝑟𝑎𝑤 𝑡ℎ𝑒 𝐺𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 3 𝑥 − 1 2

𝑆𝑡𝑒𝑝 4: 𝐷𝑟𝑎𝑤 𝑡ℎ𝑒 𝐺𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 3 𝑥 − 1 2 + 5

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑛𝑘

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑢𝑝 5 𝑢𝑛𝑖𝑡𝑠

𝑠ℎ𝑖𝑓𝑡𝑒𝑑 𝑟𝑖𝑔ℎ𝑡 1 𝑢𝑛𝑖𝑡𝑠
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑥

𝑦

0

−1,1 1,1

2,4−2,4

1 2−1−2

1

2

3

4

𝑓 𝑥 = 𝑥2

𝒚 = 𝟑 𝒙 − 𝟏 𝟐 + 𝟓

𝑦 = 3 𝑥 − 1 2 + 5

𝑥

𝑦

𝟎 𝟏 𝟐−𝟏−𝟐

𝟏

𝟐

𝟑

𝟒

−𝟑

𝑠ℎ𝑖𝑓𝑡 1 𝑢𝑛𝑖𝑡𝑠 𝑟𝑖𝑔ℎ𝑡

𝑠ℎ𝑖𝑓𝑡 5 𝑢𝑛𝑖𝑡𝑠 𝑢𝑝𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑛𝑘

𝟓
1,5

𝑓 𝑥 = 𝑥2

𝟔. 𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒚 = 𝒙, 𝒅𝒓𝒂𝒘 𝒊 𝒚 = −𝒙 𝒊𝒊 𝒚 = 𝟐𝒙 𝒊𝒊𝒊 𝒚 = 𝒙 + 𝟏

𝒊𝒗 𝒚 =
𝟏

𝟐
𝒙 + 𝟏 𝒗 𝟐𝒙 + 𝒚 + 𝟑 = 𝟎.

𝐺𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥

𝑥

𝑦

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒊 𝒚 = −𝒙

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

𝒊𝒊 𝒚 = 𝟐𝒙

𝑦 = 𝑎 𝑓 𝑥 ⟶ 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑛𝑘 , 𝑠𝑖𝑛𝑐𝑒 𝑎 > 1

𝑥

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟎

56



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒊𝒊𝒊 𝒚 = 𝒙 + 𝟏

𝑇ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑦 = 𝑥 + 1, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑢𝑝 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟏
−𝟏, 𝟎

𝒊𝒗 𝒚 =
𝟏

𝟐
𝒙 + 𝟏

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑑
𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 𝑢𝑝 1 𝑢𝑛𝑖𝑡𝑠

𝒙

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

−𝟏

−𝟐

𝟎, 𝟏

𝒗 𝟐𝒙 + 𝒚 + 𝟑 = 𝟎.
𝑦 = −2𝑥 − 3

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡 3 𝑢𝑛𝑖𝑡𝑠 𝑑𝑜𝑤𝑛𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠
𝑎𝑏𝑜𝑢𝑡 𝑦 − 𝑎𝑥𝑖𝑠

𝑥

𝑦

0 1 2 3 4 5−1−2−3−4

1

2

3

4

−1

−2

0,0

−3 0, −3

𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑛𝑘
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒚 = 𝒙

𝑥

𝑦

0 1 2 3 4 5−1−2−3−4

1

2

3

4

5

𝟕. 𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒚 = 𝒙 , 𝒅𝒓𝒂𝒘 𝒊 𝒚 = 𝒙 − 𝟏 + 𝟏 𝒊𝒊 𝒚 = 𝒙 − 𝟏 − 𝟏
𝒊𝒊𝒊 𝒚 = 𝒙 + 𝟐 − 𝟑.

𝒊 𝒚 = 𝒙 − 𝟏 + 𝟏

𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑢𝑝 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡

𝑥

𝒚

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

𝟓

𝟏, 𝟏

𝒊𝒊 𝒚 = 𝒙 + 𝟏 − 𝟏

𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑜𝑤𝑛 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡

𝑥

𝑦

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

𝟓

−1, −1
−𝟏

−𝟐
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒊𝒊𝒊 𝒚 = 𝒙 + 𝟐 − 𝟑

𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑓𝑜𝑟 2 𝑢𝑛𝑖𝑡

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑠ℎ𝑖𝑓𝑡𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑜𝑤𝑛 𝑓𝑜𝑟 3 𝑢𝑛𝑖𝑡

𝑥

𝑦

𝟎 𝟏 𝟐 𝟑 𝟒 𝟓−𝟏−𝟐−𝟑−𝟒

𝟏

𝟐

𝟑

𝟒

𝟓

−2, −3

−𝟏

−𝟐

−𝟑

−𝟒

𝟖. 𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒚 = 𝒔𝒊𝒏𝒙, 𝒅𝒓𝒂𝒘 𝒚 = 𝒔𝒊𝒏 𝒙 (𝑯𝒊𝒏𝒕 ∶ 𝒔𝒊𝒏 −𝒙 = −𝒔𝒊𝒏𝒙. )

𝑥 = ൝
𝑥 𝑖𝑓 𝑥 ≥ 0

−𝑥 𝑖𝑓 𝑥 < 0

𝑦 = 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 𝑥 𝑖𝑓 𝑥 ≥ 0

𝑦 = 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −𝑥 = −𝑠𝑖𝑛𝑥 𝑖𝑓 𝑥 < 0.

0
−𝟐𝝅 −

𝟑𝝅

𝟐
−𝝅 −

𝝅

𝟐

𝑥

𝟐

𝟏

−𝟏

−𝟐

𝝅

𝟐
𝝅 𝟑𝝅

𝟐
𝟐𝝅

𝑥′

𝒚

𝒚′

𝑦 = 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −𝑥
𝑦 = 𝑠𝑖𝑛 𝑥

𝑦 = 𝑠𝑖𝑛 𝑥 𝑖𝑓 𝑥 ≥ 0
𝑦 = −𝑠𝑖𝑛𝑥 𝑖𝑓 𝑥 < 0.

𝟓. 𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒖𝒓𝒗𝒆 𝒚 = 𝒔𝒊𝒏𝒙, 𝒈𝒓𝒂𝒑𝒉 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔.

𝒊 𝒚 = 𝒔𝒊𝒏(−𝒙) 𝒊𝒊 𝒚 = − 𝒔𝒊𝒏 −𝒙 , 𝒊𝒊𝒊 𝒚 = 𝒔𝒊𝒏
𝝅

𝟐
+ 𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒄𝒐𝒔𝒙.

𝒊𝒗 𝒚 = 𝒔𝒊𝒏
𝝅

𝟐
− 𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒄𝒐𝒔𝒙. (𝒓𝒆𝒇𝒆𝒓 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒚)
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

0−2𝜋 −
3𝜋

2
−𝜋 −

𝜋

2

𝑥

2

1

−1

−2

𝜋

2
𝜋 3𝜋

2
2𝜋

𝑥′

𝑦

𝑦′

𝒚 = 𝒔𝒊𝒏𝒙

60



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

−2𝜋 −
3𝜋

2
−𝜋 −

𝜋

2

𝑥

2

1

−1

−2

𝜋

2
𝜋 3𝜋

2
2𝜋

𝑥′

𝑦

𝑦′

𝒊 𝒚 = 𝒔𝒊𝒏(−𝒙)

𝒚 = −𝒔𝒊𝒏𝒙

−2𝜋 −
3𝜋

2
−𝜋 −

𝜋

2

𝑥

2

1

−1

−2

𝜋

2
𝜋 3𝜋

2
2𝜋

𝑥′

𝑦

𝑦′

𝒊𝒊 𝒚 = − 𝒔𝒊𝒏 −𝒙

𝒚 = 𝒔𝒊𝒏𝒙

𝒊𝒊𝒊 𝒚 = 𝒔𝒊𝒏
𝝅

𝟐
+ 𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒄𝒐𝒔𝒙.
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝒊𝒗 𝒚 = 𝒔𝒊𝒏
𝝅

𝟐
− 𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒄𝒐𝒔𝒙.
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BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟏

𝑩𝑨𝑺𝑰𝑪 𝑨𝑳𝑮𝑬𝑩𝑹𝑨

2.2   REAL NUMBER SYSTEM

Rational Numbers

ℕ = {1,2,3, … } 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑓𝑜𝑟 𝑐𝑜𝑢𝑛𝑡𝑖𝑛𝑔 𝑜𝑏𝑗𝑒𝑐𝑡𝑠.

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑑𝑒𝑎𝑙 𝑤𝑖𝑡ℎ 𝑙𝑜𝑠𝑠 𝑜𝑟 𝑑𝑒𝑏𝑡𝑠, 𝑤𝑒 𝑒𝑛𝑙𝑎𝑟𝑔𝑒𝑑 ℕ 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 integers

ℤ = {… , −4, −3, −2, −1,0,1,2, … } , 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠

, 𝑧𝑒𝑟𝑜 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒𝑠 𝑜𝑓 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

𝕎 = {0,1,2,3, … } 𝑎𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑤ℎ𝑜𝑙𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠

𝐼𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 ℕ 𝑏𝑦 𝑗𝑢𝑠𝑡 𝑜𝑛𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡, 𝑛𝑎𝑚𝑒𝑙𝑦, 𝑧𝑒𝑟𝑜

𝐼𝑚𝑎𝑔𝑖𝑛𝑒 𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑎 𝑐𝑎𝑘𝑒 𝑖𝑛𝑡𝑜 𝑓𝑖𝑣𝑒 𝑒𝑞𝑢𝑎𝑙 𝑝𝑎𝑟𝑡𝑠, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜

5𝑥 = 1. 𝐵𝑢𝑡 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑠𝑜𝑙𝑣𝑒𝑑 𝑤𝑖𝑡ℎ𝑖𝑛 ℤ.

𝐻𝑒𝑛𝑐𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑒𝑛𝑙𝑎𝑟𝑔𝑒𝑑 ℤ 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑒𝑡

ℚ = 𝑥 =
𝑚

𝑛
|𝑚, 𝑛 ∈ ℤ, 𝑛 ≠ 0 , 𝑥 ∈ ℚ 𝑎𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

−5,
−7

3
, 0,

22

7
, 7,12.𝑆𝑜𝑚𝑒 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑜𝑓 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒

𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 𝑝𝑟𝑒𝑐𝑖𝑠𝑒𝑙𝑦 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑜𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒
𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑑𝑒𝑐𝑖𝑚𝑎𝑙𝑠.

For example, − 5.0, −2.333 … ,
25

99
= 0.252525 … ,

𝑎𝑟𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

2

3
= 0.66666 … ,

7.14527836231231231231 …
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𝑤ℎ𝑒𝑟𝑒 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠

𝑃𝑟𝑜𝑜𝑓: 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 2 𝑖𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

𝐿𝑒𝑡 2 =
𝑚

𝑛
,

𝑤𝑖𝑡ℎ 𝑛𝑜 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 1.

𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛.

𝐿𝑒𝑡 𝑚 = 2𝑘

2 =
𝑚

𝑛
⟹ 2 𝑛 = 𝑚

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠
2𝑛2 = 𝑚2

𝑚2 = 2𝑛2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑚2𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒

⟹ 2𝑛2 = 4𝑘2

2𝑛2 = 4𝑘2
2

𝑤ℎ𝑖𝑐ℎ 𝑔𝑖𝑣𝑒𝑠 𝑛2 = 2𝑘2 𝑇ℎ𝑢𝑠, 𝑛 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛.

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠, 𝑡ℎ𝑎𝑡 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟 2.

𝑇ℎ𝑢𝑠, 𝑤𝑒 𝑎𝑟𝑟𝑖𝑣𝑒𝑑 𝑎𝑡 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛. 𝐻𝑒𝑛𝑐𝑒, 2 𝑖𝑠 𝑎𝑛 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

2.2.3  Irrational Numbers

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏: 𝟐 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓.

⟹

2.3   Absolute  Value

𝟐. 𝟑. 𝟏 𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑷𝒓𝒐𝒑𝒆𝒓𝒕𝒊𝒆𝒔

𝑥 =
𝑥 if  𝑥 ≥ 0,

−𝑥 if  𝑥 < 0.

𝑥 − 𝑎 = −𝑟.

(𝑖)  For any 𝑥 ∈ ℝ, we have |𝑥| =|−𝑥| and thus,|𝑥| = |𝑦| if and only

𝑥 = 𝑦 𝑜𝑟 𝑥 = −𝑦.

(𝑖𝑖) |𝑥 − 𝑎| = 𝑟 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 − 𝑎 = 𝑟 or

1. Classify each element of 𝟕, −
𝟏

𝟒
, 𝟎, 𝟑. 𝟏𝟒, 𝟒,

𝟐𝟐

𝟕
, as a member of ℕ, ℚ, ℝ

− ℚ or ℤ.

7 ∈ ℝ − ℚ , 

−
1

4
∈ ℚ

0 ∈ ℤ,

3.14 ∈ ℚ

4 ∈ ℕ, ℤ, ℚ,
22

7
∈ ℚ

7 𝑖𝑠 𝑎𝑛 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟

−
1

4
𝑖𝑠 𝑎 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟,

0 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠,

3.14 𝑖𝑠 𝑎𝑛 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟,

22

7
𝑖𝑠 𝑎𝑛 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟,
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Hence 3𝑛2 = (3𝑘)2 3𝑛2 = 9𝑘2⟹
3

𝑛2 = 3𝑘2

Since 𝑛2 is divisible by 3, it follows that 𝑛 = 3𝑘 for some natural number 𝑘.

Thus both 𝑚 and 𝑛 have a common factor 3 is a contradiction.

Hence 3 cannot be a rational number.

2. Prove that 𝟑 is an irrational number. 

Suppose that 3 is rational, then it can be written as

⟹

Since 𝑚2 is divisible by 3 it follows that, 𝑚 = 3𝑘 for some natural number 𝑘.

3 =
𝑚

𝑛

𝑚

𝑛
where 𝑚 and 𝑛 are natural numbers with no common factor other than 1. 

⟹ 3 𝑛 = 𝑚 𝑚2 = 3𝑛2

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝟑. 𝑨𝒓𝒆 𝒕𝒉𝒆𝒓𝒆 𝒕𝒘𝒐 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒊𝒓𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒊𝒓
𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒊𝒔 𝒂 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓? 𝑱𝒖𝒔𝒕𝒊𝒇𝒚.

If 𝑎, 𝑏, 𝑐 ∈ ℚ

𝑎 + 𝑏 − 𝑐 + 𝑏 = 𝑎 + 𝑏 − 𝑐 − 𝑏

= 𝑎 − 𝑐 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

𝐿𝑒𝑡 𝑎 + 𝑏 𝑎𝑛𝑑 𝑐 + 𝑏 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟

4. Find two irrational numbers such that their sum a rational number. Can you
find  two irrational numbers whose product is a  rational number.

𝐿𝑒𝑡 𝑎 + 𝑏 𝑎𝑛𝑑 𝑎 − 𝑏 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟

𝑆𝑢𝑚 𝑜𝑓 𝑡𝑤𝑜 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 ∶ = 𝑎 + 𝑏 + 𝑎 − 𝑏

= 𝑎 + 𝑎 = 2𝑎

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 ∶ 𝑎 − 𝑏 𝑎 + 𝑏

𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

= 𝑎2 − 𝑏
2

= 𝑎2 − 𝑏 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

𝟓. 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒔𝒎𝒂𝒍𝒍𝒆𝒓 𝒕𝒉𝒂𝒏
𝟏

𝟐𝟏𝟎𝟎𝟎
𝑱𝒖𝒔𝒕𝒊𝒇𝒚.

Hence a positive number smaller than

1

21
>

1

22
>

1

23
…

1

21001
𝑖𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛

1

21000

1

21000
is

1

21001
.

𝐺𝑖𝑣𝑒𝑛 ∶
1

21000

1000 < 1001
1

21000
>

1

21001
⟹
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟐

2.3.2   Equations  Involving  Absolute Value

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏: 𝑺𝒐𝒍𝒗𝒆 |𝟐𝒙 − 𝟏𝟕| = 𝟑 𝒇𝒐𝒓 𝒙.

2𝑥 − 17 = 3 2𝑥 − 17 = ± 3

2𝑥 = ± 3 + 17 2𝑥 = 3 + 17, 2𝑥 = −3 + 17

2𝑥 = 20, 2𝑥 = 14 𝑥 = 10, 𝑥 = 7

⟹

⟹

⟹

Example 2.2:  𝑺𝒐𝒍𝒗𝒆 𝟑 𝒙 − 𝟐 + 𝟕 = 𝟏𝟗 𝒇𝒐𝒓 𝒙.

3 𝑥 − 2 + 7 = 19 3 𝑥 − 2 = 19 − 7

3 𝑥 − 2 = 12 4

𝑥 = 6.𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑥 = −2 𝑎𝑛𝑑

𝑥 − 2 = 4

𝑥 − 2 = ±4 𝑥 − 2 = 4, 𝑥 − 2 = −4

𝑥 = 4 + 2, 𝑥 = −4 + 2
𝑥 = 6, 𝑥 = −2

⟹

⟹

⟹

𝑎𝑟𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠.

Example 2.3:  𝑺𝒐𝒍𝒗𝒆 𝟐𝒙 − 𝟑 = 𝒙 − 𝟓 .

𝐻𝑒𝑛𝑐𝑒, 𝑥 = −2 𝑎𝑛𝑑 𝑥 =
8

3

2𝑥 − 3 = 𝑥 − 5 𝑜𝑟 2𝑥 − 3 = −(𝑥 − 5)

2𝑥 − 𝑥 = −5 + 3 𝑜𝑟 2𝑥 − 3 = −𝑥 + 5

𝑥 = −2
3𝑥 = 8

2𝑥 + 𝑥 = 5 + 3

𝑥 =
8

3

𝑢 = 𝑣

𝑢 = 𝑣 𝑜𝑟 𝑢 = −𝑣

2𝑥 − 3 = 𝑥 − 5

𝑜𝑟

2.2.3   Some Results For Absolute Value

(𝑖) 𝐼𝑓 𝑥, 𝑦 ∈ ℝ, 𝑦 + 𝑥 = 𝑥 − 𝑦 , 𝑡ℎ𝑒𝑛 𝑥𝑦 = 0.

(𝑖𝑖) 𝐹𝑜𝑟 𝑎𝑛𝑦𝑥, 𝑦 ∈ ℝ, 𝑥𝑦 = 𝑥 𝑦 .

(𝑖𝑖𝑖) 𝑥

𝑦
=

𝑥

𝑦
, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ ℝ 𝑎𝑛𝑑 𝑦 ≠ 0.

(𝑖𝑣) 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑦 ∈ ℝ, 𝑥 + 𝑦 ≤ 𝑥 + 𝑦 .

𝟐. 𝟑. 𝟒 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑰𝒏𝒗𝒐𝒍𝒗𝒊𝒏𝒈 𝑨𝒃𝒔𝒐𝒍𝒖𝒕𝒆 𝑽𝒂𝒍𝒖𝒆

𝑥 < 𝑟
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𝐶𝑎𝑠𝑒 (2): 𝐼𝑓 𝑥 < 0, 𝑥 < 𝑟 𝑖. 𝑒, 𝑥 > −𝑟.⟹ −𝑥 < 𝑟

𝑥 < 𝑟 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 −𝑟 < 𝑥 < 𝑟. 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑥 ∈ −𝑟, 𝑟 .

𝑥 > 𝑟

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑥 > 𝑟. 𝑖𝑓 𝑟 < 0 𝑡ℎ𝑒𝑛 𝑒𝑣𝑒𝑟𝑦 𝑥 ∈ ℝ 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠 𝑓𝑜𝑟 𝑟 ≥ 0

𝐶𝑎𝑠𝑒 (1): 𝐼𝑓 𝑥 ≥ 0, 𝑥 > 𝑟 ⟹ 𝑥 > 𝑟.

𝐶𝑎𝑠𝑒 (2): 𝐼𝑓 𝑥 < 0, 𝑥 > 𝑟 𝑖. 𝑒, 𝑥 < −𝑟.⟹ −𝑥 > 𝑟

𝑡ℎ𝑎𝑡 𝑖𝑠 𝑥 ∈ −∞, −𝑟 ∪ 𝑟, ∞ .

𝒙 − 𝒂 ≤ 𝒓

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝐶𝑎𝑠𝑒 (1): 𝐼𝑓 𝑥 ≥ 0, 𝑥 − 𝑎 ≤ 𝑟 ⟹ 𝑥 − 𝑎 ≤ 𝑟.

𝐶𝑎𝑠𝑒 (1): 𝐼𝑓 𝑥 ≥ 0, 𝑥 < 𝑟 ⟹ 𝑥 < 𝑟.

𝑥 − 𝑎 ≤ 𝑟 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 − 𝑟 ≤ 𝑥 − 𝑎 ≤ 𝑟

𝐶𝑎𝑠𝑒 (2): 𝐼𝑓 𝑥 < 0, 𝑥 − 𝑎 ≤ 𝑟 𝑖. 𝑒, 𝑥 − 𝑎 ≥ −𝑟⟹ − 𝑥 − 𝑎 ≤ 𝑟

−𝑟 ≤ 𝑥 − 𝑎 ≤ 𝑟

𝑥 ∈ 𝑎 − 𝑟, 𝑎 + 𝑟 .

−𝑟 + 𝑎 ≤ 𝑥 − 𝑎 + 𝑎 ≤ 𝑟 + 𝑎

−𝑟 + 𝑎 ≤ 𝑥 ≤ 𝑟 + 𝑎 ⟹ 𝑎 − 𝑟 ≤ 𝑥 ≤ 𝑎 + 𝑟

𝒘𝒉𝒆𝒏 𝒕𝒉𝒆 𝑨𝒃𝒔𝒐𝒍𝒖𝒕𝒆 𝑽𝒂𝒍𝒖𝒆 𝒉𝒂𝒔 𝒏𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏

𝑥 = −𝑟

𝑥 < −𝑟
⟹ 𝑥 ≤ −𝑟

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑥 > −𝑟. 𝑡ℎ𝑒𝑛 𝑒𝑣𝑒𝑟𝑦 𝑥 ∈ ℝ 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦

𝑥 > −𝑟, 𝑥 ∈ ℝ

𝑥 − 𝑎 ≥ 𝑟 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 − 𝑎 ≤ −𝑟 𝑜𝑟 𝑥 − 𝑎 ≥ 𝑟.

𝒙 − 𝒂 ≥ 𝒓

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝐶𝑎𝑠𝑒 (1): 𝐼𝑓 𝑥 ≥ 0, 𝑥 − 𝑎 ≥ 𝑟 ⟹ 𝑥 − 𝑎 ≥ 𝑟.

𝐶𝑎𝑠𝑒 (2): 𝐼𝑓 𝑥 < 0, 𝑥 − 𝑎 ≥ 𝑟 𝑖. 𝑒, 𝑥 − 𝑎 ≤ −𝑟⟹ − 𝑥 − 𝑎 ≥ 𝑟

𝑥 − 𝑎 + 𝑎 ≤ −𝑟 + 𝑎 𝑜𝑟 𝑥 − 𝑎 + 𝑎 ≥ 𝑟 + 𝑎

𝑥 ≤ 𝑎 − 𝑟 𝑜𝑟 𝑥 ≥ 𝑎 + 𝑟
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𝑥 ∈ −∞, 𝑎 − 𝑟 ∪ 𝑎 + 𝑟, ∞ .𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓

Example 2.4: 𝑺𝒐𝒍𝒗𝒆 𝒙 − 𝟗 < 𝟐 𝒇𝒐𝒓 𝒙.

𝑥 − 9 < 2

𝑥 − 9 < 2 𝑜𝑟 −(𝑥 − 9) < 2

𝑥 − 9 > −2

−2 < 𝑥 − 9 < 2

𝐴𝑑𝑑𝑖𝑛𝑔 9 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,
−2

7 < 𝑥 < 11

< 𝑥 − 9 < 2+ 9 + 9+ 9

Example 2.5 : 𝑺𝒐𝒍𝒗𝒆
𝟐

𝒙 − 𝟒
> 𝟏, 𝒙 ≠ 𝟒.

2

𝑥 − 4
> 1 ⟹

2

𝑥 − 4
> 1

2 > 𝑥 − 4

𝑥

𝑦
=

𝑥

𝑦

⟹ 𝑥 − 4 < 2

𝑥 − 4 < 2 𝑜𝑟 −(𝑥 − 4) < 2

𝑥 − 4 < 2 𝑜𝑟 𝑥 − 4 > −2

−2 < 𝑥 − 4 < 2

𝐴𝑑𝑑𝑖𝑛𝑔 4 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,

−2 + 4 < 𝑥 − 4 + 4 < 2 + 4

2 < 𝑥 < 6 𝑤ℎ𝑒𝑟𝑒 𝑥 ≠ 4.

𝑥 ∈ 2, 4 ∪ 4, 6 𝑜𝑟 2, 6 − 4

𝟏. 𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒙: (i) 𝟑 − 𝒙 < 𝟕, (ii) 𝟒𝒙 − 𝟓 ≥ −𝟐 𝒊𝒊𝒊 𝟑 −
𝟑

𝟒
𝒙 ≤

𝟏

𝟒
(iv) 𝒙 − 𝟏𝟎 < −𝟑

(𝒊) 𝟑 − 𝒙 < 𝟕

3 − 𝑥 < 7 3 − 𝑥 < 7 𝑜𝑟 −(3 − 𝑥) < 7

3 − 𝑥 > −7

−7 < 3 − 𝑥 < 7

7 > 𝑥 − 3 > −7

𝐴𝑑𝑑𝑖𝑛𝑔 3 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,

7

10 > 𝑥 > −4

> 𝑥 − 3 > −7 + 3+ 3+ 3

⟹ −4 < 𝑥 < 10

⟹

(ii) 𝟒𝒙 − 𝟓 ≥ −𝟐

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑥 > −𝑟. 𝑡ℎ𝑒𝑛 𝑒𝑣𝑒𝑟𝑦 𝑥 ∈ ℝ 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 68
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𝑥 > −𝑟, 𝑥 ∈ ℝ

4𝑥 − 5 ≥ −2 ⟹ 𝑥 ∈ ℝ

𝒊𝒊𝒊 𝟑 −
𝟑

𝟒
𝒙 ≤

𝟏

𝟒

3 −
3

4
𝑥 ≤

1

4

3 −
3

4
𝑥 ≤

1

4
𝑜𝑟 − 3 −

3

4
𝑥 ≤

1

4

3 −
3

4
𝑥 ≥ −

1

4

−
1

4
≤ 3 −

3

4
𝑥 ≤

1

4
𝐴𝑑𝑑𝑖𝑛𝑔 − 3 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,

−
1

4
− 3 ≤ 3 −

3

4
𝑥 − 3 ≤

1

4
− 3

−13

4
≤ −

3

4
𝑥 ≤

−11

4
13

4
≥

3

4
𝑥 ≥

11

4
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 4

13 ≥ 3𝑥 ≥ 11
÷ 3

13

3
≥

3𝑥

3
≥

11

3

13

3
≥ 𝑥 ≥

11

3
⟹

11

3
≤ 𝑥 ≤

13

3

(𝒊𝒗) 𝒙 − 𝟏𝟎 < −𝟑

𝑥 < 7

𝑥 − 10 < −3 𝑥 < −3 + 10

𝑥 < 7 𝑜𝑟 − 𝑥 < 7

𝑥 < 7 𝑜𝑟 𝑥 > −7 −7 < 𝑥 < 7

⟹

⟹

⟹

⟹

𝟐. 𝑺𝒐𝒍𝒗𝒆
𝟏

𝟐𝒙 − 𝟏
< 𝟔 𝒂𝒏𝒅 𝒆𝒙𝒑𝒓𝒆𝒔𝒔 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍

𝒏𝒐𝒕𝒂𝒕𝒊𝒐𝒏.

1

2𝑥 − 1
< 6 2𝑥 − 1 >

1

6

− 2𝑥 − 1 >
1

6
2𝑥 − 1 >

1

6
𝑜𝑟

⟹

2𝑥 − 1 >
1

6
𝑜𝑟 2𝑥 − 1 < −

1

6
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2𝑥 >
1

6
+ 1 𝑜𝑟 2𝑥 < −

1

6
+ 1

2𝑥 >
7

6
𝑜𝑟 2𝑥 <

5

6

𝑥 >
7

12
𝑜𝑟 𝑥 <

5

12
𝑥 ∈ ቆ−∞, ቉

5

12
∪ ൤

7

12
, )∞⟹

−3 𝑥 + 5 ≤ −2 −3 𝑥 ≤ −5 − 2

−3 𝑥 ≤ −7

𝑥 ≥
7

3

𝟑. 𝑺𝒐𝒍𝒗𝒆 − 𝟑 𝒙 + 𝟓 ≤ −𝟐 𝒂𝒏𝒅 𝒈𝒓𝒂𝒑𝒉 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒊𝒏 𝒂 𝒏𝒖𝒎𝒃𝒆𝒓 𝒍𝒊𝒏𝒆.

3 𝑥 ≥ 7

⟹ 𝑥 ≥
7

3
𝑜𝑟 −𝑥 ≥

7

3

𝑥 ≥
7

3
𝑜𝑟 𝑥 ≤ −

7

3

𝑥 ∈ (−∞, ൨
−7

3
∪ ቈ

7

3
, )∞

⟹

⟹

2 𝑥 + 1 − 6 ≤ 7

2 𝑥 + 1 ≤ 7 + 6 2 𝑥 + 1 ≤ 13

𝑥 + 1 ≤
13

2

𝟒. 𝑺𝒐𝒍𝒗𝒆 𝟐 𝒙 + 𝟏 − 𝟔 ≤ 𝟕 and graph the solution set in a number line

⟹ 𝑥 + 1 ≤
13

2
− 𝑥 + 1 ≤

13

2
𝑜𝑟

𝑥 + 1 ≤
13

2
𝑥 + 1 ≥ −

13

2
𝑜𝑟

−13

2
≤ 𝑥 + 1 ≤

13

2

−
13

2
− 1 ≤ 𝑥 + 1 − 1 ≤

13

2
− 1

−13 − 2

2
≤ 𝑥 ≤

13 − 2

2
⟹ −15

2
≤ 𝑥 ≤

11

2
∴ 𝑥 ∈ −

15

2
,
11

12

⟹

⟹

𝟓. 𝑺𝒐𝒍𝒗𝒆:

1

5
10𝑥 − 2 < 1

𝟏

𝟓
𝟏𝟎𝒙 − 𝟐 < 𝟏

10𝑥 − 2 < 5

10𝑥 − 2 < 5 𝑜𝑟 − 10𝑥 − 2 < 5

⟹

−3 < 10𝑥 < 7
÷ 10

−
3

10
< 𝑥 <

7

10
⟹

𝟔. 𝑺𝒐𝒍𝒗𝒆 𝟓𝒙 − 𝟏𝟐 < −𝟐.
𝑇ℎ𝑒 𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑣𝑎𝑙𝑢𝑒 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 − 𝑎 < −𝑟

5𝑥 − 12 < −2 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 70



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟑
𝟐. 𝟒 𝑳𝒊𝒏𝒆𝒂𝒓 𝑰𝒆𝒏𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔

𝑓 𝑥 = 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ ℝ 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑓 𝑥 = 𝑎𝑥 + 𝑏 = 0.

𝑖𝑡𝑠 𝑔𝑟𝑎𝑝ℎ 𝑖𝑠 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

𝑥 =
−𝑏

𝑎

𝑥 ≤ 50.

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑡𝑜 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒 𝑎 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑙𝑖𝑘𝑒 “𝐴 𝑡𝑜𝑤𝑒𝑟 𝑖𝑠 𝑛𝑜𝑡 𝑡𝑎𝑙𝑙𝑒𝑟 𝑓𝑖𝑓𝑡𝑦 𝑓𝑒𝑒𝑡. ”

𝐼𝑓 𝑥 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑜𝑤𝑒𝑟 𝑖𝑛 𝑓𝑒𝑒𝑡, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒

𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑎𝑠

Example 2.6: 𝑶𝒖𝒓 𝒎𝒐𝒏𝒕𝒉𝒍𝒚 𝒆𝒍𝒆𝒄𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒃𝒊𝒍𝒍 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒔 𝒂 𝒃𝒂𝒔𝒊𝒄 𝒄𝒉𝒂𝒓𝒈𝒆,
𝒘𝒉𝒊𝒄𝒉 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒄𝒉𝒂𝒏𝒈𝒆 𝒘𝒊𝒕𝒉 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒖𝒏𝒊𝒕𝒔 𝒖𝒔𝒆𝒅, 𝒂𝒏𝒅 𝒂 𝒄𝒉𝒂𝒓𝒈𝒆 𝒕𝒉𝒂𝒕
𝒅𝒆𝒑𝒆𝒏𝒅𝒔 𝒐𝒏𝒍𝒚 𝒐𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒖𝒏𝒊𝒕𝒔 𝒘𝒆 𝒖𝒔𝒆. 𝑳𝒆𝒕 𝒖𝒔 𝒔𝒂𝒚 𝑬𝒍𝒆𝒄𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝑩𝒐𝒂𝒓𝒅
𝒄𝒉𝒂𝒓𝒈𝒆𝒔 𝑹𝒔. 𝟏𝟏𝟎 𝒂𝒔 𝒃𝒂𝒔𝒊𝒄 𝒄𝒉𝒂𝒓𝒈𝒆 𝒂𝒏𝒅 𝒄𝒉𝒂𝒓𝒈𝒆𝒔 𝑹𝒔. 𝟒 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒖𝒏𝒊𝒕
𝒘𝒆 𝒖𝒔𝒆. 𝑰𝒇 𝒂 𝒑𝒆𝒓𝒔𝒐𝒏 𝒘𝒂𝒏𝒕𝒔 𝒕𝒐 𝒌𝒆𝒆𝒑 𝒉𝒊𝒔 𝒆𝒍𝒆𝒄𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒃𝒊𝒍𝒍 𝒃𝒆𝒍𝒐𝒘 𝑹𝒔. 𝟐𝟓𝟎,

𝒕𝒉𝒆𝒏 𝒘𝒉𝒂𝒕 𝒔𝒉𝒐𝒖𝒍𝒅 𝒃𝒆 𝒉𝒊𝒔 𝒆𝒍𝒆𝒄𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒖𝒔𝒂𝒈𝒆?

𝐿𝑒𝑡 𝑥 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑢𝑛𝑖𝑡𝑠 𝑢𝑠𝑒𝑑. 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑥 ≥ 0.

𝑇ℎ𝑒𝑛, ℎ𝑖𝑠 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑖𝑡𝑦 𝑏𝑖𝑙𝑙 𝑖𝑠 𝑅𝑠. 110 + 4𝑥.

𝑇ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛 𝑤𝑎𝑛𝑡𝑠 ℎ𝑖𝑠 𝑏𝑖𝑙𝑙 𝑡𝑜 𝑏𝑒𝑙𝑜𝑤 𝑅𝑠. 250. 𝐿𝑒𝑡 𝑢𝑠 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦

110 + 4𝑥 < 250.

110 + 4𝑥 < 250 4𝑥 < 250 − 110

4𝑥 < 14035

𝑇ℎ𝑒 𝑝𝑒𝑟𝑠𝑜𝑛 𝑠ℎ𝑜𝑢𝑙𝑑 𝑘𝑒𝑒𝑝 ℎ𝑖𝑠 𝑢𝑠𝑎𝑔𝑒 𝑏𝑒𝑙𝑜𝑤 35 𝑢𝑛𝑖𝑡𝑠 𝑖𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑘𝑒𝑒𝑝 ℎ𝑖𝑠 𝑏𝑖𝑙𝑙
𝑏𝑒𝑙𝑜𝑤 𝑅𝑠. 250.

𝑥 < 35

∴ 0 ≤ 𝑥 < 35

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟕: 𝑺𝒐𝒍𝒗𝒆 𝟑𝒙 − 𝟓 ≤ 𝒙 + 𝟏 for 𝑥.

3𝑥 − 5 ≤ 𝑥 + 1

⟹𝑥 ≤ 3

3𝑥 − 𝑥 ≤ 5 + 1

2𝑥 ≤ 6
3

–5 –4 –3 –2 –1 0 1 2 3 4 5

−∞, 3 .𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟖: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒂𝒓 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝟑𝒙 − 𝟗 ≥ 𝟎 , 𝟒𝒙 − 𝟏𝟎 ≤ 𝟔
for 𝑥.

3𝑥 − 9 ≥ 0

3𝑥 ≥ 9 ⟹ 𝑥 ≥ 3
3
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𝑥 ∈ [3, ∞)

𝐴𝑙𝑠𝑜
4𝑥 − 10 ≤ 6

4𝑥 ≤ 10 + 6
÷ 4

⟹ 4𝑥 ≤ 16

𝑥 ≤ 4

𝑥 ∈ −∞, 4 .

𝑠𝑜 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑜𝑓 3𝑥 − 9 ≥ 0,4𝑥 − 10 ≤ 6 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓
3, ∞ 𝑎𝑛𝑑 −∞, 4 .

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 3, ∞ 𝑎𝑛𝑑 −∞, 4 𝑖𝑠 3,4

Example 2.9: 𝑨 𝒈𝒊𝒓𝒍 𝑨 𝒊𝒔 𝒓𝒆𝒂𝒅𝒊𝒏𝒈 𝒂 𝒃𝒐𝒐𝒌 𝒉𝒂𝒗𝒊𝒏𝒈 𝟒𝟒𝟔 𝒑𝒂𝒈𝒆𝒔 𝒂𝒏𝒅 𝒔𝒉𝒆 𝒉𝒂𝒔
𝒂𝒍𝒓𝒆𝒂𝒅𝒚 𝒇𝒊𝒏𝒊𝒔𝒉𝒆𝒅 𝒓𝒆𝒂𝒅𝒊𝒏𝒈 𝟐𝟕𝟏 𝒑𝒂𝒈𝒆𝒔. 𝑺𝒉𝒆 𝒘𝒂𝒏𝒕𝒔 𝒕𝒐 𝒇𝒊𝒏𝒊𝒔𝒉 𝒓𝒆𝒂𝒅𝒊𝒏𝒈
𝒕𝒉𝒊𝒔 𝒃𝒐𝒐𝒌 𝒘𝒊𝒕𝒉𝒊𝒏 𝒂 𝒘𝒆𝒆𝒌. 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒑𝒂𝒈𝒆𝒔 𝒔𝒉𝒆
𝒔𝒉𝒐𝒖𝒍𝒅 𝒓𝒆𝒂𝒅 𝒑𝒆𝒓 𝒅𝒂𝒚 𝒕𝒐 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒓𝒆𝒂𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒃𝒐𝒐𝒌 𝒘𝒊𝒕𝒉𝒊𝒏 𝒂 𝒘𝒆𝒆𝒌?

𝐿𝑒𝑡 𝑥 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑔𝑒𝑠 𝑡ℎ𝑒 𝑔𝑖𝑟𝑙 𝑠ℎ𝑜𝑢𝑙𝑑 𝑟𝑒𝑎𝑑 𝑝𝑒𝑟 𝑑𝑎𝑦.

𝐻𝑒𝑛𝑐𝑒 𝑥 ≥ 25; 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑠ℎ𝑒 𝑠ℎ𝑜𝑢𝑙𝑑 𝑟𝑒𝑎𝑑 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡25 𝑝𝑎𝑔𝑒𝑠 𝑝𝑒𝑟 𝑑𝑎𝑦.

𝐴 𝑔𝑖𝑟𝑙 𝐴 𝑖𝑠 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑎 𝑏𝑜𝑜𝑘 ℎ𝑎𝑣𝑖𝑛𝑔 446 𝑝𝑎𝑔𝑒𝑠 𝑎𝑛𝑑

7𝑥 + 271 ≥ 446.

7𝑥 ≥ 446 − 271 7𝑥 ≥ 175 ⟹ 𝑥 ≥ 25⟹

(d) −𝟐𝒙 > 𝟎 or 𝟑𝒙 − 𝟒 < 𝟏𝟏

𝟏. 𝑹𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝒏𝒐𝒕𝒂𝒕𝒊𝒐𝒏:

(a) 𝒙 ≥ −𝟏 and 𝒙 < 𝟒, (b) 𝒙 ≤ 𝟓 and 𝒙 ≥ −𝟑

(c) 𝒙 < −𝟏 or 𝒙 < 𝟑,

𝒂 𝒙 ∈ [−𝟏, )𝟒
−1 40−∞ ∞[ )

𝒃 𝒙 ∈ −𝟑, 𝟓 −∞ ∞
0−3 5

[ ]

𝒄 𝒙 ∈ −∞, 𝟑
−∞ ∞3

(𝒅) −𝟐𝒙 > 𝟎

−𝑥 > 0

3𝑥 − 4 < 11 3𝑥 < 15 𝑥 < 5

∴ 𝑥 ∈ −∞, 5

⟹ 3𝑥 < 11 + 4 ⟹

−∞ ∞5𝑥 < 0⟹

⟹

(𝒊𝒊) 𝒙 𝒊𝒔 𝒂𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓.𝟐. 𝑺𝒐𝒍𝒗𝒆 𝟐𝟑𝒙 < 𝟏𝟎𝟎 𝒘𝒉𝒆𝒏 (𝒊) 𝒙 𝒊𝒔 𝒂 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓,

23𝑥 < 100
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(𝑖𝑖) 𝑊ℎ𝑒𝑛 𝑥 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡ℎ𝑒𝑛 𝑥 = −∞, … − 3, −2, −1, 0, 1, 2, 3, 4

(𝒊𝒊𝒊) 𝒙 𝒊𝒔 𝒂 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓.

𝟑. 𝑺𝒐𝒍𝒗𝒆 − 𝟐𝒙 ≥ 𝟗 𝒘𝒉𝒆𝒏 (𝒊) 𝒙 𝒊𝒔 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓, (𝒊𝒊) 𝒙 𝒊𝒔 𝒂𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓,

−2𝑥 ≥ 9

2𝑥 ≤ −9 ⟹ 𝑥 ≤
−9

2

𝑖 𝑊ℎ𝑒𝑟𝑒 𝑥 𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑥 ∈ ቆ−∞, ൨
−9

2

(𝑖𝑖) 𝑊ℎ𝑒𝑟𝑒 𝑥 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑥 = −∞ … , −7, −6, −5

(𝑖𝑖𝑖) 𝑊ℎ𝑒𝑟𝑒 𝑥 𝑖𝑠 𝑎 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑥 = 𝑛𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑥 <
100

23
⟹ 𝑥 < 4.34

(𝑖) 𝑊ℎ𝑒𝑛 𝑥 𝑖𝑠 𝑎 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑥 = 1, 2, 3, 4

𝟒. 𝑺𝒐𝒍𝒗𝒆: 𝒊
𝟑 𝒙 − 𝟐

𝟓
≤

𝟓 𝟐 − 𝒙

𝟑
𝒊𝒊

𝟓 − 𝒙

𝟑
<

𝒙

𝟐
− 𝟒

𝑖
3 𝑥 − 2

5
≤

5 2 − 𝑥

3
9 𝑥 − 2 ≤ 25 2 − 𝑥

9𝑥 − 18 ≤ 50 − 25𝑥 9𝑥 + 25𝑥 ≤ 50 + 18

34𝑥 ≤ 68
2

𝑥 ≤ 2
−∞ ∞2

∴ 𝑥 ∈ (−∞, ]2

⟹

⟹

⟹

𝒊𝒊
𝟓 − 𝒙

𝟑
<

𝒙

𝟐
− 𝟒

5𝑥 > 34 𝑥 >
34

5

5 − 𝑥

3
<

𝑥

2
− 4

5 − 𝑥

3
<

𝑥 − 8

2
2 5 − 𝑥 < 3 𝑥 − 8

10 − 2𝑥 < 3𝑥 − 24 10 + 24 < 3𝑥 + 2𝑥

34 < 5𝑥

−∞ ∞
34

5

∴
34

5
, ∞

⟹ ⟹

⟹

⟹ ⟹

5. To secure A grade one must obtain an average of 90 marks or more in 5 
subjects each of maximum 100 marks. If one scored 84,87,95,91  in first four
subjects,  what is the minimum mark one scored in the fifth subject to get A 
grade in the  course?
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𝑀𝑎𝑟𝑘𝑠 𝑖𝑛 𝑓𝑜𝑢𝑟 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑠 𝑎𝑟𝑒 84, 87, 95, 91.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑚𝑎𝑟𝑘𝑠 𝑚𝑢𝑠𝑡 𝑜𝑏𝑡𝑎𝑖𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑓𝑡ℎ 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑏𝑒 𝑥.

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑚𝑎𝑟𝑘𝑠 =
84 + 87 + 95 + 91 + 𝑥

5
=

357 + 𝑥

5

∴
357 + 𝑥

5
≥ 90

∴ 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑚𝑎𝑟𝑘𝑠 𝑡𝑜 𝑏𝑒 𝑠𝑐𝑜𝑟𝑒𝑑 𝑡𝑜 𝑔𝑒𝑡 𝑎 𝑔𝑟𝑎𝑑𝑒 𝑖𝑠 93.

357 + 𝑥 ≥ 450

𝑥 ≥ 450 − 357 𝑥 ≥ 93

⟹

⟹

6. A manufacturer has 600 liters of a 12 percent solution of acid. How many liters 
of a 30   percent acid solution must be added to it so that the acid content in the
resulting mixture will be more then 15 percent but less than 18 percent?

𝑖 30% 𝑜𝑓 𝑥 𝑙𝑖𝑡𝑒𝑟𝑠+ > 15% (600 + 𝑥) 𝑙𝑖𝑡𝑒𝑟𝑠12% 𝑜𝑓 600 𝑙𝑖𝑡𝑒𝑟𝑠

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑖𝑡𝑒𝑟𝑠 𝑜𝑓 30% 𝑎𝑐𝑖𝑑

30

100
× 𝑥 +

12

100
× 600 > 15% × (600 + 𝑥)

30𝑥

100
+

7200

100

15(600 + 𝑥)

100
>

30𝑥 + 7200

100
>

15(600 + 𝑥)

100

30𝑥 + 7200 > 9000 + 15𝑥 30𝑥 − 15𝑥 > 9000 − 7200

⟹

⟹

15𝑥 > 1800 ⟹ 𝑥 >
1800

15
𝑥 > 120⟹

(𝑖𝑖) 30% 𝑜𝑓 𝑥 + < 18% 𝑜𝑓 (600 + 𝑥)12% 𝑜𝑓 600

30

100
× 𝑥 +

12

100
× 600 < 18% × (600 + 𝑥)

30𝑥

100
+

7200

100

18(600 + 𝑥)

100
<

30𝑥 + 7200

100
<

18(600 + 𝑥)

100
30𝑥 + 7200 < 18(600 + 𝑥) 30𝑥 + 7200 < 10800 + 18𝑥

⟹

⟹

12𝑥

𝑥 <
3600

12
𝑥 < 300

30𝑥 − 18𝑥 < 10800 − 7200 > 3600

120 < 𝑥 < 300

⟹

⟹ ⟹

7. Find all pairs of consecutive odd natural numbers both of which are larger 
than 10 and their sum is less than 40.

Let 𝑥 𝑎𝑛𝑑 𝑥 + 2 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑒 𝑜𝑑𝑑 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.
𝐼𝑡 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑏𝑜𝑡ℎ 𝑜𝑑𝑑 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 10.

𝑎𝑛𝑑 𝑥 + 2 > 10𝑥 > 10

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑖𝑟 𝑠𝑢𝑚 𝑖𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 40

𝑥 + 𝑥 + 2 < 40 2𝑥 + 2 < 40
÷ 2

⟹
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∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑎𝑖𝑟𝑠 𝑜𝑓 𝑜𝑑𝑑 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 11,13 , 13,15 ,
15,17 and 17,19

𝑥 + 1 < 20

𝑥 > 10 and 𝑥 < 19 10 < 𝑥 < 19
∴ 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 11, 13, 15, 17 ( ∴ 𝑥 is an odd number)

⟹ 𝑥 < 19

⟹

8. A model rocket is launched from the ground.  The height 𝒉 reached after 𝒕
seconds from lift off is given by 𝒉 𝒕 = −𝟓𝒕𝟐 + 𝟏𝟎𝟎𝒕,𝟎 ≤ 𝒕 ≤ 𝟐𝟎 At what time
the rocket is  495 feet above the ground? 
𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡𝑖𝑚𝑒 𝑤ℎ𝑒𝑛 𝑡ℎ𝑒 𝑟𝑜𝑐𝑘𝑒𝑡 𝑖𝑠 495 𝑓𝑒𝑒𝑡 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑛𝑑

0 < ℎ(𝑡) ≤ 495

0 < −5𝑡2 + 100𝑡 ≤ 495 −5𝑡2 + 100𝑡 = 495

−5𝑡2 + 100𝑡 − 495 = 0

∴ 𝑡 = 9 sec 𝑜𝑟 11sec 𝑡ℎ𝑒 𝑟𝑜𝑐𝑘𝑒𝑡 𝑖𝑠 495 𝑓𝑒𝑒𝑡 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑛𝑑.

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 − 1
5𝑡2 − 100𝑡 + 495 = 0

𝐷𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 𝑏𝑦 5

𝑡2 − 20𝑡 + 99 = 0 𝑡 − 9 𝑡 − 11 = 0

𝑡 − 9 = 0, 𝑡 − 11 = 0

⟹

⟹ 𝑡 = 9 𝑜𝑟 𝑡 = 11

⟹

⟹

9. A plumber can be paid according to the following schemes: In the first scheme
he will be paid Rs. 500 plus Rs.70 per hour, and  in the second scheme he will 
paid Rs.120 per hour. If he works 𝒙 hours, then for what of 𝒙 does the first 
scheme give better wages?

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ℎ𝑜𝑢𝑟𝑠 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑡𝑒𝑛 ℎ𝑜𝑢𝑟𝑠.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ℎ𝑜𝑢𝑟𝑠 = 𝑥

𝑈𝑛𝑑𝑒𝑟 𝑓𝑖𝑟𝑠𝑡 𝑠𝑐ℎ𝑒𝑚𝑒, 𝑤𝑎𝑔𝑒 𝑜𝑓 𝑝𝑙𝑢𝑚𝑏𝑒𝑟 = 𝑅𝑠. 500 + 70𝑥

𝑈𝑛𝑑𝑒𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 𝑠𝑐ℎ𝑒𝑚𝑒 𝑤𝑎𝑔𝑒 𝑜𝑓 𝑝𝑙𝑢𝑚𝑏𝑒𝑟= 𝑅𝑠. 120𝑥

Let 500 + 70𝑥 > 120𝑥 500 > 120𝑥 − 70𝑥

500 > 50𝑥
10 > 𝑥 (𝑜𝑟) 𝑥 < 10÷ 50

⟹

⟹

10. A and B are working on similar jobs but their monthly salaries differ by more
than 𝑹𝒔. 𝟔𝟎𝟎𝟎. If B earns 𝑹𝒔. 𝟐𝟕𝟎𝟎𝟎 per month, then what are the possibilities 
of A’s salary per month?    

𝐿𝑒𝑡 𝑚𝑜𝑛𝑡ℎ𝑙𝑦 𝑠𝑎𝑙𝑎𝑟𝑦 𝑜𝑓 𝐴 𝑏𝑒 𝑥 . 𝐵’𝑠 𝑚𝑜𝑛𝑡ℎ𝑙𝑦 𝑠𝑎𝑙𝑎𝑟𝑦 = 27,000

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑜𝑛𝑡ℎ𝑙𝑦 𝑠𝑎𝑙𝑎𝑟𝑦 = 𝑅𝑠. 6000

𝐴′𝑠 𝑠𝑎𝑙𝑎𝑟𝑦 = 𝑥 + 6000

𝑥 + 6000 > 27000 𝑥 > 27000 − 6000 𝑥 > 21000

𝐴′𝑠 𝑠𝑎𝑙𝑎𝑟𝑦 = 𝑥 − 6000

𝑥 − 6000 < 27000 𝑥 < 27000 + 6000 𝑥 < 33000

⟹ ⟹

⟹ ⟹

A’s salary less than Rs.21, 000 or greater than Rs.33000
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟒

𝟐. 𝟓 𝑸𝑼𝑨𝑫𝑹𝑨𝑻𝑰𝑪 𝑭𝑼𝑵𝑪𝑻𝑰𝑶𝑵𝑺

A function of the form 𝑃 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 where 𝑎, 𝑏, 𝑐 ∈ ℝ
are constants, 𝑎 ≠ 0, is called a quadratic function.

𝑙𝑒𝑡 𝑢𝑠 𝑠𝑜𝑙𝑣𝑒 𝑓𝑜𝑟𝑃 𝑥 = 0.

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑥 =
−𝑏 + 𝑏2 − 4𝑎𝑐

2𝑎

𝑥 =
−𝑏 − 𝑏2 − 4𝑎𝑐

2𝑎
𝑎𝑛𝑑

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒇𝒐𝒓𝒎𝒖𝒍𝒂.

Note: 

If 𝛼 and 𝛽 are roots of 𝑎𝑥2 + 𝑏𝑥 + 𝑐,

𝛼 =
−𝑏 + 𝑏2 − 4𝑎𝑐

2𝑎
𝛽 =

−𝑏 − 𝑏2 − 4𝑎𝑐

2𝑎
𝑎𝑛𝑑

𝛼 + 𝛽 =
−𝑏

𝑎
𝑎𝑛𝑑 𝛼𝛽 =

𝑐

𝑎

then

𝑃 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐.

𝑃 𝑥 = 0 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑒𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑖𝑓 𝑏2 − 4𝑎𝑐 = 0 𝑎𝑛𝑑 𝑏2 − 4𝑎𝑐 > 0.

𝐼𝑡 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑡 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑓 𝑏2 − 4𝑎𝑐 < 0.

∆ = 𝑏2 − 4𝑎𝑐 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 𝑜𝑓 𝑡ℎ𝑒𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

∆ = 𝒃𝟐 − 𝟒𝒂𝒄.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟎: 𝑰𝒇 𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟐 − 𝒑𝒙 + 𝒒 = 𝟎
𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇, 𝟏/𝒂 + 𝟏/𝒃.

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 𝑝 𝑎 + 𝑏 = 𝑝

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 𝑞 𝑎𝑏 = 𝑞

1

𝑎
+

1

𝑏
=

𝑎 + 𝑏

𝑎𝑏
=

𝑝

𝑞

⟹

⟹
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Example 2.11: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒂 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒆
𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒙𝟐 − 𝒂𝒙 + 𝒂 + 𝟐 = 𝟎 𝒉𝒂𝒔 𝒆𝒒𝒖𝒂𝒍 𝒓𝒐𝒐𝒕𝒔.

𝑇ℎ𝑒 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑥2 − 𝑎𝑥 + 𝑎 + 2 = 0 ℎ𝑎𝑠 𝑒𝑞𝑢𝑎𝑙 𝑟𝑜𝑜𝑡𝑠.

𝑆𝑜, 𝑖𝑡𝑠 𝑑𝑖𝑠𝑐𝑟𝑖𝑚𝑖𝑛𝑎𝑛𝑡 𝑖𝑠 𝑧𝑒𝑟𝑜

𝑊ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 = −𝑎, 𝑐 = 𝑎 + 2

(−𝑎)2 − 4(1) (𝑎 + 2) = 0

𝑎2 − 4 𝑎 + 2 = 0

𝑎2 − 4𝑎 − 8 = 0

𝑊ℎ𝑒𝑟𝑒 𝐴 = 1, 𝐵 = −4 𝐶 = −8

𝑖. 𝑒 𝑏2 − 4𝑎𝑐 = 0

𝑥2 − 𝑎𝑥 + 𝑎 + 2 = 0

𝑏2 − 4𝑎𝑐 = 0

−𝐵 ± 𝐵2 − 4𝐴𝐶

2𝐴
𝑎 =

⟹

4 ± (−4)2−4(1)(−8)

2(1)
=

4 ± 16 + 32

2
𝑎 =

4 ± 48

2
=

4 ± 4 × 12

2
=

4 ± 2 12

2
𝑎 = =

2(2 ± 12)

2

𝑎 = 2 ± 12 𝑎 = 2 + 12 , 2 − 12⟹

Example 2.12: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒙𝟐 + 𝒙 − 𝟏 = 𝟏.

Case (1) : 𝐹𝑜𝑟 𝑥 ≥ 1, 𝑥 − 1 = 𝑥 − 1.

𝐹𝑎𝑐𝑡𝑜𝑟𝑖𝑛𝑔 ∶ 𝑥 + 2 𝑥 − 1 = 0,

⟹ 𝑥 = −2 𝑜𝑟 1.

𝐴𝑠 𝑥 ≥ 1, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 𝑥 = 1.

Case (2) : 𝐹𝑜𝑟 𝑥 < 1,

𝑥2 + 𝑥 − 1 = 1 𝑥2 + 𝑥 − 1 = 1

𝑥2 + 𝑥 − 1 − 1 = 0 ⟹

𝑥2 + 𝑥 − 1 = 1

𝑥2 + 𝑥 − 2 = 0

𝑥 + 2 = 0, 𝑥 − 1 = 0

𝑥 − 1 = − 𝑥 − 1

𝑥 − 1 = 1 − 𝑥

𝑥2 + 1 − 𝑥 = 1

𝑥2 − 𝑥 + 1 − 1 = 0 ⟹ 𝑥2 − 𝑥 = 0

⟹

⟹

⟹𝑥 𝑥 − 1 = 0 𝑥 = 0, 𝑥 − 1 = 0
𝑥 = 0 𝑜𝑟 𝑥 = 1.

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠.

𝐴𝑠 𝑥 < 1, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑐ℎ𝑜𝑜𝑠𝑒𝑥 = 0.

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 0,1 .
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𝑥2 − 4𝑥 − 21 = 0

1. Construct a quadratic equation with roots 𝟕 and −𝟑.

The required equation is
𝑥2 + 3𝑥 − 7𝑥 − 21 = 0

𝑥 − 7 𝑥 + 3 = 0

𝒐𝒓

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 7 + (−3)

= 7 − 3

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = (7)(−3) = −21

𝑸𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏:
𝒙𝟐 − 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒙 + 𝒑𝒓𝒐𝒅𝒖𝒄𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 = 𝟎

𝑥2 − 4𝑥 − 21 = 0

= 4

𝐺𝑖𝑣𝑒𝑛 𝑟𝑜𝑜𝑡𝑠 ∶ 𝑥 = 7 𝑎𝑛𝑑 𝑥 = −3
𝐹𝑎𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑥 − 7 = 0 𝑎𝑛𝑑 𝑥 + 3 = 0

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 ∶

2. A quadratic polynomial has one of its zeros 𝟏 + 𝟓 and it satisfies 𝒑 𝟏 = 𝟐.      
Find the quadratic polynomial.

𝐺𝑖𝑣𝑒𝑛 𝑜𝑛𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡 𝑖𝑠 1 + 5 . 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡 𝑖𝑠 1 − 5

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 =1 + 5 + 1 − 5

= 2

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = (1 + 5)(1 − 5)

= 12 − 5
2

= 1 − 5
= −4

𝑸𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍:
𝒙𝟐 − 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒙 + 𝒑𝒓𝒐𝒅𝒖𝒄𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔

𝑝 𝑥 = 𝑥2 − 2𝑥 − 4

𝐺𝑖𝑣𝑒𝑛: 𝑝 1 = 2

𝑠𝑜 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑝(𝑥) = 𝑎(𝑥2 − 2𝑥 − 4)

𝑝(1) = 𝑎(12 − 2(1) − 4) 2 = 𝑎(1 − 2 − 4)⟹

−5𝑎 = 2 ∴ 𝑎 = −
2

5

𝑝(𝑥) = −
2

5
(𝑥2 − 2𝑥 − 4)

𝟑. 𝑰𝒇 𝜶 𝒂𝒏𝒅 𝜷 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟐 + 𝟐𝒙 + 𝟑 = 𝟎

𝒇𝒐𝒓𝒎 𝒂 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒘𝒊𝒕𝒉 𝒛𝒆𝒓𝒐𝒆𝒔
𝟏

𝜶
,
𝟏

𝜷

let 𝛼 and 𝛽 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥2 + 2𝑥 + 3 = 0.

𝑤ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 = 2 𝑎𝑛𝑑 𝑐 = 3
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𝑇𝑜𝑓𝑜𝑟𝑚 𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑤ℎ𝑜𝑠𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒
1

𝛼
,
1

𝛽

𝛼 + 𝛽 = −
𝑏

𝑎
𝑎𝑛𝑑 𝛼𝛽 =

𝑐

𝑎

𝛼 + 𝛽 =
− 2

1
= − 2 𝛼𝛽 =

3

1
= 3𝑎𝑛𝑑

1

𝛼
+

1

𝛽
=

𝛽 + 𝛼

𝛼𝛽

1

𝛼
+

1

𝛽
=

− 2

3
⟹

1

𝛼
×

1

𝛽
=

1

𝛼𝛽
=

1

3
⟹

1

𝛼𝛽
=

1

3

𝑸𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 ∶
𝒙𝟐 − 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒙 + 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 = 𝟎

The required equation is 𝑥2 − −
2

3
𝑥 +

1

3
= 0

× 3

3𝑥2 + 2𝑥 + 1 = 0

4. If one root of 𝐤 𝐱 − 𝟏 𝟐 = 𝟓𝐱 − 𝟕 is double the other root, show  that
𝐤 = 𝟐 or −𝟐𝟓. 

𝑘𝑥2 − 2𝑘𝑥 + 𝑘 = 5𝑥 − 7 𝑘𝑥2 − 2𝑘𝑥 − 5𝑥 + 𝑘 + 7 = 0

𝑘 𝑥 − 1 2 = 5𝑥 − 7 𝑘 𝑥2 − 2𝑥 + 1 = 5𝑥 − 7⟹

⟹

𝑘𝑥2 − 𝑥 2𝑘 + 5 + 𝑘 + 7 = 0

𝑎 = 𝑘, 𝑏 = − 2𝑘 + 5 , 𝑐 = 𝑘 + 7

Let the roots be α and 2α

𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶ 𝛼 + 2𝛼 = −
𝑏

𝑎

𝛼 + 2𝛼 =
2𝑘 + 5

𝑘
3𝛼 =

2𝑘 + 5

𝑘
⟹ 𝛼 =

2𝑘 + 5

3𝑘
⟹

2𝛼2 =
𝑘 + 7

𝑘
2

2𝑘 + 5

3𝑘

2

=
𝑘 + 7

𝑘

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶ 𝛼 × 2𝛼 =
𝑐

𝑎

2 2𝑘 + 5 2

3𝑘 2
=

𝑘 + 7

𝑘
2 ൣ 2𝑘 2

+2 2𝑘 5 + ]52

9𝑘2 =
𝑘 + 7

𝑘𝑘

⟹

⟹
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2 4𝑘2 + 20𝑘 + 25

9𝑘
= 𝑘 + 7 8𝑘2 + 40𝑘 + 50 = 9𝑘 𝑘 + 7

8𝑘2 + 40𝑘 + 50 = 9𝑘2 + 63𝑘 8𝑘2 + 40𝑘 + 50 − 9𝑘2 − 63𝑘 = 0

−𝑘2 − 23𝑘 + 50 = 0 𝑘2 + 23𝑘 − 50 = 0 𝑘 − 2 𝑘 + 25 = 0

𝑘 = 2 (or) −25

⟹

⟹

⟹ ⟹

5. If the difference of the roots of the equation 𝟐𝒙𝟐 − 𝒂 + 𝟏 𝒙 + 𝒂 − 𝟏 = 𝟎
is equal to their product then prove that 𝒂 = 𝟐. 

2𝑥2 − 𝑎 + 1 𝑥 + 𝑎 − 1 = 0

Let the roots be 𝛼 and 𝛽

𝛼 + 𝛽 =
𝑎 + 1

2

𝛼 − 𝛽 = 𝛼𝛽

𝛼 − 𝛽 2 = 𝛼𝛽 2

𝑎 = 2, 𝑏 = − 𝑎 + 1 , 𝑐 = 𝑎 − 1

𝛼 + 𝛽 = −
𝑏

𝑎

𝛼𝛽 =
𝑐

𝑎

⟹

⟹ 𝛼𝛽 =
𝑎 − 1

2

𝐺𝑖𝑣𝑒𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠

α − β 2 = α + β 2 − 4αβ

α − β 2 = α2 + β2 + 2αβ − 4αβ

α − β 2 = α2 + β2 − 2αβ

𝛼 + 𝛽 2 − 4𝛼𝛽 = 𝛼𝛽 2⟹

𝑎 + 1

2

2

− 4
𝑎 − 1

2
=

𝑎 − 1

2

2

𝑎 + 1 2

4
− 2 𝑎 − 1 =

𝑎 − 1 2

4

𝑎 + 1 2 − 8 𝑎 − 1

4
=

𝑎 − 1 2

4
⟹

𝑎 + 1 2 − 8 𝑎 − 1 = 𝑎 − 1 2 ⟹ 𝑎2 + 2𝑎 + 1 − 8𝑎 + 8 = 𝑎2 − 2𝑎 + 1

2𝑎 − 8𝑎 + 8 = −2𝑎 ⟹ 2𝑎 − 8𝑎 + 8 + 2𝑎 = 0

−4𝑎 + 8 = 0 ⟹ −4𝑎 + 8 = 0

4𝑎 = 8 𝑎 = 2⟹

6. Find the condition that one of the roots of 𝐚𝐱𝟐 + 𝐛𝐱 + 𝐜 may be 

(𝑖) 𝐿𝑒𝑡 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑏𝑒 𝛼 𝑎𝑛𝑑 −𝛼

𝑆𝑢𝑚 of the 𝑟𝑜𝑜𝑡𝑠 = −
𝑏

𝑎

(i)   negative of the other,      (ii)  thrice the other, 
(iii) reciprocal of the other.

Let 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0

𝛼 + −𝛼 = −
𝑏

𝑎
⟹
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0 = −
𝑏

𝑎
⟹ 𝑏 = 0

𝑖𝑖 𝐿𝑒𝑡 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑏𝑒 𝛼 and 3𝛼

𝑆𝑢𝑚 of the 𝑟𝑜𝑜𝑡𝑠 = −
𝑏

𝑎
⟹ 𝛼 + 3𝛼 = −

𝑏

𝑎
⟹ 4𝛼 = −

𝑏

𝑎

𝛼 = −
𝑏

4𝑎

3 −
𝑏

4𝑎

2

=
𝑐

𝑎
𝛼 × 3𝛼 =

𝑐

𝑎
⟹ 3𝛼2 =

𝑐

𝑎

3𝑏2 = 16𝑎2 ×
𝑐

𝑎

3𝑏2

16𝑎2
=

𝑐

𝑎
3𝑏2 = 16𝑎𝑐

⟹

⟹ ⟹

1 =
𝑐

𝑎

(𝒊𝒊𝒊) 𝑹𝒆𝒄𝒊𝒑𝒓𝒐𝒄𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑏𝑒 𝛼 𝑎𝑛𝑑
1

𝛼

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 =
𝑐

𝑎

𝛼
1

𝛼
=

𝑐

𝑎
𝑎 = 𝑐⟹ ⟹

7. If the equation 𝒙𝟐 − 𝒂𝒙 + 𝒃 = 𝟎 and 𝒙𝟐 − 𝒆𝒙 + 𝒇 = 𝟎 have one root in
common and if the second equation has equal roots then prove that 
𝒂𝒆 = 𝟐 𝒃 + 𝒇 .

Let 𝛼 and 𝛽 be the roots of 𝑥2 − 𝑎𝑥 + 𝑏 = 0 and 𝛼 be the common root.

𝑆𝑢𝑚 of the 𝑟𝑜𝑜𝑡𝑠 = −
𝑏

𝑎
∴ 𝛼 + 𝛽 = 𝑎

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 of the 𝑟𝑜𝑜𝑡𝑠 =
𝑐

𝑎
𝛼𝛽 = 𝑏

Let 𝛼 and 𝛼 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥2 − 𝑒𝑥 + 𝑓 = 0

𝛼 + 𝛼 = 𝑒 2𝛼 = 𝑒

… (1)

…(2)

⟹ 𝛼 =
𝑒

2 … (3)

⟹

⟹

⟹

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 of the 𝑟𝑜𝑜𝑡𝑠 =
𝑐

𝑎
𝛼 × 𝛼 = 𝑓

𝛼2 = 𝑓, 𝑤ℎ𝑒𝑟𝑒 𝛼 =
𝑒

2

⟹

𝑒2

4
= 𝑓 ⟹ 𝑒2 = 4𝑓
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𝐹𝑟𝑜𝑚 2 𝛼𝛽 = 𝑏

𝑠𝑢𝑏 𝛼 =
𝑒

2
𝑒

2
× β = 𝑏 ⟹ β =

2𝑏

𝑒

𝐹𝑟𝑜𝑚 2 𝛼 + 𝛽 = 𝑎

𝑒

2
+

2𝑏

𝑒
= 𝑎 ⟹

𝑒2 + 4𝑏

2𝑒
= 𝑎

𝑒2 + 4𝑏 = 2𝑎𝑒 𝑤ℎ𝑒𝑟𝑒 𝑒2 = 4𝑓

4𝑓 + 4𝑏 = 2𝑎𝑒 4 𝑓 + 𝑏 = 2𝑎𝑒

2 𝑓 + 𝑏 = 𝑎𝑒

⟹

8. Discuss the nature of roots of

𝒊 − 𝒙𝟐 + 𝟑𝒙 + 𝟏, 𝒊𝒊 𝟒𝒙𝟐 − 𝒙 − 𝟐 = 𝟎, 𝒊𝒊𝒊 𝟗𝒙𝟐 + 𝟓𝒙 = 𝟎.

𝒊 − 𝒙𝟐 + 𝟑𝒙 + 𝟏

𝑏2 − 4𝑎𝑐

𝑎 = −1, 𝑏 = 3, 𝑐 = 1

= 32 − 4 −1 1 = 9 + 4

= 13 > 0
∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡.

𝒊𝒊 𝟒𝒙𝟐 − 𝒙 − 𝟐 = 𝟎

𝑎 = 4, 𝑏 = −1, 𝑐 = −2

𝑏2 − 4𝑎𝑐 = −1 2 − 4 4 −2

= 1 + 32 = 33 > 0

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡.

𝑎 = 9, 𝑏 = 5, 𝑐 = 0

= 25 − 0 = 25

𝒊𝒊𝒊 𝟗𝒙𝟐 + 𝟓𝒙 = 𝟎.

𝑏2 − 4𝑎𝑐 = 52 − 4 9 0
> 0

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡.

9. Without sketching the graphs, find whether the graphs of the following
functions will intersect the 𝒙-axis and if so in how many points

𝒊 𝒚 = 𝒙𝟐 + 𝒙 + 𝟐, 𝒊𝒊 𝒚 = 𝒙𝟐 − 𝟑𝒙 − 𝟕, 𝒊𝒊𝒊 𝒚 = 𝒙𝟐 + 𝟔𝒙 + 𝟗.

𝒊 𝒚 = 𝒙𝟐 + 𝒙 + 𝟐

𝑇ℎ𝑒 𝑓𝑢𝑛𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑡 𝑥 − 𝑎𝑥𝑖𝑠 𝑖. 𝑒 𝑦 = 0

𝑥2 + 𝑥 + 2 = 0

𝑎 = 1, 𝑏 = 1, 𝑐 = 2 82
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= 12 − 4 1 2𝑏2 − 4𝑎𝑐

= 1 − 8 = −7 < 0 ∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦

Since D is negative, the parabola does not meet the x-axis.

𝒊𝒊 𝒚 = 𝒙𝟐 − 𝟑𝒙 − 𝟕

𝑇ℎ𝑒 𝑓𝑢𝑛𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑥 − 𝑎𝑥𝑖𝑠 𝑖. 𝑒 𝑦 = 0

𝑥2 − 3𝑥 − 7 = 0

𝑎 = 1, 𝑏 = −3, 𝑐 = −7

= −3 2 − 4 1 −7𝑏2 − 4𝑎𝑐

= 9 + 28 = 37 > 0 ∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡.

Since D is positive the parabola intersection 𝑥-axis at two points.

𝒊𝒊𝒊 𝒚 = 𝒙𝟐 + 𝟔𝒙 + 𝟗

𝑇ℎ𝑒 𝑓𝑢𝑛𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑥 − 𝑎𝑥𝑖𝑠 𝑖. 𝑒 𝑦 = 0

𝑥2 + 6𝑥 + 9 = 0

𝑎 = 1, 𝑏 = 6, 𝑐 = 9

= 62 − 4 1 9𝑏2 − 4𝑎𝑐

= 36 − 36

= 0 ∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑒𝑞𝑢𝑎𝑙.

Since D = 0 the parabola touches 𝑥-axis at a point

10.  Write 𝒇 𝒙 = 𝒙𝟐 + 𝟓𝒙 + 𝟒 in completed square form.

𝑓 𝑥 = 𝑥2 + 5𝑥 + 4

−
25

4
+ 4

𝑓 𝑥 = 𝑥2 + 5𝑥 +
5

2

2

−
5

2

2

+ 4

𝑓 𝑥 = 𝑥 +
5

2

2

𝑥 +
5

2

2

= 𝑥2 + 2 𝑥
5

2
+

5

2

2

= 𝑥2 + 5𝑥 +
5

2

2

+ 4 −
25

4
𝑓 𝑥 = 𝑥 +

5

2

2

+
16 − 25

4
𝑓 𝑥 = 𝑥 +

5

2

2

−
9

4
𝑓 𝑥 = 𝑥 +

5

2

2

⟹ −
3

2

2

𝑓 𝑥 = 𝑥 +
5

2

2

⟹
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Example 2.13 : 𝑺𝒐𝒍𝒗𝒆 𝟑𝒙𝟐 + 𝟓𝒙 − 𝟐 ≤ 𝟎.

3𝑥2 + 5𝑥 − 2 ≤ 0.

𝐿𝑒𝑡 3𝑥2 + 5𝑥 − 2

×
−6

+
5

6 𝑥𝑥
3𝑥2

−12

𝑥
3𝑥2

𝑥

𝑥 + 2 3𝑥 − 1 = 0

= 0

𝑥 + 2 = 0, 3𝑥 − 1 = 0

𝑥 = −2, 𝑥 =
1

3
𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 −∞, −2 , −2 ,

1

3
𝑎𝑛𝑑

1

3
, ∞

⟹

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 [−2,1/3].

𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙

(−∞, −2)

(−2,1/3) 

(1/3, ∞)

𝑆𝑖𝑔𝑛 𝑜𝑓 (𝑥 + 2)

−

+

+

Sign of (𝑥 −1/3)

−

−

+

Sign of 
3𝑥2 + 5𝑥 − 2

+

+

−

Example 2.14 : 𝑺𝒐𝒍𝒗𝒆 𝒙 + 𝟏𝟒 < 𝒙 + 𝟐.

𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 + 14 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑥 + 14 ≥ 0.

𝑥 + 14 < 𝑥 + 2

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

( 𝑥 + 14)2 < (𝑥 + 2)2 𝑥 + 14 < (𝑥 + 2)2

𝑥 + 14 < 𝑥2 + 4𝑥 + 22 𝑥 + 14 < 𝑥2 + 4𝑥 + 4

0 < 𝑥2 + 4𝑥 + 4 − 𝑥 − 14 𝑥2 + 3𝑥 − 10 > 0.

𝐿𝑒𝑡 𝑥2 + 3𝑥 − 10 = 0.

⟹

⟹

⟹

𝐻𝑒𝑛𝑐𝑒, 𝑥 + 5 𝑥 − 2 = 0.

𝑥 = −5 𝑎𝑛𝑑 𝑥 = 2. − ∞ ∞–5 2

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 ( −∞, −5), (−5 , 2)𝑎𝑛𝑑 (2, ∞)

𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙

(−∞, −5)

(−5,2) 

(2, ∞)

𝑆𝑖𝑔𝑛 𝑜𝑓 (𝑥 + 5)

−

+

+

Sign of (𝑥 −2)

−

−

+

Sign of 
3𝑥2 + 5𝑥 − 2

+

+

−

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟓
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𝑥 < −5 𝑜𝑟 𝑥 > 2

𝑠𝑖𝑛𝑐𝑒 𝑥 + 14 ≥ 0 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 𝑥 > 2

Example 2.15 : 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟔 − 𝟒𝒙 − 𝒙𝟐 = 𝒙 + 𝟒

𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑥 + 4 ≥ 0 𝑥 ≥ −4⟹

6 − 4𝑥 − 𝑥2 = 𝑥 + 4

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠
6 − 4𝑥 − 𝑥2 = (𝑥 + 4)2 6 − 4𝑥 − 𝑥2 = 𝑥2 + 8𝑥 + 16

𝑥2 + 8𝑥 + 16 + 𝑥2 + 4𝑥 − 6 = 0 2𝑥2 + 12𝑥 + 10 = 0
÷ 2

𝑥2 + 6𝑥 + 5 = 0 (𝑥 + 1) (𝑥 + 5) = 0
𝑥 + 1 = 0, 𝑥 + 5 = 0, 𝑥 = −1, 𝑥 = −5

⟹
⟹

⟹
⟹

𝑥 = −1.

𝑇ℎ𝑢𝑠, 𝑥 = −1, −5.

𝐵𝑢𝑡 𝑜𝑛𝑙𝑦 𝑥 = −1 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑏𝑜𝑡ℎ 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠.

𝐻𝑒𝑛𝑐𝑒,

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 −∞, −5 ∪ 2, ∞

𝟏. 𝑺𝒐𝒍𝒗𝒆 ∶ 𝟐𝒙𝟐 + 𝒙 − 𝟏𝟓 ≤ 𝟎.

𝐿𝑒𝑡 2𝑥2 + 𝑥 − 15 = 0

2𝑥2 + 6𝑥 − 5𝑥 − 15 = 0 2𝑥 𝑥 + 3 − 5 𝑥 + 3 = 0

𝑥 + 3 2𝑥 − 5 = 0 ⟹ 𝑥 + 3 = 0, 2𝑥 − 5 = 0

𝑥 = −3, 2𝑥 = 5

𝑥 =
5

2

The critical points are −3 and 5

2

− ∞ ∞

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 −∞, −3 , −3 ,
5

2
𝑎𝑛𝑑

5

2
, ∞

–3 5

2

⟹

𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑆𝑖𝑔𝑛 𝑜𝑓 𝑥 + 3 𝑆𝑖𝑔𝑛 𝑜𝑓 2𝑥 − 5
𝑆𝑖𝑔𝑛 𝑜𝑓

2𝑥2 + 𝑥 − 15

−∞, −3 − − +

−3,
5

2

5

2
, ∞

+ − −

+ + +

𝑥2 − 3𝑥 + 2 < 0 is satisfied in 1,2 .
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𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 −3,
5

2

𝟐. 𝑺𝒐𝒍𝒗𝒆 − 𝒙𝟐 + 𝟑𝒙 − 𝟐 ≥ 𝟎.

−𝑥2 + 3𝑥 − 2 ≥ 0 𝑥2 − 3𝑥 + 2 ≤ 0

𝑥 − 1 𝑥 − 2 ≤ 0

𝐿𝑒𝑡 𝑥 − 1 𝑥 − 2 = 0 𝑥 − 1 = 0, 𝑥 − 2 = 0

The critical points are 𝑥 = 1, 𝑥 = 2

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 −∞, 1 , 1 , 2 𝑎𝑛𝑑 2, ∞

Interval Sign of 𝑥 − 1 Sign of 𝑥 − 2
Sign of 

(𝑥2 − 3𝑥 + 2)

1,2

−∞, 1

2, ∞

−−

− −

++ +

+

+

⟹

⟹
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𝐴 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑎 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝒛𝒆𝒓𝒐 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝑓(𝑥) if 𝑓 𝑎 = 0. 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏:

𝐼𝑓 𝑥 = 𝑎 𝑖𝑠 𝑎 𝑧𝑒𝑟𝑜 𝑜𝑓 𝑓 𝑥 , 𝑡ℎ𝑒𝑛 𝑥 − 𝑎 𝑖𝑠 𝑎 𝒇𝒂𝒄𝒕𝒐𝒓 𝑓(𝑥).

(i) A polynomial function of degree 𝑛 can have at most 𝑛 distinct real zeros.

𝑖𝑖 It is also possible that a polynomial function likeP x = x2 + 1

has no real zeros at all.

𝑖𝑖𝑖 Suppose that P x is a polynomial function having rational coefficients.

𝑖𝑣 If a + b p where a, b ∈ ℚ, p is a prime, is a zero of P(x), then its

Conjugate a − b p is also zero.

𝑻𝒘𝒐 𝒊𝒎𝒑𝒐𝒓𝒕𝒂𝒏𝒕 𝒑𝒓𝒐𝒃𝒍𝒆𝒎𝒔 𝒓𝒆𝒍𝒂𝒕𝒊𝒏𝒈 𝒕𝒐 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒂𝒓𝒆

𝑖 Finding zeros of a given polynomial function; and hence factoring the
polynomial into linear factors and

(ii) Constructing polynomials with the given zeros and/or satisfying some
additional conditions.

1.  Find the zeros of the polynomial function 𝒇 𝒙 = 𝟒𝒙𝟐 − 𝟐𝟓.

𝑓 𝑥 = 4𝑥2 − 25 𝑓 𝑥 = 2𝑥 2 − 52

𝑓 𝑥 = 2𝑥 − 5 2𝑥 + 5

𝑝𝑢𝑡 𝑓 𝑥 = 0 2𝑥 − 5 2𝑥 + 5 = 0

2𝑥 − 5 = 0,

𝑥 =
5

2
,

2𝑥 + 5 = 0

𝑥 = −
5

2

𝐻𝑒𝑟𝑒 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑟𝑒 𝑥 =
5

2
𝑥 = −

5

2
𝑎𝑛𝑑

⟹

⟹

2. If 𝒙 = −𝟐 𝒊𝒔 𝒐𝒏𝒆 𝒓𝒐𝒐𝒕 𝒐𝒇 𝒙𝟑 − 𝒙𝟐 − 𝟏𝟕𝒙 = 𝟐𝟐, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒓𝒐𝒐𝒕𝒔
𝒐𝒇 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏.

𝐼𝑓 𝑥 = −2 𝑖𝑠 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓𝑥3 − 𝑥2 − 17𝑥 − 22 = 0

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑠𝑦𝑛𝑡ℎ𝑒𝑡𝑖𝑐 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛

1

0−2

−1

−2

−17

6

−22

22

1 −3 −11 0

𝑥2 − 3𝑥 − 11 = 0

=
3 ± 9 − 4 1 −11

2
𝑥 =

−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑎 = 1, 𝑏 = −3, 𝑐 = −11

=
3 ± 9 + 44

2
=

3 ± 53

2
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𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒
3 + 53

2
,
3 − 53

2

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒙𝟒 = 𝟏𝟔.

𝑥4 = 16 𝑥4 − 16 = 0

𝑥2 + 4 𝑥2 − 4 = 0𝑥2 2 − 42 = 0 ⟹ 𝑥2 − 22 𝑥2 + 4 = 0

𝑥 + 2 𝑥 − 2 𝑥2 + 4 = 0

𝑎𝑛𝑑 𝑥2 + 4 = 0𝑥 + 2 = 0, 𝑥 − 2 = 0,
𝑥 = −2, 𝑥 = 2 𝑎𝑛𝑑 𝑥2 = −4

𝑥 = −4 𝑛𝑜𝑡 𝑟𝑒𝑎𝑙

∴ 𝑇ℎ𝑒 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑥 = 2 , 𝑥 = −2

𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑡𝑤𝑜 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠.

⟹

⟹

𝟒. 𝑺𝒐𝒍𝒗𝒆 𝟐𝒙 + 𝟏 𝟐 − 𝟑𝒙 + 𝟐 𝟐 = 𝟎.

2𝑥 + 1 2 − 3𝑥 + 2 2 = 0

2𝑥 2+ 2 2𝑥 1 + 12− ൣ 3𝑥 2 + 2 3𝑥 2 ]+ 22 = 0

4𝑥2 + 4𝑥 + 1 − 9𝑥2 + 12𝑥 + 4 = 0

4𝑥2 + 4𝑥 + 1 − 9𝑥2 − 12𝑥 − 4 = 0

−5𝑥2 − 8𝑥 − 3 = 0 5𝑥2 + 8𝑥 + 3 = 0

×
15

+
8

5 𝑥𝑥
5𝑥2

31

𝑥
5𝑥2

𝑥

5𝑥 + 3 𝑥 + 1 = 0 5𝑥 + 3 = 0, 𝑥 + 1 = 0

5𝑥 = −3

∴ 𝑥 = −
3

5

, 𝑥 = −1

𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.∴ 𝑥 = −
3

5
and 𝑥 = −1

⟹

⟹

𝟒. 𝑺𝒐𝒍𝒗𝒆 𝟐𝒙 + 𝟏 𝟐 − 𝟑𝒙 + 𝟐 𝟐 = 𝟎.

2𝑥 + 1 + 3𝑥 + 2

− 5𝑥 + 3 𝑥 + 1 = 0

5𝑥 + 3 2𝑥 + 1 − 3𝑥 − 2 = 0

5𝑥 + 1 −𝑥 − 1 = 0

5𝑥 + 3 𝑥 + 1 = 0 5𝑥 + 3 = 0, 𝑥 + 1 = 0

2𝑥 + 1 − 3𝑥 + 2 = 0

⟹

⟹

∴ 𝑥 = −
3

5

5𝑥 = −3 , 𝑥 = −1

𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.∴ 𝑥 = −
3

5
𝑎𝑛𝑑𝑥 = −1
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𝑁𝑜𝑤 𝑙𝑒𝑡 𝑢𝑠 𝑓𝑜𝑐𝑢𝑠 𝑜𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑛𝑔 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛
𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑜𝑓 𝑢𝑛𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠.

𝑴𝒆𝒕𝒉𝒐𝒅 𝒐𝒇 𝑼𝒏𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝑪𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔

𝑇ℎ𝑎𝑡 𝑖𝑠, 𝑤𝑒 𝑠ℎ𝑎𝑙𝑙 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙
𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠.

𝑇ℎ𝑒 𝑚𝑎𝑖𝑛 𝑖𝑑𝑒𝑎 ℎ𝑒𝑟𝑒 𝑖𝑠 𝑡ℎ𝑎𝑡 𝑡𝑤𝑜 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓
𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑠𝑎𝑚𝑒 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜

𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙.

2.6.1  Division Algorithm

𝑥 − 1 is 1 factor of 𝑓(𝑥).

𝑓 𝑎 = 0 + 𝑐 ⇒ 𝑐 = 𝑓(𝑎)

Remainder Theorem:

Let 𝑓(𝑥) and 𝑔(𝑥) be two polynomials with 𝑔(𝑥) ≠ 0.
Then there exists 𝑞(𝑥) and 𝑟(𝑥) such that 

𝑓 𝑥 = 𝑔 𝑥 𝑞 𝑥 + 𝑟 𝑥 ← division algorithm.

If

𝑖𝑓 𝑟 𝑥 = 0 then 𝑓 𝑥 = 𝑞 𝑥 𝑟 𝑥 .

𝑟 𝑥 is called reminder and 𝑞 𝑥 is called quotient.

If 𝑔 𝑥 = 𝑥 − 𝑎 then 𝑟 𝑥 should be of degree zero that is a constant.

𝑓 𝑥 = 𝑥 − 1 𝑞 𝑥 + 𝑐, by putting 𝑥 = 𝑎

then the remainder is 𝑓(𝑎).

If a polynomial 𝑓 𝑥 is divided by 𝑥 − 𝑎

Note: Suppose 𝑓 𝑎 = 0 then it implies

𝑓 𝑥 = 𝑥 − 1 𝑞 𝑥

Remark:

Factor Theorem:

If 𝑓 𝑎 = 0, then 𝑥 − 𝑎 is a factor of 𝑓 𝑥 .

𝑥 = 𝑎 is called zero of the polynomial 𝑓(𝑥).

(i)  A polynomial function of degree 𝑛 can have at most 𝑛 distinct real zeros.

(ii) It is also possible that a polynomial function has no real zero at all.

Eg. 2.16 : Find a quadratic polynomial 𝒇 𝒙 such that, 𝒇 𝟎 = 𝟏, 𝒇 −𝟐 = 𝟎 𝒂𝒏𝒅
𝒇 𝟏 = 𝟎.

𝐿𝑒𝑡 𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑡ℎ𝑒𝑔𝑖𝑣𝑒𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠.

𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝑓 0 = 1

𝑝𝑢𝑡 𝑥 = 0, 𝑓 0 = 𝑎(0)2+𝑏 0 + 𝑐
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1 = c

𝑓 −2 = 0

𝑝𝑢𝑡 𝑥 = −2, 𝑓 −2 = 𝑎(−2)2+𝑏 −2 + 𝑐

0 = 4𝑎 − 2𝑏 + 𝑐

𝑐 = 1

4𝑎 − 2𝑏 + 𝑐 = 0 … 1

𝑓 1 = 0

𝑝𝑢𝑡 𝑥 = 1, 𝑓 1 = 𝑎(1)2+𝑏 1 + 𝑐

0 = 𝑎 + 𝑏 + 𝑐 𝑎 + 𝑏 + 𝑐 = 0 … 2

𝑠𝑢𝑏 𝑐 = 1 1 𝑎𝑛𝑑 2𝑖𝑛

4𝑎 − 2𝑏 + 𝑐 = 0 4𝑎 − 2𝑏 + 1 = 0

𝑎 + 𝑏 + 𝑐 = 0 𝑎 + 𝑏 + 1 = 0 𝑎 + 𝑏 = −1 … 4

⟹

⟹

⟹

⟹ 4𝑎 − 2𝑏 = −1 … 3⟹
⟹ ⟹

6𝑎 = −3

𝒔𝒐𝒍𝒗𝒆 𝟑 𝒂𝒏𝒅 𝟒

3 ⟹ 4𝑎 − 2𝑏 = −1

4 × 2 ⟹ 2𝑎 + 2𝑏 = −2

𝑎 =
−3

6
⟹ 𝑎 = −

1

2

𝑠𝑢𝑏 𝑎 = −
1

2
𝑖𝑛 4

−
1

2
+ 𝑏 = −1 𝑏 = −1 +

1

2
𝑏 = −

1

2

𝑎 + 𝑏 = −1

⟹ ⟹

𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝑎 = −
1

2
, 𝑏 = −

1

2
𝑎𝑛𝑑 𝑐 = 1

𝑓 𝑥 = −
1

2
𝑥2 −

1

2
𝑥 + 1.

𝑥 = −2, 𝑥 = 1

𝑓 𝑥 = 𝑑 𝑥 + 2 𝑥 − 1 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑑.

𝑓 0 = 1

𝑎𝑟𝑒 𝑧𝑒𝑟𝑜 𝑜𝑓 𝑓(𝑥).

𝑓 0 = 𝑑 0 + 2 0 − 1

Eg. 2.16 : Find a quadratic polynomial 𝒇 𝒙 such that, 𝒇 𝟎 = 𝟏, 𝒇 −𝟐 = 𝟎
𝒂𝒏𝒅 𝒇 𝟏 = 𝟎.

𝑓 𝑥 = −
1

2
𝑥 + 2 𝑥 − 1

𝑑 = −
1

2
1 = 2𝑑 −1 ⟹ −2𝑑 = 1 ⟹

⟹ 𝑓 𝑥 = −
1

2
ൣ𝑥2 − 𝑥 + 2𝑥 ]− 2

𝑓 𝑥 = −
1

2
ൣ𝑥2 + 𝑥 ]− 2 ⟹ 𝑓 𝑥 = −

1

2
𝑥2 −

1

2
𝑥 + 1
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Example 2.17: 𝑪𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕 𝒂 𝒄𝒖𝒃𝒊𝒄 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒉𝒂𝒗𝒊𝒏𝒈 𝒛𝒆𝒓𝒐𝒔 𝒂𝒕

𝒙 =
𝟐

𝟓
, 𝟏 + 𝟑 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒇 𝟎 = −𝟖.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡
2

5
𝑎𝑛𝑑 1 + 3 𝑎𝑟𝑒 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑓 𝑥 . 1 − 3 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑧𝑒𝑟𝑜 𝑜𝑓 𝑓 𝑥 .

𝑓 𝑥 = 𝑎 𝑥 −
2

5
𝑥 − 1 + 3 𝑥 − 1 − 3

= 𝑎 𝑥 −
2

5
𝑥2 − 2𝑥 + 1 − 3

𝑓 𝑥 = 𝑎 𝑥 −
2

5
𝑥 − 1 − 3 𝑥 − 1 + 3

𝑓 𝑥 = 𝑎 𝑥 −
2

5
𝑥 − 1 2 − ( 3)2

𝑓 𝑥 = 𝑎 𝑥 −
2

5
𝑥2 − 2𝑥 − 2

𝑓 0 = −8

𝑝𝑢𝑡 𝑥 = 0 , 𝑓 0 = 𝑎 0 −
2

5
02 − 2(0) − 2

−8 = −
2𝑎

5
(−2) −8 =

4𝑎

5
⟹ −40 = 4𝑎

4𝑎 = −40 𝑎 =
−40

4
𝑎 = −10

𝑓 𝑥 = −10 𝑥 −
2

5
𝑥2 − 2𝑥 − 2

⟹

⟹

⟹

𝑓 𝑥 = −10𝑥 +
20

5
𝑥2 − 2𝑥 − 2 𝑓 𝑥 = −10𝑥 + 4 𝑥2 − 2𝑥 − 2

𝑓 𝑥 = −10𝑥3 + 20𝑥2 + 20𝑥 + 4𝑥2 − 8𝑥 − 8

𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑖𝑠 𝑓(𝑥) = −10𝑥3 + 24𝑥2 + 12𝑥 − 8

⟹

Example 2.18 : 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂𝒑 + 𝒒 = 𝟎 𝒊𝒇 𝒇 𝒙 = 𝒙𝟑 − 𝟑𝒑𝒙 + 𝟐𝒒 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆
𝒃𝒚 𝒈 𝒙 = 𝒙𝟐 + 𝟐𝒂𝒙 + 𝒂𝟐.

𝑔(𝑥) 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑓(𝑥)
𝑓(𝑥)

𝑔(𝑥)
= 𝑥 + 𝑏

𝑓 𝑥 = 𝑥 + 𝑏 𝑔 𝑥 , 𝑏 ∈ ℝ.

⟹

𝑥3 − 3𝑝𝑥 + 2𝑞 = 𝑥 + 𝑏 𝑥2 + 2𝑎𝑥 + 𝑎2
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𝑥3 + 0𝑥2 − 3𝑝𝑥 + 2𝑞 = 𝑥 + 𝑏 𝑥2 + 2𝑎𝑥 + 𝑎2

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑙𝑖𝑘𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2, 𝑥 𝑎𝑛𝑑 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑥2 𝑡𝑒𝑟𝑚𝑠:

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑥 𝑡𝑒𝑟𝑚𝑠:

𝑏𝑥2

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 ∶ 𝑏 + 2𝑎 = 0

+ 2𝑎𝑥2 = 0𝑥2

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥 ∶ 𝑎2 + 2𝑎𝑏 = −3𝑝

𝑎2𝑥 + 2𝑎𝑏𝑥 = −3𝑝𝑥

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚: 𝑎2𝑏 = 2𝑞
𝑏 = −2𝑎𝑏 + 2𝑎 = 0 ⟹

𝑠𝑢𝑏 𝑏 = −2𝑎 𝑖𝑛 𝑎2 + 2𝑎𝑏 = −3𝑝

𝑎2 + 2𝑎(−2𝑎) = −3𝑝 𝑎2 − 4𝑎2 = −3𝑝

−3𝑎2 = −3𝑝 𝑝 = 𝑎2

𝑠𝑢𝑏 𝑏 = −2𝑎 𝑖𝑛 𝑎2𝑏 = 2𝑞

⟹

⟹

𝑎2(−2𝑎) = 2𝑞 −2𝑎3 = 2𝑞 ⟹ 𝑞 = −𝑎3⟹

𝑞 = −𝑎 × 𝑎2 𝑞 = −𝑎𝑝 ⟹ 𝑎𝑝 + 𝑞 = 0⟹

𝐿𝑒𝑡 𝑠 𝑛 = 𝑛 + 𝑛 − 1 + 𝑛 − 2 + … … + 2 + 1

𝑆 𝑛 = 𝑛 + (𝑛 − 1) + (𝑛 − 2) + … … … + 𝑛 − (𝑛 − 2)+ 𝑛 − (𝑛 − 1)

= 𝑛
𝑛

𝑛
+

𝑛 − 1

𝑛
+

𝑛 − 2

𝑛
+ ⋯ +

𝑛

𝑛
−

𝑛 − 2

𝑛
+

𝑛

𝑛
−

𝑛 − 1

𝑛

𝑆 𝑛 =𝑛 1 +
𝑛 − 1

𝑛
+

𝑛 − 2

𝑛
+ ⋯ + 1 −

𝑛 − 2

𝑛
+ 1 −

𝑛 − 1

𝑛

Example 2.19 Use the method of undetermined coefficients to find the sum of
𝟏 + 𝟐 + 𝟑 + ⋯ + 𝒏 − 𝟏 + 𝒏

= 𝑛 1 + 1 + ⋯ + 1 𝑠𝑖𝑛𝑐𝑒
𝑛 − 1

𝑛
< 1

𝑛 − 2

𝑛
< 1

𝑆 𝑛 ≤ 𝑛(𝑛)

𝑆 𝑛 ≤ 𝑛2

𝐿𝑒𝑡 𝑆 𝑛 = 𝑎 + 𝑏𝑛 + 𝑐𝑛2 𝑊ℎ𝑒𝑟𝑒 𝑎, 𝑏, 𝑐,

𝑠 𝑛 = 1 + 2 + 3 + ⋯ + 𝑛

𝑠(𝑛 + 1)= 1 + 2 + ⋯ + 𝑛 + (𝑛 + 1)

𝑆(𝑛 + 1) = 𝑆 𝑛 + (𝑛 + 1)

𝑆 𝑛 = 𝑎 + 𝑏𝑛 + 𝑐𝑛2

𝑎 + 𝑏 𝑛 + 1 + 𝑐(𝑛 + 1)2− 𝑎 + 𝑏𝑛 + 𝑐𝑛2 = 𝑛 + 1

𝑆 𝑛 + 1 − 𝑆 𝑛 = 𝑛 + 1
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𝑎 + 𝑏 𝑛 + 1 + 𝑐(𝑛2 + 2𝑛 + 1) − 𝑎 − 𝑏𝑛 − 𝑐𝑛2 = 𝑛 + 1

𝑎 + 𝑏 𝑛 + 𝑏 + 𝑐 𝑛2 + 2𝑐𝑛 + 𝑐 − 𝑎 − 𝑏𝑛 − 𝑐𝑛2

= 𝑛 + 1𝑏 + 2𝑐𝑛 + 𝑐
2𝑐𝑛 + 𝑏 + 𝑐 = 𝑛 + 1

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑛 𝑎𝑛𝑑 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

2𝑐 = 1, 𝑏 + 𝑐 = 1

𝑐 =
1

2
, 𝑏 +

1

2
= 1

𝑆 𝑛 = 𝑎 + 𝑏𝑛 + 𝑐𝑛2

𝑆 1 = 𝑎 + 𝑏(1) + 𝑐(1)2 𝑆 1 = 𝑎 + 𝑏 + 𝑐

𝑠𝑖𝑛𝑐𝑒 𝑆 1 = 1

𝑎 + 𝑏 + 𝑐 = 1 𝑎 +
1

2
+

1

2
= 1

𝑎 + 1 = 1 𝑎 = 0⟹

𝑏 = 1 −
1

2
𝑏 =

1

2
⟹

⟹

⟹

𝑆 𝑛 = 𝑎 + 𝑏𝑛 + 𝑐𝑛2 𝑆 𝑛 = 0 +
1

2
𝑛 +

1

2
𝑛2

𝑆 𝑛 =
1

2
𝑛 + 𝑛2 =

𝑛 (𝑛 + 1)

2
𝑛 ∈ 𝑁

⟹

𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 1.

Note:  When the root has multiplicity 1, it is called a simple root.

Eg. 2.20: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒙 − 𝟏 𝟑 𝒙 + 𝟏 𝟐 𝒙 + 𝟓 = 𝟎. 𝒔𝒕𝒂𝒕𝒆 𝒕𝒉𝒆𝒊𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒊𝒕𝒚

𝑥 − 1 3 𝑥 + 1 2 𝑥 + 5 = 0.

𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑥 = 1, −1, −5.

𝑥 − 1 3 = 0

𝑥 + 1 2 = 0

𝑥 − 1 = 0⟹
𝑥 = 1 𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 1 𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 3

⟹ 𝑥 + 1 = 0

𝑥 = −1, 𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 1 𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 2

𝑥 + 5 = 0, 𝑥 = −5⟹

Example 2.21: 𝑺𝒐𝒍𝒗𝒆 𝒙 = 𝒙 + 𝟐𝟎 𝒇𝒐𝒓 𝒙 ∈ ℝ.

𝑂𝑏𝑠𝑒𝑟𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥 + 20 𝑥 + 20 ≥ 0.

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑥 + 20 ≥ 0 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒. 𝑆𝑜, 𝑥 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓

𝑥 = 𝑥 + 20
𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.

𝑥2 = 𝑥 + 20

𝑥 − 5 = 0,

𝑥2 − 𝑥 − 20 = 0

𝑥 − 5 𝑥 + 4 = 0 𝑥 + 4 = 0

⟹

⟹
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𝑆𝑖𝑛𝑐𝑒, 𝑥 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒, 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 = 5.
𝑥 = 5, 𝑥 = −4

Eg. 2.22: 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒙𝟐 − 𝟔𝒙 + 𝒂 = 𝟎 𝒂𝒏𝒅 𝒙𝟐 − 𝒃𝒙 + 𝟔 = 𝟎 𝒉𝒂𝒗𝒆 𝒐𝒏𝒆
𝒓𝒐𝒐𝒕 𝒊𝒏 𝒄𝒐𝒎𝒎𝒐𝒏. 𝑻𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒓𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝟒 ∶ 𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒎𝒎𝒐𝒏 𝒓𝒐𝒐𝒕.

𝐿𝑒𝑡 𝛼, 4𝛽 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥2 − 6𝑥 + 𝑎 = 0

𝐿𝑒𝑡 𝛼, 3𝛽 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓𝑥2 − 𝑏𝑥 + 6 = 0.

4𝛼𝛽 = 𝑎

3𝛼𝛽 = 6

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑜𝑜𝑡 𝑖𝑠 𝛼

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 =
𝑐

𝑎
= 𝑎

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 6

3𝛼𝛽 = 6 𝛼𝛽 = 2⟹

4𝛼𝛽 = 𝑎 ⟹ 4 2 = 𝑎
𝑎 = 8

2

⟹𝛼 × 4𝛽 = 𝑎

⟹𝛼 × 3𝛽 = 𝑎

𝑠𝑢𝑏 𝑎 = 8 𝑖𝑛 𝑥2− 6𝑥 + 𝑎 = 0

𝑥2− 6𝑥 + 8 = 0 (𝑥 − 2) 𝑥 − 4 = 0

𝑥 − 2 = 0, 𝑥 − 4 = 0 𝑥 = 2, 𝑥 = 4

𝐼𝑓 𝛼 = 2, 𝑖𝑛

𝛽 = 1

3𝛼𝛽 = 6

3 2 𝛽 = 6 ⟹ 6𝛽 = 6

4𝛽

3𝛽
=

4

3

. 𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑜𝑜𝑡 𝑖𝑠 2.

𝛼 = 4 𝑖𝑛

𝛽 =
1

2

is not an integers

3𝛼𝛽 = 6𝐼𝑓

3 4 𝛽 = 6

12𝛽 = 6 𝛽 =
6

12
⟹

Example 2.23 : 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒑 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏
𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟐 + 𝒑𝒙 + 𝟖 = 𝟎 𝒊𝒔 2.

𝐿𝑒𝑡 𝛼 𝑎𝑛𝑑 𝛽 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑥2 + 𝑝𝑥 + 8 = 0

𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠: 𝛼 + 𝛽 = −
𝑏

𝑎

⟹
⟹

𝛼 + 𝛽 =
−𝑝

1
⟹ 𝛼 + 𝛽 = −𝑝

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠: 𝛼𝛽 =
𝑐

𝑎
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𝛼𝛽 =
8

1
⟹ 𝛼𝛽 = 8

(𝛼 − 𝛽)2 = (𝛼 + 𝛽)2
4𝛼𝛽−

22 = −𝑝 2 4(8)− 𝑝2 − 32 = 4

𝑝2 = 36 𝑝2 = 36 ⟹ 𝑝 = ± 6

𝛼 − 𝛽 = 2𝐺𝑖𝑣𝑒𝑛:

⟹

⟹

1.   Factorize: 𝒙𝟒 + 𝟏.

𝑥4 + 1= 𝑥2 2 + 1

(Hint: Try completing the square.)

+ 2𝑥2 − 2𝑥2

= 𝑥2 + 2𝑥 + 1 𝑥2 − 2𝑥 + 1

= 𝑥2 + 1 2

= 𝑥2 + 1 + 2𝑥 𝑥2 + 1 − 2𝑥

= 𝑥2 2 +2𝑥2 + 1 − 2𝑥2

− 2𝑥
2

2. If 𝒙𝟐 + 𝒙 + 𝟏 is a factor of the polynomial 𝟑𝒙𝟑 + 𝟖𝒙𝟐 + 𝟖𝒙 + 𝒂 find the value 
of 𝒂.  

𝑥2 + 𝑥 + 1 3𝑥3 + 8𝑥2 + 8𝑥 + 𝑎

+ 3𝑥

3𝑥+ 5

+ 3𝑥23𝑥3
− − −

5𝑥2 + 5𝑥 + 𝑎

5𝑥2 + 5𝑥 + 5

0

∴ 𝑎 − 5 = 0 𝑎 = 5

𝑇ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑎 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 5, 𝑖𝑓 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑖𝑠 𝑧𝑒𝑟𝑜.

− − −

⟹
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2.7.1 Rational Inequalities

Example 2.24: 𝑺𝒐𝒍𝒗𝒆
𝒙 + 𝟏

𝒙 + 𝟑
< 𝟑.

𝑥 + 1

𝑥 + 3
− 3 < 0.

𝑥 + 1 − 3(𝑥 + 3)

𝑥 + 3
< 0

𝑥 + 1 − 3𝑥 − 9

𝑥 + 3
< 0⟹

−2𝑥 − 8

𝑥 + 3
< 0 𝑥 + 4

𝑥 + 3
> 0⟹

−2 𝑥 + 4

𝑥 + 3
< 0

÷ 𝑏𝑦 − 2

𝑆𝑜 𝑙𝑒𝑡 𝑢𝑠 𝑓𝑖𝑛𝑑 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑠𝑖𝑔𝑛𝑠 𝑜𝑓 𝑥 + 3 𝑎𝑛𝑑 𝑥 + 4

𝑥 ≠ −3
⟹

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟖

𝑥2 − 3𝑥 + 2 < 0 is satisfied in 1,2 .

−∞ ∞−4 −3

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 ( −∞, −4), (−4 , −3) 𝑎𝑛𝑑 (−3, ∞)

𝐼𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝒙 + 𝟑 𝒙 + 𝟒
𝒙 + 𝟒

𝒙 + 𝟑

(−∞, −4)

(−4, −3)

(−3, ∞)

𝑥 = −4

−

−

+

−

−

+

+

0

+

−

+

0

𝑆𝑜 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦(−∞, −4) ∪ (−3, ∞)

𝑥 + 4

𝑥 + 3
= 0 ⟹ 𝑥 + 4 = 0 ⟹ 𝑥 = −4

𝟏. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒙 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉
𝒙𝟑 𝒙 − 𝟏

𝒙 − 𝟐
> 𝟎

𝑥3 𝑥 − 1

𝑥 − 2
> 0 , 𝑥 ≠ 2

𝐿𝑒𝑡
𝑥3 𝑥 − 1

𝑥 − 2
= 0 ⟹ 𝑥3 𝑥 − 1 = 0

𝑥3 = 0, 𝑥 − 1 = 0

𝑥 = 0, 𝑥 = 1
−∞ ∞1 20

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 ( −∞, 0), 0 , 1 , 1, 2 𝑎𝑛𝑑 (2, ∞) 96
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Intervals 𝑥3 𝑥 − 1 𝑥 − 2
𝑥3 𝑥 − 1

𝑥 − 2

−∞, 0

0, 1

1, 2

2, ∞

−

+ −

−

−

−

+

+

+ + −

+ +

− −

+

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 0,1 ∪ 2, ∞

2. Find all the values of 𝑥 that satisfies the inequality
𝟐𝒙 − 𝟑

𝒙 − 𝟐 𝒙 − 𝟒
< 𝟎

2𝑥 − 3 = 0

, 𝑥 ≠ 2,𝑥 ≠ 4

2𝑥 = 3 𝑥 =
3

2

2𝑥 − 3

𝑥 − 2 𝑥 − 4
< 0

𝐿𝑒𝑡
2𝑥 − 3

𝑥 − 2 𝑥 − 4
= 0 ⟹

⟹ −∞ ∞2 43

2

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 −∞,
3

2
,

3

2
, 2 , 2, 4 𝑎𝑛𝑑 (4, ∞)

Intervals

−

+

−∞,
3

2

2𝑥 − 3 𝑥 − 2 𝑥 − 4
2𝑥 − 3

𝑥 − 2 𝑥 − 4

The solution set is

3

2
, 2

2, 4

4, ∞

−−

−−

−−−

+

+ +

+

+ +

+

−∞,
3

2
∪ 2,4

3. Solve
𝒙𝟐 − 𝟒

𝒙𝟐 − 𝟐𝒙 − 𝟏𝟓
≤ 𝟎

𝑥2 − 22

𝑥2 − 2𝑥 − 15
≤ 0 ⟹

𝑥 + 2 𝑥 − 2

𝑥 + 3𝑥 − 5
≤ 0 , 𝑥 ≠ −3, 𝑥 ≠ 5

𝐿𝑒𝑡
𝑥 + 2 𝑥 − 2

𝑥 − 5 𝑥 + 3
= 0 ⟹ 𝑥 + 2 𝑥 − 2 = 0
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𝑥 + 2 = 0, 𝑥 − 2 = 0 ⟹ 𝑥 = −2, 𝑥 = 2
−∞ ∞−3 52−2

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 𝑎𝑟𝑒 −∞, −3 , −3 , −2 , −2, 2 , 2, 5 𝑎𝑛𝑑 (5, ∞)

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 (−3, ]−2 ∪ [2, 5)
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆𝟐. 𝟐𝟓. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝒙

𝒙 + 𝟑 𝒙 − 𝟒

Let 
𝑥

(𝑥 + 3)(𝑥 − 4)

𝑥

(𝑥 + 3)(𝑥 − 4)
=

𝐴 𝑥 − 4 + 𝐵(𝑥 + 3)

(𝑥 + 3)(𝑥 − 4) 𝑥 = 𝐴 𝑥 − 4 + 𝐵(𝑥 + 3)

𝑃𝑢𝑡 𝑥 = 4,
𝑥 − 4 = 0 ⟹ 𝑥 = 4

4 = 𝐴 4 − 4 + 𝐵(4 + 3)

7𝐵 = 44 = 𝐴 0 + 𝐵(7) 𝐵 =
4

7

𝑃𝑢𝑡 𝑥 = −3,

𝑥 + 3 = 0 ⟹ 𝑥 = −3

−3 = 𝐴 −3 − 4 + 𝐵(−3 + 3)

−7𝐴 = −3 𝐴 =
3

7
−3 = 𝐴 −7 + 𝐵(0)

∴
𝑥

(𝑥 + 3)(𝑥 − 4)
=

3
7

𝑥 + 3
+

4
7

𝑥 − 4
=

3

7(𝑥 + 3)
+

4

7(𝑥 − 4)

⟹

=
𝐴

𝑥 + 3
+

𝐵

𝑥 − 4

⟹

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟗

⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟐𝟔. Resolve into partial fractions
𝟐𝒙

𝒙 − 𝟏 (𝒙𝟐 + 𝟏)

𝐿𝑒𝑡
2𝑥

𝑥 − 1 (𝑥2 + 1)

2𝑥

𝑥 − 1 (𝑥2 + 1)

2𝑥 = 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶) (𝑥 − 1)

Put 𝑥 = 1, 2 1 = 𝐴 1 2 + 1 + (𝐵 × 1 + 𝐶) (1 − 1)

2 = 2𝐴 𝐴 = 1

2 = 𝐴(1 + 1) + (𝐵 + 𝐶) (0) 2 = 2𝐴 + 0

⟹

𝑥 − 1 = 0 ⟹ 𝑥 = 1

=
𝑥 − 1 (𝑥2 + 1)

𝐴(𝑥2 + 1)+(𝐵𝑥 + 𝐶) (𝑥 − 1)

=
𝐴

𝑥 − 1
+

𝐵𝑥 + 𝐶

𝑥2 + 1

⟹

𝑝𝑢𝑡 𝑥 = 0, 2 0 = 𝐴(02 + 1) + (𝐵 × 0 + 𝐶) (0 − 1)

𝐶 = 10 = 1 − 𝐶

0 = 𝐴(1) + 0 + 𝐶 −1 0 = 𝐴 − 𝐶

2𝑥 = 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶) (𝑥 − 1)

𝑤ℎ𝑒𝑟𝑒 𝐴 = 1

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

0 = 𝐴 + 𝐵 ⟹ 0 = 1 + 𝐵 ⟹ 𝐵 = −1

2𝑥

𝑥 − 1 (𝑥2 + 1)
=

𝐴

𝑥 − 1
+

𝐵𝑥 + 𝐶

𝑥2 + 1
𝑤ℎ𝑒𝑟𝑒𝐴 = 1, 𝐶 = 1𝐵 = −1,

⟹

⟹
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∴
2𝑥

𝑥 − 1 (𝑥2 + 1)
=

1

𝑥 − 1
+

−1𝑥 + 1

𝑥2 + 1

=
1

𝑥 − 1
+

1 − 𝑥

𝑥2 + 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟐. 𝟐𝟕 Resolve into partial fractions :
𝒙 + 𝟏

𝒙𝟐(𝒙 − 𝟏)

Let 
𝑥 + 1

𝑥2(𝑥 − 1)

𝑥 + 1

𝑥2(𝑥 − 1)

𝑥 + 1 = 𝐴𝑥2 + 𝐵𝑥 𝑥 − 1 + 𝐶(𝑥 − 1)

=

𝑃𝑢𝑡 𝑥 = 1,

2 = 𝐴 𝐴 = 2

2 = 𝐴 + 𝐵 1 0 + 𝐶(0) 2 = 𝐴 + 0 + 0

⟹

+
𝐶

𝑥2
+

𝐵

𝑥

𝑥2(𝑥 − 1)

𝐴𝑥2 + 𝐵𝑥 𝑥 − 1 + 𝐶(𝑥 − 1)

𝐴

𝑥 − 1
=

1 + 1 = 𝐴 1 2 + 𝐵(1) 1 − 1 + 𝐶(1 − 1)

⟹

𝑥 − 1 = 0 ⟹ 𝑥 = 1

𝑥 + 1 = 𝐴𝑥2 + 𝐵𝑥 𝑥 − 1 + 𝐶(𝑥 − 1)𝑃𝑢𝑡 𝑥 = 0,

0 + 1 = 𝐴 0 2 + 𝐵(0) 0 − 1 + 𝐶(0 − 1) 1 = 0 + 𝐵 0 −1 + 𝐶(−1)⟹

1 = −𝐶1 = 0 + 0 − 𝐶 ⟹ 𝐶 = −1⟹

𝑥 + 1 = 𝐴𝑥2 + 𝐵𝑥 𝑥 − 1 + 𝐶(𝑥 − 1)𝑝𝑢𝑡 𝑥 = −1,

−1 + 1 = 𝐴 −1 2 + 𝐵(−1) −1 − 1 + 𝐶(−1 − 1)

0 = 𝐴 + 𝐵 −1 −2 + 𝐶(−2) 0 = 𝐴 + 2𝐵 − 2𝐶⟹

𝑠𝑢𝑏 𝐴 = 2 𝑎𝑛𝑑 𝐶 = −1

0 = 𝐴 + 2𝐵 − 2𝐶
0 = 2 + 2𝐵 − 2 −1 0 = 2 + 2𝐵 + 2⟹

0 = 4 + 2𝐵 ⟹ −4 = 2𝐵 2𝐵 = −4 ⟹ 𝐵 = −2

𝑥 + 1

𝑥2(𝑥 − 1)
=

2

𝑥 − 1
+

−2

𝑥
+

−1

𝑥2

𝑥 + 1

𝑥2(𝑥 − 1)
=

𝐴

𝑥 − 1
+

𝐵

𝑥
+

𝐶

𝑥2

𝑤ℎ𝑒𝑟𝑒 𝐴 = 2, 𝐵 = −2, 𝐶 = −1

𝑥 + 1

𝑥2(𝑥 − 1)
=

2

𝑥 − 1
−

2

𝑥
−

1

𝑥2

⟹

⟹

⟹

𝟏. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝟏

𝒙𝟐 − 𝒂𝟐

1

𝑥2 − 𝑎2
=

1

𝑥 − 𝑎 𝑥 + 𝑎

1

𝑥2 − 𝑎2
=

𝐴

𝑥 − 𝑎
+

𝐵

𝑥 + 𝑎⟹

=
𝑥 − 𝑎 𝑥 + 𝑎

𝐴 𝑥 + 𝑎 + 𝐵 𝑥 − 𝑎1

𝑥2 − 𝑎2 ⟹
1

𝑥2 − 𝑎2
=

𝐴 𝑥 + 𝑎 + 𝐵 𝑥 − 𝑎

𝑥2 − 𝑎2
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1 = 𝐴 𝑥 + 𝑎 + 𝐵 𝑥 − 𝑎 … 1

𝑃𝑢𝑡 𝑥 = 𝑎 𝑖𝑛 1

1 = 𝐴 𝑎 + 𝑎 + 𝐵 𝑎 − 𝑎

𝐴 =
1

2𝑎

𝑃𝑢𝑡 𝑥 = −𝑎 𝑖𝑛 1

𝐵 −2𝑎 ⟹ 𝐵 = −
1

2𝑎

1 = 2𝑎𝐴 + 𝐵 0 ⟹ 2𝑎𝐴 = 1

1 = 𝐴 −𝑎 + 𝑎 + 𝐵 −𝑎 − 𝑎 1 = 𝐴 0 + 𝐵 −2𝑎

1 =
−1

2𝑎
= 𝐵

∴
1

𝑥2 − 𝑎2
=

1
2𝑎

𝑥 − 𝑎
−

1
2𝑎

𝑥 + 𝑎

1

𝑥2 − 𝑎2
=

1

2𝑎 𝑥 − 𝑎
−

1

2𝑎 𝑥 + 𝑎

⟹

⟹

⟹

3𝑥 + 1

𝑥 − 2 𝑥 + 1
=

𝐴

𝑥 − 2
+

𝐵

𝑥 + 1

3𝑥 + 1

𝑥 − 2 𝑥 + 1
=

𝐴 𝑥 + 1 + 𝐵 𝑥 − 2

𝑥 − 2 𝑥 + 1

3𝑥 + 1 = 𝐴 𝑥 + 1 + 𝐵 𝑥 − 2

𝑃𝑢𝑡 𝑥 = −1 𝑖𝑛 1

… 1

𝟐. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝟑𝒙 + 𝟏

𝒙 − 𝟐 𝒙 + 𝟏

3 −1 + 1 = 𝐴 −1 + 1 + 𝐵 −1 − 2

−3 + 1 = 𝐴 0 + 𝐵 −3 −3 + 1 = 𝐵 −3 −2 = −3𝐵

𝐵 =
2

3

𝑃𝑢𝑡 𝑥 = 2 𝑖𝑛 1 ,

6 + 1 = 𝐴 2 + 1 + 𝐵 0 7 = 3𝐴

𝐴 =
7

3

3 2 + 1 = 𝐴 2 + 1 + 𝐵 2 − 2

3𝑥 + 1

𝑥 − 2 𝑥 + 1
=

7
3

𝑥 − 2
+

2
3

𝑥 + 1

3𝑥 + 1

𝑥 − 2 𝑥 + 1
=

7

3 𝑥 − 2
+

2

3 𝑥 + 1

⟹

⟹ ⟹

⟹

⟹

𝑥

𝑥2 + 1 𝑥 − 1 𝑥 + 2
=

𝐴𝑥 + 𝐵

𝑥2 + 1
+

𝐶

𝑥 − 1
+

𝐷

𝑥 + 2

𝟑. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝒙

𝒙𝟐 + 𝟏 𝒙 − 𝟏 𝒙 + 𝟐
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𝑥

𝑥2 + 1 𝑥 − 1 𝑥 + 2

𝐴𝑥 + 𝐵 𝑥 − 1 𝑥 + 2 + 𝐶 𝑥2 + 1 𝑥 + 2 + 𝐷 𝑥2 + 1 𝑥 − 1𝑥 = … 1

=

𝑥2 + 1 𝑥 − 1 𝑥 + 2

𝐴𝑥 + 𝐵 𝑥 − 1 𝑥 + 2 +𝐶 𝑥2 + 1 𝑥 + 2 +𝐷 𝑥2 + 1 𝑥 − 1

𝑃𝑢𝑡 𝑥 = 1 𝑖𝑛 1

1 = 0 + 𝐶 12 + 1 1 + 2 + 0

1 = 𝐶 2 3 𝐶 =
1

6

1 = 𝐶 1 + 1 3

1 = 6𝐶

𝑃𝑢𝑡 𝑥 = −2 𝑖𝑛 1

−2 = 𝐷 4 + 1 −3

−2 = −15𝐷

⟹

⟹ ⟹

−2 = 0 + 0 + 𝐷 −2 2 + 1 −2 − 1 ⟹

−2 = 𝐷 5 −3 ⟹

𝐷 =
2

15

𝑃𝑢𝑡 𝑥 = 0 𝑖𝑛 1

0 =

0 = 𝐵 −1 2 + 𝐶 1 2 + 𝐷 1 −1

−2B + 2C − D

0 = −2B + 2
1

6
−

2

15

⟹

2𝐵 =
2

6
−

2

15
2𝐵 =

1

3
−

2

15

2𝐵 =
5 − 2

15
2𝐵 =

3

15

𝐵 =
1

10

𝑤ℎ𝑒𝑟𝑒 𝐶 =
1

6
𝑎𝑛𝑑 𝐷 =

2

15

2𝐵 =
1

5

B =
1

5
×

1

2

0 = 0 + 𝐵 −1 2 + 𝐶 0 + 1 0 + 2 + 𝐷 0 + 1 0 − 1

⟹ ⟹

⟹ ⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥3 𝑖𝑛 1

0 = A + C + D

𝐴 = −𝐶 − 𝐷 𝐴 = −
1

6
−

2

15
𝐴 =

−5 − 4

30

𝐴 =
−9

30
𝐴 =

−3

10

⟹ ⟹

⟹

∴
𝑥

𝑥2 + 1 𝑥 − 1 𝑥 + 2 =

−3
10

𝑥 +
1

10
𝑥2 + 1

+

1
6

𝑥 − 1
−

2
15

𝑥 + 2
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=

−3𝑥 + 1
10

𝑥2 + 1
+

1
6

𝑥 − 1
−

2
15

𝑥 + 2

=
−3𝑥 + 1

10 𝑥2 + 1
+

1

6 𝑥 − 1
+

2

15 𝑥 + 2

∴
𝑥

𝑥2 + 1 𝑥 − 1 𝑥 + 2
=

1 − 3𝑥

10 𝑥2 + 1
+

1

6 𝑥 − 1
+

2

15 𝑥 + 2

=
𝐴

𝑥 − 1
+

𝐵

𝑥 − 1 2
+

𝐶

𝑥 − 1 3

𝑥

(𝑥 − 1)3

𝑥

(𝑥 − 1)3

𝑥 = 𝐴 𝑥 − 1 2 + 𝐵 𝑥 − 1 + 𝐶 … 1

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛 1

𝐶 = 1

𝟒. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝒙

(𝒙 − 𝟏)𝟑

=
𝑥 − 1 3

𝐴 𝑥 − 1 2 + 𝐵 𝑥 + 1 + 𝐶

1 = 𝐴 1 − 1 2 + 𝐵 1 − 1 +𝐶

1 = 𝐴 0 + 𝐵 0 + 𝐶

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 0 𝑖𝑛 1 0 = 𝐴 0 − 1 2 + 𝐵 0 − 1 + 𝐶

0 = 𝐴 −1 2 + 𝐵 −1 + 𝐶 0 = 𝐴 − 𝐵 + 𝐶

0 = 𝐴 − 𝐵 + 1 𝐴 − 𝐵 = −1… 2

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑤𝑒 𝑔𝑒𝑡

⟹

⟹

𝐴 = 0

Substituting A = 0 in 2 0 − 𝐵 = −1

𝐵 = 1

∴
𝑥

𝑥 − 1 3
=

0

𝑥 − 1
+

1

𝑥 − 1 2
+

1

𝑥 − 1 3

𝑥

𝑥 − 1 3
=

1

𝑥 − 1 2
+

1

𝑥 − 1 3

1

𝑥4 − 1
=

1

𝑥2 + 1 𝑥2 − 1

𝟓. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝟏

𝒙𝟒 − 𝟏

=
1

𝑥2 + 1 𝑥 + 1 𝑥 − 1

1

𝑥4 − 1
⟹
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=
𝐴𝑥 + 𝐵

𝑥2 + 1
+

𝐶

𝑥 + 1
+

𝐷

𝑥 − 1

1

𝑥4 − 1

1

𝑥4 − 1

1 = 𝐴𝑥 + 𝐵 𝑥 + 1 𝑥 − 1 + 𝐶 𝑥2 + 1 𝑥 − 1 + 𝐷 𝑥2 + 1 𝑥 + 1 … 1

=
𝑥2 + 1 𝑥 + 1 𝑥 − 1

𝐷 𝑥2 + 1 𝑥 + 1𝐴𝑥 + 𝐵 𝑥 + 1 𝑥 − 1 + 𝐶 𝑥2 + 1 𝑥 − 1 +

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛 𝑤𝑒 𝑔𝑒𝑡,

1 = 𝐷 2 2

𝐷 =
1

4

1 = 0 + 0 + 𝐷 12 + 1 1 + 1 4𝐷 = 1

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = −1 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

1 = 𝐶 2 −2

𝐶 = −
1

4

1 = 0 + 𝐶 −1 2 + 1 −1 − 1 + 0 1 = 𝐶 1 + 1 −2

1 = −4𝐶

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥3 𝑤𝑒 𝑔𝑒𝑡

0 = 𝐴 + 𝐶 + 𝐷 𝐴 = −𝐶 − 𝐷

⟹ ⟹

⟹

⟹

⟹

𝐴 =
1

4
−

1

4
= 0 𝐴 = 0

where 𝐶 =
−1

4
and 𝐷 =

1

4

⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 0 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

1 = −𝐵 − 𝐶 + 𝐷

1 = 𝐵 0 + 1 0 − 1 + 𝐶 0 + 1 0 − 1 + 0 + 1𝐷 0 + 1

1 = 𝐵 1 −1 + 𝐶 1 −1 + 𝐷 1 1

where 𝐶 = −
1

4
and 𝐷 =

1

4

⟹

1 = −𝐵 +
1

4
+

1

4

𝐵 = −1 +
1

2
⟹ 𝐵 = −

1

2

1 = −𝐵 +
2

4
⟹ 1 = −𝐵 +

1

2
⟹

∴
1

𝑥4 − 1
=

0𝑥 −
1
2

𝑥2 + 1
+

−
1
4

𝑥 + 1
+

1
4

𝑥 − 1
=

−
1
2

𝑥2 + 1
−

1
4

𝑥 + 1
+

1
4

𝑥 − 1

1

𝑥4 − 1
= −

1

2 𝑥2 + 1
−

1

4 𝑥 + 1
+

1

4 𝑥 − 1
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(𝑥 − 1)2

𝑥3 + 𝑥
=

𝑥 − 1 2

𝑥 𝑥2 + 1
=

𝐴

𝑥
+

𝐵𝑥 + 𝐶

𝑥2 + 1

𝑥 − 1 2 = 𝐴 𝑥2 + 1 + 𝐵𝑥 + 𝐶 𝑥 … 1

𝟔. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
(𝒙 − 𝟏)𝟐

𝒙𝟑 + 𝒙

𝑥 − 1 2

𝑥 𝑥2 + 1

𝑥 − 1 2

𝑥 𝑥2 + 1
=

𝑥 𝑥2 + 1

𝐴 𝑥2 + 1 + 𝐵𝑥 + 𝑐 𝑥

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 0 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡, 0 − 1 2 = 𝐴 02 + 1 + 𝐵 × 0 + 𝐶 0

𝐴 = 1−1 2 = 𝐴 1 + 0 ⟹

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝐴 = 1, 𝐵 = 0 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡, 0 = 2 + 0 + 𝐶 ⟹ 𝐶 = −2

∴
𝑥 − 1 2

𝑥3 + 𝑥
=

1

𝑥
+

0𝑥 − 2

𝑥2 + 1 =
1

𝑥
−

2

𝑥2 + 1

𝑥 − 1 2

𝑥3 + 𝑥

⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

0 = 𝐴 2 + 𝐵 + 𝐶 1 2𝐴 + 𝐵 + 𝐶 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑖𝑛 1

… 2

1 − 1 2 = 𝐴 12 + 1 + 𝐵 × 1 + 𝐶 × 1

⟹

1 = 𝐴 + 𝐵 ⟹ 1 = 1 + 𝐵 ⟹ 𝐵 = 0

⟹

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑡ℎ𝑒
𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟, 𝑙𝑒𝑡 𝑢𝑠 𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟.

𝟕. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝒙𝟐 + 𝒙 + 𝟏

𝒙𝟐 − 𝟓𝒙 + 𝟔

𝑥2 + 𝑥 + 1𝑥2 − 5 + 6
−
𝑥2 − 5𝑥 + 6

6𝑥 − 5

1

+ −

∴
𝑥2 + 𝑥 + 1

𝑥2 − 5𝑥 + 6
= 1 +

6𝑥 − 5

𝑥2 − 5𝑥 + 6

𝑇𝑎𝑘𝑒
6𝑥 − 5

𝑥2 − 5𝑥 + 6
=

6𝑥 − 5

𝑥 − 3 𝑥 − 2
=

𝐴

𝑥 − 3
+

𝐵

𝑥 − 2

… 1

6𝑥 − 5

𝑥2 − 5𝑥 + 6⟹

6𝑥 − 5

𝑥2 − 5𝑥 + 6
=

𝐴 𝑥 − 2 + 𝐵 𝑥 − 3

𝑥 − 3 𝑥 − 2

… 26𝑥 − 5 = 𝐴 𝑥 − 2 + 𝐵 𝑥 − 3
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𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 2 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡,

7 = 𝐵 −1

𝐵 = −7

6 2 − 5 = 𝐴 0 + 𝐵 2 − 3

12 − 5 = 𝐵 −1

7 = −𝐵

⟹

⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 3 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡,

13 = 𝐴 1 𝐴 = 13

18 − 5 = 𝐴 1 + 0

∴
6𝑥 − 5

𝑥2 − 5𝑥 + 6
=

13

𝑥 − 3
−

7

𝑥 − 2

Substituting this in 1 we get,

6 3 − 5 = 𝐴 3 − 2 + 𝐵 3 − 3

∴
𝑥2 + 𝑥 + 1

𝑥2 − 5𝑥 + 6
= 1 +

6𝑥 − 5

𝑥2 − 5𝑥 + 6

𝑥2 + 𝑥 + 1

𝑥2 − 5𝑥 + 6
= 1 +

13

𝑥 − 3
−

7

𝑥 − 2

⟹

⟹

𝟖.
𝒙𝟑 + 𝟐𝒙 + 𝟏

𝒙𝟐 + 𝟓𝒙 + 𝟔

Since the numerator′s degree is more than the denominator′s degree,
let us divide the numerator by the denominator.

𝑥3 + 2𝑥 + 1𝑥2 + 5𝑥 + 6

𝑥3 + 5𝑥2 + 6𝑥

−5𝑥2 − 4𝑥 + 1

−5𝑥2 − 25𝑥 − 30
21𝑥 + 31

𝑥

21𝑥 + 31

𝑥2 + 5𝑥 + 6

∴
𝑥2 + 2𝑥 + 1

𝑥2 + 5𝑥 + 6
= 𝑥 − 5 +

21𝑥 + 31

𝑥2 + 5𝑥 + 6
… 1

=
21𝑥 + 31

𝑥 + 3 𝑥 + 2
=

𝐴

𝑥 + 3
+

𝐵

𝑥 + 2𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟

21𝑥 + 31 = 𝐴 𝑥 + 2 + 𝐵 𝑥 + 3 … 2

− − −

+ + +

− 5

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = −2 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡,

−11 = 𝐵 1

𝐵 = −11

21(−2) +31 = 𝐴 −2 + 2 + 𝐵 −2 + 3

−11 = 𝐴 0 + 𝐵 1 ⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = −3 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡, 21(−3) + 31 = 𝐴 −3 + 2 + 𝐵 −3 + 3

−32 = 𝐴 −1 + 𝐵(0) ⟹ −32 = 𝐴 −1 −32 = −𝐴⟹

𝐴 = 32
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∴
21𝑥 + 31

𝑥2 + 5𝑥 + 6
=

32

𝑥 + 3
−

11

𝑥 + 2

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

𝑥2 + 2𝑥 + 1

𝑥2 + 5𝑥 + 6
= 𝑥 − 5 +

32

𝑥 + 3
−

11

𝑥 + 2

=
𝐴

𝑥 + 1
+

𝐵

𝑥 + 1 2
+

𝐶

𝑥 − 2

𝟗. 𝒔𝒐𝒍𝒗𝒆
𝒙 + 𝟏𝟐

(𝒙 + 𝟏)𝟐 𝒙 − 𝟐

𝑥 + 12

(𝑥 + 1)2 𝑥 − 2

=
𝐴 𝑥 + 1 𝑥 − 2 + 𝐵 𝑥 − 2 + 𝐶 𝑥 + 1 2

(𝑥 + 1)2 𝑥 − 2

𝑥 + 12

(𝑥 + 1)2 𝑥 − 2

𝑥 + 12 = 𝐴 𝑥 + 1 𝑥 − 2 + 𝐵 𝑥 − 2 + 𝐶 𝑥 + 1 2 … 1

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = −1 𝑖𝑛 1

11 = 𝐵 −3 𝐵 = −
11

3

−1 = 𝐴 −1 + 1 −1 − 2 + 𝐵 −1 + 1 2𝐶−1 − 2 +

11 = 𝐴 0 −3 + 𝐵 −3 + 𝐶 0 2

3𝐵 = −11

+ 12

⟹⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

14 = 𝐶 9

𝐶 =
14

9
𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

0 = 𝐴 + 𝐶 ⟹ 𝐴 = −𝐶 ⟹ 𝐴 = −
14

9

∴
𝑥 + 12

(𝑥 + 1)2 𝑥 − 2
=

−14
9

𝑥 + 1
−

11
3

𝑥 + 1 2
+

14
9

𝑥 − 2

= −
14

9 𝑥 + 1
−

11

3 𝑥 + 1 2
+

14

9 𝑥 − 2

2 + 12 = 𝐴 2 + 1 2 − 2 + 𝐵 𝐶 2 + 1 22 − 2 +

14 = 𝐴 3 0 + 𝐵 0 + 𝐶 3 2

9𝐶 = 14

⟹

⟹

𝟏𝟎. 𝒔𝒐𝒍𝒗𝒆
𝟔𝒙𝟐 − 𝒙 + 𝟏

𝒙𝟑 + 𝒙𝟐 + 𝒙 + 𝟏

6𝑥2 − 𝑥 + 1

𝑥3 + 𝑥2 + 𝑥 + 1
=

6𝑥2 − 𝑥 + 1

𝑥2 + 1 𝑥 + 1
=

6𝑥2 − 𝑥 + 1

𝑥2 𝑥 + 1 + 1 𝑥 + 1
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6𝑥2 − 𝑥 + 1

𝑥2 + 1 𝑥 + 1
=

𝐴𝑥 + 𝐵

𝑥2 + 1
+

𝐶

𝑥 + 1

6𝑥2 − 𝑥 + 1 = 𝐴𝑥 + 𝐵 𝑥 + 1 + 𝐶 𝑥2 + 1 … 1

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = −1 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

⟹ 8 = 2𝐶

𝐶 = 4

6 −1 2 + 1 + 1 = 𝐴 −1 + 𝐵 −1 + 1 + 𝐶 −1 2 + 1

6 + 1 + 1 = −𝐴 + 𝐵 0 + 𝐶 1 + 1 8 = 𝐶 2

2𝐶 = 8 ⟹

⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

6 = 𝐴 + 𝐶 6 = 𝐴 + 4⟹ ⟹ 𝐴 = 6 − 4

𝐴 = 2

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 0 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡, 6 0 − 0 + 1 = 𝐴 × 0 + 𝐵 0 + 1 + 𝐶 0 + 1

1 = 𝐵 + 𝐶 1 = 𝐵 + 4 1 − 4 = 𝐵

𝐵 = −3

∴
6𝑥2 − 𝑥 + 1

𝑥3 + 𝑥2 + 𝑥 + 1
=

2𝑥 − 3

𝑥3 + 1
+

4

𝑥 + 1

⟹ ⟹

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 numerato𝑟′𝑠 𝑑𝑒𝑔𝑟𝑒𝑒 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟𝑠𝑑𝑒𝑔𝑟𝑒𝑒, 𝑙𝑒𝑡 𝑢𝑠
𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟.

2𝑥2 + 4𝑥 − 6

2𝑥2 + 5𝑥 − 11
−

𝑥2 + 2𝑥 − 3

2

𝑥 − 5

∴
2𝑥2 + 5𝑥 − 11

𝑥2 + 2𝑥 − 3
= 2 +

𝑥 − 5

𝑥2 + 2𝑥 − 3 … 1

𝟏𝟏. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝟐𝒙𝟐 + 𝟓𝒙 − 𝟏𝟏

𝒙𝟐 + 𝟐𝒙 − 𝟑

𝑥 − 5

𝑥2 + 2𝑥 − 3
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 =

𝑥 − 5

𝑥 + 3 𝑥 − 1
=

𝐴

𝑥 + 3
+

𝐵

𝑥 − 1

∴ 𝑥 − 5 = 𝐴 𝑥 − 1 + 𝐵 𝑥 + 3 … 2

−4 = 𝐵 4 𝐵 = −1

1 − 5 = 𝐴 1 − 1 + 𝐵 1 + 3

4𝐵 = −4 ⟹

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡

⟹

𝑃𝑢𝑡 𝑥 = −3 𝑖𝑛 2 𝑤𝑒 𝑔𝑒𝑡, −3 − 5 = 𝐴 −3 − 1 + 𝐵 −3 + 3

−8 = 𝐴 −4 + 𝐵 0 −8 = −4𝐴 4𝐴 = 8⟹⟹
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𝐴 = 2

∴
𝑥 − 5

𝑥2 + 2𝑥 − 3
=

2

𝑥 + 3
−

1

𝑥 − 1

𝐴 =
8

4
⟹

7 + 𝑥

1 + 𝑥 1 + 𝑥2 =
𝐴

1 + 𝑥
+

𝐵𝑥 + 𝐶

𝑥2 + 1

7 + 𝑥

1 + 𝑥 1 + 𝑥2

𝟏𝟐. 𝑹𝒆𝒔𝒐𝒍𝒗𝒆 𝒊𝒏𝒕𝒐 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒔
𝟕 + 𝒙

𝟏 + 𝒙 𝟏 + 𝒙𝟐

=
1 + 𝑥 𝑥2 + 1

𝐴 𝑥2 + 1 + 𝐵𝑥 + 𝑐 𝑥 + 1

𝑥 + 7 = 𝐴 𝑥2 + 1 + 𝐵𝑥 + 𝐶 𝑥 + 1 … 1

𝑃𝑢𝑡 𝑥 = −1 𝑖𝑛 1

6 = 𝐴 2 ⟹

𝐴 = 3

−1 +7 = 𝐴 −1 2 + 1+ 𝐵 −1 + 𝐶 −1 + 1

6 = 𝐴 2 + −𝐵 + 𝐶 0 2𝐴 = 6

⟹𝐴 =
6

2

⟹

7 = 𝐴 + 𝐶

𝑃𝑢𝑡 𝑥 = 0 𝑖𝑛 1 ,

7 = 3 + 𝐶 ⟹ 𝐶 = 4

7 = 𝐴 1 + 𝐶 1 𝑤ℎ𝑒𝑟𝑒 A = 3

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

0 = 𝐴 + 𝐵 ⟹ 0 = 3 + 𝐵 ⟹ 𝐵 = −3

∴
7 + 𝑥

1 + 𝑥 1 + 𝑥2
=

𝐴

1 + 𝑥

𝐵𝑥 + 𝐶

𝑥2 + 1

=
3

1 + 𝑥
+

−3𝑥 + 4

𝑥2 + 1

+

0 + 7 = 𝐴 0 2 + 1 + 𝐵 0 + 𝐶 0 + 1

⟹
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟓

0 1 2 3 4 5−2 −1 𝑥

3

2

1

−1

−2

𝑥′

𝑦

𝑦′

Example 2.28 Shade the region given by the inequality 𝒙 ≥ 𝟐

𝒙
≥

𝟐

Example 2.29 Shade the region given by the linear inequality 𝒙 + 𝟐𝒚 > 𝟑

𝑥 + 2𝑦 > 3

𝐿𝑒𝑡 𝑥 + 2𝑦 = 3

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 + 2 0 = 3 𝑥 = 3⟹

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

0 + 2𝑦 = 3 𝑦 =
3

2
⟹

𝑦 = 1.5

𝑥

𝑦 0

3 0

1.5

Example 2.29 Shade the region given by the linear inequality
𝒙 + 𝒚 ≥ 𝟑, 𝟐𝒙 − 𝒚 ≤ 𝟓, −𝒙 + 𝟐𝒚 ≤ 𝟑.
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0 1 2 3 4 5−2 −1 𝑥

3

2

1

−1

−2

−3

−4

−5

𝑥′

𝑦

𝑦′

−3

𝑥

𝑦 0

3 0

3

𝑥 + 𝑦 ≥ 3

𝑥

𝑦 0

2.5 0

−5

2𝑥 − 𝑦 ≤ 5

𝑥

𝑦 0

−3 0

1.5

−𝑥 + 2𝑦 ≤ 3

Ex:1 Shade the region given by the linear inequality 𝒙 ≤ 𝟑𝒚, 𝒙 ≥ 𝒚

𝑥 ≤ 3𝑦

𝐿𝑒𝑡 𝑥 = 3𝑦

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 = 3 0 𝑥 = 0⟹

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0
0 = 3𝑦 𝑦 = 0⟹

𝑦 = 0

𝑥 ≥ 𝑦

𝐿𝑒𝑡 𝑥 = 𝑦

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 = 0

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

𝑦 = 0
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Ex:3 Shade the region given by the linear inequality 𝟑𝒙 + 𝟓𝒚 ≥ 𝟒𝟓,
𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎

3𝑥 + 5𝑦 ≥ 45

𝐿𝑒𝑡 3𝑥 + 5𝑦 = 45
𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

3𝑥 + 5 0 = 45

3𝑥 = 45 ⟹ 𝑥 = 15

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡
𝑝𝑢𝑡 𝑥 = 0

3 0 + 5𝑦 = 45

5𝑦 = 45 ⟹ 𝑦 = 9

Ex:4 Shade the region given by the linear inequality 𝟐𝒙 + 𝟑𝒚 ≤ 𝟑𝟓,
𝒚 ≥ 𝟐, 𝒙 ≥ 𝟓

2𝑥 + 3𝑦 ≥ 35

𝐿𝑒𝑡 2𝑥 + 3𝑦 = 35

𝑝𝑢𝑡 𝑦 = 1
2𝑥 + 3 1 = 35 2𝑥 + 3 = 35

𝑝𝑢𝑡 𝑥 = 1 2 1 + 3𝑦 = 35 2 + 3𝑦 = 35

3𝑦 = 33 ⟹ 𝑦 = 11

⟹ ⟹

2𝑥 = 32 ⟹ 𝑥 = 16
⟹ ⟹
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Ex:4 Shade the region given by the linear inequality 𝟐𝒙 + 𝟑𝒚 ≤ 𝟑𝟓,
𝒚 ≥ 𝟐, 𝒙 ≥ 𝟓

2𝑥 + 3𝑦 ≥ 35

𝐿𝑒𝑡 2𝑥 + 3𝑦 = 35

𝑝𝑢𝑡 𝑦 = 1
2𝑥 + 3 1 = 35 2𝑥 + 3 = 35

𝑝𝑢𝑡 𝑥 = 1 2 1 + 3𝑦 = 35 2 + 3𝑦 = 35

3𝑦 = 33 ⟹ 𝑦 = 11

⟹ ⟹

2𝑥 = 32 ⟹ 𝑥 = 16

⟹ ⟹

Ex:5 Shade the region given by the linear inequality 𝟐𝒙 + 𝟑𝒚 ≤ 𝟔,
𝒙 + 𝟒𝒚 ≤ 𝟒, 𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎

2𝑥 + 3𝑦 ≤ 6

𝐿𝑒𝑡 2𝑥 + 3𝑦 = 6

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

2𝑥 + 3 0 = 6

2𝑥 = 6 ⟹ 𝑥 = 3

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

2 0 + 3𝑦 = 6

3𝑦 = 6 ⟹ 𝑦 = 2

𝑥 + 4𝑦 ≥ 4

𝐿𝑒𝑡 𝑥 + 4𝑦 = 4

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 + 4 0 = 4

𝑥 = 4

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

0 + 4𝑦 = 4

4𝑦 = 4 ⟹ 𝑦 = 1
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Ex:6 Shade the region given by the linear inequality 𝒙 − 𝟐𝒚 ≥ 𝟎,
𝟐𝒙 − 𝒚 ≤ −𝟐, 𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎

𝑥 − 2𝑦 ≥ 0

𝐿𝑒𝑡 𝑥 − 2𝑦 = 0

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 − 2 0 = 0

𝑥 = 0

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

0 − 2𝑦 = 0

2𝑦 = 0 ⟹ 𝑦 = 0

2𝑥 − 𝑦 ≤ −2

𝐿𝑒𝑡 2𝑥 − 𝑦 = −2

𝑝𝑢𝑡 𝑦 = 4
2𝑥 − 4 = −2
2𝑥 = −2 + 4
2𝑥 = 2

𝑥 = 1

𝑝𝑢𝑡 𝑥 = 0

2 0 − 𝑦 = −2

−𝑦 = −2 ⟹ 𝑦 = 2
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Ex:7 Shade the region given by the linear inequality
2x + y ≥ 8, x + 2y ≥ 8, x + y ≤ 6.

2𝑥 + 𝑦 ≥ 8

𝐿𝑒𝑡 2𝑥 + 𝑦 = 8

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

2𝑥 + 0 = 8 𝑥 = 4⟹

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

2 0 + 𝑦 = 8

𝑦 = 8

𝑥 + 2𝑦 ≥ 8 𝑥 + 𝑦 ≤ 6

𝐿𝑒𝑡 𝑥 + 2𝑦 = 8

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 + 0 = 8 𝑥 = 8⟹

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

0 + 2𝑦 = 8

𝑦 = 4

𝐿𝑒𝑡 𝑥 + 𝑦 = 6

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑦 = 0

𝑥 + 0 = 6 𝑥 = 6⟹

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

𝑝𝑢𝑡 𝑥 = 0

0 + 𝑦 = 6

𝑦 = 6
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟏𝟏

Example 2.31 (𝒊) 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚: (𝒙
𝟏
𝟐𝒚−𝟑)

𝟏
𝟐; 𝒘𝒉𝒆𝒓𝒆, 𝒙, 𝒚 ≥ 𝟎.

(𝒊𝒊) 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚: 𝒙𝟐 − 𝟏𝟎𝒙 + 𝟐𝟓.

(𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑥, 𝑦 ≥ 0,

(𝑥
1
2𝑦−3)

1
2 =

𝑥
1
2

𝑦3

1
2

=
𝑥

1
4

𝑦
3
2

𝒙𝟐 − 𝟏𝟎𝒙 + 𝟐𝟓(𝒊𝒊) = (𝑥 − 5)2= 𝑥2 − 2 𝑥 5 + 52

= 𝑥 − 5

Example 2.32 𝑹𝒂𝒕𝒊𝒐𝒏𝒂𝒍𝒊𝒛𝒆 𝒕𝒉𝒆 𝒅𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒐𝒓 𝒐𝒇
𝟓

( 𝟔 + 𝟐)
.

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑎𝑛𝑑 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 6 − 2

5

( 6 + 2)
=

5

6 + 2
×

6 − 2

6 − 2

=
5( 6 − 2)

( 6)2−( 2)2 =
5( 6 − 2)

6 − 2
=

30 − 10

4

Example 2.33 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒒𝒖𝒂𝒓𝒆 𝒓𝒐𝒐𝒕 𝒐𝒇 𝟕 − 𝟒 𝟑.

7 − 4 3 = 𝑎 + 𝑏 3 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 𝑎𝑟𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙.

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

7 − 4 3 = (𝑎 + 𝑏 3)2 7 − 4 3 = 𝑎2 + 2𝑎 𝑏 3 + (𝑏 3)2

7 − 4 3 = 𝑎2 + 2𝑎 𝑏 3 + 3𝑏2

⟹

⟹ = 7 − 4 3𝑎2 + 3𝑏2 + 2 𝑎 𝑏 3

𝑎2 + 3𝑏2 = 7, 2𝑎𝑏 = −4
−2

𝑎 = −
2

𝑏

𝑎 = −
2

𝑏
𝑠𝑢𝑏 𝑖𝑛 𝑎2 + 3𝑏2 = 7 ⟹ −

2

𝑏

2

+ 3𝑏2 = 7
4

𝑏2
+ 3𝑏2 = 7⟹

4 + 3𝑏4

𝑏2
= 7 4 + 3𝑏4 = 7𝑏2⟹ ⟹ 3𝑏4 − 7𝑏2 + 4 = 0

3 𝑏2 2 − 7𝑏2 + 4 = 0

𝐿𝑒𝑡 𝑏2 = 𝑥

3𝑥2 − 7𝑥 + 4 = 0.

𝐴 = 3, 𝐵 = −7, 𝑐 = 4
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𝑥 =
−𝐵 ± 𝐵2 − 4𝐴𝐶

2𝐴
𝑥 =

−7 ± 49 − 4 (3)(4)

2(3)
=

7 ± 49 − 48

6

𝑥 =
7 ± 1

6
𝑥 =

7 + 1

6
,

7 − 1

6
⟹ 𝑏2 =

8

6
,

6

6
⟹ 𝑏2 =

4

3
, 𝑏2 = 1

𝑏 =
4

3
, 𝑏 = 1

⟹

⟹

⟹ b = ±
2

3
, b = ±1

𝑆𝑖𝑛𝑐𝑒 𝑏 𝑖𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑏 = ±1

𝑎 = −
2

𝑏

𝑎 = −
2

1
𝑎 = 2

𝑖𝑓 𝑏 = 1 𝑡ℎ𝑒𝑛

𝑎 = −2,

𝑎 =
−2

−1
𝑖𝑓 𝑏 = −1 𝑡ℎ𝑒𝑛

7 − 4 3 = 𝑎 + 𝑏 3 𝑆𝑖𝑛𝑐𝑒 7 − 4 3 > 0

ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑎 = 2 𝑎𝑛𝑑 𝑏 = −1

7 − 4 3 = 2 − 3

𝟏. 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚 𝒊 𝟏𝟐𝟓
𝟐
𝟑

53×
2
3

125
2
3 = 53

2
3

= = 52 = 25

𝒊𝒊 𝟏𝟔−
𝟑
𝟒

= 2 −3 =
1

2

3

=
1

8

16−
3
4 = 24 −

3
4

= 24 ×
−3
4

∴ 𝑎𝑚 𝑛 = 𝑎𝑚𝑛
𝒊𝒊𝒊 −𝟏𝟎𝟎𝟎 −

𝟐
𝟑

=
1

100

−1000 −
2
3 = −103 −

2
3

= −10 3 ×
−2
3

= −10 −2 = −
1

10

2

𝒊𝒗 𝟑 − 𝟔
𝟏
𝟑

= 3−6 ×
1
3 = 3−2 =

1

3

2

=
1

9
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= 27 −
2
3

+
1
3𝒗

𝟐𝟕 −
𝟐
𝟑

𝟐𝟕 −
𝟏
𝟑

= 27
−2+1

3

=
1

3

= 27 −
1
3 = 33 −

1
3 = 3−1

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛

𝟐. 𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝟐𝟓𝟔
−𝟏
𝟐

−𝟏
𝟒

𝟑

256 −
1
2

−
1
4

3

= 256 −
1
2 × −

1
4 × 3 = 256

3
8

= 28
3
8 = 23 = 8

𝑎𝑚 𝑛 = 𝑎𝑚𝑛

𝟑. 𝑰𝒇 𝒙
𝟏
𝟐 + 𝒙−

𝟏
𝟐

𝟐

=
𝟗

𝟐
, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙

𝟏
𝟐 − 𝒙−

𝟏
𝟐 𝒇𝒐𝒓 𝒙 > 𝟏.

𝑥
1
2 + 𝑥−

1
2

2

=
9

2

𝑥
1
2

2

+ 𝑥−
1
2

2

+ 2𝑥
1
2𝑥−

1
2 =

9

2
𝑥 + 𝑥−1 + 2𝑥

1
2 −

1
2 =

9

2

=
9

2
− 2

⟹

𝑥 +
1

𝑥
+ 2𝑥0=

9

2
⟹ 𝑥 +

1

𝑥
+ 2 =

9

2

𝑥 +
1

𝑥
⟹ 𝑥 +

1

𝑥
=

9 − 4

2
⟹ =

5

2
𝑥 +

1

𝑥

𝑥
1
2 − 𝑥−

1
2

2

= 𝑥
1
2

2

+ 𝑥−
1
2

2

− 2𝑥
1
2𝑥−

1
2

𝑥
1
2 − 𝑥−

1
2

2

= 𝑥 + 𝑥−1 − 2 𝑥
1
2 − 𝑥−

1
2

2

= 𝑥 +
1

𝑥
− 2⟹

𝑥
1
2 − 𝑥−

1
2

2

=
5

2
− 2 ⟹ 𝑥

1
2 − 𝑥−

1
2

2

=
5 − 4

2

𝑥
1
2 − 𝑥−

1
2 =

1

2

𝑥
1
2 − 𝑥−

1
2

= ±
1

2
𝑥

1
2 − 𝑥−

1
2 =

1

2
𝑆𝑖𝑛𝑐𝑒 𝑥 > 1

𝑥
1
2 − 𝑥−

1
2

2

=
1

2
⟹

⟹

𝟒. 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒏:
𝟑𝟐𝒏𝟗𝟐𝟑−𝒏

𝟑𝟑𝒏
= 𝟐𝟕.

𝐺𝑖𝑣𝑒𝑛:
32𝑛923−𝑛

33𝑛
= 27 𝑎𝑚 × 𝑎𝑛 = 𝑎𝑚+𝑛

32𝑛−𝑛 × 92

33𝑛
= 27

3𝑛 × 32 2

33𝑛
= 27⟹

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛 & 𝑎𝑚 𝑛 = 𝑎𝑚𝑛
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3𝑛−3𝑛 × = 27

3−2𝑛+4

3−2𝑛34 × 34

= 33

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑜𝑤𝑒𝑟𝑠 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡,

−2𝑛 + 4 = 3 −2𝑛 = 3 − 4

⟹ = 27

⟹

−2𝑛 = −1 ⟹ 2𝑛 = 1

𝑛 =
1

2
𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒑𝒉𝒆𝒓𝒊𝒄𝒂𝒍 𝒕𝒂𝒏𝒌 𝒘𝒉𝒐𝒔𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒊𝒔

𝟑𝟐𝝅

𝟑
𝒖𝒏𝒊𝒕𝒔.

𝐿𝑒𝑡 𝑟 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑡𝑎𝑛𝑘.

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑡𝑎𝑛𝑘 =
32𝜋

3
4

3
𝜋𝑟3 =

32𝜋

3
⟹ 4𝑟3 = 32

𝑟3 =
32

4
𝑟3 = 23⟹ 𝑟3 = 8 ⟹

𝑟 = 2

𝑅𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑡𝑎𝑛𝑘 𝑖𝑠 2 𝑢𝑛𝑖𝑡.

𝟔. 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚 𝒃𝒚 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍𝒊𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒅𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒐𝒓
𝟕 + 𝟔

𝟑 − 𝟐
7 + 6

3 − 2
×

3 + 2

3 + 2

7 + 6

3 − 2
=

=
7 + 6 3 + 2

32 − 2
2

=
21 + 7 2 + 3 6 + 2 3

7

=
21 +7 2 + 3 6 + 12

9 − 2

12 = 4 × 3

= 2 3

𝟕. 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚
𝟏

𝟑 − 𝟖
−

𝟏

𝟖 − 𝟕
+

𝟏

𝟕 − 𝟔
−

𝟏

𝟔 − 𝟓
+

𝟏

𝟓 − 𝟐

𝐺𝑖𝑣𝑒𝑛
1

3 − 8
−

1

8 − 7
+

1

7 − 6
−

1

6 − 5
+

1

5 − 2
… 1

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑒𝑎𝑐ℎ 𝑡𝑒𝑟𝑚 𝑏𝑦 𝑡ℎ𝑒 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟

1

3 − 8
=

1

3 − 8
×

3 + 8

3 + 8
=

3 + 8

32 − 8
2

1

3 − 8
= 3 + 8

=
3 + 8

9 − 8
=

3 + 8

1

1

8 − 7
=

1

8 − 7
×

8 + 7

8 + 7
=

8 + 7

8
2

− 7
2 =

8 + 7

1
=

8 + 7

8 − 7
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1

8 − 7
= 8 + 7

1

7 − 6

7 + 6

7 + 6
=

1

7 − 6
× =

7 + 6

7
2

− 6
2 =

7 + 6

7 − 6

1

7 − 6
= 7 + 6

=
7 + 6

1

×
1

6 − 5
=

1

6 − 5

6 + 5

6 + 5
=

6 + 5

6
2

− 5
2 =

6 + 5

6 − 5
=

6 + 5

1

1

6 − 5
= 6 + 5

1

5 − 2
=

1

5 − 2
=

5 + 2

5
2

− 22
=

5 + 2

1
=

5 + 2

5 − 4

1

5 − 2
= 5 + 2

×
5 + 2

5 + 2

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑎𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

1

3 − 8
−

1

8 − 7
+

1

7 − 6
−

1

6 − 5
+

1

5 − 2

= 3 + 8 − 8 + 7 + 7 + 6 − 6 + 5 + 5 + 2

= 3 + 8 − 8 − 7 + 7 + 6 − 6 − 5 + 5 + 2 = 5

1

3 − 8
−

1

8 − 7
+

1

7 − 6
−

1

6 − 5
+

1

5 − 2
= 5

𝟖. 𝑰𝒇 𝒙 = 𝟐 + 𝟑 𝒇𝒊𝒏𝒅
𝒙𝟐 + 𝟏

𝒙𝟐 − 𝟐

𝑥 = 2 + 3

𝑥2= 2 + 3
2

= 2 + 3 + 2 6

= 5 + 2 6

∴
𝑥2 + 1

𝑥2 − 2
=

5 + 2 6 + 1

5 + 2 6 − 2
=

6 + 2 6

3 + 2 6

= 2
2

+ 3
2

+ 2 2 3

𝑥2

=
6 + 2 6

3 + 2 6
×

3 − 2 6

3 − 2 6
=

6 + 2 6 3 − 2 6

32 − 2 6
2

=
18 −12 6 + 6 6 − 4 6

9 − 4 6

=
18 − 6 6 − 24

9 − 24
=

−6 − 6 6

−15
=

−6 1 + 6

−15
=

2 1 + 6

5
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟐. 𝟏𝟐

WHAT IS AN EXPONENT?

An exponent refers to the number of times a number is multiplied by itself.
𝐹𝑜𝑟 𝐸𝑥𝑎𝑚𝑝𝑙𝑒 ∶3 × 3 × 3 = 33

4 × 4 × 4 × 4 × 4 = 45

𝑊ℎ𝑒𝑛 𝑎𝑛 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡 𝑖𝑠 𝑧𝑒𝑟𝑜, 𝑎𝑠 𝑖𝑛 𝑎0, 𝑡ℎ𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 1.

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒: 𝑎0 = 1

𝑎𝑎

𝑎𝑎
= 1 𝑎𝑎−𝑎 = 1

𝑎0 = 1

⟹

𝑊ℎ𝑒𝑛 𝑎𝑛 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡 𝑖𝑠 𝑎 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛.
𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠 𝑐𝑜𝑛𝑠𝑖𝑠𝑡 𝑜𝑓 𝑎 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑣𝑒𝑟 𝑎 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟. 𝐼𝑛 𝑡ℎ𝑖𝑠 𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒, 𝑡ℎ𝑒
𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 1.

𝑎−𝑚 =
1

𝑎𝑚

𝑇ℎ𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑓 𝑥 = 𝑎𝑥 𝑤𝑖𝑡ℎ 𝑎 𝑏𝑎𝑠𝑒 𝑎 ≠ 1

𝑷𝒓𝒐𝒑𝒆𝒓𝒕𝒊𝒆𝒔 𝒐𝒇 𝑳𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎

𝑎log𝑎 𝑥 = 𝑥(𝑖) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ (0, ∞) 𝑎𝑛𝑑 log𝑎 𝑎𝑦 = 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 ∈ ℝ.

𝑷𝒓𝒐𝒅𝒖𝒄𝒕 𝑹𝒖𝒍𝒆

𝑖𝑖𝑖 log𝑎

𝑥

𝑦
= log𝑎 𝑥 − log𝑎 𝑦 .

𝑖𝑣 log𝑎 𝑥𝑟 = 𝑟 log𝑎 𝑥 , 𝑟 ∈ ℝ

Power Rule

𝑸𝒖𝒐𝒕𝒊𝒆𝒏𝒕 𝑹𝒖𝒍𝒆

𝑪𝒉𝒂𝒏𝒈𝒆 𝒐𝒇 𝒃𝒂𝒔𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂

log𝑎 𝑥𝑦 = log𝑎 𝑥 + log𝑎 𝑦 .

(𝑣) 𝑙𝑜𝑔𝑏 𝑥 =
𝑙𝑜𝑔𝑎 𝑥

𝑙𝑜𝑔𝑎 𝑏
𝑤𝑖𝑡ℎ 𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑠 𝑏𝑎𝑠𝑒𝑠,

Example 2.34: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦 𝐨𝐟 𝟏𝟕𝟐𝟖 𝐭𝐨 𝐭𝐡𝐞 𝐛𝐚𝐬𝐞2 𝟑.

𝐿𝑒𝑡 log2 3 1728 = 𝑥

(2 3)𝑥 = 1728 (2 3)𝑥 = 26 × 33⟹

(2 3)𝑥 = 26 3
2 3
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(2 3)𝑥 = 26( 3)6 (2 3)𝑥 = (2 3)6

𝑥 = 6
log2 3 1728 = 6.

⟹

Example 2.35: 𝑰𝒇 𝒕𝒉𝒆 𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎 𝒐𝒇 𝟑𝟐𝟒 𝒕𝒐 𝒃𝒂𝒔𝒆 𝒂 𝒊𝒔 𝟒, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒂.

log𝑎 324 = 4

𝑎4 = 324 ⟹ 𝑎4 = 34 × 22

𝑎4 = 34 × 2
2 2

⟹ 𝑎4 = 34 × 2
4

𝑎4 = (3 2)4 𝑎 = 3 2⟹

Example 2.36: 𝑷𝒓𝒐𝒗𝒆 𝐥𝐨𝐠
𝟕𝟓

𝟏𝟔
− 𝟐 𝐥𝐨𝐠

𝟓

𝟗
+ 𝐥𝐨𝐠

𝟑𝟐

𝟐𝟒𝟑
= 𝐥𝐨𝐠 𝟐 .

log
75

16
− 2 log

5

9
+ log

32

243

= log 3 + log 25 − log 16 − 2 log 5 + 2 log 9 + log 2 + log 16 − log 81 + log 3

𝐿. 𝐻. 𝑆 =

= log 75 − log 16 − 2(log 5 − log 9)

= 𝑙𝑜𝑔 75 − 𝑙𝑜𝑔 16 − 2𝑙𝑜𝑔 5 + 2𝑙𝑜𝑔 9 + log 32 − log 243

= 𝑙𝑜𝑔 3 × 25 − 𝑙𝑜𝑔 16 − 2𝑙𝑜𝑔 5 + 2𝑙𝑜𝑔 9 + log 2 × 16 − log 81 × 3

+ log 32 − log 243

= 𝑙𝑜𝑔 3 + 𝑙𝑜𝑔 25 − 2 𝑙𝑜𝑔 5 + 2 𝑙𝑜𝑔 9 + 𝑙𝑜𝑔 2 − 𝑙𝑜𝑔 81 − 𝑙𝑜𝑔 3

= log 52 − 2 log 5 + 2 log 9 + log 2 − log 92

= 2log 5 − 2 log 5 + 2 log 9 + log 2 − 2log 9 = log 2

Example 2.37: 𝑰𝒇 𝐥𝐨𝐠𝟐 𝒙 + 𝐥𝐨𝐠𝟒 𝒙 + 𝐥𝐨𝐠𝟏𝟔 𝒙 =
𝟕

𝟐
, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙.

log2 𝑥 + log4 𝑥 + log16 𝑥 =
7

2
1

𝑙𝑜𝑔𝑥 2
+

1

𝑙𝑜𝑔𝑥 4
+

1

𝑙𝑜𝑔𝑥 16
=

7

2
(𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑏𝑎𝑠𝑒 𝑟𝑢𝑙𝑒) 𝑙𝑜𝑔𝑥 4 = 𝑙𝑜𝑔𝑥 22

𝑙𝑜𝑔𝑥 4 = 2 𝑙𝑜𝑔𝑥 2

𝑙𝑜𝑔𝑥 16 = 𝑙𝑜𝑔𝑥 24

𝑙𝑜𝑔𝑥 16 = 4 𝑙𝑜𝑔𝑥 2

1

𝑙𝑜𝑔𝑥 2
+

1

2 𝑙𝑜𝑔𝑥 2
+

1

4 𝑙𝑜𝑔𝑥 2
=

7

2

𝑤ℎ𝑒𝑟𝑒 𝑎 = log𝑥 2

1

𝑎
+

1

2𝑎
+

1

4𝑎
=

7

2
⟹

4 + 2 + 1

4𝑎
=

7

2
⟹

7

4𝑎
=

7

2
⟹ 4𝑎 = 2

𝑥 = 22 = 4

𝑎 =
1

2
log𝑥 2 =

1

2
𝑤ℎ𝑖𝑐ℎ 𝑔𝑖𝑣𝑒𝑠 𝑥

1
2 = 2.⟹

𝑥 = 4⟹
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Example 2.38: 𝑺𝒐𝒍𝒗𝒆 𝒙𝐥𝐨𝐠𝟑 𝒙 = 𝟗.

𝐿𝑒𝑡 log3 𝑥 = 𝑦

𝑥 = 3𝑦

3𝑦𝑙𝑜𝑔3 3𝑦

= 9 ⟹ 3𝑦×𝑦
= 9

3𝑦2 = 9 ⟹ 𝑦2 = 2 ⟹ 𝑦 = 2,   − 2.

𝑦 = 2, − 2 𝑖𝑛 𝑥 = 3𝑦

𝑥 = 3 2, 3− 2𝐻𝑒𝑛𝑐𝑒,

= 3 log25 5

Example 2.39: 𝑪𝒐𝒎𝒑𝒖𝒕𝒆 𝐥𝐨𝐠𝟑 𝟓 𝐥𝐨𝐠𝟐𝟓 𝟐𝟕

𝑙𝑜𝑔3 5 𝑙𝑜𝑔25 27 =

= 𝑙𝑜𝑔3 5 × 3 𝑙𝑜𝑔25 3

𝑙𝑜𝑔3 5 𝑙𝑜𝑔25 33

=
3

𝑙𝑜𝑔5 25
=

3

2 𝑙𝑜𝑔5 5
=

3

2

𝑙𝑜𝑔3 5 × 3 𝑙𝑜𝑔25 3

= 3𝑙𝑜𝑔3 5 × 𝑙𝑜𝑔25 3

= 3 × 𝑙𝑜𝑔25 5

Example 2.40: 𝑮𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝐥𝐨𝐠𝟏𝟎 𝟐 = 𝟎. 𝟑𝟎𝟏𝟎𝟑, 𝐥𝐨𝐠𝟏𝟎 𝟑 = 𝟎. 𝟒𝟕𝟕𝟏𝟐 𝒂𝒑𝒑 ,
𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒅𝒊𝒈𝒊𝒕𝒔 𝒊𝒏 𝟐𝟖. 𝟑𝟏𝟐.

𝑁 = 28. 312 ℎ𝑎𝑠 𝑛 + 1 𝑑𝑖𝑔𝑖𝑡𝑠.

𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑏 < 10.

log 𝑁 = log( 10𝑛 𝑏)

log 𝑁 = log 28312

𝑙𝑜𝑔𝑁 = 8.133368

𝑛 + log 𝑏 = 8.13368. 𝑆𝑖𝑛𝑐𝑒 1 ≤ 𝑏 < 10

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑜𝑓 𝑑𝑖𝑔𝑖𝑡𝑠 𝑖𝑠 9.

= 8 𝑙𝑜𝑔 2 + 12 𝑙𝑜𝑔 3

𝑙𝑜𝑔𝑁 = 8 × 0.30130 + 12 × 0.47712

𝑁 = 10𝑛 × 𝑏

= 𝑛 log 10 + log 𝑏

𝑙𝑜𝑔𝑁 = 𝑛 + log 𝑏

= log 28 + 𝑙𝑜𝑔312

𝑇𝑎𝑘𝑖𝑛𝑔 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚 𝑡𝑜 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 10,

𝟐. 𝐂𝐨𝐦𝐩𝐮𝐭𝐞 𝐥𝐨𝐠𝟗 𝟐𝟕 − 𝐥𝐨𝐠𝟐𝟕 𝟗

= log9 27 − log27 9

= 𝑙𝑜𝑔9 33 − 𝑙𝑜𝑔27 32
= 3 𝑙𝑜𝑔9 3 − 2 𝑙𝑜𝑔27 3

=
3

𝑙𝑜𝑔3 9
−

2

𝑙𝑜𝑔3 27
=

3

𝑙𝑜𝑔3 32
−

2

𝑙𝑜𝑔3 33
∵ log3 3 = 1
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𝟏. 𝐋𝐞𝐭 𝐛 > 𝟎 𝐚𝐧𝐝 𝐛 ≠ 𝟏. 𝐄𝐱𝐩𝐫𝐞𝐬𝐬 𝐲 = 𝐛𝐱 𝐢𝐧 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦𝐢𝐜 𝐟𝐨𝐫𝐦. 𝐀𝐥𝐬𝐨 𝐬𝐭𝐚𝐭𝐞
𝐭𝐡𝐞 𝐝𝐨𝐦𝐚𝐢𝐧 𝐚𝐧𝐝 𝐫𝐚𝐧𝐠𝐞 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐠𝐚𝐫𝐢𝐭𝐡𝐦𝐢𝐜 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧.

𝐺𝑖𝑣𝑒𝑛 𝑦 = 𝑏𝑥

𝐶𝑜𝑛𝑣𝑒𝑟𝑡𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑖𝑛𝑡𝑜 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑖𝑐 𝑓𝑜𝑟𝑚, 𝑤𝑒 𝑔𝑒𝑡

log𝑏 𝑦 = 𝑥, 0, ∞ , −∞, ∞

𝟐. 𝐂𝐨𝐦𝐩𝐮𝐭𝐞 𝐥𝐨𝐠𝟗 𝟐𝟕 − 𝐥𝐨𝐠𝟐𝟕 𝟗

𝐺𝑖𝑣𝑒𝑛 log9 27 − log27 9

= log9 33 − log27 32

= 3 log9 3 − 2 log27 3 𝐵𝑦 𝑝𝑜𝑤𝑒𝑟 𝑟𝑢𝑙𝑒

=
3

log3 9
−

2

log3 27
𝐵𝑦 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑏𝑜𝑥 𝑟𝑢𝑙𝑒

=
3

log3 32
−

2

log3 33 =
3

2 log3 3
−

2

3 log3 3

=
3

2
−

2

3
=

9 − 4

6
=

5

6

∵ log3 3 = 1

𝟑. 𝑺𝒐𝒍𝒗𝒆: 𝐥𝐨𝐠𝟖 𝒙 + 𝐥𝐨𝐠𝟒 𝒙 + 𝐥𝐨𝐠𝟐 𝒙 = 𝟏𝟏.

𝐺𝑖𝑣𝑒𝑛 log8 𝑥 + log4 𝑥 + log2 𝑥 = 11

1

log𝑥 8
+

1

log𝑥 4
+

1

log𝑥 2
= 11

1

log𝑥 23 +
4

2 log𝑥 22 +
1

log𝑥 2
= 11

1

3 log𝑥 2
+

4

2 log𝑥 2
+

1

log𝑥 2
= 11

1

log𝑥 2

1

3
+

1

2
+ 1 = 11

1

log𝑥 2

11

6
= 11

⟹

⟹
1

log𝑥 2
= 11 ×

6

11

= 6
1

log𝑥 2 log2 𝑥 = 6 26 = 𝑥

𝑥 = 64

⟹ ⟹

𝟒. 𝑺𝒐𝒍𝒗𝒆: 𝐥𝐨𝐠𝟒 𝟐𝟖𝒙 = 𝟐𝐥𝐨𝐠𝟐 𝟖

8𝑥 log4 2 = 2log2 23 8𝑥 log4 2 = 23 1⟹

log2 2 = 1
8𝑥

log2 4
= 8 𝑥 = log2 4

𝑥

log2 4
= 1⟹ ⟹
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𝑥 = log2 22 𝑥 = 2 log2 2

𝑥 = 2

⟹

𝟓. 𝑰𝒇 𝒂𝟐 + 𝒃𝟐 = 𝟕𝒂𝒃. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒍𝒐𝒈
𝒂 + 𝒃

𝟑
=

𝟏

𝟐
𝒍𝒐𝒈 𝒂 + 𝒍𝒐𝒈 𝒃

𝐺𝑖𝑣𝑒𝑛 𝑎2 + 𝑏2 = 7𝑎𝑏

𝑎2 + 𝑏2 + 2𝑎𝑏 = 7𝑎𝑏 + 2𝑎𝑏

𝐴𝑑𝑑𝑖𝑛𝑔 2𝑎𝑏 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑤𝑒 𝑔𝑒𝑡,

𝑎 + 𝑏 2 = 9𝑎𝑏
𝑎 + 𝑏 2

9
= 𝑎𝑏

= 𝑎𝑏
𝑎 + 𝑏 2

32

𝑎 + 𝑏

3
= 𝑎𝑏

𝑎 + 𝑏

3
=

log
𝑎 + 𝑏

3
= =

1

2
log 𝑎𝑏

log
𝑎 + 𝑏

3
=

1

2
log 𝑎 + log 𝑏 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

𝑎𝑏
1
2

log 𝑎𝑏
1
2 log

𝑎 + 𝑏

3

⟹

⟹ ⟹

⟹

𝟔. 𝑷𝒓𝒐𝒗𝒆 𝐥𝐨𝐠
𝒂𝟐

𝒃𝒄
+ 𝐥𝐨𝐠

𝒃𝟐

𝒄𝒂
+ 𝐥𝐨𝐠

𝒄𝟐

𝒂𝒃
= 𝟎.

𝐿. 𝐻. 𝑆 = 𝑙𝑜𝑔
𝑎2

𝑏𝑐
+ 𝑙𝑜𝑔

𝑏2

𝑐𝑎
+ 𝑙𝑜𝑔

𝑐2

𝑎𝑏

= log
𝑎2

𝑏𝑐
×

𝑏2

𝑐𝑎
×

𝑐2

𝑎𝑏
= log

𝑎2𝑏2𝑐2

𝑎2𝑏2𝑐2
= log 1

= 0 = 𝑅𝐻𝑆 Hence proved.

𝟕. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐥𝐨𝐠 𝟐 + 𝟏𝟔 𝐥𝐨𝐠
𝟏𝟔

𝟏𝟓
+ 𝟏𝟐 𝐥𝐨𝐠

𝟐𝟓

𝟐𝟒
+ 𝟕 𝐥𝐨𝐠

𝟖𝟏

𝟖𝟎
= 𝟏.

𝐿𝐻𝑆 = log 2 + 16 log
16

15
+ 12 log

25

24
+ 7 log

81

80

= log 2 + log
16

15

16

+ log
25

24

12

+ log
81

80

7

𝑎𝑚 𝑛 = 𝑎𝑚𝑛

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛

= log 2 ×
24 16

3 × 5 16
×

52 12

23 × 3 12
×

34 7

24 × 5 7

log2 1= ×
264

316 × 516 ×
524

216 × 312
×

328

228 × 57

= log
21+64 × 524 × 328

316+12 × 516+7 × 236+28 = log
265 × 524 × 328

328 × 523 × 264

= log265 − 64 × 524−23 log2 1 × 51= 126
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log10 10= = 1 = 𝑅𝐻𝑆 . 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

𝟖. 𝑷𝒓𝒐𝒗𝒆 𝐥𝐨𝐠𝒂 𝟐 𝒂 𝐥𝐨𝐠𝒃 𝟐 𝒃 𝐥𝐨𝐠𝒄 𝟐 𝒄 =
𝟏

𝟖

𝐿. 𝐻. 𝑆 = log𝑎 2 𝑎 × log𝑏 2 𝑏 × log𝑐 2 𝑐

=
1

log𝑎 𝑎2
×

1

log𝑏 𝑏2
×

1

log𝑐 𝑐2
=

1

2 log𝑎 𝑎
×

1

2 log𝑏 𝑏
×

1

2 log𝑐 𝑐

=
1

2 1
×

1

2 1
×

1

2 1

log𝑎 𝑎 = 1

=
1

8
= 𝑅. 𝐻. 𝑆 . 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

𝟗. 𝑷𝒓𝒐𝒗𝒆 𝐥𝐨𝐠 𝒂 + 𝐥𝐨𝐠𝒂 𝟐 + 𝐥𝐨𝐠𝒂 𝟑 + ⋯ + 𝐥𝐨𝐠𝒂 𝒏 =
𝒏 𝒏 + 𝟏

𝟑
𝐥𝐨𝐠 𝒂

𝐿. 𝐻. 𝑆= log 𝑎 + log𝑎 2 log𝑎 3 + ⋯ + log𝑎 𝑛

log 𝑎 + log𝑎 2 log𝑎 3 + ⋯ + n log 𝑎

log 𝑎 1 + 2 + 3 + ⋯ 𝑛=

=

= log 𝑎
𝑛 𝑛 + 1

2
=

𝑛 𝑛 + 1

2
log 𝑎 = 𝑅. 𝐻. 𝑆

෍ 𝑛 =
𝑛 𝑛 + 1

2

𝟏𝟎. 𝑰𝒇
𝐥𝐨𝐠 𝒙

𝒚 − 𝒛
=

𝐥𝐨𝐠 𝒚

𝒛 − 𝒙
=

𝐥𝐨𝐠 𝒛

𝒙 − 𝒚
, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒙𝒚𝒛 = 𝟏.

𝐿𝑒𝑡
log 𝑥

𝑦 − 𝑧
=

log 𝑦

𝑧 − 𝑥
=

log 𝑧

𝑥 − 𝑦
= 𝑘

log 𝑥 = 𝑘 𝑦 − 𝑧 = 𝑘𝑦 − 𝑘𝑧 … 1

log 𝑦 = 𝑘 𝑧 − 𝑥 = 𝑘𝑧 − 𝑘𝑥 … 2

… 3log 𝑧 = 𝑘 𝑥 − 𝑦 = 𝑘𝑥 − 𝑘𝑦

𝐴𝑑𝑑𝑖𝑛𝑔 1 , 2 𝑎𝑛𝑑 3

log 𝑥 + log 𝑦 + log 𝑧 = 𝑘𝑦 − 𝑘𝑧 + 𝑘𝑧 − 𝑘𝑥 + 𝑘𝑥 − 𝑘𝑦 = 0

log 𝑥𝑦𝑧 = 0

= log 1

𝑥𝑦𝑧 = 1

𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

log 𝑥𝑦𝑧

𝟏𝟏. 𝑺𝒐𝒍𝒗𝒆: 𝐥𝐨𝐠𝟐 𝒙 − 𝟑 𝐥𝐨𝐠𝟏
𝟐

𝒙 = 𝟔

𝐺𝑖𝑣𝑒𝑛 log2 𝑥 − 3 log1
2

𝑥 = 6 𝑢𝑠𝑖𝑛𝑔 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑟𝑢𝑙𝑒

1

log𝑥 2
−

3

log𝑥
1
2

= 6

1

log𝑥 2
−

3

log𝑥 1 − log𝑥 2
= 6 𝑢𝑠𝑖𝑛𝑔 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑟𝑢𝑙𝑒
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1

log𝑥 2
+

3

log𝑥 2
= 6

1

log𝑥 2
1 + 3 = 6

1

log𝑥 2
4 = 6

⟹

⟹
1

log𝑥 2
=

6

4

log𝑥 2
3

2
= 2

3
2 = 𝑥 23

1
2 = 𝑥 8

1
2 = 𝑥

𝑥 = 8 = 2 × 2 × 2 𝑥 = 2 2

⟹ ⟹ ⟹

⟹

𝟏𝟐. 𝑺𝒐𝒍𝒗𝒆 𝐥𝐨𝐠 𝟓 − 𝒙 𝒙𝟐 − 𝟔𝒙 + 𝟔𝟓 = 𝟐.

𝐺𝑖𝑣𝑒𝑛: 𝑙𝑜𝑔5 − 𝑥 𝑥2 − 6𝑥 + 65 = 2

5 − 𝑥 2 = 𝑥2 − 6𝑥 + 65 𝐶𝑜𝑛𝑣𝑒𝑟𝑡𝑖𝑛𝑔 𝑖𝑛𝑡𝑜 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑚

25 + 𝑥2 − 10𝑥 = 𝑥2 − 6𝑥 + 65

−6𝑥 + 65 − 25 + 10𝑥 = 0

4𝑥 + 40 = 0 4𝑥 = −40

𝑥 =
−40

4
𝑥 = −10

⟹

⟹
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=
3

2 𝑙𝑜𝑔3 3
−

2

3 𝑙𝑜𝑔3 3
=

3

2
−

2

3
=

9 − 4

6
=

5

6

𝟑. 𝑺𝒐𝒍𝒗𝒆: 𝐥𝐨𝐠𝟖 𝒙 + 𝐥𝐨𝐠𝟒 𝒙 + 𝐥𝐨𝐠𝟐 𝒙 = 𝟏𝟏.

𝑙𝑜𝑔8 𝑥 + 𝑙𝑜𝑔4 𝑥 + 𝑙𝑜𝑔2 𝑥 = 11
1

𝑙𝑜𝑔𝑥 8
+

1

𝑙𝑜𝑔𝑥 4
+

1

𝑙𝑜𝑔𝑥 2
= 11

1

log𝑥 23 +
1

log𝑥 22
+

1

log𝑥 2
= 11

1

3 log𝑥 2
+

1

2 log𝑥 2
+

1

log𝑥 2
= 11 1

3𝑎
+

1

2𝑎
+

1

𝑎
= 11

⟹

𝑤ℎ𝑒𝑟𝑒 𝑎 = log𝑥 2

⟹

2 + 3 + 6

6𝑎
= 11 ⟹

11

6𝑎
= 11 ⟹

1

6𝑎
= 1 ⟹ 𝑎 =

1

6

log𝑥 2 =
1

6
⟹ 𝑥

1
6 = 2 ⟹ 𝑥 = 26

𝑥 = 64

𝟒. 𝑺𝒐𝒍𝒗𝒆: 𝐥𝐨𝐠𝟒 𝟐𝟖𝒙 = 𝟐𝐥𝐨𝐠𝟐 𝟖

8𝑥 log4 2 = 2log2 23
8𝑥𝑙𝑜𝑔4 2= 23 log2 2 = 1

8𝑥

log2 4
= 8

𝑥 = 𝑙𝑜𝑔2 4 𝑥 = 𝑙𝑜𝑔2 22

log4 28𝑥 = 2log2 8

⟹

⟹
𝑥

log2 4
= 1

⟹

𝑥 = 2 𝑙𝑜𝑔2 2 ⟹ 𝑥 = 2

𝟓. 𝑰𝒇 𝒂𝟐 + 𝒃𝟐 = 𝟕𝒂𝒃. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒍𝒐𝒈
𝒂 + 𝒃

𝟑
=

𝟏

𝟐
𝒍𝒐𝒈 𝒂 + 𝒍𝒐𝒈 𝒃

𝑎2 + 𝑏2 = 7𝑎𝑏

𝑎2 + 𝑏2 + 2𝑎𝑏 = 7𝑎𝑏 + 2𝑎𝑏

𝐴𝑑𝑑𝑖𝑛𝑔 2𝑎𝑏 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒

⟹ 𝑎 + 𝑏 2 = 9𝑎𝑏

𝑎 + 𝑏 2

9
= 𝑎𝑏 ⟹ = 𝑎𝑏

𝑎 + 𝑏 2

32

𝑎 + 𝑏

3

2

= 𝑎𝑏 ⟹
𝑎 + 𝑏

3
= 𝑎𝑏

𝑎 + 𝑏

3
= 𝑎𝑏

1
2 ⟹ log

𝑎 + 𝑏

3
= log 𝑎𝑏

1
2

=
1

2
log 𝑎𝑏log

𝑎 + 𝑏

3
⟹ log

𝑎 + 𝑏

3
=

1

2
log 𝑎 + log 𝑏

129
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𝟔. 𝑷𝒓𝒐𝒗𝒆 𝐥𝐨𝐠
𝒂𝟐

𝒃𝒄
+ 𝐥𝐨𝐠

𝒃𝟐

𝒄𝒂
+ 𝐥𝐨𝐠

𝒄𝟐

𝒂𝒃
= 𝟎.

𝐿. 𝐻. 𝑆 = 𝑙𝑜𝑔
𝑎2

𝑏𝑐
+ 𝑙𝑜𝑔

𝑏2

𝑐𝑎
+ 𝑙𝑜𝑔

𝑐2

𝑎𝑏

= 𝑙𝑜𝑔
𝑎2

𝑏𝑐
×

𝑏2

𝑐𝑎
×

𝑐2

𝑎𝑏
= 𝑙𝑜𝑔

𝑎2𝑏2𝑐2

𝑎2𝑏2𝑐2

= 𝑙𝑜𝑔 1 = 0 = 𝑅. 𝐻. 𝑆 . 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒕𝒂𝒏 𝜽 + 𝒔𝒆𝒄 𝜽 − 𝟏

𝒕𝒂𝒏 𝜽 − 𝒔𝒆𝒄 𝜽 + 𝟏
=

𝟏 + 𝒔𝒊𝒏𝜽

𝒄𝒐𝒔𝜽

𝐿. 𝐻. 𝑆 =
tan 𝜃 + sec 𝜃 − 1

tan 𝜃 − sec 𝜃 + 1 =
tan 𝜃 + sec 𝜃 − (sec2 𝜃 − tan2 𝜃)

tan 𝜃 − sec 𝜃 + 1

=
tan 𝜃 + sec 𝜃 − (𝑠𝑒𝑐 𝜃 + tan 𝜃)(𝑠𝑒𝑐 𝜃 − tan 𝜃)

tan 𝜃 − sec 𝜃 + 1

=
(tan 𝜃 + sec 𝜃) 1 − 𝑠𝑒𝑐 𝜃 − tan 𝜃

tan 𝜃 − sec 𝜃 + 1

=
(tan 𝜃 + sec 𝜃)(1 − 𝑠𝑒𝑐 𝜃 + tan 𝜃)

tan 𝜃 − sec 𝜃 + 1
= tan 𝜃 + sec 𝜃

sec2 𝜃 − tan2 𝜃 = 1

∵ 1 + tan2 𝜃 = sec2 𝜃

=
𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
+

1

𝑐𝑜𝑠𝜃
=

𝑠𝑖𝑛𝜃 + 1

𝑐𝑜𝑠𝜃
=

1 + 𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃

𝐿. 𝐻. 𝑆 = sec A − cos ecA 1 + tan A + cot A

=
1

𝑐𝑜𝑠𝐴
−

1

𝑠𝑖𝑛𝐴

=
1

𝑐𝑜𝑠𝐴

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒆𝒄 𝑨 − 𝒄𝒐𝒔 𝒆𝒄𝑨 𝟏 + 𝒕𝒂𝒏 𝑨 + 𝒄𝒐𝒕 𝑨
= 𝒕𝒂𝒏𝑨 𝒔𝒆𝒄 𝑨 − 𝒄𝒐𝒕𝑨 𝒄𝒐𝒔𝒆𝒄 𝑨

=
1

𝑐𝑜𝑠𝐴
−

1

𝑠𝑖𝑛𝐴

tan 𝜃 =
sin 𝜃

cos 𝜃

cot 𝜃 =
cos 𝜃

sin 𝜃

+
sin 𝐴

cos 𝐴
×

1

𝑐𝑜𝑠𝐴
+

cos 𝐴

sin 𝐴
×

1

𝑐𝑜𝑠𝐴
+

sin 𝐴

cos 𝐴
× −

1

𝑠𝑖𝑛𝐴

+
cos 𝐴

sin 𝐴
× −

1

𝑠𝑖𝑛𝐴

+
1

𝑠𝑖𝑛𝐴
+

sin 𝐴

cos2𝐴 −
1

𝑠𝑖𝑛𝐴
−

𝑐𝑜𝑠𝐴

sin2𝐴
−

1

𝑐𝑜𝑠𝐴 =
sin 𝐴

cos2𝐴
−

𝑐𝑜𝑠𝐴

sin2𝐴

=
sin 𝐴

cos 𝐴
×

1

cos 𝐴
−

cos 𝐴

sin 𝐴
×

1

sin 𝐴

= 𝑡𝑎𝑛𝐴 × sec 𝐴 − 𝑐𝑜𝑡𝐴 × cosec 𝐴

𝑐𝑜𝑠𝑒𝑐 𝜃 =
1

sin 𝜃

𝑠𝑒𝑐 𝜃 =
1

cos 𝜃

= 𝑡𝑎𝑛𝐴 sec 𝐴 − 𝑐𝑜𝑡𝐴 cosec 𝐴

1 +
sin 𝐴

cos 𝐴
+

cos 𝐴

sin 𝐴

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐 𝑬𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒆 𝜽 𝒇𝒓𝒐𝒎 𝒂 𝒄𝒐𝒔𝜽 = 𝒃 𝒂𝒏𝒅 𝒄 𝒔𝒊𝒏𝜽 = 𝒅 𝒘𝒉𝒆𝒓𝒆 𝒂, 𝒃, 𝒄, 𝒅
𝒂𝒓𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝒔.

𝑎 𝑐𝑜𝑠𝜃 = 𝑏

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑎2𝑐2𝑐𝑜𝑠2𝜃 = 𝑏2𝑐2… 1

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑏𝑦 𝑐
𝑎𝑐 𝑐𝑜𝑠𝜃 = 𝑏𝑐⟹

𝑐 𝑠𝑖𝑛𝜃 = 𝑑
𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑎2𝑐2𝑠𝑖𝑛2𝜃 = 𝑎2𝑑2 … 2

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑏𝑦 𝑎
𝑎𝑐 𝑠𝑖𝑛𝜃 = 𝑎𝑑⟹

TRIGONOMETRY

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬: 𝟑. 𝟏
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BLUE STARS HR.SEC SCHOOL

𝑨𝒅𝒅𝒊𝒏𝒈 𝟏 𝒂𝒏𝒅 𝟐

𝑎2𝑐2𝑐𝑜𝑠2𝜃 + 𝑎2𝑐2𝑠𝑖𝑛2𝜃 = 𝑏2𝑐2 + 𝑎2𝑑2

𝑎2𝑐2 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 𝑏2𝑐2 + 𝑎2𝑑2 𝑎2𝑐2 = 𝑏2𝑐2 + 𝑎2𝑑2⟹

𝟏. 𝑰𝒅𝒆𝒏𝒕𝒊𝒇𝒚 𝒕𝒉𝒆 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕 𝒊𝒏 𝒘𝒉𝒊𝒄𝒉 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒈𝒊𝒗𝒆𝒏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆
𝒍𝒊𝒆𝒔 𝒊 𝟐𝟓° 𝒊𝒊 𝟖𝟐𝟓° 𝒊𝒊𝒊 − 𝟓𝟓° 𝒊𝒗 𝟑𝟐𝟖° 𝒗 − 𝟐𝟑𝟎°

𝒊𝒊 𝟐𝟓°

25° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒1𝑠𝑡 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

825360 2
720

105

825 = 2 × 360+ 105

360° + 360° 105°+ = 825°

825° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 2𝑛𝑑 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

𝒊𝒊 𝟖𝟐𝟓°

𝒊𝒊𝒊 − 𝟓𝟓°

−55° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 4𝑡ℎ 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

𝒊𝒗 𝟑𝟐𝟖°

328° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 4𝑡ℎ 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡 132
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𝒗 − 𝟐𝟑𝟎°

−180°− 50° = −230°

−230° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 2𝑛𝑑 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

(3) Determine the quadrants in which the following degrees lie.
(i) 380° (ii) − 140° (iii) 1100°

(𝒊) 𝟑𝟖𝟎°

360° + 20°

380° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒1𝑠𝑡 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

(𝒊𝒊) − 𝟏𝟒𝟎°

−90°− 50°= −140°

−140° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 3𝑟𝑑 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡

(𝒊𝒊𝒊) 𝟏𝟏𝟎𝟎°

1100360 3
1080

20

1100= 3 × 360+ 20

360 + 360° 360°+ +20°
= 1100

1100° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒1𝑠𝑡 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡
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𝟐. 𝑭𝒐𝒓 𝒆𝒂𝒄𝒉 𝒈𝒊𝒗𝒆𝒏 𝒂𝒏𝒈𝒍𝒆, 𝒇𝒊𝒏𝒅 𝒂 𝒄𝒐𝒕𝒆𝒓𝒎𝒊𝒏𝒂𝒍 𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒎𝒆𝒂𝒔𝒖𝒓𝒆 𝒐𝒇

𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝟎 ≤ 𝜽 < 𝟑𝟔𝟎°

𝒊 𝟑𝟗𝟓° 𝒊𝒊 𝟓𝟐𝟓° 𝒊𝒊𝒊 𝟏𝟏𝟓𝟎° 𝒊𝒗 − 𝟐𝟕𝟎° 𝒗 − 𝟒𝟓𝟎°

395° = 360° + 35°
𝒊 𝟑𝟗𝟓°

𝜃 = 35°

𝒊𝒊 𝟓𝟐𝟓°

525360 1
360

165

525° = 1 × 360° + 165°525° = 360° + 165°

𝜃 = 165°

𝒊𝒊𝒊 𝟏𝟏𝟓𝟎°

1150360 3
1080

70

1150° = 3 × 360° + 70°

1150°= 3 × 360°+ 70°

𝜃 = 70°

𝒊𝒗 − 𝟐𝟕𝟎°
−270° = −(360°

𝜃 = 90°

− 90°)

𝒗 − 𝟒𝟓𝟎°

− 450° = −(720° − 270°)

= −360°+ 90°

= −720°+ 270°

𝜃 = 270°

𝟑) 𝑰𝒇 𝐚 𝒄𝒐𝒔 𝜽 − 𝒃 𝒔𝒊𝒏 𝜽 = 𝒄, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝐚 𝐬𝒊𝒏 𝜽 + 𝒃 𝒄𝒐𝒔𝜽 = ± 𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

a cos 𝜃 − 𝑏 sin 𝜃 = 𝑐

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

a cos 𝜃 − 𝑏 sin 𝜃 2 = 𝑐2

a cos 𝜃 2 + b 𝑠𝑖𝑛𝜃 2 − 2 a cos 𝜃 𝑏 sin 𝜃 = 𝑐2

𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 −2𝑎𝑏 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 = 𝑐2

𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 − 𝑐2 = 2𝑎𝑏 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

a s𝑖𝑛 𝜃 + 𝑏 𝑐𝑜𝑠𝜃( )2

= 𝑎2𝑠𝑖𝑛2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃+ 2𝑎𝑏 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

= 𝑎2𝑠𝑖𝑛2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃+ 𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 − 𝑐2

= 𝑎2𝑠𝑖𝑛2𝜃 + 𝑎2𝑐𝑜𝑠2𝜃 + 𝑏2𝑐𝑜𝑠2𝜃 + 𝑏2𝑠𝑖𝑛2𝜃 − 𝑐2

= 𝑎2 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃

a sin 𝜃 2 + b 𝑐𝑜𝑠𝜃 2 + 2 a sin 𝜃 𝑏 cos 𝜃=

+ 𝑏2 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 − 𝑐2

a s𝑖𝑛 𝜃 + 𝑏 𝑐𝑜𝑠𝜃 2 = 𝑎2 1 + 𝑏2 1 − 𝑐2

a s𝑖𝑛 𝜃 + 𝑏 𝑐𝑜𝑠𝜃 2 = 𝑎2 + 𝑏2 − 𝑐2 ⟹ a s𝑖𝑛 𝜃 + 𝑏 𝑐𝑜𝑠𝜃 = 𝑎2 + 𝑏2 − 𝑐2±
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s𝑖𝑛 𝜃 + 𝑐𝑜𝑠𝜃 = 𝑚

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠
s𝑖𝑛 𝜃 + 𝑐𝑜𝑠𝜃 2 = 𝑚2

𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃+ 2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 = 𝑚2

1 + 2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 = 𝑚2 2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 = 𝑚2 − 1

𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 =
𝑚2 − 1

2

𝐿. 𝐻. 𝑆 = cos2𝜃 3 + sin2θ 3= cos6𝜃 + sin6𝜃

𝑎3 + 𝑏3 = 𝑎 + 𝑏 3 − 3𝑎𝑏 𝑎 + 𝑏

𝟒. 𝑰𝒇 𝒔𝒊𝒏 𝜽 + 𝒄𝒐𝒔𝜽 = 𝒎 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔𝟔𝜽 + 𝒔𝒊𝒏𝟔𝜽 =
𝟒 − 𝟑 𝒎𝟐 − 𝟏

𝟐

𝟒
𝒘𝒉𝒆𝒓𝒆 𝒎𝟐 ≤ 𝟐

= cos2𝜃 + sin2θ 3− 3cos2𝜃sin2θ cos2𝜃 + sin2θ

= 13 − 3cos2𝜃sin2θ 1

⟹

⟹

= 13 − 3 𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃

= 1 − 3 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 2 = 1 − 3
𝑚2 − 1

2

2

= 1 −
3 𝑚2 − 1 2

4
=

4 − 3 𝑚2 − 1 2

4

𝟓. 𝑰𝒇
𝒄𝒐𝒔𝟒𝜶

𝒄𝒐𝒔𝟐𝜷
+

𝒔𝒊𝒏𝟒𝜶

𝒔𝒊𝒏𝟐𝜷
= 𝟏,𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊 𝒔𝒊𝒏𝟒𝜶 + 𝒔𝒊𝒏𝟒𝜷 = 𝟐 𝒔𝒊𝒏𝟐𝜶 𝒔𝒊𝒏𝟐𝜷

𝒊𝒊
𝒄𝒐𝒔𝟒𝜷

𝒄𝒐𝒔𝟐𝜶
+

𝒔𝒊𝒏𝟒𝜷

𝒔𝒊𝒏𝟐𝜶
= 𝟏

𝑐𝑜𝑠4𝛼

𝑐𝑜𝑠2𝛽
+

𝑠𝑖𝑛4𝛼

𝑠𝑖𝑛2𝛽
= 1 = 1⟹

𝑐𝑜𝑠2𝛽 𝑠𝑖𝑛2𝛽

𝑐𝑜𝑠4𝛼 𝑠𝑖𝑛2𝛽+ 𝑠𝑖𝑛4𝛼 𝑐𝑜𝑠2𝛽

𝑐𝑜𝑠4𝛼 𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛4𝛼 𝑐𝑜𝑠2𝛽 = 𝑐𝑜𝑠2𝛽 𝑠𝑖𝑛2𝛽

(1 − 𝑠𝑖𝑛2𝛼)2

[12
+ 𝑠𝑖𝑛4𝛼 − 𝑠𝑖𝑛4𝛼 𝑠𝑖𝑛2𝛽 = 𝑠𝑖𝑛2𝛽 − 𝑠𝑖𝑛4𝛽

1 + 𝑠𝑖𝑛4𝛼 − 2𝑠𝑖𝑛2𝛼 𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛4𝛼 − 𝑠𝑖𝑛4𝛼 𝑠𝑖𝑛2𝛽 = 𝑠𝑖𝑛2𝛽 − 𝑠𝑖𝑛4𝛽

−2 1 𝑠𝑖𝑛2𝛼)+ ( 𝑠𝑖𝑛2𝛼)2 𝑠𝑖𝑛2𝛽

+ 𝑠𝑖𝑛4𝛼 = (1 − 𝑠𝑖𝑛2𝛽)

𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛4𝛼 𝑠𝑖𝑛2𝛽 − 2𝑠𝑖𝑛2𝛼 𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛4𝛼 − 𝑠𝑖𝑛4α 𝑠𝑖𝑛2𝛽 = 𝑠𝑖𝑛2𝛽 − 𝑠𝑖𝑛4𝛽

𝑐𝑜𝑠2𝛼 2 𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛4𝛼 𝑐𝑜𝑠2𝛽 = 𝑐𝑜𝑠2𝛽 𝑠𝑖𝑛2𝛽

𝑠𝑖𝑛2𝛽 1 − 𝑠𝑖𝑛2𝛽 𝑠𝑖𝑛2𝛽

𝑠𝑖𝑛4α − 2 𝑠𝑖𝑛2𝛼 𝑠𝑖𝑛2𝛽 = − 𝑠𝑖𝑛4𝛽 𝑠𝑖𝑛4α + 𝑠𝑖𝑛4𝛽

𝑐𝑜𝑠4𝛼

𝑐𝑜𝑠2𝛽
+

𝑠𝑖𝑛4𝛼

𝑠𝑖𝑛2𝛽
= 1

𝐼𝑛𝑡𝑒𝑟𝑐ℎ𝑎𝑟𝑔𝑒 𝛼 𝑎𝑛𝑑 𝛽

𝑐𝑜𝑠4𝛽

𝑐𝑜𝑠2𝛼
+

𝑠𝑖𝑛4𝛽

𝑠𝑖𝑛2𝛼
= 1

= 2 𝑠𝑖𝑛2𝛼 𝑠𝑖𝑛2𝛽⟹

⟹

𝟔. 𝑰𝒇 𝒚 =
𝟐𝒔𝒊𝒏𝜶

𝟏 + 𝒄𝒐𝒔𝜶 + 𝒔𝒊𝒏𝜶
𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝟏 − 𝒄𝒐𝒔𝜶 + 𝒔𝒊𝒏𝜶

𝟏 + 𝒔𝒊𝒏𝜶
= 𝒚
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𝑦 =
2𝑠𝑖𝑛𝛼

1 + 𝑐𝑜𝑠𝛼 + 𝑠𝑖𝑛𝛼

𝑦 =
2𝑠𝑖𝑛𝛼

1 + 𝑠𝑖𝑛𝛼 + 𝑐𝑜𝑠𝛼

𝑦 =

𝑦 =
2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

(1 + 𝑠𝑖𝑛𝛼)2 − 𝑐𝑜𝑠2𝛼

𝑦 =

2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

1 + 𝑠𝑖𝑛𝛼 + 𝑐𝑜𝑠𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

𝑎 𝑏 𝑎 𝑏

2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

12 + 2 1 𝑠𝑖𝑛𝛼+ 𝑠𝑖𝑛2𝛼 − 𝑐𝑜𝑠2𝛼
⟹ 𝑦 =

2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

1 + 2𝑠𝑖𝑛𝛼 + 𝑠𝑖𝑛2𝛼 − 𝑐𝑜𝑠2𝛼

𝑦 =
2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

1 − 𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼 + 2𝑠𝑖𝑛𝛼

𝑦 =
2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

𝑠𝑖𝑛2𝛼 + 𝑠𝑖𝑛2𝛼 + 2𝑠𝑖𝑛𝛼
𝑦 =

2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

2𝑠𝑖𝑛2𝛼 + 2𝑠𝑖𝑛𝛼

𝑦 =
2𝑠𝑖𝑛𝛼 (1 + 𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼)

2𝑠𝑖𝑛𝛼 (𝑠𝑖𝑛𝛼 + 1)
𝑦 =

1 − 𝑐𝑜𝑠𝛼 + 𝑠𝑖𝑛𝛼

1 + 𝑠𝑖𝑛𝛼

⟹

⟹

𝟕. 𝑰𝒇 𝒙 = ෍

𝒏 = 𝟎

∞

𝒄𝒐𝒔𝟐𝒏𝜽 ; 𝒚 = ෍

𝒏=𝟎

∞

𝒔𝒊𝒏𝟐𝒏𝜽 𝒂𝒏𝒅 𝒛 = ෍

𝒏=𝟎

∞

𝒄𝒐𝒔𝟐𝒏 𝜽𝒔𝒊𝒏𝟐𝒏𝜽, 𝟎 < 𝜽 <
𝝅

𝟐

𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛

𝑥 = ෍

𝑛 = 0

∞

𝑐𝑜𝑠2𝑛𝜃 = 𝑐𝑜𝑠0𝜃 + 𝑐𝑜𝑠2𝜃 + 𝑐𝑜𝑠4𝜃 + ⋯

1 + 𝑥 + 𝑥2 + ⋯ =
1

1 − 𝑥

= 1 + + + ⋯𝑐𝑜𝑠2𝜃 𝑐𝑜𝑠2𝜃 2 =
1

1 − 𝑐𝑜𝑠2𝜃

𝑥 = ෍

𝑛 = 0

∞

𝑐𝑜𝑠2𝑛𝜃 =
1

𝑠𝑖𝑛2𝜃

𝑦 = ෍

𝑛=0

∞

𝑠𝑖𝑛2𝑛𝜃 = 𝑠𝑖𝑛0𝜃 + 𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛4𝜃 + ⋯

= 1 + + + ⋯𝑠𝑖𝑛2𝜃 𝑠𝑖𝑛2𝜃 2 =
1

1 − 𝑠𝑖𝑛2𝜃

𝑦 =
1

𝑐𝑜𝑠2𝜃

⟹ 𝑥 =
1

𝑠𝑖𝑛2𝜃

𝑧 = ෍

𝑛=0

∞

𝑐𝑜𝑠2𝑛 𝜃𝑠𝑖𝑛2𝑛𝜃 𝑐𝑜𝑠0𝑠𝑖𝑛0𝜃= + 𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠4𝜃𝑠𝑖𝑛4𝜃 + ⋯

1= + 𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠4𝜃𝑠𝑖𝑛4𝜃+ ⋯

= 1 + + + ⋯𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜃 2

𝑧 =
1

1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 136
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𝑥 + 𝑦 + 𝑧 =
1

𝑠𝑖𝑛2𝜃
+

1

𝑐𝑜𝑠2𝜃
+

1

1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

=
𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

=
𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠4𝜃 +

𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

+ 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜃 − 𝑠𝑖𝑛4𝜃𝑐𝑜𝑠2𝜃

=
𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃− 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠4𝜃 − 𝑠𝑖𝑛4𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
=

1− 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃

𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
=

1− 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃1

𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
=

1− 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

=
1

𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃 1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
=

1

𝑠𝑖𝑛2𝜃
×

1

𝑐𝑜𝑠2𝜃
×

1

1 − 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

= 𝑥 × 𝑦 × 𝑧 = 𝑥𝑦𝑧

𝟖. 𝑰𝒇 𝒕𝒂𝒏𝟐𝜽 = 𝟏 − 𝒌𝟐 . 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒔𝒆𝒄𝜽 + 𝒕𝒂𝒏𝟑𝜽𝒄𝒐𝒔𝒆𝒄𝜽 = 𝟐 − 𝒌𝟐
𝟑
𝟐. 𝑨𝒍𝒔𝒐 ,

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒌 𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒊𝒔 𝒓𝒆𝒔𝒖𝒍𝒕 𝒉𝒐𝒍𝒅𝒔

𝑡𝑎𝑛2𝜃 = 1 − 𝑘2
1 + 𝑡𝑎𝑛2𝜃 = 1 − 𝑘2 + 1

𝑆𝑒𝑐2𝜃 = 2 − 𝑘2 sec 𝜃 = (2 − 𝑘2)
1
2

𝐿. 𝐻. 𝑆 = sec 𝜃 + 𝑡𝑎𝑛3𝜃 𝑐𝑜𝑠𝑒𝑐𝜃

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 ∵ 1 + tan2 𝜃 = sec2 𝜃

=
1

𝑐𝑜𝑠𝜃

tan 𝜃 =
sin 𝜃

cos 𝜃

𝑠𝑒𝑐 𝜃 =
1

cos 𝜃

+
𝑠𝑖𝑛3𝜃

𝑐𝑜𝑠3𝜃
×

1

𝑠𝑖𝑛𝜃

=
1

𝑐𝑜𝑠𝜃
+

𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠3𝜃

𝑠𝑖𝑛2𝜃

=
𝑐𝑜𝑠3𝜃

𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃
=

1

𝑐𝑜𝑠3𝜃

= 𝑠𝑒𝑐3𝜃 = 2 − 𝑘2
1
2

3

= 2 − 𝑘2
3
2

⟹

⟹

𝑡𝑎𝑛2𝜃 = 1 − 𝑘2

𝑊ℎ𝑒𝑛 𝜃 = 0°, 𝑡𝑎𝑛20 = 1 − 𝑘2

0 = 1 − 𝑘2 𝑘2 = 1

𝑘 = 1 𝑘 = ± 1

⟹

⟹

02 = 1 − 𝑘2⟹

𝑤ℎ𝑒𝑛 𝜃 = 45°, 𝑡𝑎𝑛245° = 1 − 𝑘2

(1)2= 1 − 𝑘2 1 = 1 − 𝑘2⟹

𝑤ℎ𝑒𝑛 𝜃 = 60°, 𝑡𝑎𝑛260° = 1 − 𝑘2

3
2

= 1 − 𝑘2

3 = 1 − 𝑘2

𝑘2 = −2

⟹ 𝑘2 = 1 − 3

𝑘 = −2⟹
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𝑘2 = 1 − 1 𝑘2 = 0
𝑘 = 0

⟹

𝑊ℎ𝑒𝑛 𝜃 > 45°, 𝑘2 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑘 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑠𝑖𝑛𝑐𝑒 𝑘 𝑙𝑖𝑒𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 − 1 𝑎𝑛𝑑 1

𝑊ℎ𝑒𝑛 𝜃 = 90°, 𝑡𝑎𝑛𝜃 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑

𝟗 . 𝑰𝒇 𝒔𝒆𝒄𝜽 + 𝒕𝒂𝒏𝜽 = 𝒑, 𝒐𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒔𝒆𝒄𝜽, 𝒕𝒂𝒏𝜽 𝒂𝒏𝒅 𝒔𝒊𝒏𝜽 𝒊𝒏
𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒑

𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃 = 𝑝

1 + 𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃

𝑠𝑒𝑐2𝜃 − 𝑡𝑎𝑛2𝜃 = 1 (𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃)(𝑠𝑒𝑐𝜃 − 𝑡𝑎𝑛𝜃) = 1

𝑝 𝑠𝑒𝑐𝜃 − 𝑡𝑎𝑛𝜃 = 1 𝑠𝑒𝑐𝜃 − 𝑡𝑎𝑛𝜃 =
1

𝑝

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 2

⟹

⟹

… 1

… 2

𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃 = 𝑝

𝑠𝑒𝑐𝜃 − 𝑡𝑎𝑛𝜃 =
1

𝑝

2𝑠𝑒𝑐𝜃 = 𝑝 +
1

𝑝
⟹ 2𝑠𝑒𝑐𝜃 =

𝑝2 + 1

𝑝

𝑠𝑒𝑐𝜃 =
𝑝2 + 1

2𝑝

tan 𝜃 =
sin 𝜃

cos 𝜃

𝑠𝑒𝑐 𝜃 =
1

cos 𝜃

𝑺𝒖𝒃𝒓𝒂𝒄𝒕𝒊𝒏𝒈 𝟏 𝒂𝒏𝒅 𝟐

𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃 = 𝑝

𝑠𝑒𝑐𝜃 − 𝑡𝑎𝑛𝜃 =
1

𝑝

− + −

2 𝑡𝑎𝑛𝜃 = 𝑝 −
1

𝑝

𝑡𝑎𝑛𝜃 =
𝑝2 − 1

2𝑝

⟹

𝑡𝑎𝑛𝜃

𝑠𝑒𝑐𝜃

𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃

1
𝑐𝑜𝑠𝜃

=

𝑝2 − 1
2𝑝

𝑝2 + 1
2𝑝

=
𝑝2 − 1

𝑝2 + 1
𝑠𝑖𝑛𝜃 =

𝑝2 − 1

𝑝2 + 1
⟹

2𝑡𝑎𝑛𝜃 =
𝑝2 − 1

𝑝

138



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝟏𝟎. 𝑰𝒇 𝒄𝒐𝒕𝜽 𝟏 + 𝒔𝒊𝒏𝜽 = 𝟒𝒎 𝒂𝒏𝒅 𝒄𝒐𝒕𝜽 𝟏 − 𝒔𝒊𝒏𝜽 = 𝟒𝒏, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
(𝒎𝟐 − 𝒏𝟐)𝟐 = 𝒎𝒏.

4𝑚 = 𝑐𝑜𝑡𝜃 1 + 𝑠𝑖𝑛𝜃

𝑠𝑞𝑢𝑎𝑟𝑒 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑚2 =
𝑐𝑜𝑡2𝜃 (1 + 𝑠𝑖𝑛𝜃)2

16

4𝑛 = 𝑐𝑜𝑡𝜃 1 − 𝑠𝑖𝑛𝜃

𝑠𝑞𝑢𝑎𝑟𝑒 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑛2 =
𝑐𝑜𝑡2𝜃 (1 − 𝑠𝑖𝑛𝜃)2

16

𝑚2 − 𝑛2 =
𝑐𝑜𝑡2𝜃 (1 + 𝑠𝑖𝑛𝜃)2

16
−

𝑐𝑜𝑡2𝜃 (1 − 𝑠𝑖𝑛𝜃)2

16

=
𝑐𝑜𝑡2𝜃

16
(1 + 𝑠𝑖𝑛𝜃)2 − (1 − 𝑠𝑖𝑛𝜃)2𝑚2 − 𝑛2

⟹ 𝑚 =
𝑐𝑜𝑡𝜃 1 + 𝑠𝑖𝑛𝜃

4

⟹ 𝑛 =
𝑐𝑜𝑡𝜃 1 − 𝑠𝑖𝑛𝜃

4

𝑚2 − 𝑛2 =
𝑠𝑖𝑛𝜃 𝑐𝑜𝑡2𝜃

4

𝑚2 − 𝑛2 =
𝑐𝑜𝑡2𝜃

16
× 4𝑠𝑖𝑛𝜃

4

𝑚2 − 𝑛2 2
=

𝑠𝑖𝑛2𝜃𝑐𝑜𝑡4𝜃

16

𝐿. 𝐻. 𝑆 = 𝑚2 − 𝑛2 2

=
𝑐𝑜𝑡2𝜃

16
1 + 𝑠𝑖𝑛2 𝜃 + 2𝑠𝑖𝑛𝜃 − 1 + 𝑠𝑖𝑛2 𝜃 − 2𝑠𝑖𝑛𝜃

𝑚2 − 𝑛2 =
𝑐𝑜𝑡2𝜃

16
1 + 𝑠𝑖𝑛2 𝜃 + 2𝑠𝑖𝑛𝜃 − 1 − 𝑠𝑖𝑛2 𝜃 + 2𝑠𝑖𝑛𝜃

𝑅. 𝐻. 𝑆 = 𝑚𝑛

=
𝑐𝑜𝑡𝜃 1 + 𝑠𝑖𝑛𝜃

4
×

𝑐𝑜𝑡𝜃 1 − 𝑠𝑖𝑛𝜃

4
=

𝑐𝑜𝑡2𝜃 12 − 𝑠𝑖𝑛2𝜃

16

… 1

𝑚𝑛 =
𝑐𝑜𝑡2𝜃 12 − 𝑠𝑖𝑛2𝜃

16
=

𝑐𝑜𝑡2𝜃 1 − 𝑠𝑖𝑛2𝜃

16

=
𝑐𝑜𝑡2𝜃𝑐𝑜𝑠2𝜃

16
=

𝑐𝑜𝑡2𝜃 × 𝑐𝑜𝑡2𝜃 × 𝑠𝑖𝑛2𝜃

16

𝑚𝑛 =
𝑐𝑜𝑡4𝜃 𝑠𝑖𝑛2𝜃

16
… 2 𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆
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𝟏𝟏. 𝑰𝒇 𝒄𝒐𝒔𝒆𝒄𝜽 − 𝒔𝒊𝒏𝜽 = 𝒂𝟑 𝒂𝒏𝒅 𝒔𝒆𝒄𝜽 − 𝒄𝒐𝒔𝜽 = 𝒃𝟑, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝒂𝟐𝒃𝟐 𝒂𝟐 + 𝒃𝟐 = 𝟏.

𝐺𝑖𝑣𝑒𝑛 ∶

=
1

𝑠𝑖𝑛𝜃
− 𝑠𝑖𝑛𝜃

𝑎 =
𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛𝜃

1
3

𝑏3 = 𝑠𝑒𝑐𝜃 − 𝑐𝑜𝑠𝜃

=
1

𝑐𝑜𝑠𝜃
− 𝑐𝑜𝑠𝜃

𝑏 =
𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝜃

1
3

𝐿. 𝐻. 𝑆 = 𝑎2𝑏2 𝑎2 + 𝑏2

𝑎3= 𝑐𝑜𝑠𝑒𝑐𝜃 − 𝑠𝑖𝑛𝜃

=
1 − 𝑠𝑖𝑛2𝜃

𝑠𝑖𝑛𝜃

𝑎3 =
𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛𝜃

=
1 − 𝑐𝑜𝑠2𝜃

𝑐𝑜𝑠𝜃

𝑏3 =
𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝜃

⟹

⟹

𝑎2 =
𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛𝜃

1
3

2

⟹ 𝑎2 =
𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛𝜃

2
3

𝑏2 =
𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝜃

1
3

2

⟹ 𝑏2 =
𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝜃

2
3

⟹ 𝑎2 =
𝑐𝑜𝑠

4
3𝜃

𝑠𝑖𝑛
2
3𝜃

⟹ 𝑏2 =
𝑠𝑖𝑛

4
3𝜃

𝑐𝑜𝑠
2
3𝜃

=
𝑐𝑜𝑠

4
3𝜃

𝑠𝑖𝑛
2
3𝜃

𝑠𝑖𝑛
4
3𝜃

𝑐𝑜𝑠
2
3𝜃

𝑐𝑜𝑠
4
3𝜃

𝑠𝑖𝑛
2
3𝜃

+
𝑠𝑖𝑛

4
3𝜃

𝑐𝑜𝑠
2
3𝜃

𝑐𝑜𝑠
4
3𝜃

=
𝑠𝑖𝑛

2
3𝜃

𝑠𝑖𝑛
4
3𝜃

𝑐𝑜𝑠
2
3𝜃 𝑠𝑖𝑛

2
3𝜃 𝑐𝑜𝑠

2
3𝜃

𝑐𝑜𝑠
6
3 𝜃 + 𝑠𝑖𝑛

6
3 𝜃

𝑐𝑜𝑠
2
3𝜃 𝑠𝑖𝑛

2
3𝜃

= 𝑐𝑜𝑠
2
3𝜃 × 𝑠𝑖𝑛

2
3𝜃

𝑐𝑜𝑠2𝜃+ 𝑠𝑖𝑛2𝜃

𝑠𝑖𝑛
2
3𝜃 𝑐𝑜𝑠

2
3𝜃

= 1

𝟏𝟐. 𝑬𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒆 𝜽 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒂 𝒔𝒆𝒄𝜽 − 𝒄 𝒕𝒂𝒏𝜽 = 𝒃,
𝒃 𝒔𝒆𝒄𝜽 + 𝒅 𝒕𝒂𝒏𝜽 = 𝒄.

𝑎 sec 𝜃 − 𝑐 𝑡𝑎𝑛𝜃 − 𝑏 = 0

𝑏 sec 𝜃 + 𝑑 𝑡𝑎𝑛𝜃 − 𝑐 = 0
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Using cross multiplication method

𝑠𝑒𝑐𝜃 𝑡𝑎𝑛𝜃 1

− 𝑏 𝑎 −𝑐− 𝑐

− 𝑐 𝑏 𝑑𝑑

𝑠𝑒𝑐𝜃

−bd
=

𝑡𝑎𝑛𝜃

−𝑎𝑐

1

(−𝑏𝑐)
=

𝑐2 − − 𝑏2 − ad −

𝑠𝑒𝑐𝜃

𝑐2 + 𝑏𝑑
=

𝑡𝑎𝑛𝜃

−𝑏2 + 𝑎𝑐
=

1

𝑎𝑑 + 𝑏𝑐

𝑠𝑒𝑐𝜃

𝑐2 + 𝑏𝑑
=

1

𝑎𝑑 + 𝑏𝑐
𝑎𝑛𝑑

𝑡𝑎𝑛𝜃

𝑎𝑐 −𝑏2
=

1

𝑎𝑑 + 𝑏𝑐

𝑠𝑒𝑐𝜃 =
𝑏𝑑 + 𝑐2

𝑎𝑑 + 𝑏𝑐

𝑠𝑒𝑐2𝜃 − 𝑡𝑎𝑛2𝜃 = 1

𝑏𝑑 + 𝑐2

𝑎𝑑 + 𝑏𝑐

2

−
𝑎𝑐 − 𝑏2

𝑎𝑑 + 𝑏𝑐

2

= 1

𝑎𝑛𝑑 𝑡𝑎𝑛𝜃 =
𝑎𝑐 − 𝑏2

𝑎𝑑 + 𝑏𝑐

𝑏𝑑 + 𝑐2 2

𝑎𝑑 + 𝑏𝑐 2 −
𝑎𝑐 − 𝑏2 2

𝑎𝑑 + 𝑏𝑐 2 = 1 ⟹
𝑏𝑑 + 𝑐2 2 − 𝑎𝑐 − 𝑏2 2

𝑎𝑑 + 𝑏𝑐 2
= 1

(𝑏𝑑 + 𝑐2)2 − (𝑎𝑐 − 𝑏2)2 = (𝑎𝑑 + 𝑏𝑐)2
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𝟏. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒂𝒏𝒈𝒍𝒆𝒔 𝒊𝒏 𝒓𝒂𝒅𝒊𝒂𝒏 𝒎𝒆𝒂𝒔𝒖𝒓𝒆:
𝒊 𝟑𝟎° 𝒊𝒊 𝟏𝟑𝟓° 𝒊𝒊𝒊 − 𝟐𝟎𝟓° (𝒊𝒗) 𝟏𝟓𝟎° (𝒗) 𝟑𝟑𝟎°.

𝒊 𝟑𝟎° 𝒊𝒏𝒕𝒐 𝒓𝒂𝒅𝒊𝒂𝒏𝒔

30°

= 30

𝑑𝑒𝑔𝑟𝑒𝑒 =
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

= 30 𝑑𝑒𝑔𝑟𝑒𝑒

×
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

6

=
𝜋

6

𝒊𝒊 𝟏𝟑𝟓° 𝒊𝒏𝒕𝒐 𝒓𝒂𝒅𝒊𝒂𝒏𝒔

135°

= 135

𝑑𝑒𝑔𝑟𝑒𝑒 =
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

4

= 135 𝑑𝑒𝑔𝑟𝑒𝑒

×
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

27

36

3
=

3𝜋

4

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒂𝒏 𝒂𝒓𝒄 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟓𝒄𝒎
𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒊𝒏𝒈 𝒂 𝒄𝒆𝒏𝒕𝒓𝒂𝒍 𝒂𝒏𝒈𝒍𝒆 𝒎𝒆𝒂𝒔𝒖𝒓𝒊𝒏𝒈 𝟏𝟓°.

𝜃 = 15°, 𝑟 = 5𝑐𝑚

𝜃 = 15 ×
𝜋

180
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑠 = 5

𝑠 =?

𝑠 = 𝑟𝜃

𝜃 = 15 𝑑𝑒𝑔𝑟𝑒𝑒 𝑑𝑒𝑔𝑟𝑒𝑒 =
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

×
15𝜋

180

3

36 12

𝑆 =
5𝜋

12
𝑐𝑚⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟕 𝑰𝒇 𝒕𝒉𝒆 𝒂𝒓𝒄𝒔 𝒐𝒇 𝒔𝒂𝒎𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒊𝒏 𝒕𝒘𝒐 𝒄𝒊𝒓𝒄𝒍𝒆𝒔 𝒔𝒖𝒃𝒕𝒆𝒏𝒅
𝒄𝒆𝒏𝒕𝒓𝒂𝒍 𝒂𝒏𝒈𝒍𝒆𝒔 𝟑𝟎° 𝒂𝒏𝒅 𝟖𝟎°, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒅𝒊𝒐 𝒐𝒇 𝒕𝒉𝒊𝒊𝒓 𝒓𝒂𝒅𝒊 𝑳𝒆𝒕 𝒓𝟏 𝒂𝒏𝒅 𝒓𝟐

𝒃𝒆 𝒕𝒉𝒆 𝒓𝒂𝒅𝒊 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒈𝒊𝒗𝒆𝒏 𝒄𝒊𝒓𝒄𝒍𝒆𝒔

𝜃1 = 30° ⟹ 𝜃1 = 30° ×
𝜋

180°
6𝜃1 =

𝜋

6

𝜃2 = 80° = 𝜃 = 80° ×
𝜋

180°

4

9𝜃2 =
4𝜋

9
𝑆1 = 𝑆2 𝑟1 𝜃1 = 𝑟2 𝜃2

𝜋

6
𝑟1 =

4𝜋

9
𝑟2

2 3

𝑟1

2
=

4

3
𝑟2

𝑟1

𝑟2
=

8

3
𝑟1 ∶ 𝑟2 = 8 ∶ 3⟹ ⟹

⟹ ⟹
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𝒊𝒊 − 𝟐𝟎𝟓° 𝒊𝒏𝒕𝒐 𝒓𝒂𝒅𝒊𝒂𝒏𝒔

−205°

= −205

𝑑𝑒𝑔𝑟𝑒𝑒 =
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛= −205 𝑑𝑒𝑔𝑟𝑒𝑒

×
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

41

36

= −
41𝜋

36
𝒊𝒊𝒊 𝟏𝟓𝟎° 𝒊𝒏𝒕𝒐 𝒓𝒂𝒅𝒊𝒂𝒏𝒔

150°

= 150

𝑑𝑒𝑔𝑟𝑒𝑒 =
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

= 150 ×
𝜋

180

5

6

=
5𝜋

6

= 150𝑑𝑒𝑔𝑟𝑒𝑒

×
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝒊𝒗 𝟑𝟑𝟎° 𝒊𝒏𝒕𝒐 𝒓𝒂𝒅𝒊𝒂𝒏𝒔

330°

= 330
𝑑𝑒𝑔𝑟𝑒𝑒 =

𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

= 330 𝑑𝑒𝑔𝑟𝑒𝑒

×
𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

11

6

=
11𝜋

6

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒆𝒈𝒓𝒆𝒆 𝒎𝒆𝒂𝒔𝒖𝒓𝒆 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒕𝒐 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒂𝒅𝒊𝒂𝒏
𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒔

𝒊
𝝅

𝟑
𝒊𝒊

𝝅

𝟗
𝒊𝒊𝒊

𝟐𝝅

𝟓
𝒊𝒗

𝟕𝝅

𝟑
𝒗

𝟏𝟎𝝅

𝟗

𝒊𝒊
𝝅

𝟑
𝒊𝒏𝒕𝒐 𝒅𝒆𝒈𝒓𝒆𝒆𝒔

𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =
180°

𝜋𝜋

3

=
𝜋

3

=
𝜋

3
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

×
180°

𝜋

60°

= 60°

𝒊𝒊
𝝅

𝟗
𝒓𝒂𝒅𝒊𝒂𝒏𝒔 =

𝟏𝟖𝟎°

𝝅𝜋

9

=
𝜋

9

=
𝜋

9
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

×
180°

𝜋

20°
= 20°
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𝒊𝒊𝒊
𝟐𝝅

𝟓 𝒓𝒂𝒅𝒊𝒂𝒏𝒔 =
𝟏𝟖𝟎°

𝝅
2𝜋

5

=
2𝜋

5

36°
= 2 × 36° = 72°

=
2𝜋

5
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

×
180°

𝜋

𝒊𝒊𝒊
𝟕𝝅

𝟑 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =
180°

𝜋7𝜋

3

=
7𝜋

3

60°
= 7 × 60° = 420°

=
7𝜋

3
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

×
180°

𝜋

𝒊𝒗
𝟏𝟎𝝅

𝟗
𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =

180°

𝜋
7𝜋

3

=
7𝜋

3

60°
= 7 × 60° = 420°

=
7𝜋

3
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

×
180°

𝜋

𝟑. 𝑾𝒉𝒂𝒕 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓 𝒓𝒖𝒏𝒏𝒊𝒏𝒈 𝒑𝒂𝒕𝒉, 𝒂𝒓𝒐𝒖𝒏𝒅
𝒘𝒉𝒊𝒄𝒉 𝒂𝒏 𝒂𝒕𝒉𝒍𝒆𝒕𝒆 𝒎𝒖𝒔𝒕 𝒓𝒖𝒏 𝟓 𝒕𝒊𝒎𝒆𝒔 𝒊𝒏 𝒐𝒓𝒅𝒆𝒓 𝒕𝒐 𝒅𝒆𝒔𝒄𝒓𝒊𝒃𝒆 1 km?
𝐿𝑒𝑡 𝑟 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑎𝑑𝑖𝑖 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

𝐶𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 2𝜋𝑟

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡:

10𝜋𝑟 = 1000𝑚

𝑟 =
1000

10𝜋
=

100

𝜋
𝑚 =

100

22
7

𝑚 = 100 ×
7

22
𝑚 =

700

22
𝑚

5 2𝜋𝑟 = 1𝑘𝑚

= 31.82𝑚=
350

11
𝑚

𝟒. 𝑰𝒏 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 𝟒𝟎𝒄𝒎, 𝒂 𝒄𝒉𝒐𝒓𝒅 𝒊𝒔 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟐𝟎 𝒄𝒎.
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒊𝒏𝒐𝒓 𝒂𝒓𝒄 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒉𝒐𝒓𝒅.

D𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 40𝑐𝑚

𝑟𝑎𝑑𝑖𝑢𝑠 = 20𝑐𝑚

𝐴𝐵 𝑖𝑠 𝑡ℎ𝑒 𝑐ℎ𝑜𝑟𝑑 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 20 𝑐𝑚. 𝐿𝑒𝑡 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐵

𝑂 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑐𝑟𝑖𝑐𝑙𝑒 𝐴𝐶 = 𝐶𝐵 = 10𝑐𝑚

𝐼𝑛 ∆ 𝑂𝐶𝐴 , ∠𝐴𝑂𝐶 = 𝜃
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𝑠𝑖𝑛𝜃 =
𝐴𝐶

𝑂𝐴
⟹ 𝑠𝑖𝑛𝜃 =

10

20

𝑠𝑖𝑛𝜃 =
1

2
⟹ 𝜃 = 30°

𝐻𝑒𝑟𝑒 𝐴𝑂𝐵 = 2 × 30° = 60° =
𝜋

3
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑠𝑖𝑛𝜃 =
𝑜𝑝𝑝

ℎ𝑦𝑝

𝐴𝑟𝑐 𝑙𝑒𝑛𝑔𝑡ℎ ∶ 𝑠 = 𝑟𝜃

= 20 ×
𝜋

3

(𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑎𝑛𝑔𝑙𝑒)

=
20𝜋

3
𝑐𝑚

=
20

3
×

22

7
=

440

21
= 20.95𝑐𝑚

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒆𝒈𝒓𝒆𝒆 𝒎𝒆𝒂𝒔𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒆𝒅 𝒂𝒕 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆
𝒐𝒇 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟏𝟎𝟎 𝒄𝒎 𝒃𝒚 𝒂𝒏 𝒂𝒓𝒄 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟐𝟐𝒄𝒎.

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑟 = 100𝑐𝑚; 𝑠 = 22𝑐𝑚

𝐴𝑟𝑐 𝑙𝑒𝑛𝑔𝑡ℎ ∶ 𝑠 = 𝑟𝜃

22 = 100 𝜃

𝜃 =
22

100
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =
180°

𝜋

𝜃 =
22

100
×

180°

𝜋
=

22

100
× 180° ×

7

22

(𝜃 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑎𝑡 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒)

𝜃 =
22

100
×

180°

22
7

⟹

=
126

10
= 12.6°

0.6 × 60𝑚𝑖𝑛 = 36′

= 12°36′

𝟔. 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒓𝒄 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒆𝒅 𝒃𝒚 𝒂 𝒄𝒆𝒏𝒕𝒓𝒂𝒍 𝒂𝒏𝒈𝒍𝒆
𝒐𝒇𝒎𝒆𝒂𝒔𝒖𝒓𝒆 𝟒𝟏° 𝒊𝒏 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟏𝟎𝒇𝒕?

𝜃 = 41° , 𝑟 = 10𝑓𝑡

𝜃 = 41 ×
𝜋

180
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑆 = 10

, 𝑠 =?

=
41𝜋

18
𝑓𝑡

𝑆 = 𝑟𝜃

𝜃 = 41 𝑑𝑒𝑔𝑟𝑒𝑒
𝑑𝑒𝑔𝑟𝑒𝑒 =

𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

× 41 × 𝜋

180
=

41

18
×

22

7
9

11

=
451

63
= 7.16𝑓𝑡
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𝟕. 𝑰𝒇 𝒊𝒏 𝒕𝒘𝒐 𝒄𝒊𝒓𝒄𝒍𝒆𝒔, 𝒂𝒓𝒄𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒔𝒖𝒃𝒕𝒆𝒏𝒅 𝒂𝒏𝒈𝒍𝒆𝒔 𝟔𝟎°
𝒂𝒏𝒅 𝟕𝟓° 𝒂𝒕 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝒐𝒇 𝒕𝒉𝒆𝒊𝒓 𝒓𝒂𝒅𝒊𝒊.

𝐿𝑒𝑡 𝑟1 𝑎𝑛𝑑 𝑟2 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑎𝑑𝑖𝑖 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑐𝑖𝑟𝑐𝑙𝑒𝑠

𝜃1 = 60°
𝑑𝑒𝑔𝑟𝑒𝑒 =

𝜋

180
× 𝑟𝑎𝑑𝑖𝑎𝑛

𝜃1 = 60 ×
𝜋

1803

𝜃1 =
𝜋

3
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝜃2 = 75°

𝜃2 =
5𝜋

12
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝜃2 = 75 ×
𝜋

180
⟹

15

36

5

12

𝑟1𝜃1 𝑟1 ×
𝜋

3
= 𝑟2𝜃2 = 𝑟2 ×

5𝜋

12

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑆1 = 𝑆2

4

𝑟1 = 𝑟2 ×
5

4
⟹

𝑟1

𝑟2
=

5

4
𝑟1:𝑟2 = 5: 4

⟹

⟹

𝟖. 𝑻𝒉𝒆 𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓 𝒐𝒇 𝒂 𝒄𝒆𝒓𝒕𝒂𝒊𝒏 𝒔𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒂 𝒄𝒓𝒊𝒄𝒍𝒆 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉
𝒐𝒇 𝒕𝒉𝒆 𝒂𝒓𝒄 𝒐𝒇 𝒂 𝒔𝒆𝒎𝒊 − 𝒄𝒊𝒓𝒄𝒍𝒆 𝒉𝒂𝒗𝒊𝒏𝒈 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒓𝒂𝒅𝒊𝒖𝒔.
𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒄𝒕𝒐𝒓 𝒊𝒏 𝒅𝒆𝒈𝒓𝒆𝒆𝒔, 𝒎𝒊𝒏𝒖𝒕𝒆𝒔 𝒂𝒏𝒅 𝒔𝒆𝒄𝒐𝒏𝒅𝒔.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑐𝑡𝑜𝑟

𝑟 + 𝑟 + 𝑠

= 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑎𝑟𝑐 𝑜𝑓 𝑠𝑒𝑚𝑖𝑐𝑖𝑟𝑐𝑙𝑒

𝑠

𝜃

= 𝜋𝑟

𝑟

𝑟2𝑟 + 𝑟𝜃 = 𝜋𝑟

𝑟 + 𝑟 + 𝑟𝜃 = 𝜋𝑟

⟹ 𝑟 2 + 𝜃 = 𝜋𝑟

𝜃 = 𝜋 − 2 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

=
22

7
− 2 =

22 − 14

7

2 + 𝜃 = 𝜋

𝜃 =
8

7
𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =
180°

𝜋𝜃 =
8

7
×

180°

𝜋

⟹

⟹

𝜃 =
8

7
×

180°

𝜋

=
8

7
×

180°

22
7

=
8

7
× 180° ×

7

22 11

4

=
720°

11
=

180° × 4

11
= 65.4545°

= 65° 27′16"

0.4545° × 60 = 27.27′

0.27′ = 0.27′ × 60

= 16.2′′ ≈ 16′′

⟹
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𝟗. 𝑨𝒏 𝒂𝒊𝒓𝒑𝒍𝒂𝒏𝒆 𝒑𝒓𝒐𝒑𝒆𝒍𝒍𝒆𝒓 𝒓𝒐𝒕𝒂𝒕𝒆𝒔 𝟏𝟎𝟎𝟎 𝒕𝒊𝒎𝒆𝒔 𝒑𝒆𝒓 𝒎𝒊𝒏𝒖𝒕𝒆. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆
𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆𝒔 𝒕𝒉𝒂𝒕 𝒂 𝒑𝒐𝒊𝒏𝒕 𝒕𝒉𝒆 𝒆𝒅𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒓𝒐𝒑𝒆𝒍𝒍𝒆𝒓 𝒘𝒊𝒍𝒍 𝒓𝒐𝒕𝒂𝒕𝒆
𝒊𝒏 𝟏 𝒔𝒆𝒄𝒐𝒏𝒅.

𝑁𝑜. 𝑜𝑓 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑝𝑒𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 =
1000

60

𝑁𝑜. 𝑜𝑓 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑝𝑒𝑟 𝑚𝑖𝑛𝑢𝑡𝑒 = 1000

3

50

=
50

3
× 360°=

50

3
𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠

12°

= 6000°

𝟏𝟎. 𝑨 𝒕𝒓𝒂𝒊𝒏 𝒊𝒔 𝒎𝒐𝒗𝒊𝒏𝒈 𝒐𝒏 𝒂 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓 𝒕𝒓𝒂𝒄𝒌 𝒐𝒇 𝟏𝟓𝟎𝟎𝒎 𝒓𝒂𝒅𝒊𝒖𝒔 𝒂𝒕 𝒕𝒉𝒆 𝒓𝒂𝒕𝒆
𝒐𝒇 𝟔𝟔𝒌𝒎\𝒉𝒓. 𝑾𝒉𝒂𝒕 𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒍𝒍 𝒃𝒆 𝒕𝒖𝒓𝒏 𝒊𝒏 𝟐𝟎 𝒔𝒆𝒄𝒐𝒏𝒅𝒔?

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑟 = 1500𝑚, 𝑆𝑝𝑒𝑒𝑑 = 66𝑘𝑚\ℎ𝑟

𝑇𝑖𝑚𝑒 = 20𝑠𝑒𝑐 . 𝑇𝑜 𝑓𝑖𝑛𝑑 𝜃 =?

𝑆𝑝𝑒𝑒𝑑 = 66𝑘𝑚\ℎ𝑟

𝑆𝑝𝑒𝑒𝑑 = 66 × 1000 𝑚\ℎ𝑟

1𝑘𝑚 = 1000𝑚
1ℎ𝑟 = 60 𝑚𝑖𝑛𝑠

𝑆𝑝𝑒𝑒𝑑 = 66000 𝑚\ℎ𝑟 ⟹ 𝑆𝑝𝑒𝑒𝑑 =
66000

60
𝑚\𝑚𝑖𝑛

𝑆𝑝𝑒𝑒𝑑 =
66000

60 × 60
𝑚\sec =

66000

60 × 60
𝑚\sec

110 55

𝑆𝑝𝑒𝑒𝑑 =
55

3
𝑚\sec

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
55

3
𝑚\sec × 20𝑠𝑒𝑐

3

𝑆 = 𝑟𝜃

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
55

3
× 20𝑚 𝑆 =

1100

3
𝑚⟹

1100

3
𝑚 = 1500𝑚 × 𝜃

11

3
= 15 × 𝜃⟹

11

3
×

1

15
= 𝜃 ⟹ 𝜃 =

11

45

𝜃 =
11

45
×

180°

𝜋
=

11

45
×

180°

22
7

=
11

45
× 180° ×

7

22

4

2

2

𝜃 = 14°
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𝟏𝟏. 𝑨 𝒄𝒊𝒓𝒖𝒄𝒍𝒂𝒓 𝒎𝒆𝒕𝒂𝒍𝒍𝒊𝒄 𝒑𝒍𝒂𝒕𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟖𝒄𝒎 𝒂𝒏𝒅 𝒕𝒉𝒊𝒄𝒌𝒏𝒆𝒔𝒔 𝟔𝒎𝒎 𝒊𝒔
𝒎𝒆𝒍𝒕𝒆𝒅 𝒂𝒏𝒅 𝒎𝒐𝒖𝒍𝒅𝒆𝒅 𝒊𝒏𝒕𝒐 𝒂 𝒑𝒊𝒆 𝒂 𝒔𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒕𝒉𝒊𝒄𝒌𝒏𝒆𝒔𝒔

𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟏𝟔𝒄𝒎 𝒂𝒏𝒅 𝒕𝒉𝒊𝒄𝒌𝒏𝒆𝒔𝒔 𝟒𝒎𝒎. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒄𝒕𝒐𝒓.

𝑟1 = 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑐𝑜𝑖𝑛
𝑚 = 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑠𝑒𝑐𝑡𝑜𝑟

𝐺𝑖𝑣𝑒𝑛:

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑝𝑙𝑎𝑡𝑒

𝜋𝑟1
2 × 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠

𝜋(8)2×
6

10
=

(16)2

2

64𝜋 × 6 = 128 𝜃 × 4

𝜃 =
64𝜋 × 6

128 × 4
=

3

4
𝜋 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 = 135°

= 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑠𝑒𝑐𝑡𝑜𝑟

=
𝑟2

2

2
𝜃 × 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠

×
4

10
𝜃
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟑

Example: 3.9 If 𝒔𝒊𝒏 𝜽 =
𝟑

𝟓
𝒂𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒊𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕, 𝒕𝒉𝒆𝒏

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒐𝒕𝒉𝒆𝒓 𝒇𝒊𝒗𝒆 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔.

𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1

cos 𝜃 = ± 1 − 𝑠𝑖𝑛2𝜃

cos 𝜃 = ± 1 −
9

25

cos 𝜃 = −
4

5
θ 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑎𝑟𝑑𝑟𝑎𝑛𝑡.

cos 𝜃 = ±
25 − 9

25

cos 𝜃 = ±
16

25
cos 𝜃 = ±

4

5

⟹

⟹

𝐺𝑖𝑣𝑒𝑛: 𝑠𝑖𝑛𝜃 =
3

5

⟹ 𝑐𝑜𝑠2𝜃 = 1 − 𝑠𝑖𝑛2𝜃

sin 𝜃 =
3

5
⟹ co𝑠𝑒𝑐 𝜃 =

5

3

cos 𝜃 = −
4

5
⟹ sec 𝜃 = −

5

4

tan 𝜃 =
sin 𝜃

cos 𝜃
tan 𝜃 = −

3

4

cot 𝜃 = −
4

3

𝑠𝑖𝑛𝑐𝑒 θ 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑎𝑟𝑑𝑟𝑎𝑛𝑡 .

tan 𝜃 =

3
5

−4
5

⟹ ⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 ∶ 𝟑. 𝟏𝟎. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒊 𝒔𝒊𝒏 −𝟒𝟓° , 𝒊𝒊 𝒄𝒐𝒔 −𝟒𝟓° ,
𝒊𝒊𝒊 𝒄𝒐𝒕 −𝟒𝟓° .

𝑠𝑖𝑛 −45°
𝒊

= − 𝑠𝑖𝑛 45°

= −
1

2

𝒊𝒊 𝑐𝑜𝑠 −45° = 𝑐𝑜𝑠 45°

=
1

2

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

𝑐𝑜𝑠 −𝜃 = 𝑐𝑜𝑠𝜃

𝐼𝐼𝐼

𝐼𝐼𝐼 𝐼𝑉

90° − 𝜃180° − 𝜃

270° − 𝜃
360° − θ

𝑨
𝑆

𝑇 𝐶

𝜽

−𝜽

𝒊𝒗 𝑐𝑜𝑡 −45° = − 𝑐𝑜𝑡 45°

= −1
𝑐𝑜𝑡 −𝜃 = −𝑐𝑜𝑡𝜃

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟑. 𝟏𝟏 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇(𝒊) 𝒔𝒊𝒏 𝟏𝟓𝟎° , (𝒊𝒊) 𝒄𝒐𝒔 𝟏𝟑𝟓° , 𝒊𝒊𝒊 𝒕𝒂𝒏 120°
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𝒊

𝑜𝑟

𝑠𝑖𝑛 150°

𝑠𝑖𝑛150° = 𝑠𝑖𝑛 90° + 60°

= cos 60°

=
1

2

= 𝑠𝑖𝑛 180° − 30°

= 𝑠𝑖𝑛 30°

=
1

2

𝑠𝑖𝑛 90° + 𝜃 = 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛 180° − 𝜃 = 𝑠𝑖𝑛𝜃

𝒊𝒊𝒊

𝑐𝑜𝑠 135°

𝑜𝑟

𝑐𝑜𝑠 135° 𝑐𝑜𝑠 180° − 𝜃 = −𝑐𝑜𝑠𝜃= cos 180° − 45°

= − cos 45°

= −
1

2

= 𝑐𝑜𝑠 90° + 45°

= − 𝑠𝑖𝑛 45°

= −
1

2

𝑐𝑜𝑠 90° + 𝜃 = −𝑠𝑖𝑛𝜃

tan 120° = 𝑡𝑎𝑛(180° − 60°)
= −𝑡𝑎𝑛 60°

𝒊𝒊𝒊

𝑜𝑟

= 𝑡𝑎𝑛(90° + 30°)𝑡𝑎𝑛 120°
= − 𝑐𝑜𝑡 30°

= − 3

= − 3

𝑡𝑎𝑛 180° − 𝜃 = −𝑡𝑎𝑛𝜃

𝑡𝑎𝑛 90° + 𝜃 = −𝑐𝑜𝑡𝜃

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟑. 𝟏𝟐 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒔𝒊𝒏 𝟕𝟔𝟓° ,

𝒊𝒊 𝒄𝒐𝒔𝒆𝒄 −𝟏𝟒𝟏𝟎° , 𝒊𝒊𝒊 𝒄𝒐𝒕
−𝟏𝟓𝝅

𝟒
.

𝑖 𝑠𝑖𝑛 765°

= 𝑠𝑖𝑛 45°

= 𝑠𝑖𝑛 2 × 360° + 45°

𝑠𝑖𝑛 360° + 𝜃 = 𝑠𝑖𝑛𝜃

=
1

2

𝐼𝐼𝐼

𝐼𝐼𝐼 𝐼𝑉

90° − 𝜃180° − 𝜃

270° − 𝜃
360° − θ

𝑨𝑆

𝑇 𝐶

𝜽

−𝜽
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𝐼𝐼𝐼

𝐼𝐼𝐼 𝐼𝑉

90° + 𝜃

180° + 𝜃
270° + 𝜃

360° + θ

𝑨𝑆

𝑇
𝐶

𝜽

−𝜽

𝒊𝒊 𝒄𝒐𝒔𝒆𝒄 −𝟏𝟒𝟏𝟎°

cosec −1410°

= cosec 30° = 2

= − cosec 360° − 30°

= − cosec 3 × 360° + 330°

= − cosec 330°

= − − cosec 30°

= − cosec 1410°

360 1410

1080
3

330

1410 = 3 × 360 + 330

cosec 360° + θ
= cosecθ

𝑐𝑜𝑠𝑒𝑐 360° − 𝜃

= −𝑐𝑜𝑠𝑒𝑐𝜃

cot
−15𝜋

4

(𝒊𝒊𝒊) 𝒄𝒐𝒕
−𝟏𝟓𝝅

𝟒

15𝜋

4

= 15 × 45° = 675°
= − cot 675°

= − cot(360° + 315°)

= − − cot 45°

= 1

𝑐𝑜𝑡 360° − 𝜃 = −𝑐𝑜𝑡𝜃

=
15 × 180°

4
𝑐𝑜𝑡 −𝜃 = −𝑐𝑜𝑡𝜃

= cot 45°

= − cot
15𝜋

4

= − cot(315°)

= − cot(360° − 45°)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟑. 𝟏𝟑 𝑷𝒓𝒐𝒗𝒆 ∶ 𝒕𝒂𝒏 𝟑𝟏𝟓° 𝒄𝒐𝒕 −𝟒𝟎𝟓° + 𝒄𝒐𝒕 𝟒𝟗𝟓° 𝒕𝒂𝒏 −𝟓𝟖𝟓° = 𝟐.

𝐿. 𝐻. 𝑆 = 𝑡𝑎𝑛 315° 𝑐𝑜𝑡 −405° + 𝑐𝑜𝑡 495° 𝑡𝑎𝑛 −585°

𝑡𝑎𝑛 360° − 45°

= 𝑡𝑎𝑛 315°× − 𝑐𝑜𝑡 405° + 𝑐𝑜𝑡 495°× − 𝑡𝑎𝑛 585°

= × − 𝑐𝑜𝑡 360° + 45° + 𝑐𝑜𝑡 360° + 135°
× − 𝑡𝑎𝑛 360° + 225°

𝑐𝑜𝑡 −𝜃 = − 𝑐𝑜𝑡𝜃

𝑡𝑎𝑛 −𝜃 = −𝑡𝑎𝑛𝜃

= − 𝑡𝑎𝑛 45°× − 𝑐𝑜𝑡 45°+ 𝑐𝑜𝑡 135° × − 𝑡𝑎𝑛225°

= 𝑡𝑎𝑛 45°× 𝑐𝑜𝑡 45° + 𝑐𝑜𝑡 180° − 45° × − 𝑡𝑎𝑛 270° − 45°

= 1 × 1 + 1 × 1= 2

= 𝑡𝑎𝑛 45°× 𝑐𝑜𝑡 45°− 𝑐𝑜𝑡 45°× −𝑐𝑜𝑡45°

= 𝑡𝑎𝑛 45° × 𝑐𝑜𝑡 45°+ 𝑐𝑜𝑡 45° × 𝑐𝑜𝑡45°
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟑. 𝟏𝟒. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒆𝒗𝒆𝒏,
𝒐𝒅𝒅 𝒐𝒓 𝒏𝒆𝒊𝒕𝒉𝒆𝒓. 𝒊 𝒔𝒊𝒏𝟐𝒙 − 𝟐 𝒄𝒐𝒔𝟐𝒙 − 𝒄𝒐𝒔 𝒙 , 𝒊𝒊 𝒔𝒊𝒏 𝒄𝒐𝒔 𝒙 ,
𝒊𝒊𝒊 𝒄𝒐𝒔 𝒔𝒊𝒏 𝒙 , 𝒊𝒗 𝒔𝒊𝒏 𝒙 + 𝒄𝒐𝒔 𝒙 .

𝒊 𝒇 𝒙 = 𝒔𝒊𝒏𝟐𝒙 − 𝟐𝒄𝒐𝒔𝟐𝒙 − 𝒄𝒐𝒔 𝒙

𝑓 𝑥 = 𝑠𝑖𝑛𝑥 2− 2 𝑐𝑜𝑠𝑥 2− 𝑐𝑜𝑠𝑥

𝑓 −𝑥 = 𝑠𝑖𝑛 −𝑥 2 −2 𝑐𝑜𝑠 −𝑥 2 − 𝑐𝑜𝑠 −𝑥

= −𝑠𝑖𝑛𝑥 2 − 2 𝑐𝑜𝑠𝑥 2 − 𝑐𝑜𝑠𝑥

𝑓 −𝑥 = 𝑠𝑖𝑛2𝑥 − 2𝑐𝑜𝑠2𝑥 − 𝑐𝑜𝑠𝑥

𝑓 −𝑥 = 𝑓 𝑥 𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

𝑐𝑜𝑠 −𝜃 = 𝑐𝑜𝑠𝜃

⟹

𝒊𝒊 𝒇 𝒙 = 𝒔𝒊𝒏 𝒄𝒐𝒔 𝒙

𝒊𝒊𝒊 𝒇 𝒙 = 𝒄𝒐𝒔 𝒔𝒊𝒏 𝒙

𝑓 −𝑥 = 𝑓 𝑥 𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛.

𝑓 −𝑥 = 𝑠𝑖𝑛 𝑐𝑜𝑠 −𝑥 = 𝑠𝑖𝑛 𝑐𝑜𝑠 𝑥

𝑓 −𝑥 = 𝑓 𝑥 𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓 −𝑥 = 𝑐𝑜𝑠 𝑠𝑖𝑛 −𝑥

= 𝑐𝑜𝑠 − 𝑠𝑖𝑛 𝑥 = 𝑐𝑜𝑠 𝑠𝑖𝑛 𝑥

⟹

⟹

𝒊𝒗 𝒇 𝒙 = 𝒔𝒊𝒏 𝒙 + 𝒄𝒐𝒔 𝒙

𝑓 −𝑥 ≠ 𝑓 𝑥

𝑓 −𝑥 ≠ −𝑓 𝑥

𝑓 𝑥 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 𝑖𝑠 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑒𝑣𝑒𝑛 𝑛𝑜𝑟 𝑜𝑑𝑑.

𝑓 −𝑥 = 𝑠𝑖𝑛 −𝑥 + 𝑐𝑜𝑠 −𝑥

𝑓 −𝑥 = − 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 −𝜃

𝑐𝑜𝑠 −𝜃 = 𝑐𝑜𝑠𝜃

= − 𝑠𝑖𝑛𝜃

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒊 𝒔𝒊𝒏 𝟒𝟖𝟎° 𝒊𝒊 𝒔𝒊𝒏 −𝟏𝟏𝟏𝟎° 𝒊𝒊𝒊 𝒄𝒐𝒔 𝟑𝟎𝟎° ,

𝒊 𝒔𝒊𝒏 𝟒𝟖𝟎°

= 𝑠𝑖𝑛 360° + 120° = 𝑠𝑖𝑛 120°

= 𝑠𝑖𝑛 180° − 60° = 𝑠𝑖𝑛 60° =
3

2

𝒗𝒊 𝒕𝒂𝒏
𝟏𝟗𝝅

𝟑
, 𝒗𝒊𝒊 𝒔𝒊𝒏

−𝟏𝟏𝝅

𝟑
.𝒊𝒗 𝒕𝒂𝒏 𝟏𝟎𝟓𝟎° , 𝒗 𝒄𝒐𝒕 𝟔𝟔𝟎°

sin 360° + θ = sinθ

𝑠𝑖𝑛 180° − 𝜃 = 𝑠𝑖𝑛𝜃

𝒊𝒊 𝒔𝒊𝒏 −𝟏𝟏𝟏𝟎° 360 1110

1110

1080
3

30

= 3 × 360 + 30

= − 𝑠𝑖𝑛 1110° = − sin 3 × 360° + 30°

= − sin 30° = −
1

2
𝑠𝑖𝑛 360° + 𝜃 = 𝑠𝑖𝑛𝜃

sin −θ = −sinθ
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𝒊𝒊𝒊 𝒄𝒐𝒔 𝟑𝟎𝟎°

cos 300° = cos 360° − 60°

= cos 60°

=
1

2

𝑐𝑜𝑠 360° − 𝜃 = 𝑐𝑜𝑠𝜃

𝒊𝒗 𝒕𝒂𝒏 𝟏𝟎𝟓𝟎°

𝑡𝑎𝑛 1050° = 𝑡𝑎𝑛 2 × 360° + 330°

= 𝑡𝑎𝑛 360° − 30°

= 𝑡𝑎𝑛 330°

= − 𝑡𝑎𝑛 30°

𝑡𝑎𝑛 360° + 𝜃 = 𝑡𝑎𝑛𝜃

𝑡𝑎𝑛 360° − 𝜃 = −𝑡𝑎𝑛𝜃

360 1050

1050

720
2

330
= 3 × 360 + 30

= −
1

3𝒗 𝒄𝒐𝒕 𝟔𝟔𝟎°

= cot 660° = 𝑐𝑜𝑡 360° + 300°

= 𝑐𝑜𝑡300° = 𝑐𝑜𝑡 360° − 60°

= −𝑐𝑜𝑡60° = −
1

3

𝑐𝑜𝑡 360° + 𝜃 = 𝑐𝑜𝑡𝜃

𝑐𝑜𝑡 360° − 𝜃 = − 𝑐𝑜𝑡𝜃

𝒗𝒊 𝒕𝒂𝒏
𝟏𝟗𝝅

𝟑

19𝜋

3
=

19 × 180°

3

=
19 × 180°

3

60°

= 19 × 60°

= 1140°

= 𝑡𝑎𝑛1140°

360 1140

1140

1080

3

60
= 3 × 360 + 60= 𝑡𝑎𝑛 3 × 360° + 60°

= 𝑡𝑎𝑛 60° = 3

𝒗𝒊𝒊 𝒔𝒊𝒏
−𝟏𝟏𝝅

𝟑

𝑠𝑖𝑛 −
11𝜋

3
= − 𝑠𝑖𝑛

11𝜋

3

=
3

2

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃 11𝜋

3
=

11 × 180°

3

=
11 × 180°

3

60°

= 11 × 60° = 660°

= − 𝑠𝑖𝑛 660°

360 660

660

360
1

300

= 360 + 300

= − 𝑠𝑖𝑛 360° + 300°

𝑠𝑖𝑛 360° + 𝜃 = 𝑠𝑖𝑛𝜃

= −𝑠𝑖𝑛300° = − 𝑠𝑖𝑛 360° − 60°

= − − 𝑠𝑖𝑛 60°

𝑠𝑖𝑛 360° − 𝜃 = −𝑠𝑖𝑛𝜃

= 𝑠𝑖𝑛 60°

𝟐.
𝟓

𝟕
,
𝟐 𝟔

𝟕
𝒊𝒔 𝒂 𝒑𝒐𝒊𝒏𝒕 𝒐𝒏 𝒕𝒉𝒆 𝒕𝒆𝒓𝒎𝒊𝒏𝒂𝒍 𝒔𝒊𝒅𝒆 𝒐𝒇 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝜽 𝒊𝒏 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅

𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒂𝒏𝒈𝒍𝒆 𝜽.

𝑥 =
5

7
, 𝑦 =

2 6

7
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𝑟 = 𝑥2 + 𝑦2

=
25

49
+

24

49

𝑟 = 1

∴ cos 𝜃 =
𝑥

𝑟
cos 𝜃 =

5

7

sec 𝜃 =
7

5

=
25 + 24

49
=

49

49

𝑟 =
5

7

2

+
2 6

7

2

⟹

=
25

49
+

4 6

49

⟹

sin 𝜃 =
𝑦

𝑟

sin 𝜃 =
2 6

7
⟹ cosec 𝜃 =

7

2 6

tan 𝜃 =
𝑦

𝑥
tan 𝜃 =

2 6
7
5
7

⟹

tan 𝜃 =
2 6

5
⟹ cot 𝜃 =

5

2 6

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒐𝒕𝒉𝒆𝒓 𝒇𝒊𝒗𝒆 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒕𝒉𝒆
𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈:

𝒊 𝒄𝒐𝒔 𝜽 = −
𝟏

𝟐
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑰𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝒊𝒊 𝒄𝒐𝒔 𝜽 =
𝟐

𝟑
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝒊𝒊𝒊 𝒔𝒊𝒏 𝜽 = −
𝟐

𝟑
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑽 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝒊𝒗 𝒕𝒂𝒏 𝜽 = −𝟐, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝒗 𝒔𝒆𝒄 𝜽 =
𝟏𝟑

𝟓
𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑽 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝒊 𝒄𝒐𝒔 𝜽 = −
𝟏

𝟐
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑰𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

cos 𝜃 = −
1

2

𝐴𝐶2 = 𝐴𝐵2 + 𝐵𝐶2

𝐴𝐵2 = 𝐴𝐶2 − 𝐵𝐶2

𝐴𝐵 = 𝐴𝐶2 − 𝐵𝐶2

𝑎𝑑𝑗

ℎ𝑦𝑝

𝐴𝐵 = 𝐴𝐶2 − 𝐵𝐶2
𝐴𝐵 = 22 − 12⟹ 154
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𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑰𝑰 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕, 𝒐𝒏𝒍𝒚 𝒕𝒂𝒏 𝜽 𝒂𝒏𝒅 𝒄𝒐𝒕 𝜽
𝒂𝒓𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆:

sin 𝜃 =
𝑜𝑝𝑝

ℎ𝑦𝑝 = −
3

2
; tan 𝜃 =

𝑜𝑝𝑝

𝑎𝑑𝑗
= 3

𝑐𝑜𝑠𝑒𝑐𝜃 =
1

sin 𝜃
=

−2

3
; sec 𝜃 =

1

cos 𝜃
= −2;

cot 𝜃 =
1

tan 𝜃
=

1

3

𝑐𝑜𝑠𝜃 = −
1

2

(𝑖𝑖) 𝒄𝒐𝒔 𝜽 =
𝟐

𝟑
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝐴𝐵 = 32 − 22 = 9 − 4 = 5

𝐵 𝐶

5
3

2

𝜃

𝐴

cos 𝜃 =
2

3

𝑎𝑑𝑗

ℎ𝑦𝑝

𝐴𝐵 = 3𝐴𝐵 = 4 − 1 ⟹

𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

sin 𝜃=
5

3
, tan 𝜃 =

5

2
, 𝑐𝑜𝑠𝑒𝑐𝜃=

3

5

sec 𝜃 =
3

2
, cot 𝜃 =

2

5

𝒊𝒊𝒊 𝒔𝒊𝒏 𝜽 = −
𝟐

𝟑
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑽 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝐵𝐶 = 32 − 22 = 9 − 4

𝐵𝐶 = 5

𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝑉 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝑜𝑛𝑙𝑦 cos 𝜃 𝑎𝑛𝑑 sec 𝜃 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

∴ cos 𝜃 =
5

3
; tan 𝜃 =

−2

5
; sec 𝜃 =

3

5
;

𝑐𝑜𝑠𝑒𝑐𝜃 =
−3

2
; cot 𝜃 =

− 5

2

𝐵
𝐶

3
2

𝜃

𝐴

5

sin 𝜃 = −
2

3

𝑜𝑝𝑝

ℎ𝑦𝑝

𝒊𝒗 𝒕𝒂𝒏 𝜽 = −𝟐, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑰 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕.

𝐴𝐶 = 22 + 12 = 5

𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝑜𝑛𝑙𝑦 sin 𝜃 𝑎𝑛𝑑 𝑐𝑜𝑠𝑒𝑐𝜃 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

tan 𝜃 = −
2

1

𝑜𝑝𝑝

𝑎𝑑𝑗
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𝐵 𝐶

5
2

𝜃

𝐴

1

sin 𝜃 =
2

5
, cos 𝜃 =

−1

5
, 𝑐𝑜𝑠𝑒𝑐𝜃 =

5

2
,

sec 𝜃 = − 5, cot 𝜃 =
−1

2

𝒗 𝒔𝒆𝒄 𝜽 =
𝟏𝟑

𝟓
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝑰𝑽 𝒒𝒖𝒂𝒓𝒅𝒓𝒂𝒏𝒕

cos 𝜃 =
5

13
sec 𝜃 =

13

5
⟹

𝐴𝐵 = 132 − 52 = 169 − 25 = 144 = 12

𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝑉𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝑜𝑛𝑙𝑦 cos 𝜃 𝑎𝑛𝑑 sec 𝜃
𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

sin 𝜃= −
12

13
, cos 𝜃 =

5

13
, tan 𝜃 = −

12

5
,

𝑐𝑜𝑠𝑒𝑐𝜃= −
13

12
, cot 𝜃= −

5

12
.

𝐵
𝐶

13
12

𝜃

5

𝐴

𝟒. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒄𝒐𝒕 𝟏𝟖𝟎° + 𝜽 𝒔𝒊𝒏 𝟗𝟎° − 𝜽 𝒄𝒐𝒔 −𝜽

𝒔𝒊𝒏 𝟐𝟕𝟎° + 𝜽 𝒕𝒂𝒏 −𝜽 𝒄𝒐𝒔𝒆𝒄𝜽 𝟑𝟔𝟎° + 𝜽
= 𝒄𝒐𝒔𝟐𝜽 𝒄𝒐𝒕 𝜽

𝐿. 𝐻. 𝑆 =
cot 180° + 𝜃 sin 90° − 𝜃 cos −𝜃

sin 270° + 𝜃 tan −𝜃 𝑐𝑜𝑠𝑒𝑐𝜃 360° + 𝜃

=
cot 𝜃 × cos 𝜃 × cos 𝜃

− cos 𝜃 × − tan 𝜃 × 𝑐𝑜𝑠𝑒𝑐𝜃

=

cos 𝜃
sin 𝜃

× cos 𝜃 × cos 𝜃

cos 𝜃 ×
sin 𝜃
cos 𝜃

×
1

sin 𝜃

=

cos 𝜃
sin 𝜃

× cos 𝜃

1
cos 𝜃

=
cos2𝜃

sin 𝜃
×

cos 𝜃

1
= cos2𝜃 ×

cos 𝜃

sin 𝜃

= cos2𝜃 cot 𝜃
𝟓. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆𝒔 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝟎° 𝒂𝒏𝒅 𝟑𝟔𝟎° 𝒘𝒉𝒊𝒄𝒉 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝒔𝒊𝒏𝟐𝜽 =
𝟑

𝟒
.

𝑠𝑖𝑛2𝜃 =
3

4

⟹ 𝑠𝑖𝑛 𝜃 = ±
3

2

𝑠𝑖𝑛 270° − 30° = −𝑐𝑜𝑠30°

𝑠𝑖𝑛 240° = −
3

2
𝑠𝑖𝑛 𝜃 =

3

4
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𝒔𝒊𝒏 𝜽 =
𝟑

𝟐 𝒔𝒊𝒏 𝜽 = −
𝟑

𝟐
𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 60° 𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 270° − 30°

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 240°

𝜃 = 240°

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 360° − 60°

𝜃 = 60°

sin 𝜃 = sin 300° 𝜃 = 300°

∴ 𝜃 = 60° , 120°, 240° , 300°

⟹

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 180° − 60°

sin 𝜃 = sin 120°

𝜃 = 120°

𝟔. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏𝟐
𝝅

𝟏𝟖
+ 𝒔𝒊𝒏𝟐

𝝅

𝟗
+ 𝒔𝒊𝒏𝟐

𝟕𝝅

𝟏𝟖
+ 𝒔𝒊𝒏𝟐

𝟒𝝅

𝟗
= 𝟐.

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛2
𝜋

18
+ 𝑠𝑖𝑛2

𝜋

9
+ 𝑠𝑖𝑛2

7𝜋

18
+ 𝑠𝑖𝑛2

4𝜋

9

= 𝑠𝑖𝑛2
𝜋

18
×

180°

𝜋
+

+ sin2
4π

9
×

180°

π

10°

𝑠𝑖𝑛2
𝜋

9
×

180°

𝜋
+

20°

𝑠𝑖𝑛2
7𝜋

18
×

180°

𝜋

10°

20°

= 𝑠𝑖𝑛210° + 𝑠𝑖𝑛220° + 𝑠𝑖𝑛270° + 𝑠𝑖𝑛280°

= 𝑠𝑖𝑛 90 − 80° 2 + 𝑠𝑖𝑛 90 − 70 2 + 𝑠𝑖𝑛270° + 𝑠𝑖𝑛280°

= cos280° + cos270° + 𝑠𝑖𝑛270° + 𝑠𝑖𝑛280°

= cos280° + 𝑠𝑖𝑛280° + cos270° + 𝑠𝑖𝑛270°

= 1 + 1 = 2 = 𝑅. 𝐻. 𝑆
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COMPOUND ANGLES

𝑠𝑖𝑛(𝐴 + 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos 𝐴 − 𝐵 = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵

tan(𝐴 − 𝐵) =
tan 𝐴 − tan 𝐵

1 + tan 𝐴 tan 𝐵

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 ∶ 𝟑. 𝟓 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝐢) 𝒄𝒐𝒔 𝟏𝟓°

𝑐𝑜𝑠 15°

= 𝑐𝑜𝑠 45°

1

2
=

3 + 1

2 2

𝑐𝑜𝑠(𝐴 − 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵= 𝑐𝑜𝑠(45° − 30°)

𝑐𝑜𝑠 30° 𝑠𝑖𝑛 45°+ 𝑠𝑖𝑛 30°

3

2
×

1

2
+ × 1

2
=

3

2 2
+

1

2 2
=

=
3 + 1

2 2
×

2

2
=

6 + 2

4

𝒊𝒊) 𝒕𝒂𝒏 𝟏𝟔𝟓°

𝑡𝑎𝑛 165° = 𝑡𝑎𝑛 120° + 45°

=
𝑡𝑎𝑛 120°

1

+ 𝑡𝑎𝑛 45°

𝑡𝑎𝑛 120°− 𝑡𝑎𝑛 45°

=
− 3

1

+ 1

− 3− 1

=
− 3 + 1

1 + 3
=

1 − 3

1 + 3

𝑡𝑎𝑛(𝐴 + 𝐵) =
𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵

1 − 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵

𝑡𝑎𝑛 120° = 𝑡𝑎𝑛 180° − 60°

= −𝑡𝑎𝑛 60° = − 3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟔 𝑰𝒇 𝒔𝒊𝒏𝒙 =
𝟒

𝟓
𝒊𝒏 𝑰 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕 𝒂𝒏𝒅 𝒄𝒐𝒔𝒚 =

−𝟏𝟐

𝟏𝟑
𝒊𝒏 𝑰𝑰 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕 , 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒊 𝒔𝒊𝒏 𝒙 − 𝒚 , 𝒊𝒊 𝒄𝒐𝒔 𝒙 − 𝒚 .

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑠𝑖𝑛𝑥 =
4

5

𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1

𝑐𝑜𝑠𝑥 = 1 − 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 ⟹

𝑐𝑜𝑠𝑥 = 1 −
4

5

2

⟹ 𝑐𝑜𝑠𝑥 = 1 −
16

25
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𝑐𝑜𝑠𝑥 =
25 − 16

25
⟹ 𝑐𝑜𝑠𝑥 =

9

25

𝑐𝑜𝑠𝑥 = ±
3

5
sin𝑐𝑒 0 < 𝑥 <

𝜋

2
∴ 𝑐𝑜𝑠𝑥 =

3

5

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑐𝑜𝑠𝑦 = −
12

13
𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

sin 𝑦 = 1 − cos2𝑦

sin 𝑦 = 1 − −
12

13

2

= 1 −
144

169

=
169 − 144

169
=

25

169

𝑠𝑖𝑛2𝑦 + 𝑐𝑜𝑠2𝑦 = 1

𝑠𝑖𝑛2𝑦 = 1 − 𝑐𝑜𝑠2𝑦

𝑠𝑖𝑛 𝑦 = 1 − 𝑐𝑜𝑠2𝑦

𝑠𝑖𝑛 𝑦 = ±
5

13

𝑠𝑖𝑛 𝑦 =
5

13
𝑠𝑖𝑛𝑐𝑒 𝑦 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

(𝒊) 𝒔𝒊𝒏(𝒙 − 𝒚) = 𝒔𝒊𝒏𝒙 𝒄𝒐𝒔𝒚 − 𝒄𝒐𝒔𝒙 𝒔𝒊𝒏𝒚

=
4

5

−12

13

3

5

5

13
− = −

48

65
−

15

65
=

−48 − 15

65

= −
63

65

(𝒊𝒊) 𝒄𝒐𝒔(𝒙 − 𝒚) = 𝒄𝒐𝒔𝒙 𝒄𝒐𝒔𝒚 + 𝒔𝒊𝒏𝒙 𝒔𝒊𝒏𝒚

=
3

5

−12

13

4

5

5

13
+ = −

36

65
+

20

65
= −

16

65

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟕 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔
𝟑𝝅

𝟒
+ 𝒙 − 𝒄𝒐𝒔

𝟑𝝅

𝟒
− 𝒙 = − 𝟐 𝒔𝒊𝒏 𝒙

𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑠
3𝜋

4
+ 𝑥 − 𝑐𝑜𝑠

3𝜋

4
− 𝑥

= 𝑐𝑜𝑠
3𝜋

4
𝑐𝑜𝑠𝑥 𝑠𝑖𝑛

3𝜋

4
𝑠𝑖𝑛𝑥− 𝑐𝑜𝑠

3𝜋

4
𝑐𝑜𝑠𝑥− 𝑠𝑖𝑛

3𝜋

4
𝑠𝑖𝑛𝑥−

= 𝑐𝑜𝑠
3𝜋

4
𝑐𝑜𝑠𝑥 𝑠𝑖𝑛

3𝜋

4
𝑠𝑖𝑛𝑥− − 𝑐𝑜𝑠

3𝜋

4
𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛

3𝜋

4
𝑠𝑖𝑛𝑥

3𝜋

4
=

3𝜋

4
×

180°

𝜋

45°

= −2𝑠𝑖𝑛
3𝜋

4
𝑠𝑖𝑛𝑥 = −2𝑠𝑖𝑛135°𝑠𝑖𝑛𝑥 𝑠𝑖𝑛135° = 𝑠𝑖𝑛 180° − 45°

𝑠𝑖𝑛135° = 𝑠𝑖𝑛45°= −2𝑠𝑖𝑛45°𝑠𝑖𝑛𝑥

= 135°
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= −2
1

2
𝑠𝑖𝑛𝑥 = − 2 × 2 ×

1

2
× 𝑠𝑖𝑛𝑥 = − 2 𝑠𝑖𝑛𝑥

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟖 𝑷𝒐𝒊𝒏𝒕 𝑨 𝟗, 𝟏𝟐 𝒓𝒐𝒕𝒂𝒕𝒆𝒔 𝒂𝒓𝒐𝒖𝒏𝒅 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝑶 𝒊𝒏 𝒂 𝒑𝒍𝒂𝒏𝒆
𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝟔𝟎° 𝒊𝒏 𝒕𝒉𝒆 𝒂𝒏𝒕𝒊𝒄𝒍𝒐𝒄𝒌 𝒘𝒊𝒔𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒕𝒐 𝒂 𝒏𝒆𝒘 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝑩. 𝑭𝒊𝒏𝒅
𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝑩,

𝐿𝑒𝑡 𝐴 9, 12 = 𝐴 𝑟 𝑐𝑜𝑠𝜃, 𝑟 𝑠𝑖𝑛𝜃

𝑇ℎ𝑒𝑛 𝑟 𝑐𝑜𝑠𝜃 = 9 𝑎𝑛𝑑 𝑟 𝑠𝑖𝑛𝜃 = 12.

𝑥

𝑦

𝑂

𝑟

𝜃

𝑟 cos 𝜃 + 60° , 𝑟 sin 𝜃 + 60°

60°

𝑟 = 𝑥2 + 𝑦2

𝑟 = 92 + 122 = 81 + 144 = 225

𝑟 = 15

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝐴 𝑖𝑠 15𝑐𝑜𝑠𝜃, 15𝑠𝑖𝑛𝜃 .

𝑁𝑜𝑤, 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝐵 𝑖𝑠

[15cos 𝜃 + 60° , 15 sin(𝜃 + 60°)]

15 cos 𝜃 + 60° = 15 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠60° − 𝑠𝑖𝑛𝜃𝑠𝑖𝑛60°

9, 12

= 15 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠60° − 𝑠𝑖𝑛𝜃𝑠𝑖𝑛60°

= 15𝑐𝑜𝑠𝜃 𝑐𝑜𝑠60° − 15𝑠𝑖𝑛𝜃𝑠𝑖𝑛60°

= 9 ×
1

2
− 12 ×

3

2
=

9

2
−

12 3

2

=
3

2
(3 − 4 3)

15 𝑐𝑜𝑠𝜃 = 9
15 𝑠𝑖𝑛𝜃 = 12.

15 𝑠𝑖𝑛(𝜃 + 60°) = 15 (𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠60° + 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛60°)

= 15 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠60° + 15𝑐𝑜𝑠𝜃 𝑠𝑖𝑛60°

= 12 ×
1

2
+ 9 ×

3

2

=
12

2
+

9 3

2
=

3

2
4 + 3 3

𝐵 =
3

2
3 − 4 3 ,

3

2
4 + 3 3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆𝟑. 𝟏𝟗 𝑨 𝒓𝒊𝒑𝒑𝒍𝒆 𝒓𝒂𝒏𝒌 𝒅𝒆𝒎𝒐𝒏𝒔𝒕𝒓𝒂𝒕𝒆𝒔 𝒕𝒉𝒆 𝒆𝒇𝒇𝒆𝒄𝒕 𝒐𝒇 𝒕𝒘𝒐 𝒘𝒂𝒕𝒆𝒓
𝒘𝒂𝒗𝒆𝒔 𝒃𝒆𝒊𝒏𝒈 𝒂𝒅𝒅𝒆𝒅 𝒕𝒐𝒈𝒆𝒕𝒉𝒆𝒓. 𝑻𝒉𝒆 𝒕𝒘𝒐 𝒘𝒂𝒗𝒆𝒔 𝒂𝒓𝒆 𝒅𝒆𝒔𝒄𝒓𝒊𝒃𝒆𝒅 𝒃𝒚

𝒉 = 𝟖 𝒄𝒐𝒔 𝒕 𝒂𝒏𝒅 𝒉 = 𝟔 𝒔𝒊𝒏 𝒕 , 𝒘𝒉𝒆𝒓𝒆 𝒕 ∈ 𝟎, 𝟐𝝅 𝒊𝒔 𝒊𝒏 𝒔𝒆𝒄𝒐𝒖𝒏𝒅𝒔 𝒂𝒏𝒅 𝒉 𝒕𝒉𝒆
𝒉𝒆𝒊𝒈𝒉𝒕 𝒊𝒏 𝒎𝒊𝒍𝒍𝒊𝒎𝒆𝒕𝒆𝒓𝒔 𝒂𝒃𝒐𝒗𝒆 𝒔𝒕𝒊𝒍𝒍 𝒘𝒂𝒕𝒆𝒓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎

𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒆𝒔𝒖𝒍𝒕𝒂𝒏𝒕 𝒘𝒂𝒗𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕 𝒂𝒕 𝒂 𝒘𝒉𝒊𝒄𝒉 𝒊𝒕 𝒐𝒄𝒄𝒖𝒓𝒔.

𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑡ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑎𝑡𝑎𝑛𝑡 𝑤𝑎𝑣𝑒 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡. 𝑇ℎ𝑒𝑛 𝐻 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦

𝐻 = 8 cos 𝑡 + 6 sin 𝑡

𝐺𝑖𝑣𝑒𝑛 ∶ ℎ = 8𝑐𝑜𝑠𝑡 … 1 𝑎𝑛𝑑 ℎ = 6𝑠𝑖𝑛𝑡 … 2

cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 = cos (𝐴 − 𝐵)
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𝐿𝑒𝑡

8 cos 𝑡 + 6 sin 𝑡 = 𝑘 𝑐𝑜𝑠(𝑡 − 𝛼)

= 𝑘(cos 𝑡 cos 𝛼 + sin 𝑡 sin 𝛼)

= cos 𝑡8 cos 𝑡 + 6 sin 𝑡 𝑘 cos 𝛼 + sin 𝑡 𝑘 sin 𝛼

𝑘 = 82 + 62 = 64 + 36 = 100

𝐻𝑒𝑛𝑐𝑒, 𝑘 = 10

𝒔𝒐𝒍𝒗𝒆 𝟏 𝒂𝒏𝒅 𝟐

6 𝑠𝑖𝑛𝑡 = 8 𝑐𝑜𝑠𝑡

𝑠𝑖𝑛𝑡

𝑐𝑜𝑠𝑡
=

8

6
⟹ tan 𝑡 =

4

3
8 cos 𝑡 + 6 sin 𝑡 = 𝑘 𝑐𝑜𝑠(𝑡 − 𝛼)

𝐻 = 𝑘 𝑐𝑜𝑠(𝑡 − 𝛼)

𝐻 = 10 𝑐𝑜𝑠(𝑡 − 𝛼)

𝑤ℎ𝑒𝑛 𝑡 = 𝛼

𝐻 = 10 𝑐𝑜𝑠(𝛼 − 𝛼)

𝐻 = 10 𝑐𝑜𝑠0 ⟹ 𝐻 = 10
𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑜𝑓 𝐻 = 10𝑚𝑚. 𝑇ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑜𝑐𝑐𝑢𝑟𝑠 𝑤ℎ𝑒𝑛 𝑡 = 𝛼,

𝑊ℎ𝑒𝑟𝑒 tan 𝛼 =
3

4
.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟎 𝑬𝒙𝒑𝒂𝒏𝒅 𝒊 𝒔𝒊𝒏(𝑨 + 𝑩 + 𝑪) 𝒊𝒊 𝒕𝒂𝒏(𝑨 + 𝑩 + 𝑪)

𝑖 𝑠𝑖𝑛(𝐴 + 𝐵 + 𝐶) = 𝑠𝑖𝑛[𝐴 + 𝐵 + 𝐶]

= 𝑠𝑖𝑛𝐴 + 𝑐𝑜𝑠 𝐴

= 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠𝐵 𝑐𝑜𝑠𝐶 − 𝑠𝑖𝑛𝐵𝑠𝑖𝑛𝐶 + 𝑐𝑜𝑠𝐴 𝑠𝑖𝑛𝐵 𝑐𝑜𝑠𝐶 + 𝑐𝑜𝑠𝐵 𝑠𝑖𝑛𝐶

𝐵
𝑐𝑜𝑠(𝐵 + 𝐶) 𝑠𝑖𝑛(𝐵 + 𝐶)

𝑠𝑖𝑛(𝐴 + 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

= 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠𝐵 𝑐𝑜𝑠𝐶 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛𝐵𝑠𝑖𝑛𝐶 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛𝐵 𝑐𝑜𝑠𝐶 + 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠𝐵 𝑠𝑖𝑛𝐶

+ 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛𝐵 𝑐𝑜𝑠𝐶= 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠𝐵 𝑐𝑜𝑠𝐶 + 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠𝐵 𝑠𝑖𝑛𝐶− 𝑠𝑖𝑛𝐴 𝑠𝑖𝑛𝐵 𝑠𝑖𝑛𝐶

𝒊𝒊 𝒕𝒂𝒏(𝑨 + 𝑩 + 𝑪)= 𝒕𝒂𝒏[𝑨 + 𝑩 + 𝑪]

𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛(𝐵 + 𝐶)

1 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛(𝐵 + 𝐶)
=

𝐵 𝑡𝑎𝑛(𝐴 + 𝐵) =
𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵

1 − 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵

=

𝑡𝑎𝑛𝐴 +
𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶

1
𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶

=
1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶

𝑡𝑎𝑛𝐴 1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶
− 𝑡𝑎𝑛𝐴

=
𝑡𝑎𝑛𝐴 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛𝐶 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶
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=
𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛𝐶

1 − 𝑡𝑎𝑛𝐵 𝑡𝑎𝑛 𝐶 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐵 − 𝑡𝑎𝑛𝐴 𝑡𝑎𝑛𝐶

𝟏. 𝑰𝒇 𝒔𝒊𝒏 𝒙 =
𝟏𝟓

𝟏𝟕
𝒂𝒏𝒅 𝒄𝒐𝒔 𝒚 =

𝟏𝟐

𝟏𝟑
, 𝟎 < 𝒙 <

𝝅

𝟐
, 𝟎 < 𝒚 <

𝝅

𝟐
, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇

𝒊 𝒔𝒊𝒏 𝒙 + 𝒚 𝒊𝒊 𝒄𝒐𝒔 𝒙 − 𝒚 𝒊𝒊𝒊 𝒕𝒂𝒏 𝒙 + 𝒚 .

sin 𝑥 =
15

17

cos 𝑥 = 1 − 𝑠𝑖𝑛2𝑥

cos 𝑥 = 1 −
15

17

2

0 < 𝑥 <
𝜋

2
, 0 < 𝑦 <

𝜋

2
, 𝑥 𝑎𝑛𝑑 𝑦 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡.

∴ 𝐴𝑙𝑙 𝑡ℎ𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑟𝑎𝑡𝑖𝑜𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

cos 𝑥 = 1 −
225

289 ⟹ cos 𝑥 =
289 − 225

289
⟹

sin2𝜃 + cos2𝜃 = 1

cos2𝜃 = 1 − sin2𝜃

𝑐𝑜𝑠𝜃 = 1 − sin2𝜃

cos 𝑥 =
64

289
cos 𝑥 = ±

8

17

sin𝑐𝑒 0 < 𝑥 <
𝜋

2
cos 𝑥 =

8

17

cos 𝑦 =
12

13
sin 𝑦 = 1 − cos2𝑦

sin 𝑦 = 1 −
12

13

2

= 1 −
144

169

⟹

⟹

=
169 − 144

169
=

25

169

sin2𝜃 + cos2𝜃 = 1

sin2𝜃 = 1 − cos2𝜃

sin 𝑦 = ±
5

13
sin 𝑦 =

5

13 𝑠𝑖𝑛𝑐𝑒 0 < 𝑦 <
𝜋

2

𝑡𝑎𝑛 𝑥 =
𝑠𝑖𝑛 𝑥

𝑐𝑜𝑠 𝑥
=

15
17
8

17

tan 𝑥 =
15

8

tan 𝑦 =
sin 𝑦

cos 𝑦 =

5
13
12
13

⟹

𝑡𝑎𝑛 𝑦 =
5

12
⟹

𝑠𝑖𝑛 𝑥 + 𝑦 = 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑦 + 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 𝑦

=
15

17
+

8

17
×

12

13
×

5

13
=

180

221
+

40

221
=

220

221

⟹
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𝒊𝒊 𝒄𝒐𝒔 𝒙 − 𝒚

cos 𝑥 − 𝑦 = cos 𝑥 cos 𝑦 + sin 𝑥 sin 𝑦

=
8

15

=
1632 + 1125

3315

×
12

13
+

15

17
×

5

13

96 × 17
=

13 × 15 × 17
=

96

15 × 13
+

75

17 × 13

+ 75 × 15

=
2757

3315

𝒊𝒊𝒊 𝒕𝒂𝒏 𝒙 + 𝒚

tan 𝑥 + 𝑦 =
tan 𝑥 + tan 𝑦

1 − tan 𝑥 tan 𝑦

=

15

8
+

×1 −

5

12

15

8

5

12

24

45 + 10

1 −

=
75

96 96

96 −75
=

55

24

tan(𝑥 + 𝑦) =

55

24

21

96

⟹ 𝑡𝑎𝑛(𝑥 + 𝑦) =
55

24
×

96

21

4

tan(𝑥 + 𝑦) =
220

21

𝟐. 𝑰𝒇 𝒔𝒊𝒏 𝑨 =
𝟑

𝟓
𝒂𝒏𝒅 𝒄𝒐𝒔 𝑩 =

𝟗

𝟒𝟏
, 𝟎 < 𝑨 <

𝝅

𝟐
, 𝟎 < 𝑩 <

𝝅

𝟐
. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇

𝒊 𝒔𝒊𝒏 𝑨 + 𝑩 𝒊𝒊 𝒄𝒐𝒔 𝑨 − 𝑩

0 < 𝐴 <
𝜋

2
, 0 < 𝐵 <

𝜋

2
, 𝐴, 𝐵 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡.

∴ 𝐴𝑙𝑙 𝑡ℎ𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑟𝑎𝑡𝑖𝑜𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑖𝑛 𝐴 =
3

5

cos 𝐴 = 1 − sin2𝐴 = 1 −
3

5

2

= 1 −
9

25
=

25 − 9

25
=

16

25

𝑐𝑜𝑠 𝐴 =
4

5
𝑠𝑖𝑛𝑐𝑒 0 < 𝐴 <

𝜋

2
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𝑠𝑖𝑛 𝐵 = 1 − 𝑐𝑜𝑠2𝐵 = 1 −
9

41

2

= 1 −
81

1681
=

1681 − 81

1681

𝑠𝑖𝑛 𝐵 =
1600

1681
⟹ 𝑠𝑖𝑛 𝐵 =

40

41

=
3

5

𝒊 𝒔𝒊𝒏 𝑨 + 𝑩 = 𝒔𝒊𝒏 𝑨 𝒄𝒐𝒔 𝑩 + 𝒄𝒐𝒔 𝑨 𝒔𝒊𝒏 𝑩

×
9

41
+

4

5
×

40

41
=

27

205
+

160

205
=

187

205

𝒊𝒊 𝒄𝒐𝒔 𝑨 − 𝑩 = 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩 + 𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩

=
4

5
×

9

41
+

3

5
×

40

41
=

156

205
=

36

205
+

120

205

𝟑. 𝑭𝒊𝒏𝒅 𝒄𝒐𝒔 𝒙 − 𝒚 , 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝒙 = −
𝟒

𝟓
𝒘𝒊𝒕𝒉 𝝅 < 𝒙 <

𝟑𝝅

𝟐
𝒂𝒏𝒅

𝒔𝒊𝒏 𝒚 = −
𝟐𝟒

𝟐𝟓
𝒘𝒊𝒕𝒉 𝝅 < 𝒚 <

𝟑𝝅

𝟐
.

𝜋 < 𝑥 <
3𝜋

2
, 𝑥 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝑜𝑛𝑙𝑦. cot 𝑥 𝑎𝑛𝑑 tan 𝑥 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑖𝑛𝑥 = 1 − 𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠 𝑥 = −
4

5

𝑐𝑜𝑠 𝐵 =
9

41

𝑠𝑖𝑛𝑥 = 1 − −
4

5

2

= 1 −
16

25
=

25 − 16

25

𝑠𝑖𝑛𝑥 =
9

25
⟹ 𝑠𝑖𝑛 𝑥 = ±

3

5

𝜋 < 𝑦 <
3𝜋

2
, 𝑦 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼𝐼 𝑞𝑢𝑎𝑟𝑑𝑟𝑎𝑛𝑡. 𝑐𝑜𝑡 𝑦 𝑎𝑛𝑑 𝑡𝑎𝑛 𝑦 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑠𝑖𝑛 𝑥 = −
3

5

𝑠𝑖𝑛 𝑦 = −
24

25

𝑠𝑖𝑛𝑐𝑒 𝜋 < 𝑥 <
3𝜋

2

𝑐𝑜𝑠𝑦 = 1 − 𝑠𝑖𝑛2𝑦
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𝑐𝑜𝑠 𝑦 = −
7

25

∴ 𝒄𝒐𝒔 𝒙 − 𝒚 = 𝒄𝒐𝒔 𝒙 𝒄𝒐𝒔 𝒚 + 𝒔𝒊𝒏 𝒙 𝒔𝒊𝒏 𝒚

= −
4

5
=

28

125
=

4

5
−

7

25
+ −

3

5
−

24

25
=

100

125
+

72

125

𝟒. 𝑭𝒊𝒏𝒅 𝒔𝒊𝒏 𝒙 − 𝒚 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝒙 =
𝟖

𝟏𝟕
𝒘𝒊𝒕𝒉 𝟎 < 𝒙 <

𝝅

𝟐
𝒂𝒏𝒅

𝒄𝒐𝒔 𝒚 = −
𝟐𝟒

𝟐𝟓
𝒘𝒊𝒕𝒉 𝝅 < 𝒚 <

𝟑𝝅

𝟐
.

0 < 𝑥 <
𝜋

2
, 𝑥 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼 𝑞𝑢𝑎𝑟𝑑𝑟𝑎𝑛𝑡

∴ 𝐴𝑙𝑙 𝑡ℎ𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑟𝑎𝑡𝑖𝑜𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

𝑠𝑖𝑛 𝑥 =
8

17

𝑐𝑜𝑠𝑥 = 1 − 𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠𝑥 = 1 −
8

17

2

= 1 −
64

289
=

289 − 64

289

cos 𝑦 = 1 − −
24

25

2

= 1 −
576

625
=

625 − 576

625

cos 𝑦 =
49

625
⟹ cos 𝑦 = ±

7

25
𝑠𝑖𝑛𝑐𝑒 𝜋 < 𝑦 <

3𝜋

2

𝑐𝑜𝑠 𝑥 =
15

17

𝑐𝑜𝑠𝑥 =
225

289
⟹ 𝑐𝑜𝑠𝑥 = ±

15

17
𝑠𝑖𝑛𝑐𝑒 0 < 𝑥 <

𝜋

2

𝜋 < 𝑦 <
3𝜋

2
. 𝑦 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼𝐼 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝑜𝑛𝑙𝑦 tan 𝑦 𝑎𝑛𝑑 cot 𝑦 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑐𝑜𝑠 𝑦 = −
24

25

𝑠𝑖𝑛𝑦 = 1 − 𝑐𝑜𝑠2𝑦

sin 𝑦 = 1 − −
24

25

2

= 1 −
576

625
=

625 − 576

625
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𝑠𝑖𝑛 𝑦 = −
7

25

𝑠𝑖𝑛 𝑦 =
49

625
⟹ 𝑠𝑖𝑛 𝑦 = ±

7

25

𝑠𝑖𝑛𝑐𝑒 𝜋 < 𝑥 <
3𝜋

2
∴ 𝒔𝒊𝒏 𝒙 − 𝒚 = 𝒔𝒊𝒏 𝒙 𝒄𝒐𝒔 𝒚 − 𝒄𝒐𝒔 𝒙 𝒔𝒊𝒏 𝒚

=
8

17

= −
192

425

−
24

25
−

7

25
−

15

17

= −
87

425
+

105

425

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒄𝒐𝒔 𝟏𝟎𝟓° 𝒊𝒊 𝒔𝒊𝒏 𝟏𝟎𝟓° 𝒊𝒊𝒊 𝒕𝒂𝒏
𝟕𝝅

𝟏𝟐

𝑐𝑜𝑠 105°

= 𝑐𝑜𝑠 60°

1

2
=

1 − 3

2 2

= 𝑐𝑜𝑠(60° + 45°)

𝑐𝑜𝑠 45° 𝑠𝑖𝑛 60°− 𝑠𝑖𝑛 45°

1

2
× 3

2
− ×

1

2
=

1

2 2
−

3

2 2=

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

=
1 − 3

2 2
×

2

2
=

2 − 6

4

𝑠𝑖𝑛 105°

= 𝑠𝑖𝑛 60°

3

2
=

3 + 1

2 2

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵
= 𝑠𝑖𝑛(60° + 45°)

𝑐𝑜𝑠 45° 𝑐𝑜𝑠 60°+ 𝑠𝑖𝑛 45°
1

2
×

1

2
+ ×

1

2
=

3

2 2
+

1

2 2
=

𝒊𝒊) 𝒔𝒊𝒏 𝟏𝟎𝟓°

𝒊𝒊𝒊 𝒕𝒂𝒏
𝟕𝝅

𝟏𝟐

𝑡𝑎𝑛
7𝜋

12
= tan

7𝜋

12
×

180°

𝜋
2

30°
15°

tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵

𝑡𝑎𝑛 105°

𝑡𝑎𝑛
7𝜋

12
= tan 7 × 15°

𝑡𝑎𝑛
7𝜋

12
= tan 105°

= tan 60° + 45°

=
tan 60°

1

+ tan 45°

tan 60°− tan 45°
=

3

1

+ 1

3− 1
=

3 + 1

1 − 3
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=
3 + 1

1 − 3
×

1 + 3

1 + 3
=

( 3 + 1)2

12 − ( 3)2

=
3

2
+ 2 3 1 + 12

1 − 3

=
3 + 2 3 1 + 1

−2

=
( 3 + 1)2

12 − ( 3)2

=
4 + 2 3

−2
= 2

2 + 3

−2

= − 2 + 3𝑡𝑎𝑛
7𝜋

12

𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊 𝒄𝒐𝒔 𝟑𝟎° + 𝒙 =
𝟑 𝒄𝒐𝒔 𝒙 − 𝒔𝒊𝒏 𝒙

𝟐
𝒊𝒊 𝒄𝒐𝒔 𝝅 + 𝜽 = − 𝒄𝒐𝒔 𝜽

𝒊𝒊𝒊 𝒔𝒊𝒏 𝝅 + 𝜽 = − 𝒔𝒊𝒏 𝜽

𝒊 𝒄𝒐𝒔 𝟑𝟎° + 𝒙 =
𝟑 𝒄𝒐𝒔 𝒙 − 𝒔𝒊𝒏 𝒙

𝟐

=
3

2
× cos 𝑥 −

1

2
sin 𝑥

𝑐𝑜𝑠 30° + 𝑥 = 𝑐𝑜𝑠 30°𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 30°− 𝑠𝑖𝑛 𝑥

=
3 cos 𝑥 − sin 𝑥

2

=
3 𝑐𝑜𝑠 𝑥

2
−

𝑠𝑖𝑛 𝑥

2

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

𝒊𝒊 𝒄𝒐𝒔 𝝅 + 𝜽 = − 𝒄𝒐𝒔 𝜽

𝐿. 𝐻. 𝑆 = cos 𝜋 + 𝜃

= −1 × cos 𝜃

= 𝑐𝑜𝑠 𝜋 𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜋 𝑠𝑖𝑛 𝜃

− 0 × 𝑠𝑖𝑛 𝜃
= − cos 𝜃

𝒊𝒊𝒊 𝒔𝒊𝒏 𝝅 + 𝜽 = − 𝒔𝒊𝒏 𝜽

𝑠𝑖𝑛 𝜋 + 𝜃

= 0

= 0 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜋 + 𝜃 = − 𝑠𝑖𝑛 𝜃

= 𝑠𝑖𝑛 𝜋

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜋+ 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃 + −1 𝑠𝑖𝑛 𝜃
∵ sin 180° = 0

∵ cos 180° = −1

𝟕. 𝑭𝒊𝒏𝒅 𝒂 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒉𝒐𝒔𝒆 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝒔𝒊𝒏 𝟏𝟓° 𝒂𝒏𝒅 𝒄𝒐𝒔 𝟏𝟓°

𝑠𝑖𝑛(𝐴 − 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 − 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

𝑐𝑜𝑠(𝐴 − 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

𝑠𝑖𝑛 15° = 𝑠𝑖𝑛 45° − 30°

= 𝑠𝑖𝑛 45° 𝑐𝑜𝑠 30° 𝑐𝑜𝑠 45°𝑠𝑖𝑛 30°

1

2

3

2
×

1

2
− ×

1

2
=

−

=
3

2 2
−

1

2 2
=

3 − 1

2 2
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𝑠𝑖𝑛 15° =
3

2 2
−

1

2 2
𝑜𝑟

3 − 1

2 2

𝑐𝑜𝑠 15° = 𝑐𝑜𝑠 45° − 30°

= 𝑐𝑜𝑠 45°𝑐𝑜𝑠 30° 𝑠𝑖𝑛 45°+ 𝑠𝑖𝑛 30°

=
1

2

3

2
×

1

2
+ ×

1

2
=

3

2 2
+

1

2 2
=

3 + 1

2 2

𝑐𝑜𝑠 15° =
3

2 2
+

1

2 2
𝑜𝑟

3 + 1

2 2

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 𝑠𝑖𝑛 15° + 𝑐𝑜𝑠 15°

=
3 − 1

2 2
=

3 − 1 + 3 + 1

2 2
+

3 + 1

2 2
=

3 + 3

2 2
=

2 3

2 2

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 =
6

2
𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 𝑠𝑖𝑛 15° 𝑐𝑜𝑠 15°

=
3 − 1

2 2

3 + 1

2 2

=
8

3
2
− 12

=
3 × 2

2 × 2
=

3

2

=
3 − 1

8
=

2

8
=

1

4

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

𝑥2 = 0

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 =
1

4

6

2
− 𝑥 +

1

4
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑏𝑦 4

4𝑥2 − 2 6𝑥 + 1 = 0

𝟖. 𝑬𝒙𝒑𝒂𝒏𝒅 𝒄𝒐𝒔 𝑨 + 𝑩 + 𝑪 . 𝑯𝒆𝒏𝒄𝒆 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩 𝒄𝒐𝒔 𝑪 =

𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩 𝒄𝒐𝒔 𝑪 + 𝒔𝒊𝒏 𝑩 𝒔𝒊𝒏 𝑪 𝒄𝒐𝒔 𝑨 + 𝒔𝒊𝒏 𝑪 𝒔𝒊𝒏 𝑨 𝒄𝒐𝒔 𝑩 , 𝒊𝒇 𝑨 + 𝑩 + 𝑪 =
𝝅

𝟐
.

𝑐𝑜𝑠 𝐴 + 𝐵 + 𝐶 = 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐴 + 𝐵 𝑠𝑖𝑛 𝐶

= 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶
𝐴 𝐵

= 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶𝑐𝑜𝑠 𝐴 + 𝐵 + 𝐶 − 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 𝑠𝑖𝑛 𝐶
− 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶
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= 0𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 𝑠𝑖𝑛 𝐶 − 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶

∴ 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶 = 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶 + 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 𝑠𝑖𝑛 𝐶 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶

𝐴 + 𝐵 + 𝐶 =
𝜋

2

𝑐𝑜𝑠 𝐴 + 𝐵 + 𝐶 = 𝑐𝑜𝑠
𝜋

2

𝑠𝑖𝑛(𝐴 + 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

𝟗. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊 𝒔𝒊𝒏 𝟒𝟓° + 𝜽 − 𝒔𝒊𝒏 𝟒𝟓° − 𝜽 = 𝟐 𝒔𝒊𝒏 𝜽

𝒊𝒊 𝒔𝒊𝒏 𝟑𝟎° + 𝜽 + 𝒄𝒐𝒔 𝟔𝟎° + 𝜽 = 𝒄𝒐𝒔 𝜽

𝒊 𝒔𝒊𝒏 𝟒𝟓° + 𝜽 − 𝒔𝒊𝒏 𝟒𝟓° − 𝜽 = 𝟐 𝒔𝒊𝒏 𝜽

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 45° + 𝜃 − 𝑠𝑖𝑛 45° − 𝜃

= 𝑠𝑖𝑛 45° 𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 45° 𝑠𝑖𝑛 𝜃

=
1

2
𝑐𝑜𝑠 𝜃+

1

2
𝑠𝑖𝑛 𝜃

1

2
cos 𝜃 −

1

2
sin 𝜃−

=
1

2
𝑐𝑜𝑠 𝜃+

1

2
𝑠𝑖𝑛 𝜃 −

1

2
𝑐𝑜𝑠 𝜃 +

1

2
𝑠𝑖𝑛 𝜃

=
1

2
𝑠𝑖𝑛 𝜃 +

1

2
𝑠𝑖𝑛 𝜃 =

1

2
𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 𝜃 =

1

2
× 2 𝑠𝑖𝑛 𝜃

𝑠𝑖𝑛(𝐴 + 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

− 𝑠𝑖𝑛 45° 𝑐𝑜𝑠 𝜃 − 𝑐𝑜𝑠 45° 𝑠𝑖𝑛 𝜃

=
1

2
× 2 𝑠𝑖𝑛 𝜃 =

1

2
× 2 × 2 𝑠𝑖𝑛 𝜃 = 2 𝑠𝑖𝑛𝜃

𝒊𝒊 𝒔𝒊𝒏 𝟑𝟎° + 𝜽 + 𝒄𝒐𝒔 𝟔𝟎° + 𝜽 = 𝒄𝒐𝒔 𝜽

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 30° + 𝜃 + 𝑐𝑜𝑠 60° + 𝜃

= 𝑠𝑖𝑛 30° 𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 30° 𝑠𝑖𝑛 𝜃

=
1

2
𝑐𝑜𝑠 𝜃

=
1

2
× 2 𝑐𝑜𝑠 𝜃

= 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

+ 𝑐𝑜𝑠 60° 𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 60° 𝑠𝑖𝑛 𝜃

+
3

2
𝑠𝑖𝑛 𝜃 +

1

2
𝑐𝑜𝑠 𝜃 −

3

2
𝑠𝑖𝑛 𝜃

=
1

2
𝑐𝑜𝑠 𝜃 +

1

2
𝑐𝑜𝑠 𝜃 =

1

2
𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 𝜃

𝟏𝟎. 𝑰𝒇 𝒂 𝒄𝒐𝒔 𝒙 + 𝒚 = 𝒃 𝒄𝒐𝒔 𝒙 − 𝒚 , 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂 + 𝒃 𝒕𝒂𝒏 𝒙 = 𝒂 − 𝒃 𝒄𝒐𝒕 𝒚 .

𝑎 𝑐𝑜𝑠 𝑥 + 𝑦 = 𝑏 𝑐𝑜𝑠 𝑥 − 𝑦

𝑎 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 − 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦 = 𝑏 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

𝑎 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 − 𝑎 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦 = 𝑏 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 𝑏 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

𝑎 − 𝑏 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 = 𝑎 + 𝑏 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

𝑎 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 𝑏 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦− 𝑎 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦= +𝑏 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

𝑎 − 𝑏
𝑐𝑜𝑠 𝑦

𝑠𝑖𝑛 𝑦
= 𝑎 + 𝑏 𝑡𝑎𝑛 𝑥= 𝑎 + 𝑏

𝑠𝑖𝑛 𝑥

𝑐𝑜𝑠 𝑥
𝑎 − 𝑏 𝑐𝑜𝑡 𝑦⟹

𝑎 + 𝑏 𝑡𝑎𝑛 𝑥 = 𝑎 − 𝑏 𝑐𝑜𝑡 𝑦 169
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𝟏𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝟏𝟎𝟓° + 𝒄𝒐𝒔 𝟏𝟎𝟓° = 𝒄𝒐𝒔 𝟒𝟓°
𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 105° + 𝑐𝑜𝑠 105°

= 𝑠𝑖𝑛 60° + 45° + 𝑐𝑜𝑠 60° + 45°

= 𝑠𝑖𝑛 60° 𝑐𝑜𝑠 45° + 𝑐𝑜𝑠 60° 𝑠𝑖𝑛 45°+ 𝑐𝑜𝑠 60° 𝑐𝑜𝑠 45° − 𝑠𝑖𝑛 60° 𝑠𝑖𝑛 45°

=
3

2
×

1

2
+

1

2
×

1

2
+

1

2
×

1

2
−

3

2
×

1

2

=
3

2 2
+

1

2 2
+

1

2 2
−

3

2 2
=

1

2 2
+

1

2 2
=

2

2 2

=
1

2
= 𝑐𝑜𝑠 45°= 𝑅. 𝐻. 𝑆

𝟏𝟐. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝟕𝟓° − 𝒔𝒊𝒏 𝟏𝟓° = 𝒄𝒐𝒔 𝟏𝟎𝟓° + 𝒄𝒐𝒔 𝟏𝟓° .

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 75° − 𝑠𝑖𝑛 15°

= 𝑠𝑖𝑛 90° − 15°

= 𝑐𝑜𝑠 15° − 𝑠𝑖𝑛 15°

𝑅. 𝐻. 𝑆 = 𝑐𝑜𝑠 105° + 𝑐𝑜𝑠 15°

= 𝑐𝑜𝑠 90 + 15°

= 𝑐𝑜𝑠 15° − 𝑠𝑖𝑛 15°= − 𝑠𝑖𝑛 15° + 𝑐𝑜𝑠 15°

∴ 𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

− 𝑠𝑖𝑛 15°

𝑠𝑖𝑛 90° − 𝜃 = 𝑐𝑜𝑠𝜃

𝑐𝑜𝑠 90° + 𝜃 = −𝑠𝑖𝑛𝜃

+ 𝑐𝑜𝑠 15°

𝟏𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒂𝒏 𝟕𝟓° + 𝒄𝒐𝒕 𝟕𝟓° = 𝟒

𝑡𝑎𝑛 75° = 𝑡𝑎𝑛 45° + 30°

𝑡𝑎𝑛 75° =
𝑡𝑎𝑛 45° + 𝑡𝑎𝑛 30°

1 − 𝑡𝑎𝑛 45° 𝑡𝑎𝑛 30°

𝑡𝑎𝑛 𝐴 + 𝐵 =
𝑡𝑎𝑛𝐴 + 𝑡𝑎𝑛𝐵

1 − 𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵

𝑡𝑎𝑛75° =

1 +
1

3

1 − (1)
1

3

=

1 +
1

3

1 −
1

3

𝑡𝑎𝑛75°=

3 + 1

3

3 − 1

3

⟹ 𝑡𝑎𝑛75° =
3 + 1

3 − 1

𝑐𝑜𝑡75° =
1

tan 75°
𝑐𝑜𝑡75° =

3 − 1

3 + 1
⟹
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𝐿. 𝐻. 𝑆 = tan 75° + 𝑐𝑜𝑡75°

=
3 + 1

3 − 1
+

3 − 1

3 + 1
=

( 3 + 1 )2 + ( 3 − 1 )2

( 3 − 1) ( 3 + 1)

( 3)2

= + (1)2 2 3 ++ ( 3)2 2 3− + 12

( 3)2 − 12

3
=

+ 1 2 3 ++ 3 2 3− + 1

3 − 1
=

8

2
= 4

𝟏𝟒. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝑨 + 𝑩 𝒄𝒐𝒔 𝑪 − 𝒄𝒐𝒔 𝑩 + 𝑪 𝒄𝒐𝒔 𝑨 = 𝒔𝒊𝒏 𝑩 𝒔𝒊𝒏 𝑪 − 𝑨

𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐶 − 𝑐𝑜𝑠 𝐵 + 𝐶 𝑐𝑜𝑠 𝐴

= 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶

= 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶

= 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶

= 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐶 − 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐶

− 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶 − 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶

− 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 𝑐𝑜𝑠 𝐶 − 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐶 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶

= 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶 𝑐𝑜𝑠 𝐴 − 𝑐𝑜𝑠 𝐶 𝑠𝑖𝑛 𝐴

= 𝑠𝑖𝑛 𝐵 𝑠𝑖𝑛 𝐶 − 𝐴 = 𝑅. 𝐻. 𝑆

𝟏𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝒏 + 𝟏 𝜽 𝒔𝒊𝒏 𝒏 − 𝟏 𝜽 + 𝒄𝒐𝒔 𝒏 + 𝟏 𝜽 𝒄𝒐𝒔 𝒏 − 𝟏 𝜽 .

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 𝑛 + 1 𝜃 𝑠𝑖𝑛 𝑛 − 1 𝜃 + 𝑐𝑜𝑠 𝑛 + 1 𝜃 𝑐𝑜𝑠 𝑛 − 1 𝜃.

𝐴 𝐵 𝐴 𝐵

𝑐𝑜𝑠(𝐴 − 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵
= 𝑐𝑜𝑠 𝑛 + 1 𝜃 − 𝑛 − 1 𝜃

= 𝑐𝑜𝑠 𝑛𝜃 + 𝜃 − 𝑛𝜃 + 𝜃

= 𝑐𝑜𝑠 2𝜃 = 𝑅. 𝐻. 𝑆, 𝑛 ∈ ℤ

= 𝒄𝒐𝒔 𝟐 𝜽, 𝒏 ∈ ℤ

𝟏𝟔. 𝑰𝒇 𝒙 𝒄𝒐𝒔 𝜽 = 𝒚 𝒄𝒐𝒔 𝜽 +
𝟐𝝅

𝟑
= 𝔃 𝒄𝒐𝒔 𝜽 +

𝟒𝝅

𝟑
, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆

𝑥 cos 𝜃 = 𝑦 cos 𝜃 +
2𝜋

3
= 𝓏 cos 𝜃 +

4𝜋

3
= 𝑘

𝑥 𝑐𝑜𝑠𝜃 = 𝑘, 𝑦 cos 𝜃 +
2𝜋

3
= 𝑘, 𝑧 cos 𝜃 +

4𝜋

3
= 𝑘

𝑐𝑜𝑠𝜃 =
𝑘

𝑥
, cos 𝜃 +

2𝜋

3
=

𝑘

𝑦
, 𝑐𝑜𝑠 𝜃 +

4𝜋

3
=

𝑘

𝑍

𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝑘

𝑥
+

𝑘

𝑦
+

𝑘

𝑍
= 𝑐𝑜𝑠𝜃 + cos 𝜃 +

2𝜋

3
+cos 𝜃 +

4𝜋

3

= 𝑐𝑜𝑠𝜃 + cos 120° + 𝜃 + cos(240° + 𝜃) 171
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= 𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠120°𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛 120 ° 𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠240 𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛240° 𝑠𝑖𝑛𝜃

= 𝑐𝑜𝑠𝜃 +
−1

2
𝑐𝑜𝑠𝜃 −

3

2
𝑠𝑖𝑛𝜃 +

−1

2
𝑐𝑜𝑠𝜃 −

− 3

2
𝑠𝑖𝑛𝜃

= 𝑐𝑜𝑠𝜃 −
1

2
𝑐𝑜𝑠𝜃 −

3

2
𝑠𝑖𝑛𝜃 −

1

2
𝑐𝑜𝑠𝜃 +

3

2
𝑠𝑖𝑛𝜃

= 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜃 −
3

2
𝑠𝑖𝑛𝜃 +

3

2
𝑠𝑖𝑛𝜃− = 0

𝑘

𝑥
+

𝑘

𝑦
+

𝑘

𝑍
= 0 𝑘

1

𝑥
+

1

𝑦
+

1

𝑍
= 0

1

𝑥
+

1

𝑦
+

1

𝑍
= 0

𝑦𝑧 + 𝑥𝑧 + 𝑥𝑦

𝑥𝑦𝑧
= 0

𝑦𝑧 + 𝑥𝑧 + 𝑥𝑦 = 0 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 0

⟹

𝑐𝑜𝑠240° = 𝑐𝑜𝑠(270° − 30°)

= −𝑠𝑖𝑛30° = −
1

2

𝑠𝑖𝑛240° = sin(270° − 30°)

= −𝑐𝑜𝑠30°= −
3

2

⟹

⟹

𝟏𝟕. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊 𝒔𝒊𝒏 𝑨 + 𝑩 𝒔𝒊𝒏 𝑨 − 𝑩 = 𝒔𝒊𝒏𝟐𝑨 − 𝒔𝒊𝒏𝟐𝑩

𝒊𝒊 𝒄𝒐𝒔 𝑨 + 𝑩 𝒄𝒐𝒔 𝑨 − 𝑩 = 𝒄𝒐𝒔𝟐𝑨 − 𝒔𝒊𝒏𝟐𝑩 = 𝒄𝒐𝒔𝟐𝑩 − 𝒔𝒊𝒏𝟐𝑨

𝒊𝒊𝒊 𝒔𝒊𝒏𝟐 𝑨 + 𝑩 − 𝒔𝒊𝒏𝟐 𝑨 − 𝑩 = 𝒔𝒊𝒏 𝟐𝑨 𝒔𝒊𝒏 𝟐𝑩

𝒊𝒗 𝒄𝒐𝒔 𝟖 𝜽 𝒄𝒐𝒔 𝟐𝜽 = 𝒄𝒐𝒔𝟐𝟓𝜽𝒔𝒊𝒏𝟐𝟑𝟎

𝒊) 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏(𝑨 + 𝑩) 𝒔𝒊𝒏(𝑨 − 𝑩) = 𝒔𝒊𝒏𝟐 𝑨 − 𝒔𝒊𝒏𝟐 𝑩

𝐿. 𝐻. 𝑆 = sin(𝐴 + 𝐵) sin(𝐴 − 𝐵)

= sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵

= sin 𝐴 cos 𝐵 2 − cos 𝐴 sin 𝐵 2

= sin2𝐴cos2𝐵 − cos2𝐴sin2𝐵

= sin2𝐴 1 − sin2𝐵

co𝑠2 𝐵 = 1 − sin2 𝐵

− sin2𝐵 (1 − s𝑖𝑛2𝐴)

= sin2𝐴 − sin2𝐴sin2𝐵 − sin2𝐵 + sin2𝐴sin2𝐵

= sin2𝐴 − sin2𝐵

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵

co𝑠2 𝐴 = 1 − sin2 𝐴

𝒊𝒊) 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔(𝑨 + 𝑩) 𝒄𝒐𝒔(𝑨 − 𝑩) = 𝒄𝒐𝒔𝟐 𝑨 − 𝒔𝒊𝒏𝟐 𝑩

𝐿. 𝐻. 𝑆 = cos(𝐴 + 𝐵) cos(𝐴 − 𝐵)

= cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

= cos 𝐴 cos 𝐵 2 − sin 𝐴 sin 𝐵 2

= cos2𝐴cos2𝐵 − sin2𝐴sin2𝐵

= 1 − sin2𝐵

cos2 𝐵 = 1 − sin2 𝐵

sin2 𝐴 = 1 − cos2 𝐴

cos2𝐴− sin2𝐵(1 − cos2𝐴)

= cos2𝐴 − cos2𝐴sin2𝐵 − sin2𝐵 + cos2𝐴sin2𝐵

cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵= cos2𝐴 − sin2𝐵
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𝒊𝒊𝒊) 𝒄𝒐𝒔(𝑨 + 𝑩) 𝒄𝒐𝒔(𝑨 − 𝑩) = 𝒄𝒐𝒔𝟐 𝑩 − 𝒔𝒊𝒏𝟐 𝑨

𝐿. 𝐻. 𝑆 = cos(𝐴 + 𝐵) cos(𝐴 − 𝐵)

= cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

= cos 𝐴 cos 𝐵 2 − sin 𝐴 sin 𝐵 2

= cos2𝐴cos2𝐵 − sin2𝐴sin2𝐵

= 1 − sin2𝐴

sin2 𝐵 = 1 − cos2 𝐵

co𝑠2 𝐴 = 1 − sin2 𝐴

cos2𝐵− sin2𝐴(1 − cos2𝐵)

= cos2𝐵 − sin2𝐴cos2𝐵 − sin2𝐴 + sin2𝐴cos2𝐵

= cos2𝐵 − sin2𝐴

𝒊𝒗 𝒔𝒊𝒏𝟐 𝑨 + 𝑩 − 𝒔𝒊𝒏𝟐 𝑨 − 𝑩 = 𝒔𝒊𝒏 𝟐𝑨 𝒔𝒊𝒏 𝟐𝑩

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛2 𝐴 + 𝐵 − 𝑠𝑖𝑛2 𝐴 − 𝐵

= 𝑠𝑖𝑛 𝐴 + 𝐵 + 𝐴 − 𝐵

= 𝑠𝑖𝑛 2𝐴 𝑠𝑖𝑛 2𝐵 = 𝑅. 𝐻. 𝑆

𝑠𝑖𝑛 𝐴 + 𝐵 − 𝐴 + 𝐵

𝑠𝑖𝑛 𝐴 + 𝐵 𝑠𝑖𝑛 𝐴 − 𝐵 = 𝑠𝑖𝑛2𝐴 − 𝑠𝑖𝑛2𝐵

= 𝑠𝑖𝑛 𝐴 + 𝐵 + 𝐴 − 𝐵 𝑠𝑖𝑛 𝐴 + 𝐵 − 𝐴 − 𝑩

𝒊𝒗 𝒄𝒐𝒔 𝟖 𝜽 𝒄𝒐𝒔 𝟐𝜽 = 𝒄𝒐𝒔𝟐𝟓𝜽 − 𝒔𝒊𝒏𝟐𝟑𝜽

𝑅. 𝐻. 𝑆 = 𝑐𝑜𝑠25𝜃 − 𝑠𝑖𝑛23𝜃

= cos 5𝜃 + 3𝜃 cos 5𝜃 − 3𝜃

= cos 8𝜃 cos 2𝜃 = 𝐿. 𝐻. 𝑆

𝑐𝑜𝑠(𝐴 + 𝐵) 𝑐𝑜𝑠(𝐴 − 𝐵) = 𝑐𝑜𝑠2 𝐴 − 𝑠𝑖𝑛2 𝐵

𝟏𝟖. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔𝟐𝑨 + 𝒄𝒐𝒔𝟐𝑩 − 𝟐 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩 𝒄𝒐𝒔 𝑨 + 𝑩 = 𝒔𝒊𝒏𝟐 𝑨 + 𝑩

𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑠2𝐴 + 𝑐𝑜𝑠2𝐵 − 2 cos 𝐴 cos 𝐵 cos 𝐴 + 𝐵

= 𝑐𝑜𝑠2𝐴 + 1 − 𝑠𝑖𝑛2𝐵 − 2 cos 𝐴 cos 𝐵 cos 𝐴 + 𝐵

= 𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐵 + 1 − 2 cos 𝐴 cos 𝐵 cos 𝐴 + 𝐵

∵ 𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐵 = cos 𝐴 + 𝐵 cos 𝐴 − 𝐵

= 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 − 𝐵 − 2 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐴 + 𝐵 + 1

= 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 − 𝐵 − 2 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 1

= 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 − 2 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 1

= 𝑐𝑜𝑠 𝐴 + 𝐵 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 − 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 + 1
= − 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 + 1

= − 𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 + 𝐵 + 1 = −𝑐𝑜𝑠2 𝐴 + 𝐵 + 1

= 1 − 𝑐𝑜𝑠2 𝐴 + 𝐵 = 𝑠𝑖𝑛2 𝐴 + 𝐵 = 𝑅. 𝐻. 𝑆

cos 𝛼 − 𝛽 + cos 𝛽 − 𝛾 + cos 𝛾 − 𝛼 = −
3

2

𝟏𝟗. 𝑰𝒇 𝒄𝒐𝒔 𝜶 − 𝜷 + 𝒄𝒐𝒔 𝜷 − 𝜸 + 𝒄𝒐𝒔 𝜸 − 𝜶 = −
𝟑

𝟐
𝒕𝒉𝒆𝒏

𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝜶 + 𝒄𝒐𝒔 𝜷 + 𝒄𝒐𝒔 𝜸 = 𝒔𝒊𝒏 𝜶 + 𝒔𝒊𝒏 𝜷 + 𝒔𝒊𝒏 𝜸 = 𝟎
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𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾 + 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾 + 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼

+ 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛾 = −
3

2

2 ቈ
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾 + 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾

+ 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛾] = −3

2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 2 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾 + 2 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼 + 2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 2 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾
+2 𝑠𝑖𝑛 𝛾 𝑠𝑖𝑛 𝛼 = −3

3 + 2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 2 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾 + 2 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼

+ 2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 2 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾 + 2 𝑠𝑖𝑛 𝛾 𝑠𝑖𝑛 𝛼 = 0

1 + 1 + 1 + 2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 2 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾 + 2 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼
+ 2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 2 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾 + 2 𝑠𝑖𝑛 𝛾 𝑠𝑖𝑛 𝛼 = 0

𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑠𝑖𝑛2𝛽 + 𝑐𝑜𝑠2𝛾 + 𝑠𝑖𝑛2𝛾 + 2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 2 𝑐𝑜𝑠 𝛽 𝑐𝑜𝑠 𝛾

2 𝑐𝑜𝑠 𝛾 𝑐𝑜𝑠 𝛼 + 2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 + 2 𝑠𝑖𝑛 𝛽 𝑠𝑖𝑛 𝛾 + 2 𝑠𝑖𝑛 𝛾 𝑠𝑖𝑛 𝛼 = 0

+ 𝑠𝑖𝑛2𝛼 + 𝑠𝑖𝑛2β + 𝑠𝑖𝑛2𝛾 + 2 sin 𝛼 sin 𝛽 + 2 sin 𝛽 sin 𝛾 + 2 sin 𝛾 sin 𝛼

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠2𝛾 + 2 cos 𝛼 cos 𝛽 + 2 cos 𝛽 cos 𝛾 + 2 cos 𝛾 cos 𝛼

= 0

𝑐𝑜𝑠 𝛼 + 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛾 2 + 𝑠𝑖𝑛 𝛼 + 𝑠𝑖𝑛 𝛽 + 𝑠𝑖𝑛 𝛾 2 = 0

𝑐𝑜𝑠 𝛼 + 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛾 2 = 0, 𝑠𝑖𝑛 𝛼 + 𝑠𝑖𝑛 𝛽 + 𝑠𝑖𝑛 𝛾 2 = 0

cos 𝛼 + cos 𝛽 + cos 𝛾 = 0, sin 𝛼 + sin 𝛽 + sin 𝛾 = 0

𝟐𝟎. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊 𝒕𝒂𝒏 𝟒𝟓° + 𝑨 =
𝟏 + 𝒕𝒂𝒏 𝑨

𝟏 − 𝒕𝒂𝒏 𝑨
𝒊𝒊 𝒕𝒂𝒏 𝟒𝟓° − 𝑨 =

𝟏 − 𝒕𝒂𝒏 𝑨

𝟏 + 𝒕𝒂𝒏 𝑨

𝑖 𝑡𝑎𝑛 45° + 𝐴 =
1 + 𝑡𝑎𝑛 𝐴

1 − 𝑡𝑎𝑛 𝐴

𝐿. 𝐻. 𝑆 = 𝑡𝑎𝑛 45° + 𝐴

=
1 + 𝑡𝑎𝑛 𝐴

1 − 𝑡𝑎𝑛 𝐴

∵ 𝑡𝑎𝑛 45° = 1

= 𝑅. 𝐻. 𝑆=
𝑡𝑎𝑛 45° + 𝑡𝑎𝑛 𝐴

1 − 𝑡𝑎𝑛 45° 𝑡𝑎𝑛 𝐴

𝑖𝑖 𝑡𝑎𝑛 45° − 𝐴 =
1 − 𝑡𝑎𝑛 𝐴

1 + 𝑡𝑎𝑛 𝐴
𝐿. 𝐻. 𝑆 = 𝑡𝑎𝑛 45° − 𝐴

=
1 − 𝑡𝑎𝑛 𝐴

1 + 𝑡𝑎𝑛 𝐴
= 𝑅. 𝐻. 𝑆=

𝑡𝑎𝑛 45° − 𝑡𝑎𝑛 𝐴

1 + 𝑡𝑎𝑛 45° 𝑡𝑎𝑛 𝐴

𝟐𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒕 𝑨 + 𝑩 =
𝒄𝒐𝒕 𝑨 𝒄𝒐𝒕 𝑩 − 𝟏

𝒄𝒐𝒕 𝑨 + 𝒄𝒐𝒕 𝑩

𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑡 𝐴 + 𝐵

=
1 − tan 𝐴 tan 𝐵

tan 𝐴 + tan 𝐵
=

1

tan 𝐴 + 𝐵
=

1

tan 𝐴 + tan 𝐵
1 − tan 𝐴 tan 𝐵
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=
1 −

1
cot 𝐴

×
1

cot 𝐵
1

cot 𝐴
+

1
cot 𝐵

=

1 −
1

𝑐𝑜𝑡𝐴𝑐𝑜𝑡𝐵

𝑐𝑜𝑡𝐴 𝑐𝑜𝑡𝐵
𝑐𝑜𝑡𝐵 + 𝑐𝑜𝑡𝐴

=

𝑐𝑜𝑡𝐴 𝑐𝑜𝑡𝐵
𝑐𝑜𝑡𝐵 + 𝑐𝑜𝑡𝐴

𝑐𝑜𝑡𝐴 𝑐𝑜𝑡𝐵

cot 𝐴 cot 𝐵 − 1

=
cot 𝐴 cot 𝐵 − 1

cot 𝐴 + cot 𝐵
= 𝑅. 𝐻. 𝑆

𝑡𝑎𝑛(𝑥 + 𝑦) =
𝑡𝑎𝑛𝑥 + 𝑡𝑎𝑛𝑦

1 − 𝑡𝑎𝑛𝑥 𝑡𝑎𝑛𝑦

=

𝑛
𝑛 + 1

+
1

2𝑛 + 1

1 −
𝑛

𝑛 + 1
1

2𝑛 + 1

𝟐𝟐. 𝑰𝒇 𝒕𝒂𝒏 𝒙 =
𝒏

𝒏 + 𝟏
𝒂𝒏𝒅 𝒕𝒂𝒏 𝒚 =

𝟏

𝟐𝒏 + 𝟏
, 𝒇𝒊𝒏𝒅 𝒕𝒂𝒏 (𝒙 + 𝒚)

=

𝑛
𝑛 + 1

+
1

2𝑛 + 1

1 −
𝑛

𝑛 + 1 2𝑛 + 1

=

𝑛 + 1 2𝑛 + 1
𝑛 + 1 2𝑛 + 1 − 𝑛

𝑛 + 1 2𝑛 + 1

𝑛 2𝑛 + 1 + 𝑛 + 1

=
2𝑛2 + 𝑛 + 𝑛 + 1

2𝑛2 + 𝑛 + 2𝑛 + 1 − 𝑛
=

2𝑛2 + 2𝑛 + 1

2𝑛2 + 2𝑛 + 1
= 1

𝐿. 𝐻. 𝑆 = 𝑡𝑎𝑛
𝜋

4
+ 𝜃 𝑡𝑎𝑛

3𝜋

4
+ 𝜃

𝟐𝟑. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒂𝒏
𝝅

𝟒
+ 𝜽 𝒕𝒂𝒏

𝟑𝝅

𝟒
+ 𝜽 = −𝟏

𝑡𝑎𝑛
𝜋

4
+ tan 𝜃

1− 𝑡𝑎𝑛
𝜋

4
𝑡𝑎𝑛𝜃

𝑡𝑎𝑛
3𝜋

4
+ tan 𝜃

1 − 𝑡𝑎𝑛
3𝜋

4
𝑡𝑎𝑛𝜃

=

3𝜋

4
=

3 × 180°

4
= 3 × 45°

3𝜋

4
= 135°

𝑡𝑎𝑛135° = 𝑡𝑎𝑛 180° − 45°

𝑡𝑎𝑛135° = −𝑡𝑎𝑛45°

𝑡𝑎𝑛135° = −1

1

1

−1

−1

1 + tan 𝜃

1 − tan 𝜃

−1 + tan 𝜃

1 + tan 𝜃
= =

1 + 𝑡𝑎𝑛𝜃

1 − 𝑡𝑎𝑛𝜃
×

− 1 − 𝑡𝑎𝑛𝜃

1 + 𝑡𝑎𝑛𝜃

= −1

𝑐𝑜𝑡𝛼 =
1

2
, 𝛼 ∈ 𝜋,

3𝜋

2

𝑡𝑎𝑛 𝛼 = 2

𝟐𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒕𝒂𝒏 𝜶 + 𝜷 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝒄𝒐𝒕𝜶 =
𝟏

𝟐
∈ 𝝅,

𝟑𝝅

𝟐
𝒂𝒏𝒅

𝒔𝒆𝒄 𝜷 = −
𝟓

𝟑
, 𝜷 ∈

𝝅

𝟐
, 𝝅
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𝑎𝑙𝑠𝑜 𝑠𝑒𝑐𝛽 = −
5

3
, 𝛽 ∈

𝜋

2
, 𝜋

tan 𝛽 = 𝑠𝑒𝑐2 𝛽 − 1

=
25

9
− 1

1 + 𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃

𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃 − 1

𝑡𝑎𝑛𝜃 = 𝑠𝑒𝑐2𝜃 − 1
= −

5

3

2

− 1

=
16

9
=

4

3
±

𝐻𝑒𝑛𝑐𝑒 𝑡𝑎𝑛(𝛼 + 𝛽) =
𝑡𝑎𝑛𝛼 + 𝑡𝑎𝑛𝛽

1 − 𝑡𝑎𝑛𝛼 𝑡𝑎𝑛𝛽

=

2 −
4

3

1 − 2 × −
4

3

6 − 4

3
=

1 +
8

3

𝑡𝑎𝑛𝛽 = −
4

3
𝑠𝑖𝑛𝑐𝑒 𝛽 ∈

𝜋

2
, 𝜋

2

3
=

3 + 8

3
𝑡𝑎𝑛(𝛼 + 𝛽) =

2

11

𝜃 + 𝜙 = 𝛼 𝑡𝑎𝑛𝜃 = 𝑘 tan 𝜙,

𝑘 =
𝑡𝑎𝑛𝜃

tan 𝜙

𝟐𝟓. 𝑰𝒇 𝜽 + 𝝓 = 𝜶 𝒂𝒏𝒅 𝒕𝒂𝒏𝜽 = 𝒌 𝒕𝒂𝒏 𝝓, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝑘 − 1

𝑘 + 1
=

𝑡𝑎𝑛𝜃

tan 𝜙
− 1

𝑡𝑎𝑛𝜃

tan 𝜙
+ 1

=

𝑡𝑎𝑛𝜃 − tan 𝜙
tan 𝜙

𝑡𝑎𝑛𝜃 + tan 𝜙
tan 𝜙

𝑡𝑎𝑛𝜃 − tan 𝜙

𝑡𝑎𝑛𝜃 + tan 𝜙

𝑘 − 1

𝑘 + 1
=⟹

𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
−

𝑠𝑖𝑛𝜙

𝑐𝑜𝑠𝜙

𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
+

𝑠𝑖𝑛𝜙

𝑐𝑜𝑠𝜙

𝑘 − 1

𝑘 + 1
= = 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠∅

𝑠𝑖𝑛𝜃𝑐𝑜𝑠∅ − 𝑠𝑖𝑛∅𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃 𝑐𝑜𝑠∅
𝑠𝑖𝑛𝜃𝑐𝑜𝑠∅+ 𝑠𝑖𝑛∅𝑐𝑜𝑠𝜃

𝒔𝒊𝒏 𝜽 − 𝝓 =
𝒌 − 𝟏

𝒌 + 𝟏
𝒔𝒊𝒏 𝜶

=
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙 − 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙

𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 + 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙

𝑘 − 1

𝑘 + 1
=

𝑠𝑖𝑛(𝜃 − 𝜙)

𝑠𝑖𝑛(𝜃 + 𝜙)

𝑘 − 1

𝑘 + 1
=

𝑠𝑖𝑛(𝜃 − 𝜙)

𝑠𝑖𝑛 𝛼

𝑠𝑖𝑛(𝜃 − 𝜙) =
𝑘 − 1

𝑘 + 1
𝑠𝑖𝑛 𝛼

⟹

⟹
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟓
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟏 𝑨 𝒇𝒐𝒐𝒕𝒃𝒂𝒍𝒍 𝒑𝒍𝒂𝒚𝒆𝒓 𝒄𝒂𝒏 𝒌𝒊𝒄𝒌 𝒂 𝒇𝒐𝒐𝒕𝒃𝒂𝒍𝒍 𝒇𝒓𝒐𝒎 𝒈𝒓𝒐𝒖𝒏𝒅

𝒍𝒆𝒗𝒆𝒍 𝒘𝒊𝒕𝒉 𝒂𝒏 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚 𝒐𝒇
𝟖𝟎𝒇𝒕

𝒔𝒆𝒄𝒐𝒖𝒏𝒅
. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎

𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒕𝒉𝒆 𝒇𝒐𝒐𝒕𝒃𝒂𝒍𝒍 𝒕𝒓𝒂𝒗𝒆𝒍𝒔 𝒂𝒏𝒅 𝒂𝒕 𝒘𝒉𝒂𝒕 𝒂𝒏𝒈𝒍𝒆?

(𝑻𝒂𝒌𝒆 𝒈 = 𝟑𝟐)

𝑇ℎ𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑅 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦

𝑅 =
𝑢2𝑠𝑖𝑛2𝛼

𝑔

(80 × 80)
𝑅 =

𝑠𝑖𝑛2𝛼

32
⟹

4

1020

20×10= 𝑠𝑖𝑛2𝛼200

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑇ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑠 𝑅 = 200𝑓𝑡

200 = 200 𝑠𝑖𝑛2𝛼 ⟹ 𝑠𝑖𝑛2𝛼 = 1

2𝛼 = 90° 𝛼 = 45°⟹

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝟑. 𝟏𝟎

𝑠𝑖𝑛2𝐴 =
2𝑡𝑎𝑛𝐴

1 + 𝑡𝑎𝑛2𝐴

𝑠𝑖𝑛2𝐴 =2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴=
2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴

1

2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴

𝑐𝑜𝑠2𝐴

1

𝑐𝑜𝑠2𝐴

=

=
2 𝑡𝑎𝑛𝐴

𝑠𝑒𝑐2𝐴
=

2 𝑡𝑎𝑛𝐴

𝑡𝑎𝑛2𝐴1 +

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝟑. 𝟏𝟏

𝑐𝑜𝑠2𝐴 =
1 − 𝑡𝑎𝑛2𝐴

1 + 𝑡𝑎𝑛2𝐴

𝑐𝑜𝑠2𝐴 = 𝑐𝑜𝑠2𝐴 𝑠𝑖𝑛2𝐴− =
𝑐𝑜𝑠2𝐴 𝑠𝑖𝑛2𝐴−

1

𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴

𝑐𝑜𝑠2𝐴

1

𝑐𝑜𝑠2𝐴

=

1 − 𝑡𝑎𝑛2𝐴
=

1 + 𝑡𝑎𝑛2𝐴

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝟑. 𝟏𝟐

𝑠𝑖𝑛3𝐴 = 3 𝑠𝑖𝑛𝐴 − 4 𝑠𝑖𝑛3𝐴

𝑠𝑖𝑛3𝐴 = sin(2𝐴 + 𝐴) 177
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= 𝑐𝑜𝑠2𝐴 𝑠𝑖𝑛𝐴

= 2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠2𝐴 + (1 − 2 𝑠𝑖𝑛2𝐴) 𝑠𝑖𝑛𝐴

= 2 𝑠𝑖𝑛𝐴(1 − 𝑠𝑖𝑛2𝐴) +(1 − 2 𝑠𝑖𝑛2𝐴) 𝑠𝑖𝑛𝐴

= 3 𝑠𝑖𝑛𝐴 − 4 𝑠𝑖𝑛3𝐴

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝟑. 𝟏𝟑

𝑠𝑖𝑛3𝐴 = 4 𝑐𝑜𝑠3𝐴 − 3 𝑐𝑜𝑠𝐴.

𝑐𝑜𝑠3𝐴 = sin(2𝐴 + 𝐴) = 𝑐𝑜𝑠2𝐴 𝑐𝑜𝑠𝐴 𝑠𝑖𝑛2𝐴 𝑠𝑖𝑛𝐴−

= (2 𝑐𝑜𝑠2𝐴 − 1) 𝑐𝑜𝑠𝐴 − 2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴 𝑠𝑖𝑛𝐴

= (2 𝑐𝑜𝑠2𝐴 − 1) 𝑐𝑜𝑠𝐴 − 2 𝑐𝑜𝑠𝐴 (1 − 𝑐𝑜𝑠2𝐴)

= 4 𝑐𝑜𝑠3𝐴 − 3 𝑐𝑜𝑠𝐴

𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝟑. 𝟏𝟒

𝑡𝑎𝑛3𝐴 3 𝑡𝑎𝑛𝐴
=

− 𝑡𝑎𝑛3𝐴
1 − 3𝑡𝑎𝑛2𝐴

𝑡𝑎𝑛3𝐴 = 𝑡𝑎𝑛(2𝐴 + 𝐴)

=
𝑡𝑎𝑛2𝐴 +3 𝑡𝑎𝑛𝐴

1 − 𝑡𝑎𝑛2𝐴 𝑡𝑎𝑛𝐴
=

2𝑡𝑎𝑛𝐴

1 − 𝑡𝑎𝑛2𝐴
+ 𝑡𝑎𝑛𝐴

1 −
2𝑡𝑎𝑛𝐴

1 − 𝑡𝑎𝑛2𝐴
𝑡𝑎𝑛𝐴

=
3 𝑡𝑎𝑛𝐴 − 𝑡𝑎𝑛3𝐴

1 − 3𝑡𝑎𝑛2𝐴

𝑯𝒂𝒍𝒇 − 𝑨𝒏𝒈𝒍𝒆 𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒊𝒆𝒔

𝐼𝑓 𝑤𝑒 𝑝𝑢𝑡 2𝐴 = 𝜃 𝑜𝑟 𝐴 =
𝜃

2
𝑖𝑛 𝑡ℎ𝑒 𝑑𝑜𝑢𝑏𝑙𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑑𝑒𝑛𝑡𝑖𝑡𝑒𝑠

𝐿𝑒𝑡 𝑢𝑠 𝑙𝑖𝑠𝑡 𝑜𝑢𝑡 𝑡ℎ𝑒 ℎ𝑎𝑙𝑓 𝑎𝑛𝑔𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑏𝑙𝑒 ∶

𝐷𝑜𝑢𝑏𝑙𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝐻𝑎𝑙𝑓 𝑎𝑛𝑔𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦

𝑠𝑖𝑛2𝐴 = 2 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴 𝑠𝑖𝑛𝜃 = 2𝑠𝑖𝑛
𝜃

2
𝑐𝑜𝑠

𝜃

2

𝑐𝑜𝑠2𝐴 = 𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴 𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠2
𝜃

2
− 𝑠𝑖𝑛2

𝜃

2

𝑐𝑜𝑠2𝐴 = 2𝑐𝑜𝑠2𝐴 − 1 𝑐𝑜𝑠𝜃 = 2𝑐𝑜𝑠2
𝜃

2
− 1

𝑐𝑜𝑠2𝐴 = 1 − 2 𝑠𝑖𝑛2𝐴 𝑐𝑜𝑠𝜃 = 1 − 2 𝑠𝑖𝑛2
𝜃

2
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𝑡𝑎𝑛2𝐴 =
2𝑡𝑎𝑛𝐴

1 − 𝑡𝑎𝑛2𝐴 𝑡𝑎𝑛𝐴 =
2𝑡𝑎𝑛

𝐴
2

1 − 𝑡𝑎𝑛2 𝐴
2

𝑠𝑖𝑛2𝐴 =
2𝑡𝑎𝑛𝐴

1 + 𝑡𝑎𝑛2𝐴 𝑠𝑖𝑛𝐴 =
2𝑡𝑎𝑛

𝐴
2

1 + 𝑡𝑎𝑛2 𝐴
2

𝑐𝑜𝑠2𝐴 =
1 − 𝑡𝑎𝑛2𝐴

1 + 𝑡𝑎𝑛2𝐴 𝑐𝑜𝑠𝐴 =
1 − 𝑡𝑎𝑛2 𝐴

2

1 + 𝑡𝑎𝑛2 𝐴
2

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

𝑠𝑢𝑏 𝐵 = 𝐴

sin(𝐴 + 𝐴) = sin 𝐴 cos 𝐴 + cos 𝐴 sin 𝐴

sin(𝐴 + 𝐴) = sin 𝐴 cos 𝐴 + sin 𝐴 cos 𝐴

⟹

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

𝑠𝑢𝑏 𝐵 = 𝐴

cos(𝐴 + 𝐴) = cos 𝐴 cos 𝐴 − sin 𝐴 sin 𝐴

cos 2𝐴 = cos2𝐴 − sin2𝐴

𝑠𝑢𝑏 cos2𝐴 = 1 − sin2𝐴

cos 2𝐴 = 1 − sin2𝐴 − sin2𝐴

cos 2𝐴 = 1 − 2sin2𝐴
⟹

cos 𝐴 = 1 − 2sin2
𝐴

2

2sin2𝐴 = 1 − cos 2𝐴 sin2𝐴 =
1 − cos 2𝐴

2

⟹ 2sin2
𝐴

2
= 1 − cosA

cos 2𝐴 = cos2𝐴 − sin2𝐴

𝑠𝑢𝑏 sin2𝐴 = 1 − cos2𝐴

cos 2𝐴 = cos2𝐴 − 1 − cos2𝐴

cos 2𝐴 = cos2𝐴 − 1 + cos2𝐴

cos 2𝐴 = 2cos2𝐴 − 1 179
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cos 2𝐴 = 2cos2𝐴 − 1
⟹

cos 𝐴 = 2cos2
𝐴

2
− 1

1 + cos 2𝐴 = 2cos2𝐴 cos2𝐴 =
1 + cos 2𝐴

2

⟹ 1 + cos 𝐴 = 2cos2
𝐴

2

cos3A = 4𝑐𝑜𝑠3𝐴 − 3𝑐𝑜𝑠𝐴

cos3A + 3cosA = 4𝑐𝑜𝑠3𝐴

𝑐𝑜𝑠3𝐴 =
1

4
(𝑐𝑜𝑠3𝐴 + 3𝑐𝑜𝑠𝐴)

sin3A = 3𝑠𝑖𝑛𝐴 − 4𝑠𝑖𝑛3𝐴

4𝑠𝑖𝑛3𝐴 = 3sinA − sin3A

𝑠𝑖𝑛3𝐴 =
1

4
(3sinA − sin3A)

tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵

𝑠𝑢𝑏 𝐵 = 𝐴

tan(𝐴 + 𝐴) =
tan 𝐴 + tan 𝐴

1 − tan 𝐴 tan 𝐴

tan 2𝐴 =
2 tan 𝐴

1 − 𝑡𝑎𝑛2𝐴

tan(45° + 𝐴) =
tan 45° + tan 𝐴

1 − tan 45° tan 𝐴
1

tan(45° + 𝐴) =
1 + tan 𝐴

1 − tan 𝐴

𝟐𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏 𝟐𝟐
𝟏°

𝟐

𝑐𝑜𝑠𝜃 = 1 − 2𝑠𝑖𝑛2
𝜃

2

𝑠𝑖𝑛
𝜃

2
= ±

1 − 𝑐𝑜𝑠𝜃

2

𝑇𝑎𝑘𝑒 𝜃 = 45°,

𝑠𝑖𝑛
45°

2
= ± 1 − 𝑐𝑜𝑠45°

2
𝑠𝑖𝑛𝑐𝑒 222

1° 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

𝑠𝑖𝑛 222
1° =

1 −
1

2
2

=
1 −

2
2

2

⟹ 2𝑠𝑖𝑛2
𝜃

2
= 1 − 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛2
𝜃

2
=

1 − 𝑐𝑜𝑠𝜃

2
⟹

1

2
=

2

2 × 2

1

2
=

2

2

=

2 − 2
2
2

=

2 − 2
2
2
1

𝑠𝑖𝑛 222
1°

=
2 − 2

2
×

1

2
=

2 − 2

4
𝑠𝑖𝑛 222

1° =
2 − 2

2
⟹

180
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𝟐𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏𝟐𝜽, 𝑾𝒉𝒆𝒏 𝒔𝒊𝒏𝜽 =
𝟏𝟐

𝟏𝟑
, 𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕

𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕.

𝑠𝑖𝑛2𝜃 = 2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃 = 1 − 𝑠𝑖𝑛2𝜃

𝐺𝑖𝑣𝑒𝑛: 𝑠𝑖𝑛𝜃 =
12

13

= 1 −
12

13

2

= 1 −
144

169
=

169 − 144

169

𝑐𝑜𝑠𝜃 =
25

169
= ±

5

13

𝑐𝑜𝑠𝜃 =
5

13
𝑠𝑖𝑛𝑐𝑒 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡.

= 2
12

13

5

13
=

120

169

4 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠3𝐴 − 4 𝑐𝑜𝑠𝐴 𝑠𝑖𝑛3𝐴 = 4 𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴 (𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴)

= 2(2𝑠𝑖𝑛𝐴 𝑐𝑜𝑠𝐴)𝑐𝑜𝑠2𝐴

= 2 𝑠𝑖𝑛2𝐴 𝑐𝑜𝑠2𝐴

𝟐𝟒. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝟒𝑨 = 𝟒 𝒔𝒊𝒏𝑨 𝒄𝒐𝒔𝟑𝑨 − 𝟒 𝒄𝒐𝒔𝑨 𝒔𝒊𝒏𝟑𝑨.

= 𝑠𝑖𝑛 2 2𝐴 = 𝑠𝑖𝑛4𝐴

22𝑠𝑖𝑛
𝑥

22
𝑐𝑜𝑠

𝑥

22=

𝑠𝑖𝑛 𝑥= 2 𝑠𝑖𝑛
𝑥

2
𝑐𝑜𝑠

𝑥

2

= 2

𝑐𝑜𝑠
𝑥

2

=

𝟐𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝒙 = 𝟐𝟏𝟎 𝒔𝒊𝒏
𝒙

𝟐𝟏𝟎
𝒄𝒐𝒔

𝒙

𝟐
𝒄𝒐𝒔

𝒙

𝟐𝟐
… . . 𝒄𝒐𝒔

𝒙

𝟐𝟏𝟎

2 𝑠𝑖𝑛
𝑥

4
cos

𝑥

4
𝑐𝑜𝑠

𝑥

2

= 2 2 𝑠𝑖𝑛
𝑥

22
cos

𝑥

22

𝑐𝑜𝑠
𝑥

2
22 2 𝑠𝑖𝑛

𝑥

23
cos

𝑥

23
𝑐𝑜𝑠

𝑥

22
𝑐𝑜𝑠

𝑥

2

= 23𝑠𝑖𝑛
𝑥

23
𝑐𝑜𝑠

𝑥

23
𝑐𝑜𝑠

𝑥

22
𝑐𝑜𝑠

𝑥

2

𝑠𝑖𝑛 2𝐴 = 2 sin 𝐴 cos 𝐴

𝑠𝑖𝑛 𝐴 = 2 sin
𝐴

2
cos

𝐴

2

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦 𝑡ℎ𝑒 ℎ𝑎𝑙𝑓 𝑎𝑛𝑔𝑙𝑒 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, 𝑤𝑒 𝑔𝑒𝑡

sin 𝑥

= 23 2 𝑠𝑖𝑛
𝑥

24
cos

𝑥

24
𝑐𝑜𝑠

𝑥

22 𝑐𝑜𝑠
𝑥

2

= 24 𝑠𝑖𝑛
𝑥

24
𝑐𝑜𝑠

𝑥

24
𝑐𝑜𝑠

𝑥

22 𝑐𝑜𝑠
𝑥

2

= 210 𝑠𝑖𝑛
𝑥

210
𝑐𝑜𝑠

𝑥

22 … . . 𝑐𝑜𝑠
𝑥

210
𝑐𝑜𝑠

𝑥

2

𝑐𝑜𝑠
𝑥

23

𝑐𝑜𝑠
𝑥

23
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𝟐𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝜽 + 𝐬𝐢𝐧 𝟐𝜽

𝟏 + 𝒄𝒐𝒔𝜽 + 𝒄𝒐𝒔𝟐𝜽
= 𝒕𝒂𝒏𝜽

=
sin 𝜃 2sin 𝜃+

cos 𝜃 +

cos 𝜃

2𝑐𝑜𝑠2𝜃
𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃

1 + 2cos 𝜃
=

1 + 2𝑐𝑜𝑠𝜃

𝐿. 𝐻. 𝑆 =
𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 2𝜃

1 + 𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠2𝜃

= 𝑡𝑎𝑛 𝜃

𝟐𝟕. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟏 −
𝟏

𝟐
𝒔𝒊𝒏 𝟐𝒙 =

𝒔𝒊𝒏𝟑𝒙 + 𝒄𝒐𝒔𝟑𝒙

𝒔𝒊𝒏 𝒙 + 𝒄𝒐𝒔 𝒙

𝑅. 𝐻. 𝑆
𝑠𝑖𝑛3𝑥 𝑐𝑜𝑠3𝑥

cos 𝑥sin 𝑥

+

+

=
(sin 𝑥 + cos 𝑥) (𝑠𝑖𝑛2𝑥 − 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠2𝑥)

cos 𝑥sin 𝑥 +

= 1 −
1

2
sin 2𝑥

=

=

𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠 𝑥 = 1 − sin 𝑥 cos 𝑥

𝑎3 + 𝑏3 = (𝑎 + 𝑏)(𝑎2 − 𝑎𝑏 + 𝑏2)

𝟐𝟖. 𝑭𝒊𝒏𝒅 𝒙 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 − 𝝅 ≤ 𝒙 ≤ 𝝅 𝒂𝒏𝒅 𝒄𝒐𝒔𝟐𝒙 = 𝒔𝒊𝒏𝒙

𝑐𝑜𝑠 2 𝑥 = 𝑠𝑖𝑛 𝑥

=1 − 2𝑠𝑖𝑛2𝑥

=𝑠𝑖𝑛 𝑥
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑠𝑖𝑛 𝑥

2𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛 𝑥 − 1 = 0

𝑎 = 2, 𝑏 = 1 𝑎𝑛𝑑 𝑐 = −1

=
−1 ± 12 − 4(2)(−1)

2(2)
=

−1 ± 1 + 8

4

=
−1 ± 9

4
𝑠𝑖𝑛 𝑥

𝑠𝑖𝑛 𝑥 =
−1 ± 3

4
⟹ 𝑠𝑖𝑛 𝑥 =

−1 + 3

4
, sin 𝑥 =

−1 − 3

4

sin 𝑥 =
2

4
, sin 𝑥 =

−4

4

𝑠𝑖𝑛 𝑥 =
1

2
, 𝑠𝑖𝑛 𝑥 = −1
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𝑠𝑖𝑛 𝑥 = −1

𝑥 = −90° 𝑥 = −
𝜋

2

∴ 𝑥 = −
𝜋

2
,
𝜋

6
,
5𝜋

6

⟹

𝑠𝑖𝑛 𝑥 =
1

2
𝑥 = 30°, 150° 𝑥 =

𝜋

6
,
5𝜋

6
⟹ ⟹

𝟐𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒊 𝒔𝒊𝒏𝟏𝟖°, 𝒊𝒊 𝒄𝒐𝒔𝟏𝟖°, 𝒊𝒊𝒊 𝒔𝒊𝒏𝟕𝟐°, 𝒊𝒗 𝒄𝒐𝒔𝟑𝟔°,
𝒗 𝒔𝒊𝒏𝟓𝟒°

𝐿𝑒𝑡(𝑖) 𝜃 = 18°

5𝜃 = 90°

3𝜃 + 2𝜃 = 90° 2𝜃 = 90°− 3𝜃

𝑠𝑖𝑛2𝜃 = 𝑠𝑖𝑛 (90° − 3𝜃)

=

cos 3𝜃2 𝑠𝑖𝑛𝜃 cos 𝜃 =

3cos 𝜃

cos 𝜃

=

𝑐𝑜𝑠𝜃

2 𝑠𝑖𝑛𝜃 4𝑐𝑜𝑠3𝜃

=

4 1 − 𝑠𝑖𝑛2𝜃 − 3

−

2 𝑠𝑖𝑛𝜃 (4𝑐𝑜𝑠2𝜃 − 3)

=

5 × 18 5𝜃 =

cos 𝜃

2 𝑠𝑖𝑛𝜃 4 𝑐𝑜𝑠2𝜃 − 3 2 𝑠𝑖𝑛𝜃

2 𝑠𝑖𝑛𝜃 = 4 − 4 𝑠𝑖𝑛2𝜃 − 3

⟹

⟹

⟹

⟹

2 𝑠𝑖𝑛𝜃 = 1 − 4 𝑠𝑖𝑛2𝜃

4 𝑠𝑖𝑛2𝜃 + 2 𝑠𝑖𝑛𝜃 − 1 = 0

𝑎 = 4, 𝑏 = 2, 𝑐 = −1

= =𝑠𝑖𝑛𝜃
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
𝑠𝑖𝑛𝜃

−2 ± 22 − 4(4)(−1)

2(4)

=
−2 ± 20

8
=

−2 ± 2 5

8

=

−2 ± 4 + 16

8
𝑠𝑖𝑛𝜃

−2 ± 4 × 5
=

8
𝑠𝑖𝑛𝜃

𝑠𝑖𝑛𝜃 =
2(−1 ± 5)

8 4

⟹

⟹

𝑠𝑖𝑛𝜃 =
−1 ± 5

4

𝑠𝑖𝑛𝜃 =
−1 + 5

4
(𝑆𝑖𝑛𝑐𝑒 18° 𝑖𝑠 𝑖𝑛 𝐼 𝑄𝑢𝑎𝑑𝑟𝑎𝑛𝑡)

𝑠𝑖𝑛𝜃 =
−1 + 5

4
(𝑊ℎ𝑒𝑟𝑒 𝜃 = 18°)

⟹

𝑠𝑖𝑛 18° =
5 − 1
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𝒊𝒊 𝒄𝒐𝒔𝟏𝟖°

𝑐𝑜𝑠18° = 1 − 𝑠𝑖𝑛218° = 1 −
5 − 1

4

2

= 1 −
( 5 − 1)

16

2

=
16 − ( 5 − 1)

16

2

=
16 − [ 5

2
− 2 5 1 + 12]

16
=

16 − [5 − 2 5 + 1]

16

=
16 − 5 + 2 5 − 1

16

𝑐𝑜𝑠18° =
10 + 2 5

4

𝒊𝒊𝒊 𝒔𝒊𝒏𝟕𝟐°

𝑠𝑖𝑛72° = 𝑠𝑖𝑛(90° − 18°)

= 𝑐𝑜𝑠18° =
10 + 2 5

4

𝑠𝑖𝑛72° =
10 + 2 5

4

𝒊𝒗 𝒄𝒐𝒔𝟑𝟔°

𝑐𝑜𝑠36° = 𝑐𝑜𝑠 2 × 18°

= 1 − 2𝑠𝑖𝑛218°

=
5 − 1

4

2

1 − 2 = 1 − 2
( 5 − 1)2

16 8
= 1 −

( 5)2−2 5 1 + 12

8

= 1 −
5 − 2 5 + 1

8
= 1 −

6 − 2 5

8
=

8 − (6 − 2 5)

8

=
8 − 6 + 2 5

8
=

2 + 2 5

8
= 2 (1 + 5)

8 4
=

1 + 5

4

𝑐𝑜𝑠36°=
5 + 1

4
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𝒗 𝒔𝒊𝒏𝟓𝟒°

= 𝑠𝑖𝑛(90° − 36°)

= 𝑐𝑜𝑠36°

𝑠𝑖𝑛54°

𝑠𝑖𝑛54° =
5 + 1

4

𝟑𝟎. 𝑰𝒇𝒕𝒂𝒏
𝜽

𝟐
=

𝟏 − 𝒂

𝟏 + 𝒂
𝒕𝒂𝒏

𝝓

𝟐
, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔𝝓 =

𝒄𝒐𝒔𝜽 − 𝒂

𝟏 − 𝒂𝒄𝒐𝒔𝜽

𝑡𝑎𝑛
𝜃

2
=

1 − 𝑎

1 + 𝑎
𝑡𝑎𝑛

∅

2 𝑡𝑎𝑛
∅

2
= 𝑡𝑎𝑛

𝜃

2

1 + 𝑎

1 − 𝑎

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

=𝑡𝑎𝑛2
∅

2

1 + 𝑎

1 − 𝑎
𝑡𝑎𝑛2

𝜃

2

𝑐𝑜𝑠∅ =
1 − 𝑡𝑎𝑛2

𝜙

2

1 + 𝑡𝑎𝑛2
𝜙

2

⟹

𝑐𝑜𝑠𝜙 = =
1 +

1 + 𝑎

1 − 𝑎
𝑡𝑎𝑛2

𝜃

2

1 −
1 + 𝑎

1 − 𝑎
𝑡𝑎𝑛2

𝜃

2 1 − 𝑎

= =

1 − 𝑎 − (1 + 𝑎)𝑡𝑎𝑛2
𝜃

2

1 − 𝑎 + (1 + 𝑎)𝑡𝑎𝑛2
𝜃

2
1 − 𝑎

1 − 𝑎 − 𝑡𝑎𝑛2
𝜃

2
− 𝑎 𝑡𝑎𝑛2

𝜃

2

1 − 𝑎 + 𝑡𝑎𝑛2
𝜃

2
+ 𝑎 𝑡𝑎𝑛2

𝜃

2

1 − 𝑡𝑎𝑛2
𝜃

2
− 𝑎 − 𝑎 𝑡𝑎𝑛2

𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2
− 𝑎 + 𝑎 𝑡𝑎𝑛2

𝜃

2

=

1 − 𝑡𝑎𝑛2
𝜃

2
− 𝑎 1 + 𝑡𝑎𝑛2

𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2
− 𝑎 1 − 𝑡𝑎𝑛2

𝜃

2 =

1 − 𝑡𝑎𝑛2
𝜃

2
− 𝑎 1 + 𝑡𝑎𝑛2

𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2
− 𝑎 1 − 𝑡𝑎𝑛2

𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2
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=

1 − 𝑡𝑎𝑛2
𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2

−𝑎

1 + 𝑡𝑎𝑛2
𝜃

2

1 − 𝑡𝑎𝑛2
𝜃

2
1 + 𝑡𝑎𝑛2

𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2

−𝑎

1 + 𝑡𝑎𝑛2
𝜃

2

1 + 𝑡𝑎𝑛2
𝜃

2
=

1 − 𝑡𝑎𝑛2 𝜃
2

1 + 𝑡𝑎𝑛2 𝜃
2

− 𝑎

1 − 𝑎
1 − 𝑡𝑎𝑛2 𝜃

2

1 + 𝑡𝑎𝑛2 𝜃
2

=
𝑐𝑜𝑠𝜃 − 𝑎

1 − 𝑎𝑐𝑜𝑠𝜃

𝟑𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝟑𝒄𝒐𝒔𝒆𝒄 𝟐𝟎° − 𝒔𝒆𝒄 𝟐𝟎

3 𝑐𝑜𝑠𝑒𝑐 20° − 𝑠𝑒𝑐 20° =
3

𝑠𝑖𝑛 20°
−

1

𝑐𝑜𝑠20°

= =

=

3𝑐𝑜𝑠20° − 𝑠𝑖𝑛20°

𝑠𝑖𝑛20°𝑐𝑜𝑠20°

3𝑐𝑜𝑠20° − 𝑠𝑖𝑛20°

2

𝑠𝑖𝑛20°𝑐𝑜𝑠20°
2

3

2
𝑐𝑜𝑠20° −

1

2
𝑠𝑖𝑛20°

1

2
𝑠𝑖𝑛20° 𝑐𝑜𝑠20°

=

3

2
𝑐𝑜𝑠20° −

1

2
𝑠𝑖𝑛20°

1

2
𝑠𝑖𝑛20°𝑐𝑜𝑠20°

=

3

2
𝑐𝑜𝑠20° −

1

2
𝑠𝑖𝑛20°

1

2

1

2
𝑠𝑖𝑛2 20°

=

3

2
𝑐𝑜𝑠20° −

1

2
𝑠𝑖𝑛20°

1

4
𝑠𝑖𝑛2 20°

= 4
𝑠𝑖𝑛60°𝑐𝑜𝑠20° − 𝑐𝑜𝑠60°𝑠𝑖𝑛20°

𝑠𝑖𝑛 2 (20°)
= 4

𝑠𝑖𝑛(60° − 20°)

𝑠𝑖𝑛40°

=
4 𝑠𝑖𝑛40°

𝑠𝑖𝑛40°
= 4

𝟑𝟐. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝟐𝑨 𝒄𝒐𝒔𝟐𝟐𝑨𝒄𝒐𝒔𝟐𝟑𝑨 … . . 𝒄𝒐𝒔𝟐𝒏−𝟏𝑨 =
𝒔𝒊𝒏𝟐𝒏𝑨

𝟐𝒏 𝒔𝒊𝒏𝑨
𝐿. 𝐻. 𝑆 = cos 𝐴 cos 2𝐴 𝑐𝑜𝑠22𝐴𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴

=
1

2𝑠𝑖𝑛𝐴
2𝑠𝑖𝑛𝐴 cos 𝐴 cos 2𝐴 𝑐𝑜𝑠22𝐴 𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴
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=
1

2𝑠𝑖𝑛𝐴
𝑠𝑖𝑛2𝐴 cos 2𝐴 𝑐𝑜𝑠22𝐴𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴

×
1

2
=

1

2𝑠𝑖𝑛𝐴
𝑠𝑖𝑛4𝐴 𝑐𝑜𝑠22𝐴𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴

=
1

22𝑠𝑖𝑛𝐴
𝑠𝑖𝑛22𝐴 𝑐𝑜𝑠22𝐴 𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴

=
1

22𝑠𝑖𝑛𝐴
𝑠𝑖𝑛2 22𝐴 𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴×

1

2

=
1

23𝑠𝑖𝑛𝐴
𝑠𝑖𝑛23𝐴 𝑐𝑜𝑠23𝐴… … . . 𝑐𝑜𝑠2𝑛−1𝐴

𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑟𝑜𝑐𝑒𝑠𝑠, 𝑤𝑒 𝑔𝑒𝑡

=
𝑠𝑖𝑛2𝑛𝐴
2𝑛 𝑠𝑖𝑛𝐴

𝒄𝒐𝒔 𝟐𝑨 = 𝟏 − 𝟐 𝒔𝒊𝒏𝟐𝑨

𝑤ℎ𝑒𝑟𝑒 𝑠𝑖𝑛 𝐴 =
4

5

𝑐𝑜𝑠 2𝐴 =1 − 2
4

5

2

= 1 − 2
16

25
= 1 −

32

25

=
25 − 32

25

𝑐𝑜𝑠 2𝐴 = −
7

25

(𝒊𝒊)

𝒄𝒐𝒔 𝟐𝑨 =

=
16

63

= =

(𝒊𝒊𝒊)
𝟏 − 𝒕𝒂𝒏𝟐𝑨

𝟏 + 𝒕𝒂𝒏𝟐𝑨

𝑤ℎ𝑒𝑟𝑒 𝑡𝑎𝑛 𝐴

𝑐𝑜𝑠 2𝐴

1 −
16

63

2

1 +
16

63

2

1 −
162

632

1 +
162

632

3969 − 256

3969 + 256
=

3713

4225

632 − 162

632

632 + 162

632

=

=
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𝟐. 𝑰𝒇 𝜽 𝒊𝒔 𝒂𝒏 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒊 𝒔𝒊𝒏
𝝅

𝟒
−

𝜽

𝟐
𝒘𝒉𝒆𝒏 𝒔𝒊𝒏𝜽 =

𝟏

𝟐𝟓
,

𝒊𝒊 𝒄𝒐𝒔
𝝅

𝟒
+

𝜽

𝟐
𝒘𝒉𝒆𝒏 𝒔𝒊𝒏𝜽 =

𝟖

𝟗

𝑠𝑖𝑛
𝜋

4
−

𝜃

2
= 𝑠𝑖𝑛

𝜋

4
𝑐𝑜𝑠

𝜃

2
− 𝑐𝑜𝑠

𝜋

4
𝑠𝑖𝑛 𝜃

2

=
1

2
𝑐𝑜𝑠

𝜃

2
−

1

2
𝑠𝑖𝑛

𝜃

2

1

2
𝑐𝑜𝑠

𝜃

2
− 𝑠𝑖𝑛

𝜃

2𝑠𝑖𝑛
𝜋

4
−

𝜃

2
=

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑠𝑖𝑛2
𝜋

4
−

𝜃

2
=

1

2

2

𝑐𝑜𝑠
𝜃

2
− 𝑠𝑖𝑛

𝜃

2

2

1

2
𝑐𝑜𝑠2

𝜃

2
+ 𝑠𝑖𝑛2

𝜃

2
− 2𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝜃

2
=𝑠𝑖𝑛2

𝜋

4
−

𝜃

2

𝑠𝑖𝑛2
𝜋

4
−

𝜃

2
=

1

2
1 − 𝑠𝑖𝑛 2

𝜃

2

=
1

2
(1 − 𝑠𝑖𝑛𝜃) 𝑤ℎ𝑒𝑟𝑒 𝑠𝑖𝑛𝜃 =

1

25

=
1

2
1 −

1

25

=
1

2

25 − 1

25
=

1

2

24

25

12

1

2
1 − 2𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝜃

2
=

𝑠𝑖𝑛2
𝜋

4
−

𝜃

2

𝑠𝑖𝑛2
𝜋

4
−

𝜃

2
=

12

25
𝑠𝑖𝑛2

𝜋

2
−

𝜃

2
=

12

25

=
12

25
𝑠𝑖𝑛

𝜋

4
−

𝜃

2
𝑠𝑖𝑛

𝜋

4
−

𝜃

2
=

2 3

5

⟹

⟹

(𝒊𝒊) 𝒄𝒐𝒔
𝝅

𝟒
+

𝜽

𝟐

𝑐𝑜𝑠
𝜋

4
+

𝜃

2
= 𝑐𝑜𝑠

𝜋

4
𝑐𝑜𝑠

𝜃

2
− 𝑠𝑖𝑛

𝜋

4
𝑠𝑖𝑛

𝜃

2
=

1

2
𝑐𝑜𝑠

𝜃

2
−

1

2
𝑠𝑖𝑛

𝜃

2
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=
1

2
𝑐𝑜𝑠

𝜃

2
− 𝑠𝑖𝑛

𝜃

2

𝑐𝑜𝑠2
𝜋

4
−

𝜃

2 =
1

2

2

𝑐𝑜𝑠
𝜃

2
− 𝑠𝑖𝑛

𝜃

2

2

=
1

2
𝑐𝑜𝑠2

𝜃

2
+ 𝑠𝑖𝑛2

𝜃

2
− 2𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝜃

2

=
1

2
1 − 2𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝜃

2

=
1

2
1 − sin 2

𝜃

2
=

1

2
(1 − sin 𝜃)

=
1

2
1 −

8

9
=

1

2

9 − 8

9

=
1

2

1

9
=

1

18

𝑐𝑜𝑠2
𝜋

4
−

𝜃

2

𝑐𝑜𝑠2
𝜋

4
−

𝜃

2

𝑐𝑜𝑠2
𝜋

4
−

𝜃

2
=

1

18
𝑐𝑜𝑠2

𝜋

4
−

𝜃

2
=

1

18

𝑐𝑜𝑠
𝜋

4
−

𝜃

2
=

1

9 × 2
𝑐𝑜𝑠

𝜋

4
−

𝜃

2
=

1

3 2

⟹

⟹

𝟑. 𝑰𝒇𝒄𝒐𝒔𝜽 =
𝟏

𝟐
𝒂 +

𝟏

𝒂
𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔𝟑𝜽 =

𝟏

𝟐
𝒂𝟑 +

𝟏

𝒂𝟑

𝑐𝑜𝑠3𝜃 = 4 𝑐𝑜𝑠3𝜃 3 cos 𝜃−

= 4 ×
1

8
𝑎 +

1

𝑎

3

−
3

2
𝑎 +

1

𝑎

=
1

2
𝑎 +

1

𝑎

3

− 𝑎 +
1

𝑎
3

=
1

2
𝑎3 +

1

𝑎3 +3𝑎
1

𝑎
𝑎 +

1

𝑎
− 𝑎 +

1

𝑎
3

𝑎 + 𝑏 3 = 𝑎3 + 𝑏3 + 3𝑎𝑏 𝑎 + 𝑏

=
1

2
𝑎 +

1

𝑎

3

−
3

2
𝑎 +

1

𝑎

=
1

2
𝑎3 +

1

𝑎3 +3 𝑎 +
1

𝑎
− 𝑎 +

1

𝑎
3 = 1

2
𝑎3 +

1

𝑎3
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𝟒. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝟓𝜽 = 𝟏𝟔 𝒄𝒐𝒔𝟓𝜽 − 𝟐𝟎 𝒄𝒐𝒔𝟑𝜽 + 𝟓 𝒄𝒐𝒔 𝜽

𝑐𝑜𝑠 5𝜃 = 𝑐𝑜𝑠(3𝜃 + 2𝜃)

= 𝑐𝑜𝑠 3𝜃 𝑐𝑜𝑠 2𝜃 − 𝑠𝑖𝑛 3𝜃 𝑠𝑖𝑛 2𝜃

= (4 𝑐𝑜𝑠3𝜃 − 3 𝑐𝑜𝑠 𝜃)(2 𝑐𝑜𝑠2𝜃 − 1) −(3 𝑠𝑖𝑛𝜃 − 4 𝑠𝑖𝑛3𝜃) (2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃)

= 8 𝑐𝑜𝑠5𝜃 − 6 𝑐𝑜𝑠3𝜃 − 4 𝑐𝑜𝑠3𝜃 3 𝑐𝑜𝑠 𝜃+ − 6 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛2𝜃 − 8 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛4𝜃

= 8 𝑐𝑜𝑠5𝜃 − 10 𝑐𝑜𝑠3𝜃 +3 𝑐𝑜𝑠 𝜃 − 6 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛2𝜃 − 8 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛2𝜃 2

= 8 𝑐𝑜𝑠5𝜃 − 10 𝑐𝑜𝑠3𝜃 +3 𝑐𝑜𝑠 𝜃 − 6 𝑐𝑜𝑠𝜃 (1 − 𝑐𝑜𝑠2𝜃) + 8 𝑐𝑜𝑠 𝜃 (1 − 𝑐𝑜𝑠2𝜃)2

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 − 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

= 8 𝑐𝑜𝑠5𝜃 − 10 𝑐𝑜𝑠3𝜃 +3 𝑐𝑜𝑠 𝜃 − 6 𝑐𝑜𝑠𝜃 (1 − 𝑐𝑜𝑠2𝜃) + 8 𝑐𝑜𝑠 𝜃

(1 − 2𝑐𝑜𝑠2𝜃 + 𝑐𝑜𝑠4𝜃)

= 8 𝑐𝑜𝑠5𝜃 − 10 𝑐𝑜𝑠3𝜃 +3 𝑐𝑜𝑠 𝜃 − 6 𝑐𝑜𝑠𝜃 + 6 𝑐𝑜𝑠3𝜃 + 8 𝑐𝑜𝑠 𝜃 − 16 𝑐𝑜𝑠3𝜃
+ 8 𝑐𝑜𝑠5𝜃=16 𝑐𝑜𝑠5𝜃 − 20 𝑐𝑜𝑠3𝜃 + 5 𝑐𝑜𝑠 𝜃= 𝑅. 𝐻. 𝑆

𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝟒 𝒂 = 𝟒 𝒕𝒂𝒏 𝒂
𝟏 − 𝒕𝒂𝒏𝟐𝒂

(𝟏 + 𝒕𝒂𝒏𝟐𝒂)𝟐

=𝑅. 𝐻. 𝑆 4 tan 𝛼
1 − 𝑡𝑎𝑛2𝛼

(1 + 𝑡𝑎𝑛2𝛼)2

×
4 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛2𝛼

1 − 𝑡𝑎𝑛2𝛼

1 + 𝑡𝑎𝑛2𝛼

2 𝑠𝑖𝑛 2 𝛼 𝑐𝑜𝑠 2 𝛼

𝑠𝑖𝑛 4𝛼= = = 𝐿. 𝐻. 𝑆

= = 2 ×
2 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛2𝛼
×

1 − 𝑡𝑎𝑛2𝛼

1 + 𝑡𝑎𝑛2𝛼

=
𝑠𝑖𝑛 2 (2𝛼)

𝑡𝑎𝑛 𝐴 + 𝐵 = 𝑡𝑎𝑛 45°

𝐴 + 𝐵 = 45°

𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵

1 − 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵
= 1 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 = 1 − 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵

𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵 = 1

Adding 1 on both side

1 + 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 + 𝑡𝑎𝑛 𝐴 𝑡𝑎𝑛 𝐵= 1 + 1

= 2

𝟔. 𝑰𝒇𝑨 + 𝑩 = 𝟒𝟓° 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟏 + 𝒕𝒂𝒏 𝑨 𝟏 + 𝒕𝒂𝒏 𝑩 = 𝟐

1 + 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛 𝐵 1 + 𝑡𝑎𝑛𝐴 1 + 𝑡𝑎𝑛 𝐴 1 + 𝑡𝑎𝑛𝐵 = 2

⟹

⟹

𝟕. 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟏 + 𝒕𝒂𝒏 𝟏° 𝟏 + 𝒕𝒂𝒏 𝟐° 𝟏 + 𝒕𝒂𝒏 𝟑° … . . 𝟏 + 𝒕𝒂𝒏 𝟒𝟒° 𝒊𝒔 𝒂
𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝒐𝒇 𝟒.

1 + tan 44° = 1 + tan(45° − 1°)

= 1+
tan 45° − 𝑡𝑎𝑛1°

1 + tan 45°𝑡𝑎𝑛1°
= 1+

1 −𝑡𝑎𝑛1°

1 + tan 1°
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=
1 + tan 1° +1 − 𝑡𝑎𝑛1°

1 + 𝑡𝑎𝑛1°
=

2

1 + 𝑡𝑎𝑛1°

1 + 𝑡𝑎𝑛 44° =
2

1 + 𝑡𝑎𝑛1°
⟹ 1 + 𝑡𝑎𝑛 44° 1 + 𝑡𝑎𝑛1° = 2

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦

1 + tan 3° 1 + tan 42° = 2

1 + tan 2° 1 + tan 43° = 2

… …

1 + tan 22° 1 + tan 23° = 2

= (1 + tan 1°)(1 + tan 2°) (1 + tan 44°)… … … .

= 2 × 2 × … …22 𝑡𝑖𝑚𝑒𝑠 𝐼𝑡 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 4.

𝟖. 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒂𝒏
𝝅

𝟒
+ 𝜽 − 𝒕𝒂𝒏

𝝅

𝟒
− 𝜽 = 𝟐 𝒕𝒂𝒏 𝟐𝜽

=

tan
𝜋

4
+ tan 𝜃

tan
𝜋

4
tan 𝜃1 −

−

tan
𝜋

4
− tan 𝜃

tan
𝜋

4
tan 𝜃1 +

𝐿. 𝐻. 𝑆 = 𝑡𝑎𝑛
𝜋

4
+ 𝜃 − 𝑡𝑎𝑛

𝜋

4
− 𝜃

=
1 + 𝑡𝑎𝑛𝜃

1 − 𝑡𝑎𝑛𝜃
−

1 − 𝑡𝑎𝑛𝜃

1 + 𝑡𝑎𝑛𝜃
=

1 + 𝑡𝑎𝑛𝜃 2 − 1 − 𝑡𝑎𝑛𝜃 2

1 − 𝑡𝑎𝑛𝜃 1 + 𝑡𝑎𝑛𝜃

=
1 + 2𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛2𝜃 − 1 − 2𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛2𝜃

1 − 𝑡𝑎𝑛𝜃 1 + 𝑡𝑎𝑛𝜃

=
1 + 2𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛2𝜃 − 1 + 2𝑡𝑎𝑛𝜃 − 𝑡𝑎𝑛2𝜃

12 − 𝑡𝑎𝑛2𝜃
=

4 tan 𝜃

1 − 𝑡𝑎𝑛2𝜃

2=
2 tan 𝜃

1 − 𝑡𝑎𝑛2𝜃
= 2 tan 2𝜃

𝟗. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝐜𝐨𝐭 𝟕
𝟏

𝟐

°

= 𝟐 + 𝟑 + 𝟒 + 𝟔

𝐿. 𝐻. 𝑆 = cot 7
1

2

°
[∵ 2 sin 𝐴 cos 𝐴 = sin 2𝐴]

[∵ 2 sin2 𝐴 = 1 − cos 2𝐴]

=

co𝑠 7
1

2

°

𝑠𝑖𝑛 7
1

2

° =

2 𝑠𝑖𝑛 7
1

2

°

co𝑠 7
1

2

°

2 sin2 7
1

2

°
=

𝑠𝑖𝑛 2 7
1

2

°

1 − co𝑠 2 7
1

2

°
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=
𝑠𝑖𝑛 15°

1 − co𝑠 15°
=

𝑠𝑖𝑛 45° − 30°

1 − co𝑠 45° − 30°

=
𝑠𝑖𝑛 45° cos 30° − cos 45° sin 30°

1 − cos 45° cos 30° + 𝑠𝑖𝑛 45° sin 30°

=

1

2

1 −

×

−
1

2
×

1

2

1

2
×

3

2
+

1

2
×

1

2

=

−

3

2 2
−

1

2 2

3

2 2
−

1

2 2

=

3 − 1

2 2

2 2 − 3 + 1

2 2

1

1

=
3 − 1

2 2 − 3 + 1

2 2 + 3 + 1

2 2 + 3 + 1

=
3 − 1 2 2 + 3 + 1

2 2
2

− 3 + 1
2

=
2 6 + 3 + 3 − 2 2 − 3 − 1

4 × 2 − 3 + 1 + 2 3

=
2 6 − 2 2 + 2

8 − 3 − 1 − 2 3
=

2 6 − 2 2 + 2

8 − 4 − 2 3

×
3

2

=
2 6 − 2 2 + 2

4 − 2 3
=

6 − 2 + 1

2 − 3

2

2
=

6 − 2 + 1

2 − 3
×

2 + 3

2 + 3

=
6 − 2 + 1 2 + 3

22 − 3
2

=
2 6 + 18 − 2 2 − 6 + 2

4 − 3

+ 3

=
6 + 3 2 − 2 2 + 2

1

+ 3
= 6 + 2 + 2 + 3 2

= 6 + 2 + 4 + 3 = 2 + 3 + 4 + 6 = 𝑅. 𝐻. 𝑆

= 2 × 2

= 4

𝟏𝟎. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟏 + 𝐬𝐞𝐜 𝟐𝜽 𝟏 + 𝒔𝒆𝒄 𝟒𝜽 … … 𝟏 + 𝒔𝒆𝒄 𝟐𝒏𝜽 = 𝐭𝐚𝐧 𝟐𝒏𝜽 𝐜𝐨𝐭 𝜽

𝐿. 𝐻. 𝑆 = 1 + sec 2𝜃 1 + 𝑠𝑒𝑐 4𝜃 … … 1 + 𝑠𝑒𝑐 2𝑛𝜃

= 1 +
1

𝑐𝑜𝑠 2𝜃
1 +

1

𝑐𝑜𝑠 4𝜃
… … … 1 +

1

𝑐𝑜𝑠 2𝑛𝜃
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=
𝑐𝑜𝑠 2𝜃 + 1

𝑐𝑜𝑠 2𝜃

𝑐𝑜𝑠 4𝜃 + 1

𝑐𝑜𝑠 4𝜃
… … …

𝑐𝑜𝑠 2𝑛𝜃 + 1

𝑐𝑜𝑠 2𝑛𝜃

=
(𝑐𝑜𝑠 2𝜃 + 1)(𝑐𝑜𝑠 4𝜃 + 1) … … …(𝑐𝑜𝑠 2𝑛𝜃 + 1)

𝑐𝑜𝑠 2𝜃 𝑐𝑜𝑠 4𝜃 … … … 𝑐𝑜𝑠 2𝑛𝜃

=
(2 cos2 𝜃)(2 cos2 2𝜃) … … … (2 cos2 2𝑛−1𝜃)

𝑐𝑜𝑠 2𝜃 cos2 2𝜃 … … … 𝑐𝑜𝑠 2𝑛𝜃

=
2𝑛 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 2𝑛𝜃
𝑐𝑜𝑠 𝜃 × 𝑐𝑜𝑠 2𝜃 × cos 22𝜃 … … … × 𝑐𝑜𝑠 2𝑛−1𝜃

=
2𝑛 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 2𝑛𝜃
×

𝑠𝑖𝑛 2𝑛𝐴

2𝑛 𝑠𝑖𝑛 𝐴

∵ 𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 2𝐴 cos 22𝐴 … … … 𝑐𝑜𝑠 2𝑛−1𝐴 =
𝑠𝑖𝑛 2𝑛𝐴

2𝑛 𝑠𝑖𝑛 𝐴

= tan 2𝑛𝜃 cot 𝜃 = 𝑅. 𝐻. 𝑆

𝟏𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟑𝟐 𝟑 𝐬𝐢𝐧
𝝅

𝟒𝟖
𝐜𝐨𝐬

𝝅

𝟒𝟖
𝒄𝒐𝒔

𝝅

𝟐𝟒
𝒄𝒐𝒔

𝝅

𝟏𝟐
𝒄𝒐𝒔

𝝅

𝟔
= 𝟑.

𝐿. 𝐻. 𝑆 = 32 3 𝑠𝑖𝑛
𝜋

48
𝑐𝑜𝑠

𝜋

48
𝑐𝑜𝑠

𝜋

24
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6
𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑑𝑖𝑣𝑖𝑑𝑒 𝑏𝑦 2

=
32 3

2
× 2𝑠𝑖𝑛

𝜋

48
𝑐𝑜𝑠

𝜋

48
𝑐𝑜𝑠

𝜋

24
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6

=
32 3

2
𝑠𝑖𝑛 2

𝜋

48
[∵ 2 sin 𝐴 cos 𝐴 = sin 2𝐴]𝑐𝑜𝑠

𝜋

24
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6

= 16 3
2

2
𝑠𝑖𝑛

𝜋

24
× 𝑐𝑜𝑠

𝜋

24
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6

16

=
8

8 3 𝑠𝑖𝑛 2
𝜋

24
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6

= 8 3
2

2
× 𝑠𝑖𝑛

𝜋

12
𝑐𝑜𝑠

𝜋

12
𝑐𝑜𝑠

𝜋

6
=

4
4 3𝑠𝑖𝑛 2

𝜋

12
𝑐𝑜𝑠

𝜋

6

= 4 3
2

2
× 𝑠𝑖𝑛

𝜋

6
𝑐𝑜𝑠

𝜋

6

2

= 2 3 𝑠𝑖𝑛 2
𝜋

6
= 2 3 𝑠𝑖𝑛

𝜋

3

= 2 3 𝑠𝑖𝑛 60° = 2 3 ×
3

2
= 3 = 𝑅. 𝐻. 𝑆
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Transformation of a product into a sum or difference

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵

+

sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) = 2 sin 𝐴 cos 𝐵

1

2
sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵

sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵

−

sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵) = 2 cos 𝐴 sin 𝐵

1

2
sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵) = cos 𝐴 sin 𝐵

− +

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos 𝐴 − 𝐵 = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

+

cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) = 2 cos 𝐴 cos 𝐵

1

2
cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵

cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

cos 𝐴 − 𝐵 = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵

−

cos(𝐴 + 𝐵) − cos 𝐴 − 𝐵 = −2 sin 𝐴 sin 𝐵

− −

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟔
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1

2
cos(𝐴 − 𝐵) − cos 𝐴 + 𝐵 = sin 𝐴 sin 𝐵

− cos(𝐴 + 𝐵) + cos 𝐴 − 𝐵 = 2 sin 𝐴 sin 𝐵

cos(𝐴 − 𝐵) − cos 𝐴 + 𝐵 = 2 sin 𝐴 sin 𝐵

sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) = 2 sin 𝐴 cos 𝐵

𝑤ℎ𝑒𝑟𝑒 𝐴 + 𝐵 = 𝐶 𝑎𝑛𝑑 𝐴 − 𝐵 = 𝐷

sin 𝐶 + sin 𝐷 = 2 sin

𝐴 + 𝐵 = 𝐶

𝐴 − 𝐵 = 𝐷

2𝐴 = 𝐶 + 𝐷

𝐴 =
𝐶 + 𝐷

2

𝐴 + 𝐵 = 𝐶

𝐴 − 𝐵 = 𝐷

2𝐵 = 𝐶 − 𝐷

− + −

𝐵 =
𝐶 − 𝐷

2

𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵) = 2 cos 𝐴 sin 𝐵

sin 𝐶 − sin 𝐷 = 2 cos
𝐶 + 𝐷

2
𝑠𝑖𝑛

𝐶 − 𝐷

2

cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) = 2 cos 𝐴 cos 𝐵

cos 𝐶 + cos 𝐷 = 2cos
𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

cos(𝐴 + 𝐵) − cos 𝐴 − 𝐵 = −2 sin 𝐴 sin 𝐵

cos 𝐶 − cos 𝐷 = −2 sin
𝐶 + 𝐷

2
sin

𝐶 − 𝐷

2

cos(𝐴 − 𝐵) − cos 𝐴 + 𝐵 = 2 sin 𝐴 sin 𝐵

cos 𝐷 − cos 𝐶 = 2 sin
𝐶 + 𝐷

2
sin

𝐶 − 𝐷

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟑 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒂𝒔 𝒂 𝒔𝒖𝒎 𝒐𝒓
𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆

𝒊 𝒔𝒊𝒏 𝟒𝟎° 𝒄𝒐𝒔 𝟑𝟎° 𝒊𝒊 𝒄𝒐𝒔 𝟏𝟏𝟎° 𝒔𝒊𝒏 𝟓𝟓° 𝒊𝒊𝒊 𝒔𝒊𝒏
𝒙

𝟐
𝒄𝒐𝒔

𝟑𝒙

𝟐
𝒊 𝒔𝒊𝒏 𝟒𝟎° 𝒄𝒐𝒔 𝟑𝟎°

𝑠𝑖𝑛(𝐴 + 𝐵) + 𝑠𝑖𝑛(𝐴 − 𝐵) = 2 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

1

2
[𝑠𝑖𝑛 𝐴 + 𝐵 + 𝑠𝑖𝑛 𝐴 − 𝐵 ] = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

𝑠𝑖𝑛 40° 𝑐𝑜𝑠 30° =
1

2
[𝑠𝑖𝑛 40° + 30° + 𝑠𝑖𝑛 40° − 30° ]

=
1

2
[𝑠𝑖𝑛 70° + 𝑠𝑖𝑛 10°]
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𝒊𝒊 𝒄𝒐𝒔 𝟏𝟏𝟎° 𝒔𝒊𝒏 𝟓𝟓°

𝑠𝑖𝑛(𝐴 + 𝐵) − 𝑠𝑖𝑛(𝐴 − 𝐵) = 2 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

1

2
[𝑠𝑖𝑛 𝐴 + 𝐵 − 𝑠𝑖𝑛 𝐴 − 𝐵 ] = 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

𝑐𝑜𝑠 110° 𝑠𝑖𝑛 55° =
1

2
[𝑠𝑖𝑛 110° + 55° − 𝑠𝑖𝑛 110° − 55° ]

=
1

2
[𝑠𝑖𝑛 165° − 𝑠𝑖𝑛 55°]

𝒊𝒊𝒊 𝒔𝒊𝒏
𝒙

𝟐
𝒄𝒐𝒔

𝟑𝒙

𝟐

𝑠𝑖𝑛(𝐴 + 𝐵) + 𝑠𝑖𝑛(𝐴 − 𝐵) = 2 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

1

2
[𝑠𝑖𝑛 𝐴 + 𝐵 + 𝑠𝑖𝑛 𝐴 − 𝐵 ] = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

𝑠𝑖𝑛
𝑥

2
𝑐𝑜𝑠

3𝑥

2
=

1

2
𝑠𝑖𝑛

𝑥

2
+

3𝑥

2
+ 𝑠𝑖𝑛

𝑥

2
−

3𝑥

2

=
1

2

.

𝑠𝑖𝑛
4𝑥

2
+ 𝑠𝑖𝑛

−2𝑥

2

=
1

2
𝑠𝑖𝑛 2𝑥 + 𝑠𝑖𝑛(−𝑥) =

1

2
𝑠𝑖𝑛 2𝑥 − 𝑠𝑖𝑛 𝑥

𝑬𝒙𝒂𝒎𝒑𝒍𝒆𝟑. 𝟑𝟒 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒖𝒎 𝒐𝒓 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒂𝒔
𝒂 𝒑𝒓𝒐𝒅𝒖𝒄𝒕

𝒊 𝐬𝐢𝐧 𝟓𝟎° + 𝒔𝒊𝒏 𝟐𝟎° 𝒊𝒊 𝐜𝐨𝐬 𝟔𝜽 + 𝐜𝐨𝐬 𝟐𝜽 𝒊𝒊𝒊 𝒄𝒐𝒔
𝟑𝒙

𝟐
− 𝒄𝒐𝒔

𝟗𝒙

𝟐
𝑖 𝐬𝐢𝐧 𝟓𝟎° + 𝒔𝒊𝒏 𝟐𝟎°

𝑇𝑎𝑘𝑒

sin 50° + 𝑠𝑖𝑛 20°

𝑠𝑖𝑛𝐶 + 𝑠𝑖𝑛𝐷 = 2 𝑠𝑖𝑛
𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

𝐶 = 50° 𝑎𝑛𝑑 𝐷 = 20°

= 2 𝑐𝑜𝑠
50° − 20°

2

= 2 𝑐𝑜𝑠 15°= 2 𝑐𝑜𝑠
30°

2

𝑠𝑖𝑛
50° + 20°

2

𝑠𝑖𝑛
70°

2
sin 35°
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𝑇𝑎𝑘𝑒

cos 6𝜃 + cos 2𝜃

𝑐𝑜𝑠𝐶 + 𝑐𝑜𝑠𝐷 = 2 𝑐𝑜𝑠
𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

𝐶 = 6𝜃 𝑎𝑛𝑑 𝐷 = 2𝜃

= 2

= 2 cos 2𝜃

𝒊𝒊 𝒄𝒐𝒔 𝟔𝜽 + 𝒄𝒐𝒔 𝟐𝜽

= 2

cos
6𝜃 + 2𝜃

2
cos

6𝜃 − 2𝜃

2

cos
8𝜃

2
cos

4𝜃

2

cos 4𝜃

𝒊𝒊𝒊 𝒄𝒐𝒔
𝟑𝒙

𝟐
− 𝒄𝒐𝒔

𝟗𝒙

𝟐

cos 𝐷 − cos 𝐶 = 2 sin
𝐶 + 𝐷

2
sin

𝐶 − 𝐷

2

𝑇𝑎𝑘𝑒 𝐷 =
3𝑥

2
𝑎𝑛𝑑 𝐶 =

9𝑥

2

𝑐𝑜𝑠
3𝑥

2
− 𝑐𝑜𝑠

9𝑥

2
= 2 𝑠𝑖𝑛

9𝑥
2

−
3𝑥
2

2

= 2 𝑠𝑖𝑛

9𝑥 − 3𝑥
2
2

= 2 𝑠𝑖𝑛

6𝑥
2
2

= 2 𝑠𝑖𝑛
3𝑥

2
= 2 𝑠𝑖𝑛

3𝑥

2

𝑠𝑖𝑛

9𝑥
2

+
3𝑥
2

2

𝑠𝑖𝑛

9𝑥 + 3𝑥
2
2

𝑠𝑖𝑛

12𝑥
2
2

𝑠𝑖𝑛
6𝑥

2
𝑠𝑖𝑛 3𝑥

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟓 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏 𝟑𝟒° + 𝒄𝒐𝒔 𝟔𝟒° − 𝒄𝒐𝒔 𝟒°

=

sin 34° + cos 64° − cos 4°

= sin 34° − 2 sin
64° + 4°

2
sin

64° − 4°

2

sin 34° − 2 sin 34° sin 30°

= 0

cos 𝐶 − cos 𝐷 = −2 sin
𝐶 + 𝐷

2
sin

𝐶 − 𝐷

2

= sin 34° − 2 sin
68°

2
sin

60°

2

= sin 34° − 2 sin 34°
1

2
= sin 34° − sin 34°

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟔 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝟑𝟔° 𝒄𝒐𝒔 𝟕𝟐° 𝒄𝒐𝒔 𝟏𝟎𝟖° 𝒄𝒐𝒔 𝟏𝟒𝟒° =
𝟏

𝟏𝟔
.

𝐿. 𝐻. 𝑆 = cos 36° cos 72° cos 108° cos 144°
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=

=
5 − 1

4

2 5 + 1

4

2

= cos 36° cos 90° − 18° cos 90° + 18° cos 180° − 36°

sin2 18° cos2 36°

= cos 36° × sin 18° × − sin 18° × − cos 36°

𝑠𝑖𝑛18° =
5 − 1

4

𝑐𝑜𝑠 36° =
5 + 1

4=
5 − 1 5 + 1

16

2

=
5

2
− 12

16

2

=
5 − 1

16

2

=
4

16

2

=
1

4

2

=
1

16

=

2 cos
75° + 15°

2
sin

75° − 15°

2

2 cos
75° + 15°

2
cos

75° − 15°

2

=
2 cos 45°

2 cos 45°

= tan 30° =
1

3

sin 30°

cos 30°

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟕: 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚:
𝒔𝒊𝒏 𝟕𝟓° − 𝒔𝒊𝒏 𝟏𝟓°

𝒄𝒐𝒔 𝟕𝟓° + 𝒄𝒐𝒔 𝟏𝟓°

sin 75° − sin 15°

cos 75° + cos 15°

=

2 cos
90°

2 sin
60°

2

2 cos
90°

2
cos

60°

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟖: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝐜𝐨𝐬 𝟏𝟎° 𝒄𝒐𝒔 𝟑𝟎° 𝒄𝒐𝒔 𝟓𝟎° 𝒄𝒐𝒔 𝟕𝟎° =
𝟑

𝟏𝟔
.

cos 10° cos 30° cos 50° cos 70°

= cos 30°

=
3

2

1

4
cos 30° =

3

2

1

4

3

2
=

3

16

cos 60° − 10° cos 𝐴 cos 60° + 10° =
1

4
cos 3𝐴

= cos 30° [cos 10° cos 50° cos 70°]

[cos 60° − 10° cos 10° cos 60° + 10° ]

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟖: 𝒄𝒐𝒔 𝟏𝟎° 𝒄𝒐𝒔 𝟑𝟎° 𝒄𝒐𝒔 𝟓𝟎° 𝒄𝒐𝒔 𝟕𝟎° =
3

16
𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑠 10° 𝑐𝑜𝑠 30° 𝑐𝑜𝑠 50° 𝑐𝑜𝑠 70°

= 𝑐𝑜𝑠 30° 𝑐𝑜𝑠 10° 𝑐𝑜𝑠 50° 𝑐𝑜𝑠 70°
𝑐𝑜𝑠 𝐴 + 𝐵 𝑐𝑜𝑠 𝐴 − 𝐵

= cos2 𝐴 − sin2 𝐵

=
3

2
𝑐𝑜𝑠 10° 𝑐𝑜𝑠 60° − 10° 𝑐𝑜𝑠 60° + 10°
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=
3

2
𝑐𝑜𝑠 10° cos2 60° − sin2 10°

=
3

2
𝑐𝑜𝑠 10°

1

2

2

− sin2 10° =
3

2
𝑐𝑜𝑠 10°

1

4
− sin2 10°

=
3

2
𝑐𝑜𝑠 10°

4

1 − 4 sin2 10°

=
3

2
𝑐𝑜𝑠 10°

4

1 − 4(1 − cos2 10°)

=
3

2
𝑐𝑜𝑠 10°

4

1 − 4 + 4 cos2 10°

=
3

2
𝑐𝑜𝑠 10°

4

4 cos2 10° − 3

=
3

2 4

4 cos3 10° − 3 𝑐𝑜𝑠 10°

cos 3𝐴 = 4 cos3 𝐴 − 3 𝑐𝑜𝑠 𝐴

=
3

8
4 cos3 10° − 3 𝑐𝑜𝑠 10°

=
3

8
𝑐𝑜𝑠 3(10°) =

3

8
𝑐𝑜𝑠 30°

=
3

8
×

3

2
=

3

16

𝟏. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒂𝒔 𝒂 𝒔𝒖𝒎 𝒐𝒓 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆.

𝒊 𝒔𝒊𝒏 𝟑𝟓° 𝒄𝒐𝒔 𝟐𝟖° 𝒊𝒊 𝐬𝐢𝐧 𝟒𝒙 𝐜𝐨𝐬 𝟐𝒙 𝒊𝒊𝒊 𝟐 𝐬𝐢𝐧 𝟏𝟎𝜽 𝐜𝐨𝐬 𝟐𝜽

𝒊𝒗 𝐜𝐨𝐬 𝟓𝜽 𝐜𝐨𝐬 𝟐𝜽 𝒗 𝐬𝐢𝐧 𝟓𝜽 𝐬𝐢𝐧 𝟒𝜽

𝒊 𝒔𝒊𝒏 𝟑𝟓° 𝒄𝒐𝒔 𝟐𝟖°

sin 35° cos 28° 𝑠𝑖𝑛 35° + 28° 𝑠𝑖𝑛 35° − 28°+=
1

2

+=
1

2
sin 7°sin 63°

𝑠𝑖𝑛(𝐴 + 𝐵) + 𝑠𝑖𝑛(𝐴 − 𝐵) = 2 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

1

2
𝑠𝑖𝑛(𝐴 + 𝐵) + 𝑠𝑖𝑛(𝐴 − 𝐵) = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵

𝑠𝑖𝑛(4𝑥 + 2𝑥) 𝑠𝑖𝑛(4𝑥 − 2𝑥)+=
1

2

+=
1

2
sin 2𝑥sin 6𝑥

𝒊𝒊 𝒔𝒊𝒏 𝟒𝒙 𝒄𝒐𝒔 𝟐𝒙

𝑠𝑖𝑛(10𝜃 + 2𝜃) 𝑠𝑖𝑛(10𝜃 − 2𝜃)+

𝒊𝒊𝒊 𝟐 𝒔𝒊𝒏 𝟏𝟎𝜽 𝒄𝒐𝒔 𝟐𝜽

𝒔𝒊𝒏(𝑨 + 𝑩) + 𝒔𝒊𝒏(𝑨 − 𝑩) = 𝟐 𝒔𝒊𝒏 𝑨 𝒄𝒐𝒔 𝑩

=

𝟏

𝟐
𝒔𝒊𝒏(𝑨 + 𝑩) + 𝒔𝒊𝒏(𝑨 − 𝑩) = 𝒔𝒊𝒏 𝑨 𝒄𝒐𝒔 𝑩

+= sin 8𝜃sin 12𝜃
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𝒊𝒗 𝒄𝒐𝒔 𝟓𝜽 𝒄𝒐𝒔 𝟐𝜽

cos(5𝜃 + 2𝜃) cos(5𝜃 − 2𝜃)+=
1

2

𝒄𝒐𝒔(𝑨 + 𝑩) + 𝒄𝒐𝒔(𝑨 − 𝑩) = 𝟐 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩

𝟏

𝟐
𝒄𝒐𝒔(𝑨 + 𝑩) + 𝒄𝒐𝒔(𝑨 − 𝑩) = 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩

+=
1

2
cos 3𝜃cos 7𝜃

𝒗 𝒔𝒊𝒏 𝟓𝜽 𝒔𝒊𝒏 𝟒𝜽

cos(5𝜃 − 4𝜃) cos(5𝜃 + 4𝜃)−=
1

2

−=
1

2
cos 9𝜃cos 𝜃

𝟐. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒂𝒔 𝒂 𝒑𝒓𝒐𝒅𝒖𝒄𝒕.

𝒊 𝒔𝒊𝒏 𝟕𝟓° − 𝒔𝒊𝒏 𝟑𝟓° 𝒊𝒊 𝒄𝒐𝒔 𝟔𝟓° + 𝒄𝒐𝒔 𝟏𝟓°

𝒊𝒊𝒊 𝒔𝒊𝒏 𝟓𝟎° + 𝒔𝒊𝒏 𝟒𝟎° 𝒊𝒗 𝒄𝒐𝒔 𝟑𝟓° − 𝒄𝒐𝒔 𝟕𝟓°

𝟏

𝟐
𝒄𝒐𝒔(𝑨 − 𝑩) − 𝒄𝒐𝒔 𝑨 + 𝑩 = 𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩

𝒊 𝒔𝒊𝒏 𝟕𝟓° − 𝒔𝒊𝒏 𝟑𝟓°

= 2 cos
75° + 35°

2
sin

75° − 35°

2

cos
110°

2
sin

40°

2
= 2

𝒊𝒊 𝐜𝐨𝐬 𝟔𝟓° + 𝐜𝐨𝐬 𝟏𝟓°

= 2 cos
65° + 15°

2
cos

65° − 15°

2

cos 40° cos 25°= 2

𝒔𝒊𝒏 𝑪 − 𝒔𝒊𝒏 𝑫 = 𝟐 𝒄𝒐𝒔
𝑪 + 𝑫

𝟐
𝒔𝒊𝒏

𝑪 − 𝑫

𝟐

𝒄𝒐𝒔 𝑪 + cos 𝑫 = 𝟐 𝒄𝒐𝒔
𝑪 + 𝑫

𝟐
𝒄𝒐𝒔

𝑪 − 𝑫

𝟐

cos 55° sin 20°= 2

= 2 cos
80°

2
cos

50°

2

𝒊𝒊𝒊 𝒔𝒊𝒏 𝟓𝟎° + 𝒔𝒊𝒏 𝟒𝟎°

𝑠𝑖𝑛 𝐶 + 𝑠𝑖𝑛 𝐷 = 2 sin
𝐶 + 𝐷

2
cos

𝐶 − 𝐷

2

= 2 sin
50° + 40°

2
cos

50° − 40°

2

= 2

cos 5°= 2 sin 45°

sin
90°

2
cos

10°

2

𝑐𝑜𝑠 𝐷 − 𝑐𝑜𝑠 𝐶 = 2 𝑠𝑖𝑛
𝐷 + 𝐶

2
cos

𝐷 − 𝐶

2
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𝒊𝒗 𝒄𝒐𝒔 𝟑𝟓° − 𝒄𝒐𝒔 𝟕𝟓°

= 2 𝑠𝑖𝑛
35° + 75°

2
cos

35° − 75°

2

= 2

= 2

𝑐𝑜𝑠 𝐶 − 𝑐𝑜𝑠 𝐷 = −2 𝑠𝑖𝑛
𝐶 + 𝐷

2
cos

𝐶 − 𝐷

2

𝑠𝑖𝑛
110°

2
cos −

40°

2

𝑠𝑖𝑛 55° cos 20°

=
1

2
−cos −36° cos 60° sin 54°

𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 sin 12° sin 48° sin 54° =
𝟏

𝟖

=
1

2
−cos 12° − 48° cos 12° + 48° sin 54°

𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩

=
𝟏

𝟐
𝒄𝒐𝒔(𝑨 − 𝑩) − 𝒄𝒐𝒔 𝑨 + 𝑩

=
1

2
cos 36° −

5 + 1

4

1

2
sin 54° =

1

2
−

1

2

5 + 1

4

5 + 1 − 2

4
=

1

2

5 + 1

4

5 − 1

4
=

1

2

5 + 1

4

=
1

32
( 5 )2 − 12 =

1

32
(5 − 1) =

4

32
=

1

8
= 𝑅. 𝐻. 𝑆

𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

cos 36° =
5 + 1

4
sin 54° =

5 + 1

4

𝑐𝑜𝑠 −𝜃 = 𝑐𝑜𝑠𝜃

𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔
𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟐𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟑𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟒𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟓𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟔𝝅

𝟏𝟓
𝒄𝒐𝒔

𝟕𝝅

𝟏𝟓
=

𝟏

𝟏𝟐𝟖

𝐿. 𝐻. 𝑆 = cos
𝜋

15
cos

2𝜋

15
cos

3𝜋

15
cos

4𝜋

15
cos

5𝜋

15
cos

6𝜋

15
cos

7𝜋

15

cos 12° cos 24° cos 72°cos 60°cos 48°cos 36° cos 84°

𝜋

15
×

180°

𝜋
=

180°

15

= 12°

=

cos 36° =
5 + 1

4

𝑠𝑖𝑛 18° =
5 − 1

4

cos 72° = cos 90° − 18°

= 𝑠𝑖𝑛 18°

=
5 − 1

4

cos 12° cos 24°
5 − 1

4

1

2
cos 48°5 + 1

4
cos 84°=

= 5
2

− 12

32
cos 12°cos 48° cos 24°cos 84°

1

2
cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵)

= cos 𝐴 cos 𝐵
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4

32
=

1

2
𝑐𝑜𝑠 48° + 12° + 𝑐𝑜𝑠 48° − 12°

1

2
𝑐𝑜𝑠 84° + 24° + 𝑐𝑜𝑠 84° − 24°

1

8
=

1

4
𝑐𝑜𝑠 60°+ 𝑐𝑜𝑠 36° 𝑐𝑜𝑠 108° + 𝑐𝑜𝑠 60°

=
1

32

1

2
+ 𝑐𝑜𝑠 36° 𝑐𝑜𝑠 108° +

1

2

𝑐𝑜𝑠36°=
5 + 1

4

=
1

32

1

2
+ 5 + 1

4

1 − 5

4
+ 1

2

𝑐𝑜𝑠108° = 𝑐𝑜𝑠 90° + 18°

= − 𝑠𝑖𝑛 18°

𝑠𝑖𝑛 18° =
5 − 1

4

= −
5 − 1

4
=

1 − 5

4
=

1

32

2 + 5 + 1

4

1 − 5 + 2

4

=
1

32

3 + 5

4

3 − 5

4 =
1

32

32 − 5
2

16

4

16
=

1

32
=

1

128

𝟓. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝟖𝒙 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝟔𝒙 𝐜𝐨𝐬 𝟑𝒙

𝐜𝐨𝐬 𝟐𝒙 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝟑𝒙 𝐬𝐢𝐧 𝟒𝒙
= 𝒕𝒂𝒏𝟐𝒙

𝐿. 𝐻. 𝑆 =
𝑠𝑖𝑛 8𝑥 𝑐𝑜𝑠 𝑥 − 𝑠𝑖𝑛 6𝑥 𝑐𝑜𝑠 3𝑥

𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 𝑥 − 𝑠𝑖𝑛 3𝑥 𝑠𝑖𝑛 4𝑥

=

1

2

𝑐𝑜𝑠 3𝑥 + 𝑐𝑜𝑠 𝑥
1

2
−

−

1

2

1

2
𝑠𝑖𝑛 9𝑥 + 𝑠𝑖𝑛 7𝑥 𝑠𝑖𝑛 9𝑥 + 𝑠𝑖𝑛 3𝑥

𝑐𝑜𝑠 𝑥 − 𝑐𝑜𝑠 7𝑥

=

1

2
1

2

𝑠𝑖𝑛 9𝑥 + 𝑠𝑖𝑛 7𝑥− 𝑠𝑖𝑛 9𝑥 − 𝑠𝑖𝑛 3𝑥

𝑐𝑜𝑠 3𝑥 + 𝑐𝑜𝑠 𝑥 − 𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 7𝑥

=
𝑠𝑖𝑛 7𝑥 − 𝑠𝑖𝑛 3𝑥

𝑐𝑜𝑠 3𝑥 + 𝑐𝑜𝑠 7𝑥

=
𝑠𝑖𝑛 8𝑥 + 𝑥 + 𝑠𝑖𝑛 8𝑥 − 𝑥

1

2
− 𝑠𝑖𝑛 6𝑥 + 3𝑥 + 𝑠𝑖𝑛 6𝑥 − 3𝑥

𝑐𝑜𝑠 2𝑥 + 𝑥 + 𝑐𝑜𝑠 2𝑥 − 𝑥
1

2
− 𝑐𝑜𝑠 4𝑥 − 3𝑥 + 𝑐𝑜𝑠 4𝑥 + 3𝑥

1

2

1

2
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=

2cos
7𝑥 + 3𝑥

2
sin

7𝑥 − 3𝑥

2

2 cos
7𝑥 + 3𝑥

2
cos

7𝑥 − 3𝑥

2

2 sin 2𝑥

2 cos 2𝑥
=

cos 𝐶 + cos 𝐷 = 2 cos
𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

𝑠𝑖𝑛 𝐶 − 𝑠𝑖𝑛 𝐷 = 2 𝑐𝑜𝑠
𝐶 + 𝐷

2
𝑠𝑖𝑛

𝐶 − 𝐷

2

= tan 2𝑥
cos 5𝑥

cos 5𝑥
=

2cos
10𝑥

2
sin

4𝑥

2

2 cos
10𝑥

2
cos

4𝑥

2

𝟔. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝐜𝐨𝐬 𝜽 − 𝒄𝒐𝒔 𝟑𝜽 (𝐬𝐢𝐧 𝟖𝜽 + 𝒔𝒊𝒏 𝟐𝜽)

𝒔𝒊𝒏 𝟓𝜽 − 𝒔𝒊𝒏 𝜽 (𝒄𝒐𝒔 𝟒𝜽 − 𝒄𝒐𝒔 𝟔𝜽)
= 𝟏

=
cos 𝜃 − 𝑐𝑜𝑠 3𝜃 (sin 8𝜃 + 𝑠𝑖𝑛 2𝜃)

𝑠𝑖𝑛 5𝜃 − 𝑠𝑖𝑛 𝜃 (𝑐𝑜𝑠 4𝜃 − 𝑐𝑜𝑠 6𝜃)
𝐿. 𝐻. 𝑆

=

2 sin
𝜃 + 3𝜃

2
sin

3𝜃 − 𝜃

2
× 2 sin

8𝜃 + 2𝜃

2
cos

8𝜃 − 2𝜃

2

2 sin
5𝜃 − 𝜃

2
× 2 sin

4𝜃 + 6𝜃

2
sin

6𝜃 − 4𝜃

2
cos

5𝜃 + 𝜃

2

= 1 = 𝑅. 𝐻. 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

=

sin
2𝜃

2
sin

4𝜃

2 × cos
6𝜃

2

sin
4𝜃

2
cos

6𝜃

2
× sin

2𝜃

2
sin

10𝜃

2

sin
10𝜃

2
4 ×

4 ×

=
sin 2𝜃 sin 𝜃 × sin 5𝜃 cos 3𝜃

cos 3𝜃 sin 2𝜃 × sin 5𝜃 sin 𝜃

𝟕. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝟐𝒙 + 𝐬𝐢𝐧 𝟑𝒙 = 𝐬𝐢𝐧 𝟐𝒙 (𝟏 + 𝟐 𝐜𝐨𝐬 𝒙)

𝐿. 𝐻. 𝑆 =

= sin 2𝑥 + sin 2𝑥

= sin 2𝑥 (2 cos 𝑥 + 1) = sin 2𝑥 (1 + 2 cos 𝑥)

= 𝑅. 𝐻. 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

sin 𝐶 + sin 𝐷 = 2 sin
𝐶 + 𝐷

2
cos

𝐶 − 𝐷

2
+sin 3𝑥 + sin 𝑥 sin 2𝑥

= sin
3𝑥 + 𝑥

2
2 + sin 2𝑥

= sin
4𝑥

2
2 + sin 2𝑥

cos
3𝑥 − 𝑥

2

cos
2𝑥

2
2 cos 𝑥

𝟖. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝟒𝒙 + 𝐬𝐢𝐧 𝟐𝒙

𝐜𝐨𝐬 𝟒𝒙 + 𝐜𝐨𝐬 𝟐𝒙
= 𝐭𝐚𝐧 𝟑𝒙
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𝐿. 𝐻. 𝑆=
sin 4𝑥 sin 2𝑥+

cos 4𝑥 cos 2𝑥+

=

2sin
4𝑥 + 2𝑥

2
cos

4𝑥 − 2𝑥

2

2 cos
4𝑥 − 2𝑥

2
cos

4𝑥 + 2𝑥

2

= tan 3𝑥

2

=

cos
2𝑥

2

2 cos
2𝑥

2

=
2 cos 𝑥

2 cos 𝑥

sin
6𝑥

2

cos
6𝑥

2

sin 3𝑥

cos 3𝑥

𝟗. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟏 + cos 𝟐𝒙 + cos 𝟒𝒙 + cos 𝟔𝒙 = 𝟒 cos 𝒙 cos 𝟐𝒙 cos 𝟑𝒙

1 + cos 2𝑥 + cos 4𝑥 + cos 6𝑥𝐿. 𝐻. 𝑆 =

2 cos2 𝑥 cos
4𝑥 + 6𝑥

2
= + 2 cos

4𝑥 − 6𝑥

2

= 2 cos 5𝑥2cos2 𝑥 + cos(−𝑥) = 2 cos 5𝑥2cos2 𝑥 + cos 𝑥

= 2 cos 𝑥 (cos 𝑥 + cos 5𝑥)

= 2 cos 𝑥 2 cos
𝑥 − 5𝑥

2

= 2 cos 𝑥 2 cos 3𝑥 cos(−2𝑥)

= 4 cos 𝑥 𝑐𝑜𝑠 3𝑥𝑐𝑜𝑠 2𝑥 = 𝑅. 𝐻. 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

cos
𝑥 + 5𝑥

2

= 2cos2 𝑥 + 2 cos
−2𝑥

2

= 2 cos 𝑥 2 cos
6𝑥

2
cos

−4𝑥

2

cos
10𝑥

2

cos 2𝐴 = 2cos2𝐴 − 1

1 + cos 2𝐴 = 2cos2𝐴

∵ cos −𝜃 = 𝑐𝑜𝑠𝜃

𝟏𝟎. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧
𝜽

𝟐
𝐬𝐢𝐧

𝟕𝜽

𝟐
+ 𝐬𝐢𝐧

𝟑𝜽

𝟐
𝐬𝐢𝐧

𝟏𝟏𝜽

𝟐
= 𝐬𝐢𝐧 𝟐𝜽 𝐬𝐢𝐧 𝟓𝜽

𝐿 . 𝐻. 𝑆 = sin
𝜃

2
sin

7𝜃

2
+ sin

3𝜃

2
sin

11𝜃

2

cos
𝜃

2
−

7𝜃

2
=

1

2
− cos

𝜃

2
+

7𝜃

2 cos
3𝜃

2
−

11𝜃

2
+

1

2

− cos
3𝜃

2
+

11𝜃

2

𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵 =
1

2
𝑐𝑜𝑠(𝐴 − 𝐵) − 𝑐𝑜𝑠 𝐴 + 𝐵

=
1

2
cos

𝜃 − 7𝜃

2
− cos

𝜃 + 7𝜃

2
+

1

2
cos

3𝜃 − 11𝜃

2
− cos

3𝜃 + 11𝜃

2
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=
1

2
cos

−6𝜃

2
− cos

8𝜃

2
+

1

2
cos

−8𝜃

2
− cos

14𝜃

2

=
1

2
𝑐𝑜𝑠(−3𝜃) − cos 4𝜃 + cos 7𝜃cos(−4𝜃) −

=
1

2
cos 3𝜃 − cos 4𝜃 + cos 7𝜃cos 4𝜃 −

∵ cos −𝜃 = 𝑐𝑜𝑠𝜃

cos 𝐷 − cos 𝐶 = 2 sin
𝐶 + 𝐷

2
sin

𝐶 − 𝐷

2=
1

2
cos 3𝜃 − cos 7𝜃

=
1

2
2 sin

3𝜃 + 7𝜃

2
sin

7𝜃 − 3𝜃

2

𝑠𝑖𝑛 5𝜃= 𝑠𝑖𝑛 2𝜃 = 𝑅. 𝐻. 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

= sin
10𝜃

2
sin

4𝜃

2

𝟏𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝟑𝟎° − 𝑨 𝒄𝒐𝒔(𝟑𝟎° + 𝑨) + 𝒄𝒐𝒔(𝟒𝟓° − 𝑨) 𝒄𝒐𝒔 𝟒𝟓° + 𝑨

𝐿. 𝐻. 𝑆 = 𝑐𝑜𝑠 30° − 𝐴 𝑐𝑜𝑠(30° + 𝐴) + 𝑐𝑜𝑠(45° − 𝐴) 𝑐𝑜𝑠 45° + 𝐴

= cos2 30° − sin2 𝐴

=
3

2

2

− sin2 𝐴 +
1

2

2

− sin2 𝐴

=
3

4
+

1

2
− 2 sin2 𝐴 =

3

4
+

1

2
− (1 − cos 2𝐴)

=
3

4
+

1

2
− 1 + cos 2𝐴

+ cos2 45° − sin2 𝐴

2 sin2 𝐴 = 1 − cos 2𝐴

=
3 + 2 − 4

4
+ cos 2𝐴

=
1

4
+ cos 2𝐴 = +

1

4
cos 2𝐴 = 𝑅. 𝐻. 𝑆

𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

cos(𝐴 + 𝐵) cos(𝐴 − 𝐵)

= cos2 𝐴 − sin2 𝐵

= 𝐜𝐨𝐬 𝟐𝑨 +
𝟏

𝟒
.

𝟏𝟐. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝒙 + 𝒔𝒊𝒏 𝟑𝒙 + 𝒔𝒊𝒏 𝟓𝒙 + 𝒔𝒊𝒏 𝟕𝒙

𝐜𝐨𝐬 𝒙 + 𝒄𝒐𝒔 𝟑𝒙 + 𝒄𝒐𝒔 𝟓𝒙 + 𝒄𝒐𝒔 𝟕𝒙
= 𝐭𝐚𝐧 𝟒𝒙

𝐿. 𝐻. 𝑆 =
sin 𝑥 + sin 3𝑥 + sin 5𝑥 + sin 7𝑥

cos 𝑥 + cos 3𝑥 + cos 5𝑥 + cos 7𝑥

=

2 sin
𝑥 + 3𝑥

2
cos

𝑥 − 3𝑥

2

2 cos
3𝑥 − 𝑥

2
cos

3𝑥 + 𝑥

2

2 sin
7𝑥 + 5𝑥

2
+ cos

7𝑥 − 5𝑥

2

+ 2 cos
7𝑥 − 5𝑥

2
cos

7𝑥 + 5𝑥

2
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=

sin
4𝑥

2
2 + sin

12𝑥

2

cos
4𝑥

2
2 + cos

12𝑥

2
2

2cos
−2𝑥

2
cos

2𝑥

2

cos
2𝑥

2
cos

2𝑥

2

=
𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 𝑥

𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 6𝑥+

+ 𝑐𝑜𝑠 6𝑥 𝑐𝑜𝑠 𝑥

𝑐𝑜𝑠 𝑥2

2

=
𝑐𝑜𝑠 𝑥 (𝑠𝑖𝑛 2𝑥 + 𝑠𝑖𝑛 6𝑥)

𝑐𝑜𝑠 𝑥 (𝑐𝑜𝑠 2𝑥 + 𝑐𝑜𝑠 6𝑥)
=

𝑠𝑖𝑛 2𝑥 + 𝑠𝑖𝑛 6𝑥

𝑐𝑜𝑠 2𝑥 + 𝑐𝑜𝑠 6𝑥

=

2 sin
6𝑥 + 2𝑥

2
cos

6𝑥 − 2𝑥

2

2 cos
6𝑥 − 2𝑥

2
cos

6𝑥 + 2𝑥

2

=

sin
8𝑥

2
2

cos
8𝑥

2
2

cos
4𝑥

2

cos
4𝑥

2

=
sin 4𝑥 cos 2𝑥

cos 4𝑥 cos 2𝑥
= tan 4𝑥 = 𝑅. 𝐻 . 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

𝟏𝟑. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝟒𝑨 − 𝟐𝑩 + 𝐬𝐢𝐧(𝟒𝑩 − 𝟐𝑨)

𝐜𝐨𝐬 𝟒𝑨 − 𝟐𝑩 + 𝐜𝐨𝐬(𝟒𝑩 − 𝟐𝑨)
= 𝐭𝐚𝐧(𝑨 + 𝑩)

𝐿. 𝐻. 𝑆 =
𝑠𝑖𝑛 4𝐴 − 2𝐵 + 𝑠𝑖𝑛(4𝐵 − 2𝐴)

𝑐𝑜𝑠 4𝐴 − 2𝐵 + 𝑐𝑜𝑠(4𝐵 − 2𝐴)

=

2sin
4𝐴 − 2𝐵 + 4𝐵 − 2𝐴

2

2 cos
4𝐴 − 2𝐵 + 4𝐵 − 2𝐴

2

cos
4𝐴 − 2𝐵 − (4𝐵 − 2𝐴)

2

cos
4𝐴 − 2𝐵 − (4𝐵 − 2𝐴)

2

=

2sin
4𝐴 − 2𝐵 + 4𝐵 − 2𝐴

2

2 cos
4𝐴 − 2𝐵 + 4𝐵 − 2𝐴

2

cos
4𝐴 − 2𝐵 − 4𝐵 + 2𝐴

2

cos
4𝐴 − 2𝐵 − 4𝐵 + 2𝐴

2

=
𝑠𝑖𝑛(𝐴 + 𝐵)

𝑐𝑜𝑠(𝐴 + 𝐵)
= 𝑡𝑎𝑛(𝐴 + 𝐵) 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

=

sin
2𝐴 + 2𝐵

2

cos
2𝐴 + 2𝐵

2

cos
6𝐴 − 6𝐵

2

cos
6𝐴 − 6𝐵

2

=

sin
2(𝐴 + 𝐵)

2

cos
2(𝐴 + 𝐵)

2
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𝟏𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒕 𝑨 + 𝟏𝟓° − 𝒕𝒂𝒏 𝑨 − 𝟏𝟓° =
𝟒 𝒄𝒐𝒔 𝟐𝑨

𝟏 + 𝟐 𝒔𝒊𝒏 𝟐𝑨

= 𝑐𝑜𝑡 𝐴 + 15° − 𝑡𝑎𝑛 𝐴 − 15°𝐿. 𝐻. 𝑆

=
𝑐𝑜𝑠(𝐴 + 15°)

𝑠𝑖𝑛(𝐴 + 15°)
−

𝑠𝑖𝑛(𝐴 − 15°)

𝑐𝑜𝑠(𝐴 − 15°)

=
𝑐𝑜𝑠(𝐴 + 15°)𝑐𝑜𝑠(𝐴 − 15°)− 𝑠𝑖𝑛(𝐴 − 15°)𝑠𝑖𝑛(𝐴 + 15°)

𝑠𝑖𝑛(𝐴 + 15°)𝑐𝑜𝑠(𝐴 − 15°)

=
cos2 𝐴 −sin2 15°− sin2 𝐴 sin2 15°−

1

2
sin 𝐴 + 15° + 𝐴 − 15° + sin 𝐴 + 15° − 𝐴 + 15°

=

2 cos2 𝐴 −sin2 15°− sin2 𝐴 sin2 15°+

sin 2𝐴 + sin 30°

=
2 (𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴)

sin 2𝐴 +
=

2(𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴)

2 sin 2𝐴 + 1

2

=
4 cos 2𝐴

1 + 2𝑠𝑖𝑛2𝐴
= 𝑅. 𝐻. 𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑

1

2

=
4 (𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴)

2 sin 2𝐴 + 1
= 2(𝑐𝑜𝑠2𝐴 − 𝑠𝑖𝑛2𝐴) ×

2

2 sin 2𝐴 + 1
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟕
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟗: 𝑰𝒇 𝑨 + 𝑩 + 𝑪 = 𝝅 , 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

(𝒊) 𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑪 = 𝟏 + 𝟒𝒔𝒊𝒏
𝑨

𝟐
𝒔𝒊𝒏

𝑩

𝟐
𝒔𝒊𝒏

𝑪

𝟐
𝑳. 𝑯. 𝑺 = 𝒄𝒐𝒔 𝑨 + 𝒄𝒐𝒔 𝑩 + 𝒄𝒐𝒔 𝑪

= 2 cos
𝐴 + 𝐵

2
cos

𝐴 − 𝐵

2
+ cos 𝐶 𝐴 + 𝐵 + 𝐶 = 𝜋

𝐴 + 𝐵 = 𝜋 − 𝐶
𝐴 + 𝐵

2
=

𝜋 − 𝐶

2
𝐴 + 𝐵

2
=

𝜋

2
−

𝐶

2

= 2 cos
𝜋

2
−

𝐶

2
cos

𝐴

2
−

𝐵

2
+ cos 𝐶

= 2 sin
𝐶

2
cos

𝐴

2
−

𝐵

2
+ 1 − 2 sin2

𝐶

2

= 1 + 2 sin
𝐶

2
cos

𝐴

2
−

𝐵

2
− sin

𝐶

2

= 1 + 2 sin
𝐶

2
cos

𝐴

2
−

𝐵

2
− cos

𝜋

2
−

𝐶

2

= 1 + 2 sin
𝐶

2
cos

𝐴

2
−

𝐵

2
− cos

𝐴

2
+

𝐵

2
= 1 + 2 sin

𝐶

2

cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = 2 sin 𝐴 sin 𝐵

2 sin
𝐴

2
sin

𝐵

2

= 1 + 4 sin
𝐴

2
sin

𝐵

2
sin

𝐶

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟗: 𝑰𝒇 𝑨 + 𝑩 + 𝑪 = 𝝅 , 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 (𝒊𝒊) 𝒔𝒊𝒏
𝑨

𝟐
𝒔𝒊𝒏

𝑩

𝟐
𝒔𝒊𝒏

𝑪

𝟐
≤

𝟏

𝟖

𝐿𝑒𝑡 𝑢 = 𝑠𝑖𝑛
𝐴

2
𝑠𝑖𝑛

𝐵

2
𝑠𝑖𝑛

𝐶

2

cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = 2 sin 𝐴 sin 𝐵
1

2
cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = sin 𝐴 sin 𝐵

𝑢 =
1

2
cos

𝐴 − 𝐵

2
− cos

𝐴 + 𝐵

2
𝑠𝑖𝑛

𝐶

2

= −
1

2
cos

𝐴 + 𝐵

2
− cos

𝐴 − 𝐵

2
𝑠𝑖𝑛

𝐶

2

= −
1

2
cos

𝐴 + 𝐵

2
− cos

𝐴 − 𝐵

2
𝑐𝑜𝑠

𝐴 + 𝐵

2

−2𝑢 = cos
𝐴 + 𝐵

2
− cos

𝐴 − 𝐵

2
𝑐𝑜𝑠

𝐴 + 𝐵

2
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𝑐𝑜𝑠2
𝐴 + 𝐵

2
− 𝑐𝑜𝑠

𝐴 − 𝐵

2
𝑐𝑜𝑠

𝐴 + 𝐵

2
+ 2𝑢 = 0

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑖𝑛 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑖𝑛 𝑐𝑜𝑠
𝐴 + 𝐵

2

𝑠𝑖𝑛𝑐𝑒 𝑐𝑜𝑠
𝐴 + 𝐵

2
𝑖𝑠 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟, 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑑𝑖𝑠𝑐𝑟𝑖𝑚𝑖𝑛𝑎𝑛𝑡 𝑏2 − 4𝑎𝑐 ≥ 0, 𝑤ℎ𝑖𝑐ℎ 𝑔𝑖𝑣𝑒𝑠

𝑐𝑜𝑠2
𝐴 + 𝐵

2
− 8𝑢 ≥ 0 ⟹ 𝑢 ≤

1

8
𝑐𝑜𝑠2

𝐴 + 𝐵

2
≤

1

8

𝐻𝑒𝑛𝑐𝑒, 𝑠𝑖𝑛
𝐴

2
𝑠𝑖𝑛

𝐵

2
𝑠𝑖𝑛

𝐶

2
≤

1

8

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟒𝟎: 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕𝒔𝒊𝒏
𝑨

𝟐
+ 𝒔𝒊𝒏

𝑩

𝟐
+ 𝒔𝒊𝒏

𝑪

𝟐

= 𝟏 + 𝟒 𝐬𝐢𝐧
𝝅 − 𝑨

𝟐
𝒔𝒊𝒏

𝝅 − 𝑩

𝟐
𝒔𝒊𝒏

𝝅 − 𝑪

𝟐
, 𝒊𝒇 𝑨 + 𝑩 + 𝑪 = 𝝅

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛
𝐴

2
+ 𝑠𝑖𝑛

𝐵

2
+ 𝑠𝑖𝑛

𝐶

2

= cos
𝜋

2
−

𝐴

2
+ cos

𝜋

2
−

𝐵

2
+ cos

𝜋

2
−

𝐶

2

= 2 cos
𝜋

2
−

𝐴 + 𝐵

4
cos

𝐵 − 𝐴

4
+ 1 − 2 sin2

𝜋

4
−

𝐶

4

= 1 + 2 𝑠𝑖𝑛
𝜋

4
−

𝐶

4
cos

𝐵 − 𝐴

4
−2 sin2

𝜋

4
−

𝐶

4

= 1 + 2 𝑠𝑖𝑛
𝜋

4
−

𝐶

4
cos

𝐵 − 𝐴

4
− 𝑠𝑖𝑛

𝜋

4
−

𝐶

4

= 1 + 2 𝑠𝑖𝑛
𝜋

4
−

𝐶

4
cos

𝐵 − 𝐴

4
− 𝑠𝑖𝑛

𝐴 + 𝐵

4

= 1 + 2 𝑠𝑖𝑛
𝜋

4
−

𝐶

4
cos

𝐵 − 𝐴

4
− 𝑐𝑜𝑠

𝜋

2
−

𝐴 + 𝐵

4

= 1 + 2 𝑠𝑖𝑛
𝜋

4
−

𝐶

4
2 sin

𝐵 − 𝐴
4

+
𝜋
2

−
𝐴 + 𝐵

4
2

− 𝑠𝑖𝑛

𝜋
2

−
𝐴 + 𝐵

4
−

𝐵 − 𝐴
4

2

= 1 + 4 sin
𝜋 − 𝐴

2
sin

𝜋 − 𝐵

2
sin

𝜋 − 𝐶

2 209
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Example 3.41: If 𝑨 + 𝑩 + 𝑪 = 𝝅, prove that 
𝒄𝒐𝒔𝟐𝑨 + 𝒄𝒐𝒔𝟐𝑩 + 𝒄𝒐𝒔𝟐𝑪 = 𝟏 − 𝟐 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 𝒄𝒐𝒔 𝑪

𝐿. 𝐻. 𝑆 = cos2𝐴 + cos2𝐵 + cos2𝐶

𝐴 + 𝐵 + 𝐶 = 𝜋

𝐴 + 𝐵 = 𝜋 − 𝐶

=
1 + cos 2𝐴

2
+

1 + cos 2𝐵

2
+

1 + cos 2𝐶

2

=
3

2
+

1

2
cos 2𝐴 + cos 2𝐵 + cos 2𝐶

=
4

2
2 cos(𝐴 + 𝐵) cos(𝐴 − 𝐵) + cos 2𝐶

= 2 cos(𝜋 − 𝐶)2 cos(𝐴 − 𝐵) + 2 cos2 𝐶 − 1

= 2 cos(−𝐶)2 cos(𝐴 − 𝐵) + 2 cos2 𝐶 − 1

= 2 − cos 𝐶2 cos(𝐴 − 𝐵) + 2 cos2 𝐶 − 1

cos2𝐴 =
1 + cos 2𝐴

2

= 2 (− cos 𝐶)2 cos(𝐴 − 𝐵) + 2 cos2 𝐶 − 1

= −1 + 2 × −2 cos 𝐶 cos(𝐴 − 𝐵) − cos 𝐶

= 1 − 2 cos 𝐶 cos(𝐴 − 𝐵) − cos(𝜋 − 𝐴 + 𝐵 )

= 1 − 2 cos 𝐶 cos(𝐴 − 𝐵) + cos(𝐴 + 𝐵)

= 1 − 2 cos 𝐶 cos 𝐴 cos 𝐵

= 1 − 2 cos 𝐴 cos 𝐵 cos 𝐶 = 𝑅. 𝐻. 𝑆

(𝒊) 𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎°, prove that 𝒔𝒊𝒏 𝟐𝑨 + 𝒔𝒊𝒏 𝟐𝑩 + 𝒔𝒊𝒏 𝟐𝑪

𝐿. 𝐻. 𝑆 = sin 2𝐴 + sin 2𝐵 + sin 2𝐶

sin 𝐶 + sin 𝐷 = 2 sin
𝐶 + 𝐷

2
cos

𝐶 − 𝐷

2

= 2

𝐴 + 𝐵 + 𝐶 = 180°

𝐴 + 𝐵 = 180° − 𝐶

sin
2𝐴 + 2𝐵

2
cos

2𝐴 − 2𝐵

2
+ sin 2𝐶

= 2 sin(𝐴 + 𝐵) cos(𝐴 − 𝐵)+ sin 2𝐶

= 2 sin(180° − 𝐶 )cos(𝐴 − 𝐵) + sin 2𝐶

𝐴 + 𝐵 + 𝐶 = 180°

𝐶 = 180° − 𝐴 + 𝐵

= 𝟒 𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩 𝒔𝒊𝒏𝑪

= 2 sin 𝐶 cos(𝐴 − 𝐵) + 2 sin 𝐶 cos 𝐶

= 2 sin 𝐶

= 2 sin 𝐶

[cos 𝐴 − 𝐵 + cos 𝐶]

[cos 𝐴 − 𝐵 + cos(180° − A+B) ] 210
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= 2 sin 𝐶 [cos 𝐴 − 𝐵 − cos(A+B) ]

= 2 sin 𝐶 (2 sin 𝐴 sin 𝐵) = 4 sin 𝐴 sin 𝐵 sin 𝐶

(𝒊𝒊) 𝑰𝒇 𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎∘, prove that 𝐜𝐨𝒔 𝑨 + 𝐜𝐨𝒔 𝑩 − 𝐜𝐨𝒔 𝑪

𝐿. 𝐻. 𝑆 = cos 𝐴 + cos 𝐵 − cos 𝐶

= 2 cos
𝐴 + 𝐵

2
cos

𝐴 − 𝐵

2
− cos 𝐶

= 2 cos
𝐴 − 𝐵

2
− cos 𝐶

= 2 sin
𝐶

2
cos

𝐴 − 𝐵

2
− 1 − 2 𝑠𝑖𝑛2

𝐶

2

cos 90∘ −
𝐶

2

= −𝟏 + 𝟒 𝐜𝐨𝒔
𝑨

𝟐
𝐜𝐨𝒔

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐

= 2 sin
𝐶

2
cos

𝐴 − 𝐵

2
− 1 + 2 𝑠𝑖𝑛2

𝐶

2

= − 1 + 2 sin
𝐶

2
cos

𝐴 − 𝐵

2
+ 2 𝑠𝑖𝑛2

𝐶

2

= − 1 + 2 sin
𝐶

2
+ sin

𝐶

2
cos

𝐴 − 𝐵

2

= − 1 + 2 sin
𝐶

2
cos

𝐴 − 𝐵

2
+ sin 90∘ −

𝐴 + 𝐵

2

= − 1 + 2 sin
𝐶

2
cos

𝐴 − 𝐵

2
+ cos

𝐴 + 𝐵

2

= − 1 + 2 sin
𝐶

2
2 cos

𝐴

2
cos

𝐵

2
= − 1 + 4 cos

𝐴

2
cos

𝐵

2
sin

𝐶

2

𝒊𝒊𝒊) 𝑰𝒇𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎°, prove that 𝒔𝒊𝒏𝟐𝑨 + 𝒔𝒊𝒏𝟐𝑩 + 𝒔𝒊𝒏𝟐𝑪

𝐿. 𝐻. 𝑆 = sin2𝐴 + sin2𝐵 + sin2𝐶

= 1 − cos2𝐴

= 1

+ sin2𝐵 + sin2𝐶

− (cos2𝐴 − sin2𝐵) + sin2𝐶

cos(𝐴 + 𝐵) cos(𝐴 − 𝐵) = cos2 𝐴 − sin2 𝐵

𝐴 + 𝐵 + 𝐶 = 180°

𝐴 + 𝐵 = 180° − 𝐶

= 𝟐 + 𝟐 𝒄𝒐𝒔 𝑨 𝒄𝒐𝒔 𝑩 𝒄𝒐𝒔 𝑪

= 1− cos(𝐴 + B ) cos(𝐴 − 𝐵) + sin2𝐶
211
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= 1 = 1− cos(180° − 𝐶) cos(𝐴 − 𝐵)+ sin2𝐶 −+ cos 𝐶 cos(𝐴 − 𝐵) + sin2𝐶

= 1 + cos 𝐶 cos(𝐴 − 𝐵) + = 2 + cos 𝐶 cos(𝐴 − 𝐵) − cos2𝐶

= 2 + cos 𝐶 [cos 𝐴 − 𝐵 − cos𝐶]

1 − cos2𝐶

= 2 + cos 𝐶 [cos 𝐴 − 𝐵 − cos(180° − (𝐴 + 𝐵))]

= 2 + cos 𝐶 [cos 𝐴 − 𝐵 + cos(𝐴 + 𝐵)]

= 2 + cos 𝐶 (2 cos 𝐴 cos 𝐵) = 2 + 2 cos 𝐴 cos 𝐵 cos 𝐶

𝐴 + 𝐵 + 𝐶 = 180°

𝐶 = 180° − (𝐴 + 𝐵)

= 2 + cos 𝐶 [cos 𝐴 − 𝐵 − cos𝐶]

𝒊𝒗) 𝑰𝒇𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎°, prove that 𝒔𝒊𝒏𝟐𝑨 + 𝒔𝒊𝒏𝟐𝑩 − 𝒔𝒊𝒏𝟐𝑪

𝐿. 𝐻. 𝑆 = sin2𝐴 + sin2𝐵 − sin2𝐶

= 1 − cos2𝐴

= 1

+ sin2𝐵 − sin2𝐶

− (cos2𝐴 − sin2𝐵) − sin2𝐶

cos(𝐴 + 𝐵) cos(𝐴 − 𝐵) = cos2 𝐴 − sin2 𝐵

𝐴 + 𝐵 + 𝐶 = 180°

𝐴 + 𝐵 = 180° − 𝐶

= 𝟐 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 𝒄𝒐𝒔 𝑪

= 1

= 1

− cos(𝐴 + B ) cos(𝐴 − 𝐵) − sin2𝐶

− cos(180° − 𝐶) cos(𝐴 − 𝐵) − sin2𝐶

= 1 −+ cos 𝐶 cos(𝐴 − 𝐵) − sin2𝐶 = 1 + cos 𝐶 cos(𝐴 − 𝐵) −

= 1 + cos 𝐶 cos(𝐴 − 𝐵) − 1 + cos2𝐶

1 − cos2𝐶

= cos 𝐶 cos(𝐴 − 𝐵) + cos2𝐶 = cos 𝐶 [cos 𝐴 − 𝐵 + cos𝐶]

= cos 𝐶 [cos 𝐴 − 𝐵 + cos(180° − (𝐴 + 𝐵)]

= cos 𝐶 [cos 𝐴 − 𝐵 − cos(𝐴 + 𝐵)]

= cos 𝐶 (2 sin 𝐴 sin 𝐵) = 2 sin 𝐴 sin 𝐵 cos 𝐶

𝐴 + 𝐵 + 𝐶 = 180°

𝐶 = 180° − (𝐴 + 𝐵)

= cos 𝐶 [cos 𝐴 − 𝐵 + cos𝐶]

(v) If 𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎°, prove that 

𝒕𝒂𝒏
𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
+ 𝒕𝒂𝒏

𝑩

𝟐
𝒕𝒂𝒏

𝑪

𝟐
+ 𝒕𝒂𝒏

𝑪

𝟐
𝒕𝒂𝒏

𝑨

𝟐
= 𝟏.

𝐴 + 𝐵 + 𝐶 = 180°
𝐴

2
+

𝐵

2
=

180°

2
−

𝐶

2

tan
𝐴

2
+

𝐵

2
= tan

180°

2
−

𝐶

2 tan
𝐴

2
+

𝐵

2
= cot

𝐶

2

⟹

⟹
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tan
𝐴
2

+ tan
𝐵
2

1 − tan
𝐴
2

tan
𝐵
2

=
1

tan
𝐶
2

tan
𝐴

2
+ tan

𝐵

2
tan

𝐶

2
= 1 − tan

𝐴

2
tan

𝐵

2

tan
𝐴

2
tan

𝐶

2
+ tan

𝐵

2
tan

𝐶

2
= 1 − tan

𝐴

2
tan

𝐵

2

tan
𝐴

2
tan

𝐵

2
+ tan

𝐵

2
tan

𝐶

2
+ tan

𝐶

2
tan

𝐴

2
= 1.

⟹

𝒗𝒊 𝑰𝒇 𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎∘ , 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧 𝑨 + 𝒔𝒊𝒏 𝑩 + 𝒔𝒊𝒏 𝑪

𝐿. 𝐻. 𝑆 = sin 𝐴 sin 𝐵 sin 𝐶

= 2 sin
𝐴 + 𝐵

2
cos

𝐴 − 𝐵

2

= 2

+ sin 𝐶

sin 90∘ −
𝐶

2
cos

𝐴 − 𝐵

2
+ sin 𝐶

sin 2𝐴 = 2 sin 𝐴 cos 𝐴

sin 𝐴 = 2 sin
𝐴

2
cos

𝐴

2

= 𝟒 𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒐𝒔

𝑩

𝟐
𝒄𝒐𝒔

𝑪

𝟐

= 2 cos
𝐶

2
cos

𝐴 − 𝐵

2
+ 2 sin

𝐶

2
cos

𝐶

2
= 2 cos

𝐶

2
cos

𝐴 − 𝐵

2
+ sin

𝐶

2

= 2 cos
𝐶

2
cos

𝐴 − 𝐵

2
+ sin 90∘ −

𝐴 + 𝐵

2

= 2 cos
𝐶

2
cos

𝐴 − 𝐵

2
+ cos

𝐴 + 𝐵

2 = 2 cos
𝐶

2
2 cos

𝐴

2
cos

𝐵

2

= 4 cos
𝐴

2
cos

𝐵

2
cos

𝐶

2

cos(𝐴 − 𝐵) + cos(𝐴 + 𝐵) = 2 cos 𝐴 cos 𝐵

cos
𝐴 − 𝐵

2
+ cos

𝐴 + 𝐵

2
= 2 cos

𝐴

2
cos

𝐵

2

vii) If 𝑨 + 𝑩 + 𝑪 = 𝟏𝟖𝟎°, prove that 
𝐬𝐢𝐧(𝑩 + 𝑪 − 𝑨) + 𝒔𝒊𝒏(𝑪 + 𝑨 − 𝑩) + 𝒔𝒊𝒏(𝑨 + 𝑩 − 𝑪) = 𝟒 𝐬𝒊𝒏 𝑨 𝐬𝒊𝒏 𝑩 𝒄𝒐𝒔 𝑪

𝐿. 𝐻. 𝑆 = sin(𝐵 + 𝐶 − 𝐴) + sin(𝐶 + 𝐴 − 𝐵) + sin(𝐴 + 𝐵 − 𝐶)

= sin(180° − 𝐴 − 𝐴) + sin(180° − 𝐵 − 𝐵) + sin(180° − 𝐶 − 𝐶)

= sin(180° − 2𝐴)+ sin(180° − 2𝐵)+ sin(180° − 2𝐶)

= sin 2𝐴 + sin 2𝐵 + sin 2𝐶

sin 𝐶 + sin 𝐷 = 2 sin
𝐶 + 𝐷

2
cos

𝐶 − 𝐷

2
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= 2

𝐴 + 𝐵 + 𝐶 = 180°
𝐴 + 𝐵 = 180° − 𝐶

sin
2𝐴 + 2𝐵

2
cos

2𝐴 − 2𝐵

2
+ sin 2𝐶

= 2 sin(𝐴 + 𝐵) cos(𝐴 − 𝐵)+ sin 2𝐶

= 2 sin(180° − 𝐶 ) cos(𝐴 − 𝐵) + sin 2𝐶

= 2 sin 𝐶 cos(𝐴 − 𝐵) + 2 sin 𝐶 cos 𝐶

= 2 sin 𝐶

= 2 sin 𝐶

[cos 𝐴 − 𝐵 + cos 𝐶]

[cos 𝐴 − 𝐵 + cos(180° − A+B) ]

𝐴 + 𝐵 + 𝐶 = 180°
𝐶 = 180° − 𝐴 + 𝐵

= 2 sin 𝐶 [cos 𝐴 − 𝐵 − cos(A+B) ]

= 2 sin 𝐶 (2 sin 𝐴 sin 𝐵) = 4 sin 𝐴 sin 𝐵 sin 𝐶

2) If 𝑨 + 𝑩 + 𝑪 = 𝟐𝒔, then prove that 𝐬𝐢𝐧(𝒔 − 𝑨) 𝒔𝒊𝒏(𝒔 − 𝑩) + 𝐬𝐢𝐧 𝒔 𝒔𝒊𝒏(𝒔 − 𝑪)
= 𝐬𝒊𝒏 𝑨 𝐬𝒊𝒏 𝑩

𝐿. 𝐻. 𝑆 = sin(𝑠 − 𝐴) sin(𝑠 − 𝐵) + sin 𝑠 sin(𝑠 − 𝐶)

cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = 2 sin 𝐴 sin 𝐵
1

2
cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = sin 𝐴 sin 𝐵

=
1

2
cos(𝑠 − 𝐴 − 𝑠 + 𝐵) − cos(𝑠 − 𝐴 + 𝑠 − 𝐵)

+
1

2
cos(𝑠 − 𝑠 + 𝐶) − cos(𝑠 + 𝑠 − 𝐶)

=
1

2
cos(−𝐴 + 𝐵) − cos(2𝑠 − 𝐴 − 𝐵) +

1

2
cos 𝐶− cos(2𝑠 − 𝐶)

𝐴 + 𝐵 + 𝐶 = 2𝑠

=
1

2
cos(𝐵 − 𝐴) − cos(𝐴 + 𝐵 + 𝐶 − 𝐴 − 𝐵)

+
1

2
cos 𝐶 − cos(𝐴 + 𝐵 + 𝐶 − 𝐶)

=
1

2
cos(𝐵 − 𝐴) − cos 𝐶 +

1

2
cos 𝐶− cos(𝐴 + 𝐵)

=
1

2
cos(𝐵 − 𝐴) − cos 𝐶 + cos 𝐶− cos(𝐴 + 𝐵)

=
1

2
cos[− 𝐴 − 𝐵 ] − cos(𝐴 + 𝐵)
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=
1

2
cos 𝐴 − 𝐵 − cos(𝐴 + 𝐵) =

1

2
2 sin 𝐴 sin 𝐵 = 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

𝟑) 𝑰𝒇 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝐿𝑒𝑡 𝑥 = tan 𝐴 ,

𝟐𝒙

𝟏 − 𝒙𝟐
+

𝟐𝒚

𝟏 − 𝒚𝟐
+

𝟐𝒛

𝟏 − 𝒛𝟐
=

𝟐𝒙

𝟏 − 𝒙𝟐

𝟐𝒚

𝟏 − 𝒚𝟐

𝟐𝒛

𝟏 − 𝒛𝟐

𝑦 = tan 𝐵 , 𝑧 = tan 𝐶

Take: 𝐴 + 𝐵 + 𝐶 = 180∘

2𝐴 + 2𝐵 + 2𝐶 = 360∘ 2𝐴 + 2𝐵 = 360∘ − 2𝐶

Taking tan on both sides

⟹

tan 2𝐴 + tan 2𝐵 = − tan 2𝐶 (1 − tan 2𝐴 tan 2𝐵)

tan 2𝐴 + tan 2𝐵 = − tan 2𝐶 + tan 2𝐴 tan 2𝐵 tan 2𝐶

tan 2𝐴 + tan 2𝐵 + tan 2𝐶 = tan 2𝐴 tan 2𝐵 tan 2𝐶

2 tan 𝐴

1 − 𝑡𝑎𝑛2 𝐴
+

2 tan 𝐵

1 − 𝑡𝑎𝑛2 𝐵
+

2 tan 𝐶

1 − 𝑡𝑎𝑛2 𝐶
=

2 tan 𝐴

1 − 𝑡𝑎𝑛2 𝐴

2 tan 𝐵

1 − 𝑡𝑎𝑛2 𝐵

2 tan 𝐶

1 − 𝑡𝑎𝑛2 𝐶

2𝑥

1 − 𝑥2
+

2𝑦

1 − 𝑦2
+

2𝑧

1 − 𝑧2
=

2 tan 𝐴

1 − 𝑡𝑎𝑛2 𝐴

2 tan 𝐵

1 − 𝑡𝑎𝑛2 𝐵

2 tan 𝐶

1 − 𝑡𝑎𝑛2 𝐶

2𝑥

1 − 𝑥2
+

2𝑦

1 − 𝑦2
+

2𝑧

1 − 𝑧2
=

2𝑥

1 − 𝑥2

2𝑦

1 − 𝑦2

2𝑧

1 − 𝑧2

𝟒)(𝒊) 𝑰𝒇 𝑨 + 𝑩 + 𝑪 =
𝝅

𝟐
, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝟐𝑨 + 𝒔𝒊𝒏 𝟐𝑩 + 𝒔𝒊𝒏 𝟐𝑪

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛 2𝐴 + 𝑠𝑖𝑛 2𝐵 + 𝑠𝑖𝑛 2𝐶

= 2 sin
2𝐴 + 2𝐵

2
cos

2𝐴 − 2𝐵

2
+ sin 2𝐶

= 2 sin(𝐴 + 𝐵) cos(𝐴 − 𝐵) + sin 2𝐶

= 2 sin
𝜋

2
− 𝐶

= 2 cos 𝐶

cos(𝐴 − 𝐵) + sin 2𝐶

cos(𝐴 − 𝐵) 𝐶 =
𝜋

2
− (𝐴 + 𝐵)

𝐴 + 𝐵 + 𝐶 =
𝜋

2

𝐴 + 𝐵 =
𝜋

2
− 𝐶

+ 2 sin 𝐶 cos 𝐶

= 2 cos 𝐶 cos(𝐴 − 𝐵) + sin 𝐶

= 2 cos 𝐶 cos(𝐴 − 𝐵) + sin
𝜋

2
− (𝐴 + 𝐵)

= 𝟒 𝐜𝐨𝒔 𝑨 𝐜𝐨𝒔 𝑩 𝒄𝒐𝒔𝑪

= 2 cos 𝐶 cos(𝐴 − 𝐵) + cos 𝐴 + 𝐵 215
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= 2 cos 𝐶 2 cos 𝐴 cos 𝐵 = 4 cos 𝐴 cos 𝐵 cos 𝐶

𝟒)(𝒊𝒊) 𝑰𝒇 𝑨 + 𝑩 + 𝑪 =
𝝅

𝟐
, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝟐𝑨 + 𝒄𝒐𝒔 𝟐𝑩 + 𝒄𝒐𝒔 𝟐𝑪

𝐿. 𝐻. 𝑆 = cos 2𝐴 + cos 2𝐵 + cos 2𝐶

= 2 cos
2𝐴 + 2𝐵

2
cos

2𝐴 − 2𝐵

2
+ cos 2𝐶

= 2 cos(𝐴 + 𝐵) cos(𝐴 − 𝐵) + cos 2𝐶

= 2 cos
𝜋

2
− 𝐶

= 2 sin 𝐶

cos(𝐴 − 𝐵) + cos 2𝐶

cos(𝐴 − 𝐵) + 1 − 2sin2𝐶
cos 2𝐴 = 1 − 2sin2𝐴

= 2 sin 𝐶 cos(𝐴 − 𝐵) − 2sin2𝐶 + 1

𝐴 + 𝐵 + 𝐶 =
𝜋

2

𝐴 + 𝐵 =
𝜋

2
− 𝐶

𝐶 =
𝜋

2
− 𝐴 + 𝐵

= 𝟏 + 𝟒 𝒔𝒊𝒏 𝑨 𝒔𝒊𝒏 𝑩 𝒄𝒐𝒔𝑪

= 2 sin 𝐶 cos(𝐴 − 𝐵) − sin 𝐶 + 1

= 2 sin 𝐶 cos(𝐴 − 𝐵) − sin
𝜋

2
− 𝐴 + 𝐵 + 1

= 2 sin 𝐶

cos(𝐴 − 𝐵)

− 𝑐𝑜𝑠 𝐴 + 𝐵 + 1

= 1 + 2 sin 𝐶

(2 sin 𝐴 sin 𝐵)

= 1 + 4 sin 𝐴 sin 𝐵 sin 𝐶

𝟓)(𝒊) 𝑰𝒇 ∆𝑨𝑩𝑪, 𝒊𝒔 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒂𝒏𝒅 𝒊𝒇 ∠𝑨 =
𝝅

𝟐
, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

∠𝐴 =
𝜋

2
𝐿. 𝐻. 𝑆 = cos2 𝐵 + cos2 𝐶

𝑡ℎ𝑒𝑛 ∠𝐵 + ∠𝐶 =
𝜋

2

𝐴𝐵

𝐶

= cos2 𝐵 + 1 − sin2 𝐶 = 1 + cos2 𝐵 − sin2 𝐶

= 1 + cos(𝐵 + 𝐶) sin(𝐵 − 𝐶)

= 1 + cos 90° sin(𝐵 − 𝐶) = 1 + (0) sin(𝐵 − 𝐶) = 1

𝒄𝒐𝒔𝟐 𝑩 + 𝒄𝒐𝒔𝟐 𝑪 = 𝟏

𝟓)(𝒊𝒊) 𝑰𝒇 ∆𝑨𝑩𝑪, 𝒊𝒔 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒂𝒏𝒅 𝒊𝒇 ∠𝑨 =
𝝅

𝟐
, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝐿. 𝐻. 𝑆 = 𝑠𝑖𝑛2 𝐵 + 𝑠𝑖𝑛2 𝐶

= sin2 𝐵 + 1 − cos2 𝐶 = 1 + sin2 𝐵 − cos2 𝐶

= 1 − (cos2 𝐶 − sin2 𝐵) = 1 − cos(𝐶 + 𝐵) cos(𝐶 − 𝐵)

= 1 − cos 90° cos(𝐶 − 𝐵) = 1 − (0) cos(𝐶 − 𝐵) = 1

𝒔𝒊𝒏𝟐 𝑩 + 𝒔𝒊𝒏𝟐 𝑪 = 𝟏
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𝟓)(𝒊𝒊𝒊)𝑰𝒇 ∆𝑨𝑩𝑪, 𝒊𝒔 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒂𝒏𝒅 𝒊𝒇 ∠𝑨 =
𝝅

𝟐
, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝐿𝑒𝑡 𝑢𝑠 𝑡𝑎𝑘𝑒 ∶

𝒄𝒐𝒔 𝑩 − 𝒄𝒐𝒔 𝑪 = −𝟏 + 𝟐 𝟐 𝒄𝒐𝒔
𝑩

𝟐
𝒔𝒊𝒏

𝑪

𝟐

cos 𝐴 + cos 𝐵 − cos 𝐶 𝑠𝑖𝑛𝑐𝑒 𝐴 = 90°, cos 𝐴 = 0

= −1 + 4 cos
𝐴

2
cos

𝐵

2
sin

𝐶

2
= −1 + 4 cos

90°

2
cos

𝐵

2
sin

𝐶

2

= −1 + 4 cos 45° cos
𝐵

2
sin

𝐶

2
= −1 + 4 ×

1

2
cos

𝐵

2
sin

𝐶

2

= −1 + 2 × 2 ×
1

2
cos

𝐵

2
sin

𝐶

2
= −1 + 2 × 2 × 2 ×

1

2
cos

𝐵

2
sin

𝐶

2

= −1 +2 2 cos
𝐵

2
sin

𝐶

2
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An equation involving trigonometrical function is called a trigonometrical
equation.

Trigonometrical Equations

𝐸𝑥𝑎𝑚𝑝𝑙𝑒 ∶ 𝑐𝑜𝑠𝜃 =
1

2
, tan 𝜃 = 0, 𝑐𝑜𝑠2𝜃 − 2𝑠𝑖𝑛𝜃 =

1

2

are some examples for trigonometrical equations.

A solution of a trigonometrical equation is the value of the unknown angle
that satisfies the equation. A trigonometrical equation may have infinite number
of solutions. The solution in which the absolute value of the angle is the least is

called principal solution.

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟖

General solutions of sin θ = 0 𝜃 = 𝑛𝜋, 𝑛 𝜖 𝑍

General solutions of cos θ = 0 𝜃 = 2𝑛 + 1
𝜋

2
, 𝑛 𝜖 𝑍

General solutions of tan θ = 0 𝜃 = 𝑛𝜋, 𝑛 𝜖 𝑍

When a trigonometrical equation is solved, among all solutions the
solution which is in intervals

For sine : −
𝜋

2
,
𝜋

2 For tangent: −
𝜋

2
,
𝜋

2
For cosine : 0,π

General solutions of sin θ = sin α 𝜃 = 𝑛𝜋 + −1 𝑛𝛼, 𝑛 𝜖 𝑍

General solutions of cos θ = cos α 𝜃 = 2𝑛𝜋 ± 𝛼, 𝑛 𝜖 𝑍

General solutions of tan θ = tan α 𝜃 = 𝑛𝜋 + 𝛼, 𝑛 𝜖 𝑍

Example 3.42 : Finding the principal value for 𝒔𝒊𝒏𝜽 =
𝟏

𝟐

𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝜃 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑖𝑟𝑠𝑡, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the𝑓𝑖𝑟𝑠𝑡 quadrant.

𝑠𝑖𝑛𝜃 =
1

2
⟹ 𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛30° ⟹𝜃 = 30° 𝜃 =

𝜋

6

𝑠𝑖𝑛𝜃 =
1

2 𝑠𝑖𝑛30° =
1

2

⟹

⟹ ⟹

𝒊𝒊 𝒔𝒊𝒏𝜽 = −
𝟑

𝟐
Example 3.42: Find the principal value of :

𝑠𝑖𝑛𝜃 = −
3

2
𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝑥 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑖𝑟𝑑 𝑜𝑟 𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝑥 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡
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The principal value is in the𝑓𝑜𝑢𝑟𝑡ℎ quadrant.

𝑠𝑖𝑛𝜃 = −
3

2
⟹ 𝑠𝑖𝑛

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

= −
3

2
−60°

∴ The principal value of 𝜃 = −
𝜋

6

𝑠𝑖𝑛 = −𝑠𝑖𝑛60°−60° ⟹ 𝜃 = −60°⟹

𝒊𝒊𝒊 𝒄𝒐𝒔𝒆𝒄𝜽 = −𝟐Example 3.42: Find the principal value of :

𝑐𝑜𝑠𝑒𝑐𝜃 = −2 ⟹ 𝑠𝑖𝑛𝜃 = −
1

2
𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝜃 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑖𝑟𝑑 𝑜𝑟 𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the 𝑓𝑜𝑢𝑟𝑡ℎ quadrant.

𝑠𝑖𝑛𝜃 = −
1

2
⟹

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

= −
1

2
𝑠𝑖𝑛 −30°

∴ The principal value of 𝜃 = −
𝜋

6

𝑠𝑖𝑛 −30° = −𝑠𝑖𝑛30° ⟹ 𝜃 = −30°

Example 3.42: Find the principal value of the following : 𝒊𝒗 𝒄𝒐𝒔𝜽 =
𝟏

𝟐

𝑆𝑖𝑛𝑐𝑒 𝑐𝑜𝑠𝜃 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟 𝑓𝑜𝑢𝑟𝑡ℎ, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 [0, π]i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the𝑓𝑖𝑟𝑠𝑡 quadrant.

∴ The principal value of 𝜃 is
𝜋

3

𝑐𝑜𝑠𝜃 =
1

2
⟹ 𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠60° ⟹𝜃 = 60° 𝜃 =

𝜋

3

𝑐𝑜𝑠𝜃 =
1

2

⟹

⟹

Example 3.44: 𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒔𝒆𝒄𝜽 = − 𝟐

𝑆𝑖𝑛𝑐𝑒 𝑐𝑜𝑠𝜃 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑜𝑟 𝑇ℎ𝑖𝑟𝑑, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 [0, π]i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟 𝑠𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the 𝑠𝑒𝑐𝑜𝑛𝑑 quadrant.

𝑐𝑜𝑠𝜃 = −
1

2

𝑐𝑜𝑠𝜃 = −
1

2
⟹

𝑐𝑜𝑠 180° − 45° = −𝑐𝑜𝑠45°

135° ×
𝜋

180°
=

3𝜋

4

𝑐𝑜𝑠 180° − 𝜃 = −𝑐𝑜𝑠𝜃

36

27

12

9

4

3
𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠 180° − 45°

𝑐𝑜𝑠𝜃 = cos 130 °

cos θ = cos α

α = 135° ⟹ α =
3𝜋

4
General solutions of cos θ = cos α

𝜃 = 2𝑛𝜋 ±
3𝜋

4
, 𝑛 𝜖 𝑍

𝜃 = 2𝑛𝜋 ± 𝛼, 𝑛 𝜖 𝑍

Finding the principal value for

𝑐𝑜𝑠 180° − 45° = −
1

2
219
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𝑡𝑎𝑛𝜃 = 3

𝑆𝑖𝑛𝑐𝑒 𝑡𝑎𝑛𝜃 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟 𝑡ℎ𝑖𝑟𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the𝑓𝑜𝑢𝑟𝑡ℎ quadrant.

𝑡𝑎𝑛𝜃 = 3 ⟹ 𝑡𝑎𝑛𝜃

𝑡𝑎𝑛 −𝜃 = −𝑡𝑎𝑛𝜃

= 𝑡𝑎𝑛 60°

Finding the principal value for

Example 3.44: 𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔: 𝒕𝒂𝒏 𝜽 = 𝟑

tanθ = tanα α = 60° α =
𝜋

3
⟹

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝜃 = 𝑛 𝜋 +
𝜋

3

General solutions of tan θ = tan α 𝜃 = 𝑛𝜋 + 𝛼, 𝑛 𝜖 𝑍⟹

⟹ ⟹

Example 𝟑. 𝟒𝟓: 𝐒𝐨𝐥𝐯𝐞 𝟑 𝐜𝐨𝐬𝟐𝛉 = 𝐬𝐢𝐧𝟐𝛉

3 cos2θ = sin2θ

3 cos2θ =
sin2θ = 1 − cos2θ

sin2θ + cos2θ = 1

3cos2θ 4cos2θ

cos2θ =
1 + cos 2θ

2
1 + cos 2θ =

2

cos 2θ =
1

2
cos 2θ =⟹

1 − cos2θ

+ cos2θ = 1 = 1

1

4

cos2A =
1 + cos 2𝐴

2

=
1

4

1

2

−1
−1

2
𝑐𝑜𝑠 2𝜃 = 𝑐𝑜𝑠

2𝜋

3

General solutions of cos θ = cos α

𝜃 = 2𝑛𝜋 ± 𝛼, 𝑛 𝜖 𝑍

α =
2𝜋

3
𝜃 = 2𝜃,

2𝜃 = 2𝑛𝜋 ±
2𝜋

3
, 𝑛 𝜖 𝑍

÷ 2

𝜃 = 𝑛𝜋 ±
𝜋

3
, 𝑛 𝜖 𝑍⟹

Example 3.46 𝑺𝒐𝒍𝒗𝒆 ∶ 𝒔𝒊𝒏 𝒙 + 𝒔𝒊𝒏 𝟓𝒙 = 𝒔𝒊𝒏 𝟑𝒙

𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 5𝑥 = 𝑠𝑖𝑛 3𝑥

𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 5𝑥 − 𝑠𝑖𝑛 3𝑥 = 0

sin 𝐶 + sin 𝐷 = 2 sin
𝐶 + 𝐷

2
𝑐𝑜𝑠

𝐶 − 𝐷

2

2 sin
𝑥 + 5𝑥

2
𝑐𝑜𝑠

𝑥 − 5𝑥

2
− 𝑠𝑖𝑛3𝑥 = 0

2 sin
6𝑥

2
𝑐𝑜𝑠 −

4𝑥

2
− 𝑠𝑖𝑛3𝑥 = 0

2 sin3𝑥 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛3𝑥 = 0 sin3𝑥 2𝑐𝑜𝑠2𝑥 − 1 = 0

sin3𝑥 = 0, 2𝑐𝑜𝑠2𝑥 − 1 = 0 sin3𝑥 = 0, 𝑐𝑜𝑠2𝑥 =
1

2

2 sin3𝑥 𝑐𝑜𝑠 −2𝑥 − 𝑠𝑖𝑛3𝑥 = 0⟹

⟹

sin 3𝑥 = sin 0Take ∶ 𝑠𝑖𝑛3𝑥 = 0 sin θ = sin α

⟹

⟹ ⟹

⟹

⟹ ⟹

⟹
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3𝑥 = 𝑛𝜋 + −1 𝑛 × 0 𝑥 =
𝑛𝜋

3

𝜃 = 3𝑥 ,α = 0°
𝜃 = 𝑛𝜋 + −1 𝑛𝛼, 𝑛 𝜖 𝑍

3𝑥 = 𝑛𝜋 ⟹

∴ 2𝑥 = 2𝑛𝜋 ±
𝜋

3
𝑥 = 𝑛 𝜋 ±

𝜋

6

Take ∶ cos 2𝑥 =
1

2

α =
𝜋

3
𝜃 = 2𝑛𝜋 ± 𝛼, 𝑛 𝜖 𝑍

⟹

The principal value is in the𝑓𝑖𝑟𝑠𝑡 quadrant.

𝑐𝑜𝑠2𝑥 = 𝑐𝑜𝑠60° 𝑐𝑜𝑠2𝑥 = 𝑐𝑜𝑠
𝜋

3

𝜃 = 2𝑥,

cos θ = cos α

⟹

÷ 2
The general solution 𝑥 =

𝑛𝜋

3
𝑎𝑛𝑑 𝑥 = 𝑛 𝜋 ±

𝜋

6

⟹

2

2 𝑠𝑖𝑛
3𝑥

2
𝑠𝑖𝑛

3𝑥

2

2 𝑠𝑖𝑛
𝑥

2

Example 𝟑. 𝟒𝟕: Solve 𝒄𝒐𝒔 𝒙 + 𝒔𝒊𝒏 𝒙 = 𝒄𝒐𝒔 𝟐𝒙 + 𝒔𝒊𝒏 𝟐𝒙

𝑐𝑜𝑠 𝑥 − 𝑐𝑜𝑠 2𝑥 = 𝑠𝑖𝑛 2𝑥 − 𝑠𝑖𝑛 𝑥

2 𝑠𝑖𝑛
𝑥 + 2𝑥

2
𝑠𝑖𝑛

2𝑥 − 𝑥

2
= 2 𝑐𝑜𝑠

2𝑥 + 𝑥

2
𝑠𝑖𝑛

2𝑥 − 𝑥

2

𝑠𝑖𝑛
3𝑥

2
𝑠𝑖𝑛

𝑥

2
= 2 𝑐𝑜𝑠

3𝑥

2
𝑠𝑖𝑛

𝑥

2

− 2 𝑐𝑜𝑠
3𝑥

2
𝑠𝑖𝑛

𝑥

2
= 0

𝑠𝑖𝑛
3𝑥

2
− 𝑐𝑜𝑠

3𝑥

2
= 0 𝑠𝑖𝑛

𝑥

2
𝑠𝑖𝑛

3𝑥

2
− 𝑐𝑜𝑠

3𝑥

2
= 0

𝑠𝑖𝑛
3𝑥

2
=

𝑠𝑖𝑛
𝑥

2
= 0, 𝑠𝑖𝑛

3𝑥

2
− 𝑐𝑜𝑠

3𝑥

2 = 0

𝑐𝑜𝑠
3𝑥

2
𝑠𝑖𝑛 𝜃 = 0

𝜃 = 𝑛𝜋, 𝑛 ∈ 𝑧

𝑥

2
= 𝑥 =𝑛𝜋 2𝑛𝜋

𝜃 =
𝑥

2

𝑇𝑎𝑘𝑒: 𝑠𝑖𝑛
𝑥

2
= 0,

⟹

⟹

𝑇𝑎𝑘𝑒: 𝑠𝑖𝑛
3𝑥

2
− 𝑐𝑜𝑠

3𝑥

2
= 0

𝑠𝑖𝑛
3𝑥
2

𝑐𝑜𝑠
3𝑥
2

𝑡𝑎𝑛
3𝑥

2
= 1= 1 ⟹

⟹

𝑡𝑎𝑛
3𝑥

2
=

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 𝛼

𝜃 =
3𝑥

2
, 𝛼 =

𝜋

4

𝑡𝑎𝑛
𝜋

4
⟹
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𝜃 = 𝑛𝜋 + 𝛼
3𝑥

2
= 𝑛𝜋 + ൗ𝜋

4

2

3
𝑛𝜋 +

𝜋

4
𝑥 =⟹ ⟹

2𝑛𝜋

3

2𝑛𝜋

3
+

𝜋

6
, 𝑛 ∈ 𝑧𝑥 = 𝑥 =+

2𝜋

12
6

⟹

Example 𝟑. 𝟒𝟖: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒔𝒊𝒏 𝟗𝜽 = 𝒔𝒊𝒏 𝜽

𝑠𝑖𝑛 9𝜃 − 𝑠𝑖𝑛 𝜃 = 0

2 𝑐𝑜𝑠
9𝜃 + 𝜃

2
𝑠𝑖𝑛

9𝜃 − 𝜃

3
= 0 2 𝑐𝑜𝑠

10 𝜃

2
𝑠𝑖𝑛

8 𝜃

2
= 0

2 𝑐𝑜𝑠 5 𝜃 𝑠𝑖𝑛 4 𝜃 = 0 𝑐𝑜𝑠 5 𝜃 𝑠𝑖𝑛 4 𝜃 = 0

𝑐𝑜𝑠 5𝜃 = 0, 𝑠𝑖𝑛 4𝜃 = 0

𝑐𝑜𝑠 𝜃 = 0, 𝑠𝑖𝑛 𝜃 = 0

𝜃 = 5 𝜃 𝜃 = 4𝜃

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

𝜽 = 𝟐𝒏 + 𝟏
𝝅

𝟐
, 𝒏 ∈ 𝒛

𝜽 = 𝒏𝝅

5 𝜃 = 2𝑛 + 1
𝜋

2
, 𝑛 ∈ 𝑧

4 𝜃 = 𝑛𝜋 𝜃 =
𝑛𝜋

4

𝜃 = 2𝑛 + 1
𝜋

10
, 𝑛 ∈ 𝑧

⟹

⟹

⟹

⟹

𝐻𝑒𝑟𝑒 𝜃 = 5 𝜃

Example 𝟑. 𝟓𝟎: 𝑺𝒐𝒍𝒗𝒆 𝒔𝒊𝒏 𝒙 − 𝟑 𝒔𝒊𝒏 𝟐𝒙 + 𝒔𝒊𝒏 𝟑𝒙 = 𝒄𝒐𝒔 𝒙 − 𝟑 𝒄𝒐𝒔 𝟐𝒙 + 𝒄𝒐𝒔 𝟑𝒙

𝑠𝑖𝑛 𝑥 − 3 𝑠𝑖𝑛 2𝑥 + 𝑠𝑖𝑛 3𝑥 = 𝑐𝑜𝑠 3𝑥 + 𝑐𝑜𝑠 𝑥 − 3 𝑐𝑜𝑠 2𝑥

2𝑠𝑖𝑛
3𝑥 + 𝑥

2
𝑐𝑜𝑠

3𝑥 − 𝑥

2
2 𝑐𝑜𝑠

3𝑥 + 𝑥

2
𝑐𝑜𝑠

3𝑥 − 𝑥

2

2 𝑠𝑖𝑛
4𝑥

2
𝑐𝑜𝑠

2𝑥

2
2𝑐𝑜𝑠

4𝑥

2
𝑐𝑜𝑠

2𝑥

2
2 𝑠𝑖𝑛 2𝑥 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 2𝑥 2 𝑐𝑜𝑠 𝑥 − 3 =

𝑠𝑖𝑛 2𝑥 2 𝑐𝑜𝑠 𝑥 − 3

2 𝑐𝑜𝑠 𝑥 − 3

2 𝑐𝑜𝑠 𝑥 − 3 = 0, 𝑠𝑖𝑛 2𝑥

2 𝑐𝑜𝑠 𝑥 − 3 = 0, 𝑠𝑖𝑛 2𝑥 = 𝑐𝑜𝑠 2𝑥

−3 𝑠𝑖𝑛 2𝑥 = −3 𝑐𝑜𝑠 2𝑥

−3𝑠𝑖𝑛2𝑥 = −3 𝑐𝑜𝑠 2𝑥

−3 𝑠𝑖𝑛 2𝑥 = 2 𝑐𝑜𝑠 2𝑥 𝑐𝑜𝑠 𝑥−3 𝑐𝑜𝑠 2𝑥
𝑐𝑜𝑠 2𝑥 2 𝑐𝑜𝑠 𝑥 − 3

− 𝑐𝑜𝑠 2𝑥 2 𝑐𝑜𝑠 𝑥 − 3 = 0

𝑠𝑖𝑛 2𝑥 − 𝑐𝑜𝑠 2𝑥 = 0

− 𝑐𝑜𝑠 2𝑥 = 0

tan 2𝑥 = 1
sin 2𝑥

cos 2𝑥
= 1 ⟹

𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒

tan 2𝑥 = tan 2𝑥 =

tan 𝜃 = tan 𝛼 𝜃 = 2𝑥, 𝛼 =
𝜋

4

tan 45° tan ൗ𝜋
4⟹

⟹

𝜃 = 𝑛𝜋 + 𝛼
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2𝑥 = 𝑛𝜋 + ൗ𝜋
4

𝑛𝜋

2
+

𝜋

8
𝑥 =⟹

Example 𝟑. 𝟓𝟏: 𝑺𝒐𝒍𝒗𝒆 𝒔𝒊𝒏 𝒙 + 𝒄𝒐𝒔 𝒙 = 𝟏 + 𝒔𝒊𝒏 𝒙 𝒄𝒐𝒔 𝒙

𝐿𝑒𝑡 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = 𝑡
𝑡 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒

𝑡2 = 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 2 𝑡2 = 𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥 + 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥

𝑡2 = 1 + 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 𝑡2 − 1 = 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥

𝑡2 − 1

2
= 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = 1 + 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 𝑡 = 1 +
𝑡2 − 1

2

𝑡 =
2 + 𝑡2 − 1

2
⟹ 2𝑡 = 2 + 𝑡2 − 1

2𝑡 = 𝑡2 + 1

⟹

𝑡2 − 2𝑡 + 1 = 0

𝑡 − 1 = 0𝑡 − 1 , 𝑡 − 1 = 0

𝑡 = 1 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = 1
𝑎 = 1, 𝑏 = 1

𝑎2 + 𝑏2 = 12 + 12 = 2

𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠 𝑥 = 1

÷ 2

𝑠𝑖𝑛 𝑥

2
+

𝑐𝑜𝑠 𝑥

2
=

1

2

⟹

⟹

⟹

⟹

⟹

2
𝑠𝑖𝑛 𝑥

2
+

𝑐𝑜𝑠 𝑥

2
= 1 2

1

2
𝑠𝑖𝑛 𝑥 +

1

2
𝑐𝑜𝑠 𝑥 = 1

2 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠
𝜋

4
+ 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛

𝜋

4
= 1 2 𝑐𝑜𝑠 𝑥 −

𝜋

4
= 1

𝑐𝑜𝑠 𝑥 −
𝜋

4
=

1

2
𝑐𝑜𝑠 𝑥 −

𝜋

4
=

𝑐𝑜𝑠 𝜃 = 𝑐𝑜𝑠 𝛼
𝜃 = 𝑥 −

𝜋

4
, 𝛼 = ൗ𝜋

4

𝑐𝑜𝑠
𝜋

4

⟹

⟹

⟹

⟹

⟹

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝟐𝒏 + 𝟏 𝜶 ,𝒏 ∈ 𝒛

𝑥 −
𝜋

4
= 2𝑛𝜋 ± 𝛼 , 𝑛 ∈ 𝑧 𝑥 −

𝜋

4
= 2𝑛𝜋 ±

𝜋

4

𝑥 −
𝜋

4
= 2𝑛𝜋 +

𝜋

4
, 𝑥 −

𝜋

4
= 2𝑛𝜋 −

𝜋

4

𝑥 = 2𝑛𝜋 +
𝜋

4
+

𝜋

4
, 𝑥 = 2𝑛𝜋 𝑥 = 2𝑛𝜋 +

2𝜋

4
𝑥 = 2𝑛𝜋 +

𝜋

22

⟹

⟹⟹

Example 𝟑. 𝟓𝟐: 𝑺𝒐𝒍𝒗𝒆: 𝟐𝒔𝒊𝒏𝟐𝒙 + 𝒔𝒊𝒏𝟐𝟐𝒙 = 𝟐

2𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛 2𝑥 2 = 2 2𝑠𝑖𝑛2𝑥 + 2 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑥 2 = 2

2𝑠𝑖𝑛2𝑥 + 4𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠2𝑥 = 2 2 1 − 𝑐𝑜𝑠2𝑥 + 4 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠2𝑥 = 2

4 𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠2𝑥 − 2𝑐𝑜𝑠2𝑥 = 2 − 22 − 2𝑐𝑜𝑠2𝑥 + 4 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠2𝑥 = 2

⟹

⟹

⟹
223
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2𝑐𝑜𝑠2𝑥 2 𝑠𝑖𝑛2𝑥 − 1 = 0 𝑐𝑜𝑠2𝑥 2 𝑠𝑖𝑛2𝑥 − 1 = 0

𝑐𝑜𝑠2𝑥 = 0, 2 𝑠𝑖𝑛2𝑥 − 1 = 0
𝑐𝑜𝑠 𝑥 = 0, 2 𝑠𝑖𝑛2𝑥 = 1
𝑐𝑜𝑠 𝜃 = 0

⟹

𝐆𝐞𝐧𝐞𝐫𝐚𝐥 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 𝜃 = 2𝑛 + 1
𝜋

2
, 𝑛 ∈ 𝑧 ⟹ 𝑥 = 2𝑛 + 1

𝜋

2
, 𝑛 ∈ 𝑧

𝑠𝑖𝑛22𝑥 = ൗ1
2

𝑠𝑖𝑛 𝑥 = ±
1

2
𝑠𝑖𝑛 𝑥 =

1

2
𝑜𝑟

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛
𝜋

4
𝑜𝑟

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 𝛼

𝜃 = 𝑛𝜋 + −1 𝑛𝛼

𝜃 = 𝑥 , 𝛼 = ൗ𝜋
4

𝑠𝑖𝑛 𝑥 = −
1

2

𝑠𝑖𝑛 𝑥 = − 𝑠𝑖𝑛
𝜋

4

𝑥 = 𝑛𝜋 + −1 𝑛 ൗ𝜋
4

𝜃 = 𝑛𝜋 + −1 𝑛 𝛼 𝜃 = 𝑛𝜋 + −1 𝑛 − ൗ𝜋
4

𝜃 = 𝑛𝜋 + −1 𝑛+1 ൗ𝜋
4 𝜃 = 𝑛𝜋 ± ൗ𝜋

4

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟒: 𝑺𝒐𝒍𝒗𝒆 𝟑 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃 = 𝟐

𝑎 = 3, 𝑏 = −1

𝑟 = 𝑎2 + 𝑏2 𝑟 = ( 3)2 +12 𝑟 = 3 + 1

4𝑟 = 𝑟 = 2

= 23 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃
÷ 2

3

2
𝑠𝑖𝑛 𝜃 −

1

2
𝑐𝑜𝑠 𝜃 =

2

2

3

2
𝑠𝑖𝑛 𝜃 −

1

2
𝑐𝑜𝑠 𝜃 =

2

2 × 2

3

2
𝑠𝑖𝑛 𝜃 −

1

2
𝑐𝑜𝑠 𝜃 =

1

2

𝑠𝑖𝑛 𝜃 =
1

2

= 𝑠𝑖𝑛45°

𝜃 = 𝜃 −
𝜋

6
, 𝛼 =

𝜋

6

𝑐𝑜𝑠 30° − 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 30° 𝑠𝑖𝑛(𝜃 − 30°) =
1

2

𝑠𝑖𝑛 𝜃 −
𝜋

6
𝑠𝑖𝑛 𝜃 −

𝜋

6
= 𝑠𝑖𝑛

𝜋

4
𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 𝛼

⟹

⟹

⟹

⟹
⟹

⟹ ⟹

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛
𝜋

4
𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛 𝑥 = − 𝑠𝑖𝑛

𝜋

4

𝜃 = 𝑥 , 𝛼 = − ൗ𝜋
4

⟹

⟹

⟹

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 ∶ 𝜃 = 𝑛𝜋 ± (−1)𝑛𝛼, 𝑛 ∈ ℤ

𝜃 = 𝑛𝜋 ± (−1)𝑛
𝜋

4
𝜃 = 𝑛𝜋 + (−1)𝑛

𝜋

4
, 𝑛 ∈ 𝕫⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟓: 𝑺𝒐𝒍𝒗𝒆 𝟑𝒕𝒂𝒏𝟐𝜽 + 𝟑 − 𝟏 𝒕𝒂𝒏 𝜽 − 𝟏 = 𝟎

3 𝑡𝑎𝑛2 𝜃 + 3 𝑡𝑎𝑛 𝜃 − 𝑡𝑎𝑛 𝜃 − 1 = 0

3 𝑡𝑎𝑛2 𝜃 𝑡𝑎𝑛 𝜃 − 1 − 𝑡𝑎𝑛 𝜃 + 1 = 0 224
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𝑡𝑎𝑛 𝜃 + 1 3 𝑡𝑎𝑛 𝜃 − 1 = 0 𝑡𝑎𝑛 𝜃 + 1 = 0, 3 𝑡𝑎𝑛 𝜃 − 1 = 0

𝑡𝑎𝑛 𝜃 = −1, 3 𝑡𝑎𝑛 𝜃 = 1

𝑡𝑎𝑛 𝜃 =
1

3

⟹

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛(−45°) 𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 −
𝜋

4
,

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 𝛼

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 30° 𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛
𝜋

6

𝜃 = 𝜃, 𝛼 = −
𝜋

4

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜃 = 𝑛𝜋 + 𝛼

𝜃 = 𝑛𝜋 −
𝜋

4

, 𝑛 ∈ ℤ

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 𝛼
𝜃 = 𝜃, 𝛼 =

𝜋

6

𝜃 = 𝑛𝜋 + 𝛼 𝜃 = 𝑛𝜋 +
𝜋

6

⟹

⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑡𝑎𝑛 𝜃 = −1

𝑇𝑎𝑘𝑒 ∶ 𝑡𝑎𝑛 𝜃 =
1

3

⟹

𝒔𝒊𝒏𝜽 = −
𝟏

𝟐
Ex : 1 𝒊 Find the principal value and General solution :

𝑠𝑖𝑛𝜃 = −
1

2

𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝑥 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑖𝑟𝑑 𝑜𝑟 𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝑥 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the𝑓𝑜𝑢𝑟𝑡ℎ quadrant.

𝑠𝑖𝑛𝜃 = −
1

2
⟹

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

∴ The principal value of α = −
𝝅

𝟒

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛 −45°

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛 −
𝜋

4
sin θ = sin α 𝜃 = 𝜃, α = −

𝜋

4

General solutions : sin θ = sin α is 𝜃 = 𝑛𝜋 + −1 𝑛𝛼, 𝑛 𝜖 𝑍

𝜃 = 𝑛𝜋 + −1 𝑛 −
𝜋

4
, 𝑛 𝜖 𝑍

⟹

𝒄𝒐𝒕𝜽 = 𝟑𝒊𝒊 Find the principal value and General solution :

𝑐𝑜𝑡𝜃 = 3 𝑡𝑎𝑛𝜃 =
1

3
⟹

𝑆𝑖𝑛𝑐𝑒 𝑡𝑎𝑛𝜃 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝐹𝑖𝑟𝑠𝑡 𝑜𝑟 𝑡ℎ𝑖𝑟𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒
225
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𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the 𝑓𝑖𝑟𝑠𝑡 quadrant.

𝑡𝑎𝑛𝜃 =
1

3
⟹ 𝜃 = 30°

∴ The principal value of 𝜃 =
𝜋

6

𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛30° 𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛
𝜋

6
𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 𝛼

𝜃 = 𝜃, 𝛼 =
𝜋

6

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + 𝜶

𝜃 = 𝑛𝜋 +
𝜋

6

⟹
⟹𝑡𝑎𝑛𝜃 =

1

3
⟹

𝒕𝒂𝒏𝜽 = −
𝟏

𝟑
𝒊𝒊𝒊 Find the principal value and General solution:

𝑡𝑎𝑛𝜃 = −
1

3

𝑆𝑖𝑛𝑐𝑒 𝑡𝑎𝑛𝜃 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑆𝑒𝑐𝑜𝑛𝑑 𝑜𝑟 𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡, 𝜃 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑖𝑛 −
𝜋

2
,
𝜋

2
i.e. 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑓𝑜𝑢𝑟𝑡ℎ 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

The principal value is in the𝑓𝑜𝑢𝑟𝑡ℎ quadrant.

𝑡𝑎𝑛𝜃 = −
1

3

∴ The principal value of 𝛉 = −
𝛑

𝟔

𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛 −30° 𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛 −
𝜋

6
⟹ ⟹

𝑡𝑎𝑛 𝜃 = 𝑡𝑎𝑛 𝛼
𝜃 = 𝜃, 𝛼 = −

𝜋

6

𝜃 = 𝑛𝜋 −
𝜋

6

⟹

𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛 −
𝜋

6

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + 𝜶

𝑬𝒙 ∶ 𝟐. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒍𝒊𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆
𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝟎° ≤ 𝜽 𝟑𝟔𝟎°

𝒊 𝒔𝒊𝒏𝟒𝒙 = 𝒔𝒊𝒏𝟐𝒙

𝑠𝑖𝑛4𝑥 − 𝑠𝑖𝑛2𝑥 = 0 𝑠𝑖𝑛2𝑥 𝑠𝑖𝑛2𝑥 − 1 = 0

𝑠𝑖𝑛2𝑥 = 0, 𝑠𝑖𝑛2𝑥 − 1 = 0 𝑠𝑖𝑛 𝑥 = 0, 𝑠𝑖𝑛2𝑥 = 1

𝑠𝑖𝑛 𝑥 = 1 𝑠𝑖𝑛 𝑥 = ± 1

⟹

⟹

⟹

𝑠𝑖𝑛 𝑥 = 1, 𝑠𝑖𝑛𝑥 = −1,
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𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 : 𝑠𝑖𝑛 𝜃 = 0
𝜃 = 𝑥

𝜃 = 𝑛𝜋, 𝑛 ∈ ℤ

𝒔𝒊𝒏 𝒙 = 𝟏

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 90° 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛
𝜋

2
𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 𝛼

𝜃 = 𝑥, 𝛼 =
𝜋

2

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 : 𝒔𝒊𝒏 𝜽 = 𝒔𝒊𝒏 𝜶

𝜃 = 𝑛𝜋 + (−1)𝑛𝛼, 𝑛 ∈ 𝕫

𝑥 = 𝑛𝜋 + (−1)𝑛
𝜋

2
,

⟹
⟹

𝑠𝑖𝑛 𝑥 = −1

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −
𝜋

2
𝜃 = 𝑥, 𝛼 =

𝜋

2

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝒔𝒊𝒏 𝒙 = 𝒔𝒊𝒏 𝜶

𝜃 = 𝑛𝜋 + (−1)𝑛𝛼

𝑥 = 𝑛𝜋 + (−1)𝑛 −
𝜋

2
, 𝑛 ∈ 𝕫

⟹

𝒔𝒊𝒏 𝒙 = 𝟎

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −90°

𝒊𝒊 𝟐𝒄𝒐𝒔𝟐𝒙 + 𝟏 = −𝟑 𝒄𝒐𝒔 𝒙

2 𝑐𝑜𝑠2 𝑥 + 3 𝑐𝑜𝑠 𝑥 + 1 = 0

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠 𝑥

2𝑦2 + 3𝑦 + 1 = 0 2𝑦2 + 𝑦 + 2𝑦 + 1 = 0

𝑦 2𝑦 + 1 + 1 2𝑦 + 1 = 0 2𝑦 + 1 𝑦 + 1 = 0

2𝑦 + 1 = 0, 𝑦 + 1 = 0 2𝑦 = 1, 𝑦 = −1⟹

⟹

⟹

𝑦 = −
1

2

𝑐𝑜𝑠 𝑥 = −1𝑐𝑜𝑠 𝑥 = −
1

2
,

120° = 120° ×
𝜋

180° =
2𝜋

3
3

2

𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠(180° − 60°) 𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠 120°

𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠
2𝜋

3

𝑐𝑜𝑠 𝜃 = 𝑐𝑜𝑠 𝛼
𝜃 = 𝑥, 𝛼 =

2𝜋

2

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑐𝑜𝑠 𝑥 = −
1

2
,

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 ± 𝜶, 𝒏 ∈ 𝕫 𝜃 = 2𝑛𝜋 ±
2𝜋

3
⟹

227
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𝑇𝑎𝑘𝑒 ∶ 𝑐𝑜𝑠 𝑥 = −1
⟹𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠 180° 𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠 𝜋

𝑐𝑜𝑠 𝜃 = 𝑐𝑜𝑠 𝛼

𝜃 = 𝑥, 𝛼 = 𝜋

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝟐𝒏𝝅 ± 𝜶,

𝑥 = 2𝑛𝜋 ± 𝜋,

𝒏 ∈ 𝕫

𝒊𝒊𝒊 𝟐𝒔𝒊𝒏𝟐𝒙 + 𝟏 = 𝟑 𝐬𝐢𝐧 𝒙

2𝑠𝑖𝑛2𝑥
𝐿𝑒𝑡

2𝑦2 − 3𝑦 + 1

= 0

= 0

−
3

×
2

−1 −2

2𝑦2 + 1 = 0

− 3 sin 𝑥 + 1
𝑦 = sin 𝑥

−𝑦 − 2𝑦⟹

𝑦 −1(2𝑦 − 1) = 0 (2𝑦 − 1) (𝑦 − 1) = 0

2𝑦 − 1 = 0, 𝑦 − 1 = 0 2𝑦 = 1

𝑦 =
1

2

, 𝑦 = 1

𝑠𝑖𝑛𝑥 =
1

2
𝑜𝑟 𝑠𝑖𝑛𝑥 = 1

(2𝑦 − 1) ⟹

⟹

∴ 𝑦 =
1

2
𝑜𝑟 𝑦 = 1

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛𝑥 =
1

2

sin 𝑥 = sin 30∘ sin 𝑥 = sin
𝜋

6
sin 𝜃 = sin 𝛼 𝜃 = 𝑥, 𝛼 =

𝜋

6

General solutions : 𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶, 𝒏 𝝐 𝒁

𝑥 = 𝑛𝜋 + (−1)𝑛
𝜋

6

⟹
⟹

Take ∶ sin 𝑥 = 1

sin 𝑥 = sin
𝜋

2
sin 𝜃 = sin 𝛼

𝜃 = 𝑥, 𝛼 =
𝜋

2

General solutions : 𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶

𝑥 = 𝑛𝜋 + (−1)𝑛
𝜋

2

⟹

𝒊𝒗 cos 𝟐𝒙 = 𝟏 − 𝟑 𝐬𝐢𝐧 𝒙

1 − 2𝑠𝑖𝑛2𝑥 = 0+ 3 sin 𝑥 − 1 −2𝑠𝑖𝑛2𝑥 = 0+ 3 sin 𝑥

3 sin 𝑥 − 2𝑠𝑖𝑛2𝑥 = 0 sin 𝑥 (3 − 2 sin 𝑥) = 0

⟹

⟹

sin 𝑥 = 0 , 3 − 2 sin 𝑥 = 0
−2 sin 𝑥 = −3sin 𝜃 = 0 ,
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2 sin 𝑥 = 3 sin 𝑥 =
3

2

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔: 𝐬𝐢𝐧 𝜽 = 𝟎

𝜽 = 𝒏𝝅, 𝒏 𝝐 𝒁

𝑥 = 𝑛𝜋

sin 𝑥 =
3

2
∉ −1,1

⟹

𝒊 𝐬𝐢𝐧 𝟓𝒙 − 𝐬𝐢𝐧 𝒙 = 𝒄𝒐𝒔 𝟑𝒙

3𝑥 = 2𝑛𝜋 ±
𝜋

2

2 𝑐𝑜𝑠
5𝑥 + 𝑥

2
𝑠𝑖𝑛

5𝑥 − 𝑥

2
2

2

cos3𝑥 cos3𝑥 = 0, 2 𝑠𝑖𝑛2𝑥 − 1 = 0

𝑐𝑜𝑠3𝑥 =

𝑐𝑜𝑠3𝑥 =

cos 𝜃 = cos 𝛼
𝜃 = 3𝑥, 𝛼 =

𝜋

2

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

𝟑. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔.

2 𝑐𝑜𝑠3𝑥 𝑠𝑖𝑛2𝑥 − cos 3𝑥 = 0

2 𝑠𝑖𝑛2𝑥 =

𝑠𝑖𝑛2𝑥 =

𝑥 =
2𝑛𝜋

3
+

𝜋

6

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

= cos 3𝑥 𝑐𝑜𝑠
6𝑥

2
𝑠𝑖𝑛

4𝑥

2
= 𝑐𝑜𝑠3𝑥

3 2

𝑐𝑜𝑠3𝑥 𝑠𝑖𝑛2𝑥 = cos 3𝑥

2 𝑠𝑖𝑛2𝑥 − 1 = 0

cos 90° ,

𝑐𝑜𝑠
𝜋

2
,

1

1

2

⟹

⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛2𝑥 =
1

2

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛 𝛼

𝑥 =
𝑛𝜋

2
+ (−1)𝑛

𝜋

12

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

𝛼 =
𝜋

6
𝜃 = 2𝑥,

𝑠𝑖𝑛2𝑥 = 𝑠𝑖𝑛2𝑥 =

𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶

2𝑥 = 𝑛𝜋 + (−1)𝑛
𝜋

6

𝑠𝑖𝑛 30° 𝑠𝑖𝑛
𝜋

6
⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑐𝑜𝑠3𝑥 = 𝑐𝑜𝑠
𝜋

2 ⟹

𝒊𝒊 𝟐𝒄𝒐𝒔𝟐𝜽 + 𝟑 𝐬𝐢𝐧 𝜽 − 𝟑 = 𝟎

2 1 − 𝑠𝑖𝑛2𝜃 = 0 2 − 2𝑠𝑖𝑛2𝜃 = 0

−2𝑠𝑖𝑛2𝜃 = 0 2𝑠𝑖𝑛2𝜃 − 3𝑠𝑖𝑛𝜃 + 1 = 0

+ 3𝑠𝑖𝑛𝜃 − 3 + 3𝑠𝑖𝑛𝜃 − 3

+3𝑠𝑖𝑛𝜃 − 1

⟹

⟹

𝐿𝑒𝑡 𝑥 = sin 𝜃

2𝑥2 − 3𝑥 + 1 = 0 + 1 = 02𝑥2− 𝑥 − 2𝑥⟹

+
−3

−1

×
2

−2𝑥 2𝑥 − 1 − 1 2𝑥 − 1 = 0

2𝑥 − 1 𝑥 − 1 = 0 229
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𝑠𝑖𝑛 𝜃 =
𝜃 = 𝜃, 𝛼 =

𝜋

6

𝜃 = 𝑛𝜋 + (−1)𝑛
𝜋

6
, 𝑛 𝜖 𝑍

𝑠𝑖𝑛𝜃 =
1

2
, 𝑠𝑖𝑛𝑥 = 1

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛
𝜋

6
𝑠𝑖𝑛 𝜃 =

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶, 𝒏 𝝐 𝒁

𝑠𝑖𝑛 30°

𝑠𝑖𝑛 𝛼

⟹
⟹

2𝑥 − 1 = 0, 𝑥 − 1 = 0
2𝑥 = 1, 𝑥 = 1

𝑥 =
1

2

∴ 𝑥 =
1

2
, 𝑥 = 1 ⟹

𝑇𝑎𝑘𝑒: 𝑠𝑖𝑛𝜃 =
1

2

𝑠𝑖𝑛 𝜃 =

𝑠𝑖𝑛 𝜃 =

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛𝜃 = 1

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶, 𝒏 𝝐 𝒁

𝜃 = 𝑛𝜋 + (−1)𝑛
𝜋

2
, 𝑛 𝜖 𝑍

𝑠𝑖𝑛
𝜋

2
𝑠𝑖𝑛 𝛼

𝑠𝑖𝑛 𝜃 = 𝑠𝑖𝑛90° ⟹
𝜃 = 𝜃, 𝛼 =

𝜋

2
⟹

𝒊𝒊𝒊 𝒄𝒐𝒔 𝜽 + 𝒄𝒐𝒔 𝟑𝜽 = 𝟐 𝒄𝒐𝒔 𝟐𝜽

2 𝑐𝑜𝑠
𝜃 + 3𝜃

2
𝑐𝑜𝑠

𝜃 − 3𝜃

2

2 2

2 cos2𝜃 𝑐𝑜𝑠𝜃

2 𝑐𝑜𝑠2𝜃

𝑐𝑜𝑠2𝜃 = 0,

cos 2𝜃 = 𝑐𝑜𝑠90°

2 𝑐𝑜𝑠2𝜃 𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃 − 1 = 0

𝑐𝑜𝑠𝜃 = 1

cos 𝜃 + 𝑐𝑜𝑠 3𝜃 = 2 𝑐𝑜𝑠 2𝜃

= 2 cos 2𝜃

𝑐𝑜𝑠
4𝜃

2
𝑐𝑜𝑠

−2𝜃

2
= 2 cos 2𝜃 𝑐𝑜𝑠2𝜃 cos(−𝜃) = 2 cos 2𝜃

= 2 cos 2𝜃 − 2 𝑐𝑜𝑠2𝜃 = 0

2 𝑐𝑜𝑠2𝜃 𝑐𝑜𝑠𝜃 − 1 = 0 = 0,

⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑐𝑜𝑠2𝜃 = 0,

÷ 2
𝜃 = 𝑛𝜋 ±

𝜋

4

𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠
𝜋

2

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝟐𝒏𝝅 ± 𝜶

2𝜃 = 2𝑛𝜋 ±
𝜋

2
𝜃 =

2𝑛𝜋

2
±

𝜋

4

𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼
𝜃 = 2𝜃, 𝛼 =

𝜋

2

⟹
⟹

⟹ ⟹
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𝛼 = 0𝜃 = 𝜃,
𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠0
𝑐𝑜𝑠𝜃 =

𝜃 = 2𝑛𝜋 ± 0 𝜃 = 2𝑛𝜋

𝑐𝑜𝑠𝛼

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝟐𝒏𝝅 ± 𝜶

⟹

⟹

𝒊𝒗 𝐬𝐢𝐧 𝜽 + 𝒔𝒊𝒏 𝟑𝜽 + 𝒔𝒊𝒏𝟓𝜽 = 𝟎

𝜃 =
𝑛𝜋

3

2 𝑠𝑖𝑛
5𝜃 + 𝜃

2
𝑐𝑜𝑠

5𝜃 − 𝜃

2
+ sin 3𝜃 = 0

𝑠𝑖𝑛
6𝜃

2

𝑠𝑖𝑛3𝜃

𝑠𝑖𝑛3𝜃 = 0, 2 𝑐𝑜𝑠2𝜃 + 1 = 0

𝜃 = 3𝜃,
𝑠𝑖𝑛𝜃 =

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

𝑠𝑖𝑛3𝜃

𝛼 = 0

𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶

𝑐𝑜𝑠2𝜃 =

3𝜃 = 𝑛𝜋

𝑠𝑖𝑛 5𝜃 + 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 3𝜃 = 0

3𝜃 = 𝑛𝜋 + −1 𝑛(0)

𝑐𝑜𝑠2𝜃 =

𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠
2𝜋

3

𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼
𝜃 = 2𝜃, α =

2𝜋

3

𝑠𝑖𝑛3𝜃 =

,2 𝑐𝑜𝑠2𝜃 = −1

𝑐𝑜𝑠
4𝜃

2
+ 𝑠𝑖𝑛3𝜃 = 02

cos2𝜃2 + 𝑠𝑖𝑛3𝜃 = 0 (2𝑐𝑜𝑠𝜃 + 1) = 0

𝑠𝑖𝑛0
𝑠𝑖𝑛𝛼

𝑐𝑜𝑠(180° − 60°) cos120°

, 𝑐𝑜𝑠2𝜃 = −
1

2

⟹⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑐𝑜𝑠𝜃 = 1

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛3𝜃 = 0

⟹

𝑇𝑎𝑘𝑒: 𝑐𝑜𝑠2𝜃 = −
1

2

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

2𝜃 = 2𝑛𝜋 ±
2𝜋

3
𝜃 = 𝑛𝜋 ±

𝜋

3
⟹

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

𝒗 𝒔𝒊𝒏 𝟐𝜽 − 𝒄𝒐𝒔𝟐𝜽 − 𝒔𝒊𝒏𝜽 + 𝒄𝒐𝒔𝜽 = 𝟎

2 𝑐𝑜𝑠
2𝜃 + 𝜃

2

𝑠𝑖𝑛 2𝜃 − 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 − 𝑐𝑜𝑠2𝜃 = 0

𝑠𝑖𝑛
2𝜃 − 𝜃

2
+ 2sin

𝜃 + 2𝜃

2
+ sin

2𝜃 − 𝜃

2
= 0
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2 𝑐𝑜𝑠
3𝜃

2

𝑠𝑖𝑛
𝜃

2
2𝑠𝑖𝑛

𝜃

2
cos

3𝜃

2
+ 𝑠𝑖𝑛

3𝜃

2
= 0

𝑠𝑖𝑛
𝜃

2
= 0, 𝑠𝑖𝑛

3𝜃

2
= − cos

3𝜃

2

𝑠𝑖𝑛
𝜃

2
+ 2𝑠𝑖𝑛

3𝜃

2
𝑠𝑖𝑛

𝜃

2
= 0

2 cos
3𝜃

2
+ sin

3𝜃

2
= 0 = 0,⟹

𝑠𝑖𝑛
𝜃

2
= 𝑠𝑖𝑛 0

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛𝛼,
𝜃 =

𝜃

2
, 𝛼 = 0,

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + (−𝟏)𝒏𝜶

𝜃

2
= 𝑛𝜋 + −1 𝑛(0)

𝜃

2
= 𝑛𝜋 ⟹ 𝜃 = 2𝑛𝜋

sin
3𝜃
2

cos
3𝜃
2

= −1 𝑡𝑎𝑛
3𝜃

2
= −1 𝑡𝑎𝑛

3𝜃

2
= tan(−45°)

𝑡𝑎𝑛
3𝜃

2
= tan −

𝜋

4

𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛𝛼 𝜃 =
3𝜃

2
, 𝛼 = −

𝜋

4

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝜽 = 𝒏𝝅 + 𝜶, 𝒏 𝝐 𝒁

3𝜃

2
= 𝑛𝜋 −

𝜋

4
𝜃 =

𝑛𝜋

3
2

−

𝜋
4
3
2

⟹

÷
3

2

𝜃 =
2𝑛𝜋

3
−

2

3
×

𝜋

4 2

𝜃 =
2𝑛𝜋

3
−

𝜋

6

⟹

⟹

⟹ ⟹

⟹

⟹

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛
𝜃

2
= 0

𝑇𝑎𝑘𝑒 ∶ 𝑠𝑖𝑛
3𝜃

2
= − cos

3𝜃

2
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÷ 2

𝟑. 𝒗𝒊 𝑺𝒐𝒍𝒗𝒆 ∶ 𝒄𝒐𝒔 𝜽 + 𝒔𝒊𝒏 𝜽 = 𝟐

𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃 = 2

𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠
𝜋

4
+ 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛

𝜋

4
= 1 𝑐𝑜𝑠 𝜃 −

𝜋

4
= 1

𝑐𝑜𝑠 𝜃
1

2
+ 𝑠𝑖𝑛 𝜃

1

2
= 1

𝑐𝑜𝑠 𝜃 −
𝜋

4
= 𝑐𝑜𝑠 0

cos θ = cos α
α = 0𝜃 = 𝜃 −

𝜋

4
,

𝑎2 + 𝑏2 = 12 + 12

𝑎 = 1, 𝑏 = 1

= 1 + 1

= 2

𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃 = 2
⟹

⟹

⟹

General solutions of : cos θ = cos α

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 = cos (𝐴 − 𝐵)

𝜃 −
𝜋

4
= 2𝑛 𝜋 ± 0 𝜃 = 2𝑛 𝜋 +

𝜋

4
𝜃 −

𝜋

4
= 2𝑛𝜋⟹ ⟹

3. 𝒗𝒊𝒊 Solve : 𝒔𝒊𝒏𝒙 + 𝟑 𝒄𝒐𝒔𝒙 = 𝟏

𝑠𝑖𝑛𝑥 + 3𝑐𝑜𝑠𝑥 = 1

3
2

+ 12

𝑎 = 3, 𝑏 = 1

= 3 + 1 = 4 = 2

÷ 2

1

2
𝑠𝑖𝑛𝑥 +

3

2
𝑐𝑜𝑠𝑥 =

1

2

𝑐𝑜𝑠𝑥 𝑐𝑜𝑠
𝜋

6
+ 𝑠𝑖𝑛𝑥 𝑠𝑖𝑛

𝜋

6
=

1

2

𝑐𝑜𝑠 𝑥 −
𝜋

6
=

1

2
cos 𝑥 −

𝜋

6
= cos

𝜋

3
cos θ = cos α

α =
𝜋

3
𝜃 = 𝑥 −

𝜋

6
,

General solutions of cos θ = cos α

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

3

2
𝑐𝑜𝑠𝑥 +

1

2
𝑠𝑖𝑛𝑥 =

1

2

⟹

⟹

⟹

𝑥 −
𝜋

6
= 2𝑛 𝜋 ±

𝜋

3
⟹ 𝑥 −

𝜋

6
= 2𝑛𝜋 ±

𝜋

3
𝑥 = 2𝑛𝜋 ±

𝜋

3
−

𝜋

6
⟹

3. 𝒗𝒊𝒊𝒊 Solve: 𝒄𝒐𝒕 𝜽 + 𝐜𝐨𝒔𝒆𝒄 𝜽 = 𝟑

𝑐𝑜𝑡 𝜃 + 𝑐𝑜𝑠𝑒𝑐 𝜃 = 3
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𝑐𝑜𝑠 𝜃 + 1 = 3 𝑠𝑖𝑛 𝜃 1 = 3 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃⟹

3 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃 = 1

3
2

+ 12

𝑎 = 3, 𝑏 = 1

= 3 + 1 = 4 = 2

𝑐𝑜𝑠 𝜃

𝑠𝑖𝑛 𝜃
+

1

𝑠𝑖𝑛 𝜃
= 3 ⟹

𝑐𝑜𝑠 𝜃 + 1

𝑠𝑖𝑛 𝜃
= 3

÷ 2

3

2
𝑠𝑖𝑛 𝜃 −

1

2
𝑐𝑜𝑠 𝜃 =

1

2

𝑐𝑜𝑠 𝜃 +
𝜋

3
= −

1

2
𝑐𝑜𝑠 𝜃 +

𝜋

3
= 𝑐𝑜𝑠 180° − 60°

α =
2𝜋

3
𝜃 = 𝜃 +

𝜋

3
,

General solutions of cos θ = cos α

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

𝑠𝑖𝑛
𝜋

3
𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠

𝜋

3
𝑐𝑜𝑠 𝜃 =

1

2
𝑐𝑜𝑠

𝜋

3
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛

𝜋

3
𝑠𝑖𝑛 𝜃 = −

1

2

cos θ = cos α

⟹

⟹

𝜃 +
𝜋

3
= 2𝑛 𝜋 ±

2𝜋

3

𝑐𝑜𝑠 𝜃 +
𝜋

3
= 𝑐𝑜𝑠 120° ⟹ 𝑐𝑜𝑠 𝜃 +

𝜋

3
= 𝑐𝑜𝑠

2𝜋

3

𝜃 = 2𝑛 𝜋 ±
2𝜋

3
−

𝜋

3

⟹

⟹

𝒊𝒙 𝒕𝒂𝒏𝜽 + 𝒕𝒂𝒏 𝜽 +
𝝅

𝟑
+ 𝒕𝒂𝒏 𝜽 +

𝟐𝝅

𝟑
= 𝟑

𝑡𝑎𝑛𝜃 +
𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛

𝜋
3

1 − 𝑡𝑎𝑛𝜃 𝑡𝑎𝑛
𝜋
3

+
𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛

2𝜋
3

1 − 𝑡𝑎𝑛𝜃 𝑡𝑎𝑛
2𝜋
3

= 3

𝑡𝑎𝑛𝜃 + 3

1 − 𝑡𝑎𝑛𝜃 𝑡𝑎𝑛
𝜋
3

𝑡𝑎𝑛𝜃 + +
𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛120°

1 − 𝑡𝑎𝑛𝜃 𝑡𝑎𝑛120°
= 3

𝑡𝑎𝑛𝜃 +
𝑡𝑎𝑛𝜃 + 3

1 − 3𝑡𝑎𝑛𝜃
+

𝑡𝑎𝑛𝜃 − 3

1 − 𝑡𝑎𝑛𝜃 (− 3)
= 3

𝑡𝑎𝑛𝜃 +
𝑡𝑎𝑛𝜃 + 3

1 − 3𝑡𝑎𝑛𝜃
+

𝑡𝑎𝑛𝜃 − 3

1 + ( 3)𝑡𝑎𝑛𝜃
= 3

𝑡𝑎𝑛𝜃 + 3

1 − 3𝑡𝑎𝑛𝜃
+

𝑡𝑎𝑛𝜃 − 3

1 + ( 3)𝑡𝑎𝑛𝜃
= 3 − 𝑡𝑎𝑛𝜃
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(𝑡𝑎𝑛𝜃 + 3) (1 + 3𝑡𝑎𝑛𝜃) + (𝑡𝑎𝑛𝜃 − 3) (1 − 3𝑡𝑎𝑛𝜃)

(1 − 3𝑡𝑎𝑛𝜃) (1 + 3𝑡𝑎𝑛𝜃)
= 3 − 𝑡𝑎𝑛𝜃

𝑡𝑎𝑛𝜃 + 3𝑡𝑎𝑛2𝜃 + 3 + 3 𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛𝜃 − 3𝑡𝑎𝑛2𝜃 − 3 + 3 𝑡𝑎𝑛𝜃

12 − ( 3𝑡𝑎𝑛𝜃)2

𝑡𝑎𝑛𝜃 + 3𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛𝜃 + 3𝑡𝑎𝑛𝜃

1 − 3𝑡𝑎𝑛2𝜃
= 3 − 𝑡𝑎𝑛𝜃

2𝑡𝑎𝑛𝜃 + 6 𝑡𝑎𝑛𝜃 = ( 3 − 𝑡𝑎𝑛𝜃) (1 − 3𝑡𝑎𝑛2𝜃)

8 𝑡𝑎𝑛𝜃 = 3 − 3 3𝑡𝑎𝑛2𝜃 − 𝑡𝑎𝑛𝜃 + 3𝑡𝑎𝑛2𝜃

8 𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛𝜃 = 3𝑡𝑎𝑛3𝜃 −3 3𝑡𝑎𝑛2𝜃 + 3

9 𝑡𝑎𝑛𝜃 − 3𝑡𝑎𝑛3𝜃 = 3 − 3 3𝑡𝑎𝑛2𝜃

9 𝑡𝑎𝑛𝜃 − 3𝑡𝑎𝑛3𝜃 = 3(1 − 3𝑡𝑎𝑛2𝜃)
3(3 𝑡𝑎𝑛𝜃 − 3𝑡𝑎𝑛3𝜃)

1 − 3𝑡𝑎𝑛2𝜃
= 3

3 × 3 (𝑡𝑎𝑛3𝜃) = 3
1

𝑡𝑎𝑛3𝜃 =
1

3

𝑡𝑎𝑛3𝜃 = 𝑡𝑎𝑛
𝜋

6
𝜃 = 3𝜃, 𝛼 =

𝜋

6
𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

3𝜃 = 𝑛𝜋 +
𝜋

6

𝜽 = 𝒏𝝅 + 𝜶, 𝒏 𝝐 𝒁

𝜃 =
𝑛𝜋

3
+

𝜋

18

⟹

⟹

⟹

⟹

𝒙 𝒄𝒐𝒔𝟐𝜽 =
𝟓 + 𝟏

𝟒

𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠36°

𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠
𝜋

5
𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼

𝜃 = 2𝜃, 𝛼 =
𝜋

5

36° ×
𝜋

180°
=

𝜋

5

4

20

1

5

𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

2𝜃 = 2𝑛𝜋 ±
𝜋

5
⟹ 𝜃 =

2𝑛𝜋

2
±

𝜋

10
𝜃 =

𝑛𝜋

2
+

𝜋

10
⟹

⟹

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:

2𝑦2 − 7𝑦 + 3 = 0

+
7

×
6

−1 −6

𝒙𝒊 𝟐𝒄𝒐𝒔𝟐𝜽 − 𝟕𝒄𝒐𝒔𝒙 + 𝟑 = 𝟎

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠 𝑥

2𝑦2 + 3 = 0

− 3 2𝑦 − 1 = 0 (𝑦 − 3) (2𝑦 − 1) = 0

−1𝑦 − 6𝑦

𝑦(2𝑦 − 1) ⟹
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𝑦 − 3 = 0, 2𝑦 − 1 = 0

𝑦 = 3, 2𝑦 = 1

cos 𝑥 =
1

2

𝑦 =
1

2

𝑐𝑜𝑠𝑥 = 3,

cos 𝑥 = cos
𝜋

3 𝜃 = 𝑥, 𝛼 =
𝜋

3

General solutions: 𝜽 = 𝟐𝒏𝝅 ± 𝜶, 𝒏 𝝐 𝒁

𝑥 = 2𝑛𝜋 ±
𝜋

3
, 𝑛 𝜖 𝑍

𝐼𝑠 𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒

Take: cos 𝑥 =
1

2

𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼
⟹

∴ 𝑦 = 3, 𝑦 =
1

2
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟔: 𝑻𝒉𝒆 𝑮𝒐𝒗𝒆𝒓𝒏𝒎𝒆𝒏𝒕 𝒑𝒍𝒂𝒏𝒔 𝒕𝒐 𝒉𝒂𝒗𝒆 𝒂 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓 𝒛𝒐𝒐𝒍𝒐𝒈𝒊𝒄𝒂𝒍
𝒑𝒂𝒓𝒌 𝒐𝒇 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 𝟖𝒌𝒎. 𝑨 𝒔𝒆𝒑𝒂𝒓𝒂𝒕𝒆 𝒂𝒓𝒆𝒂 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒂 𝒔𝒆𝒈𝒎𝒆𝒏𝒕
𝒇𝒐𝒓𝒎𝒆𝒅 𝒃𝒚 𝒂 𝒄𝒉𝒐𝒓𝒅𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟒 𝒌𝒎 𝒊𝒔 𝒕𝒐 𝒃𝒆 𝒂𝒍𝒍𝒐𝒕𝒕𝒆𝒅 𝒆𝒙𝒄𝒍𝒖𝒔𝒊𝒗𝒆𝒍𝒚 𝒇𝒐𝒓 𝒂

𝒗𝒆𝒕𝒆𝒓𝒊𝒏𝒂𝒓𝒚 𝒉𝒐𝒔𝒑𝒊𝒕𝒂𝒍 𝒊𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒌. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝒕𝒐 𝒃𝒆
𝒂𝒍𝒍𝒐𝒕𝒕𝒆𝒅 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒗𝒆𝒕𝒆𝒓𝒊𝒏𝒂𝒓𝒚 𝒉𝒐𝒔𝒑𝒊𝒕𝒂𝒍.

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 8𝑘𝑚

𝑂
𝑟𝑎𝑑𝑖𝑢𝑠 =

𝑑

2
=

8

2
= 4

𝐿𝑒𝑡 𝑂 𝑏𝑒 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑝𝑎𝑟𝑘 𝑎𝑛𝑑 𝐴𝐵 𝑏𝑒 𝑡ℎ𝑒 𝑐ℎ𝑜𝑟𝑑.

𝐿𝑒𝑡 ∠𝐴𝑂𝐵 = 𝜃

𝐴

𝐵

𝜃

4

4
4

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 =
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑐𝑡𝑜𝑟 − 𝐴𝑟𝑒𝑎 𝑜𝑓 ∆𝑂𝐴𝐵

=
1

2
𝑟2𝜃 −

1

2
𝑟2 sin 𝜃 =

1

2
𝑟2 [𝜃 − sin 𝜃]

=
1

2
42 [𝜃 − sin 𝜃] =

1

2
16 [𝜃 − sin 𝜃]
8

= 8[𝜃 − sin 𝜃] … … … (1)

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟑. 𝟗

cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐

𝐵𝑦 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑂 𝐴

𝐵

𝜃

4

4
4

𝑎 =

𝑏 =

= 𝑐

cos 𝜃 =
42 + 42 − 42

2 × 4 × 4
=

4 × 4

2 × 4 × 4

cos 𝜃 =
1

2
⟹ θ =

𝜋

3
𝐹𝑟𝑜𝑚 1

𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 𝑡𝑜 𝑏𝑒 𝑎𝑙𝑙𝑜𝑡𝑡𝑒𝑑
𝑓𝑜𝑟 𝑡ℎ𝑒 𝑣𝑒𝑡𝑒𝑟𝑖𝑛𝑎𝑟𝑦 ℎ𝑜𝑠𝑝𝑖𝑡𝑎𝑙

= 8[𝜃 − sin 𝜃]

= 8
𝜋

3
− sin

𝜋

3
= 8

𝜋

3
−

3

2
= 8

2𝜋 − 3 3

3 × 2

4
=

4

3
2𝜋 − 3 3 𝑚2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟕: 𝑰𝒏 𝒂 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒃𝟐 sin 𝟐𝑪 + 𝒄𝟐 sin 𝟐𝑩 = 𝟐𝒃𝒄 sin 𝑨 .

𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 2R

𝑎

sin 𝐴
= 2R

𝑎 = 2R sin 𝐴

𝑏

sin 𝐵
= 2R

𝑏 = 2R sin 𝐵

𝑐

sin 𝐶
= 2R

𝑐 = 2R sin 𝐶

L. H. S = 𝑏2 sin 2𝐶 + 𝑐2 sin 2𝐵

= (2𝑅 sin 𝐵)2 sin 2𝐶 + (2𝑅 sin 𝐶 )2 sin 2𝐵

= 4𝑅2 sin2 𝐵 sin 2𝐶 + 4𝑅2 sin2 𝐶 sin 2𝐵

= 4𝑅2 sin2 𝐵 sin 2𝐶 + sin2 𝐶 sin 2𝐵
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sin 2𝐴 = 2 sin 𝐴 cos 𝐴
= 8𝑅2 sin 𝐵 sin 𝐶 sin(𝐵 + 𝐶)

sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + sin 𝐵 cos 𝐴
𝐴 + 𝐵 + 𝐶 = 𝜋
𝐵 + 𝐶 = 𝜋 − 𝐴

= 8𝑅2
𝑏

2𝑅

𝑐

2𝑅
sin(𝜋 − 𝐴 )

4
2 𝑅

= 2𝑏𝑐 sin 𝐴 = 𝑅. 𝐻. 𝑆

sin(𝜃 − 𝐴 ) = sin 𝐴 𝑏 = 2𝑅 sin 𝐵 ⟹ sin 𝐵 =
𝑏

2𝑅

𝑐 = 2𝑅 sin 𝐶 ⟹ sin 𝐶 =
𝑐

2𝑅

= 4𝑅2 (sin2 𝐵 2 sin 𝐶 cos 𝐶 + sin2 𝐶 2 sin 𝐵 cos 𝐵)

= 4𝑅2 × 2 sin 𝐵 sin 𝐶 (sin 𝐵 cos 𝐶 + sin 𝐶 cos 𝐵)

⇒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟖: 𝑰𝒏 𝒂 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐬𝐢𝐧
𝑩 − 𝑪

𝟐
=

𝒃 − 𝒄

𝒂
𝐜𝐨𝐬

𝑨

𝟐
.

𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 2R

𝑎

sin 𝐴
= 2R

𝑎 = 2R sin 𝐴

𝑏

sin 𝐵
= 2R

𝑏 = 2R sin 𝐵

𝑐

sin 𝐶
= 2R

𝑐 = 2R sin 𝐶

𝑅. 𝐻. 𝑆 =
𝑏 − 𝑐

𝑎
cos

𝐴

2

=
2𝑅 sin 𝐵 − 2𝑅 sin 𝐶

2𝑅 sin 𝐴
cos

𝐴

2
=

2𝑅 (sin 𝐵 − sin 𝐶)

2𝑅 sin 𝐴
cos

𝐴

2

=
2 cos

𝐵 + 𝐶

2
sin

𝐵 − 𝐶

2

2 si𝑛
𝐴

2
𝑐𝑜𝑠

𝐴

2

cos
𝐴

2 =
sin

𝐵 − 𝐶

2

𝐴 + 𝐵 + 𝐶 = 180∘

𝐵 + 𝐶 = 180∘ − 𝐴

𝐵 + 𝐶

2
=

180∘ − 𝐴

2
𝐵 + 𝐶

2
=

180∘

2
−

𝐴

2
𝐵 + 𝐶

2
= 90∘ −

𝐴

2

cos 90∘ −
𝐴

2

si𝑛
𝐴

2

cos 90∘ − 𝜃 = sin 𝜃

=
sin

𝐵 − 𝐶

2
sin

𝐴

2

si𝑛
𝐴

2

= sin
𝐵 − 𝐶

2
= 𝑅. 𝐻. 𝑆

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓𝟗: 𝑰𝒇 𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 𝒂𝒏𝒈𝒍𝒆𝒔 𝒊𝒏 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝟏: 𝟐: 𝟑,
𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒔𝒊𝒅𝒆𝒔 𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝟏: 𝟑: 𝟐.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑏𝑒 𝜃, 2𝜃, 3𝜃
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𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎:
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶

𝜃 + 2𝜃 + 3𝜃 = 180°

6𝜃 = 180°

𝜃 =
180°

6

30°

⟹ 𝜃 = 30°

𝐴 = 𝜃

𝐴 = 30°

𝐵 = 2𝜃

𝐵 = 2 × 30°

𝐵 = 60°

𝐶 = 3𝜃

𝐶 = 3 × 30°

𝐵 = 90°

𝑎

sin 30°
=

𝑏

sin 60°
=

𝑐

sin 90°

𝑎: 𝑏: 𝑐 = sin 30° : sin 60° : sin 90° =
1

2
:

3

2
: 1

× 2

= 2 ×
1

2
: 2 ×

3

2
: 2 × 1 = 1 : 3 : 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟎: 𝑰𝒏 𝒂 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒃 + 𝒄 cos 𝑨 + 𝒄 + 𝒂 cos 𝑩 + 𝒂 + 𝒃 cos 𝑪 = 𝒂 + 𝒃 + 𝒄

𝐿. 𝐻. 𝑆 = 𝑏 + 𝑐 cos 𝐴 + 𝑐 + 𝑎 cos 𝐵 + 𝑎 + 𝑏 cos 𝐶

= 𝑏 cos 𝐴 + 𝑐 cos 𝐴 + 𝑐 cos 𝐵 + 𝑎 cos 𝐵 + 𝑎 cos 𝐶 + 𝑏 cos 𝐶

= 𝑏 cos 𝐴 + 𝑎 cos 𝐵 + 𝑐 cos 𝐴 + 𝑎 cos 𝐶 + 𝑐 cos 𝐵 + 𝑏 cos 𝐶

= 𝑐 + 𝑏 + 𝑎

⟹ 𝑎 + 𝑏 + 𝑐 = 𝑅. 𝐻. 𝑆

[𝐵𝑦 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎]

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟏: 𝑰𝒏 𝒂 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒂𝟐 + 𝒃𝟐

𝒂𝟐 + 𝒄𝟐
=

𝟏 + cos(𝑨 − 𝑩) cos 𝑪

𝟏 + cos(𝑨 − 𝑪) cos 𝑩
𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 2R

𝑎

sin 𝐴
= 2R

𝑎 = 2R sin 𝐴

𝑏

sin 𝐵
= 2R

𝑏 = 2R sin 𝐵

𝑐

sin 𝐶
= 2R

𝑐 = 2R sin 𝐶

𝐿. 𝐻. 𝑆 =
𝑎2 + 𝑏2

𝑎2 + 𝑐2

=
(2𝑅 sin 𝐴 )2 + (2𝑅 sin 𝐵 )2

(2𝑅 sin 𝐴 )2 + (2𝑅 sin 𝐶 )2
=

4𝑅2 sin2 𝐴 + 4𝑅2 sin2 𝐵

4𝑅2 sin2 𝐴 + 4𝑅2 sin2 𝐶

=
4𝑅2(sin2 𝐴 + sin2 𝐵)

4𝑅2(sin2 𝐴 + sin2 𝐶)
=

1 − cos2 𝐴 + sin2 𝐵

1 − cos2 𝐴 + sin2 𝐶
=

1 − (cos2 𝐴 − sin2 𝐵)

1 − (cos2 𝐴 − sin2 𝐶)239
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BLUE STARS HR.SEC SCHOOL

=
1 − cos(𝐴 + 𝐵) cos(𝐴 − 𝐵)

1 − cos(𝐴 + 𝐶) cos(𝐴 − 𝐶)
=

1 − cos(𝜋 − 𝐶) cos(𝐴 − 𝐵)

1 − cos(𝜋 − 𝐵) cos(𝐴 − 𝐶)

=
1 − (− cos 𝐶) cos(𝐴 − 𝐵)

1 − (− cos 𝐵) cos(𝐴 − 𝐶)
=

1 + cos(𝐴 − 𝐵) cos 𝐶

1 + cos(𝐴 − 𝐶) cos 𝐵
= 𝑅. 𝐻. 𝑆

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟐: 𝑫𝒓𝒊𝒗𝒆 𝒄𝒐𝒔𝒊𝒏𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒂𝒘 𝒐𝒇𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 𝒂 𝜟𝑨𝑩𝑪.

𝑇ℎ𝑒 𝑙𝑎𝑤 𝑜𝑓 𝑠𝑖𝑛𝑒𝑠 ∶

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 2R

𝑎

sin 𝐴
= 2R

𝑎 = 2R sin 𝐴

𝑏

sin 𝐵
= 2R

𝑏 = 2R sin 𝐵

𝑐

sin 𝐶
= 2R

𝑐 = 2R sin 𝐶

cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎:

𝑅. 𝐻. 𝑆 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐

=
(2𝑅 sin 𝐵)2+(2𝑅 sin 𝐶)2−(2𝑅 sin 𝐴)2

2(2𝑅 sin 𝐵)(2𝑅 sin 𝐶)
=

4𝑅2 sin2 𝐵 + 4𝑅2 sin2 𝐶 − 4𝑅2 sin2 𝐴

8𝑅2 sin 𝐵 sin 𝐶

=
4𝑅2 (sin2 𝐵 + sin2 𝐶 − sin2 𝐴)

8𝑅2 sin 𝐵 sin 𝐶
2

=
sin2 𝐵 + sin(𝐶 + 𝐴) sin(𝐶 − 𝐴)

2 sin 𝐵 sin 𝐶

=
sin2 𝐵 + sin(𝜋 − 𝐵) sin(𝐶 − 𝐴)

2 sin 𝐵 sin 𝐶
=

sin2 𝐵 + sin 𝐵 sin(𝐶 − 𝐴)

2 sin 𝐵 sin 𝐶

=
sin 𝐵 [sin 𝐵 + sin 𝐶 − 𝐴 ]

2 sin 𝐵 sin 𝐶
=

sin(𝐶 + 𝐴) + sin 𝐶 − 𝐴

2 sin 𝐶

=
2 sin 𝐶 cos 𝐴

2 sin 𝐶
= cos 𝐴

𝟏. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒊𝒇
sin 𝑨

sin 𝑪
=

sin(𝑨 − 𝑩)

sin(𝑩 − 𝑪)
, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂𝟐, 𝒃𝟐, 𝒄𝟐 𝒂𝒓𝒆 𝒊𝒏

𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝑷𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏.

sin 𝐴

sin 𝐶
=

sin(𝐴 − 𝐵)

sin(𝐵 − 𝐶)

sin(𝐵 − 𝐶) sin 𝐴 = sin(𝐴 − 𝐵) sin 𝐶

𝐴 + 𝐵 + 𝐶 = 𝜋
𝐴 = 𝜋 − (𝐵 + 𝐶)

sin(𝐵 − 𝐶) sin(𝜋 − (𝐵 + 𝐶)) = sin(𝐴 − 𝐵)

𝐴 + 𝐵 + 𝐶 = 𝜋
𝐶 = 𝜋 − (𝐴 + 𝐵)

sin(𝜋 − (𝐴 + 𝐵))

sin(𝜋 − θ) = sin 𝜃

sin(𝐵 − 𝐶) sin(𝐵 + 𝐶) = sin(𝐴 − 𝐵) sin(𝐴 + 𝐵)

sin2 𝐵 − sin2 𝐶 = sin2 𝐴 − sin2 𝐵 … (1)
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𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 2R

𝑎

sin 𝐴
= 2R

𝑎

2𝑅
= sin 𝐴

𝑏

sin 𝐵
= 2R

𝑏

2𝑅
= sin 𝐵

𝑐

sin 𝐶
= 2R

𝑐

2𝑅
= sin 𝐶

𝑠𝑢𝑏𝑠 sin 𝐴 , sin 𝐵 𝑎𝑛𝑑 sin 𝐶 𝑖𝑛 (1) sin2 𝐵 − sin2 𝐶 = sin2 𝐴 − sin2 𝐵

𝑏

2𝑅

2

−
𝑐

2𝑅

2

=
𝑎

2𝑅

2

−
𝑏

2𝑅

2 𝑏2

4𝑅2 −
𝑐2

4𝑅2 =
𝑎2

4𝑅2 −
𝑏2

4𝑅2

𝑏2 − 𝑐2

4𝑅2
=

𝑎2 − 𝑏2

4𝑅2
𝑏2 − 𝑐2 = 𝑎2 − 𝑏2 𝑏2 + 𝑏2 = 𝑎2 + 𝑐2

2𝑏2 = 𝑎2 + 𝑐2 𝑇ℎ𝑢𝑠, 𝑎2, 𝑏2, 𝑐2 𝑎𝑟𝑒 𝑖𝑛 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑃𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛.

⟹

⟹

⟹ ⟹

⟹

𝟐. 𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑨𝑩𝑪, 𝒂𝒓𝒆 𝒊𝒏 𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝑷𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏 𝒂𝒏𝒅 𝒊𝒇
𝒃: 𝒄 = 𝟑: 𝟐, 𝒇𝒊𝒏𝒅 ∠𝑨.

𝑏

𝑐
=

3

2
𝑎𝑛𝑑 ∠𝐴, ∠𝐵, ∠𝐶 𝑎𝑟𝑒 in A. P.

2∠𝐵 = ∠𝐴 + ∠𝐶
𝑏

𝑐
=

3

2

𝑏

3
=

𝑐

2

sin 𝐵 =
𝑏

2𝑅

𝑏

3
2

=
𝑐

2
2

2

2
=

2

2 × 2

𝑏

3
2

=
𝑐

1

2

sin 𝐵 =
3

2
sin 𝐶 =

1

2
sin 𝐵 =

3

2
𝐵 = 60° 𝐶 = 45°⟹ ⟹

sin 60° =
3

2

sin 45° =
1

2

𝐴 + 𝐵 + 𝐶 = 180°

𝐴 + 60° + 45° = 180° 𝐴 + 105° = 180°

𝐴 = 180°− 105° 𝐴 = 75°

𝐴, 𝐵, 𝐶 𝑎𝑟𝑒 𝑖𝑛 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑃𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛

=
1

2

⟹ ⟹ ⟹ ⟹

⟹

𝟑. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒊𝒇 𝐜𝐨𝐬 𝑪 =
𝐬𝐢𝐧 𝑨

𝟐 𝐬𝐢𝐧 𝑩
, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒊𝒔𝒐𝒄𝒆𝒍𝒆𝒔.

cos 𝐶 =
sin 𝐴

2 sin 𝐵

𝐵𝑦 𝑐𝑜𝑠𝑖𝑛𝑒 𝑎𝑛𝑑 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏
=

𝑎

2𝑅

2
𝑏

2𝑅

=
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏

𝑎

2𝑏

𝑎2 + 𝑏2 − 𝑐2

𝑎
= 𝑎⟹ ⟹

⟹

⟹

𝑎2 + 𝑏2 − 𝑐2 = 𝑎2 𝑎2 + 𝑏2 − 𝑐2 − 𝑎2 = 0

𝑏2 − 𝑐2 = 0 𝑏2 = 𝑐2

𝑏 = 𝑐

⟹

⟹
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𝟒. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝐬𝐢𝐧 𝑩

𝐬𝐢𝐧 𝑪
=

𝒄 − 𝒂 cos 𝑩

𝒃 − 𝒂 cos 𝑪
.

𝑅. 𝐻. 𝑆 =
𝑐 − 𝑎 cos 𝐵

𝑏 − 𝑎 cos 𝐶 =
𝑐 − 𝑎

𝑐2 + 𝑎2 − 𝑏2

2𝑐𝑎

𝑏 − 𝑎
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏

𝐵𝑦 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

=

2𝑐2 − (𝑐2 + 𝑎2 − 𝑏2)
2𝑐

2𝑏2 − (𝑎2 + 𝑏2 − 𝑐2)
2𝑏

=

2𝑐2 − 𝑐2 − 𝑎2 + 𝑏2

2𝑐
2𝑏2 − 𝑎2 − 𝑏2 + 𝑐2

2𝑏

=

𝑐2 − 𝑎2 + 𝑏2

2𝑐
𝑏2 − 𝑎2 + 𝑐2

2𝑏

=
𝑐2 − 𝑎2 + 𝑏2

2𝑐
×

2𝑏

𝑏2 − 𝑎2 + 𝑐2
=

𝑏

𝑐
𝐿. 𝐻. 𝑆 =

sin 𝐵

sin 𝐶
=

𝑏
2𝑅
𝑐

2𝑅

=
𝑏

𝑐

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

⇒

𝟓. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 cos 𝑨 + 𝒃 cos 𝑩 + 𝒄 cos 𝑪 = 𝟐𝒂 sin 𝑩 sin 𝑪 .

𝐿. 𝐻. 𝑆 = 𝑎 cos 𝐴 + 𝑏 cos 𝐵 + 𝑐 cos 𝐶 𝐵𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝑎 = 2𝑅 sin 𝐴= 2𝑅 sin 𝐴 cos 𝐴 + 2𝑅 sin 𝐵 cos 𝐵 + 2𝑅 sin 𝐶 cos 𝐶

= 𝑅 [2 sin 𝐴 cos 𝐴 + 2 sin 𝐵 cos 𝐵 + 2 sin 𝐶 cos 𝐶]

= 𝑅

2 sin 𝐴 cos 𝐴 = sin 2𝐴

[sin 2𝐴 + sin 2𝐵 + 2 sin 𝐶 cos 𝐶]

= 𝑅 [2 sin(𝐴 + 𝐵) cos(𝐴 − 𝐵) + 2 sin 𝐶 cos 𝐶]

= 𝑅 [2

𝐴 + 𝐵 + 𝐶 = 𝜋
𝐴 + 𝐵 = 𝜋 − 𝐶

sin(𝜋 − 𝐶) cos(𝐴 − 𝐵) + 2 sin 𝐶 cos 𝐶]

sin(𝜋 − θ) = sin 𝜃

= 𝑅 [2 sin 𝐶 cos(𝐴 − 𝐵) + 2 sin 𝐶 cos 𝐶]

= 𝑅 2 sin 𝐶 [cos(𝐴 − 𝐵) + cos 𝐶]

𝐴 + 𝐵 + 𝐶 = 𝜋
𝐶 = 𝜋 − (𝐴 + 𝐵)

= 𝑅2 sin 𝐶 [cos(𝐴 − 𝐵) + cos(𝜋 − (𝐴 + 𝐵))]

= 𝑅2 sin 𝐶 [cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵)]

cos(𝜋 − θ) = − cos 𝜃

= 𝑅2 sin 𝐶 [2 sin 𝐴 sin 𝐵]

= 2 × 2𝑅 sin 𝐴 sin 𝐵 sin 𝐶 = 2

𝑎 = 2𝑅 sin 𝐴

𝑎 sin 𝐵 sin 𝐶 = 𝑅. 𝐻. 𝑆

𝟔. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, ∠𝑨 = 𝟔𝟎°. +𝒄 = 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒃 + 𝒄 = 𝟐𝒂 cos
𝐵 − 𝐶

2
.

𝐴 + 𝐵 + 𝐶 = 180° 60° + 𝐵 + 𝐶 = 180° 𝐵 + 𝐶 = 180° − 60°

⟹ 𝐿. 𝐻. 𝑆 = 𝑏 + 𝑐 𝐵𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 = 2𝑅 sin 𝐵 + 2𝑅 sin 𝐶

= 2𝑅[sin 𝐵 + sin 𝐶] = 2𝑅 2 sin
𝐵 + 𝐶

2
cos

𝐵 − 𝐶

2

𝐵 + 𝐶 = 120°

⟹ ⟹

= ⟹

= 4𝑅 sin
120°

2
cos

𝐵 − 𝐶

2

60°

= 4𝑅 sin 60° cos
𝐵 − 𝐶

2
= 4𝑅

3

2
cos

𝐵 − 𝐶

2
= 2 3𝑅 cos

𝐵 − 𝐶

2

2
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𝑅. 𝐻. 𝑆 =2𝑎 cos
𝐵 − 𝐶

2
= 2 𝐵𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎× 2𝑅 sin 𝐴 cos

𝐵 − 𝐶

2

= 4𝑅 sin 60° cos
𝐵 − 𝐶

2
= 4𝑅

3

2
cos

𝐵 − 𝐶

2
= 2 3𝑅 cos

𝐵 − 𝐶

2

2

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆
𝟕. 𝑰𝒏 𝒂 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈:

𝒊 𝒂 𝒔𝒊𝒏
𝑨

𝟐
+ 𝑩 = 𝒃 + 𝒄 𝐬𝐢𝐧

𝑨

𝟐
𝒊𝒊 𝒂(𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑪) = 𝟐 𝒃 + 𝒄 𝒔𝒊𝒏𝟐

𝑨

𝟐

𝒊𝒊𝒊
𝒂𝟐 − 𝒄𝟐

𝒃𝟐
=

𝐬𝐢𝐧(𝑨 − 𝑪)

𝐬𝐢𝐧(𝑨 + 𝑪)
𝒊𝒗

𝒂 𝐬𝐢𝐧(𝑩 − 𝑪)

𝒃𝟐 − 𝒄𝟐
=

𝒃 𝐬𝐢𝐧(𝑪 − 𝑨)

𝒄𝟐 − 𝒂𝟐
=

𝒄 𝐬𝐢𝐧(𝑨 − 𝑩)

𝒂𝟐 − 𝒃𝟐

𝒗
𝒂 + 𝒃

𝒂 − 𝒃
= 𝒕𝒂𝒏

𝑨 + 𝑩

𝟐
. 𝒄𝒐𝒕

𝑨 − 𝑩

𝟐

𝑖 𝑎 𝑠𝑖𝑛
𝐴

2
+ 𝐵 = 𝑏 + 𝑐 sin

𝐴

2

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟
𝑏 + 𝑐

𝑎
=

𝑘 sin 𝐵 + 𝑘 sin 𝐶

𝑘 sin 𝐴

𝐵𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

sin 𝐵 + sin 𝐶

sin 𝐴
=

2 sin
𝐵 + 𝐶

2
𝑐𝑜𝑠

𝐵 − 𝐶
2

2 𝑠𝑖𝑛
𝐴
2

𝑐𝑜𝑠
𝐴
2

𝑠𝑖𝑛 90 −
𝐴
2

𝑐𝑜𝑠
𝐵 − 𝐶

2

𝑠𝑖𝑛
𝐴
2

𝑐𝑜𝑠
𝐴
2

=

∵ 𝐴 + 𝐵 + 𝐶 = 180 ⇒
𝐵 + 𝐶

2
= 90 −

𝐴

2

𝑐𝑜𝑠
𝐴
2

𝑐𝑜𝑠
𝐵 − 𝐶

2

𝑠𝑖𝑛
𝐴
2

𝑐𝑜𝑠
𝐴
2

==
𝑐𝑜𝑠

𝐵 − 𝐶
2

𝑠𝑖𝑛
𝐴
2

=
𝑐𝑜𝑠

𝐵 − (180 − 𝐴 − 𝐵
2

𝑠𝑖𝑛
𝐴
2

∵ 𝐶 = 180 − 𝐴 − 𝐵

𝑐𝑜𝑠 −90 +
𝐴
2

+ 𝐵

𝑠𝑖𝑛
𝐴
2

= =

𝑐𝑜𝑠 − 90 −
𝐴
2 + 𝐵

𝑠𝑖𝑛
𝐴
2

𝑐𝑜𝑠 90 −
𝐴
2 + 𝐵

𝑠𝑖𝑛
𝐴
2

=

∵ cos −𝜃 = 𝑐𝑜𝑠𝜃

𝑏 + 𝑐

𝑎
=

𝑠𝑖𝑛
𝐴
2

+ 𝐵

𝑠𝑖𝑛
𝐴
2

𝑏 + 𝑐 𝑠𝑖𝑛
𝐴

2
= 𝑎 𝑠𝑖𝑛

𝐴

2
+ 𝐵⟹
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𝒊𝒊 𝒂(𝒄𝒐𝒔 𝑩 + 𝒄𝒐𝒔 𝑪) = 𝟐 𝒃 + 𝒄 𝒔𝒊𝒏𝟐
𝑨

𝟐
𝐿. 𝐻. 𝑆 = 𝑎(cos 𝐵 + cos 𝐶)

1

2

𝑐2 + 𝑎2 − 𝑏2

𝑐
+

𝑎2 + 𝑏2 − 𝑐2

𝑏
𝑎

𝑐2 + 𝑎2 − 𝑏2

2𝑎𝑐
+

𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏
= =
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=
1

2𝑏𝑐
𝑏𝑐2 + 𝑎2𝑏 − 𝑏3 + 𝑎2𝑐 + 𝑏2𝑐 − 𝑐3

=
1

2𝑏𝑐
[−(𝑏3 + 𝑐3) + 𝑎2𝑏 + 𝑎2𝑐 +𝑏𝑐2+ 𝑏2𝑐]

=
1

2𝑏𝑐
[− 𝑏 + 𝑐 + 𝑏2 − 𝑏𝑐 + 𝑐2

+ 𝑎2(𝑏 + 𝑐) +𝑏𝑐(𝑏 + 𝑐)]

=
𝑏 + 𝑐

2𝑏𝑐
[ −𝑏2 + 𝑏𝑐 − 𝑐2 + 𝑎2+ 𝑏𝑐] =

𝑏 + 𝑐

2𝑏𝑐
[𝑎2 − 𝑏2 − 𝑐2 − 2𝑏𝑐]

=
𝑏 + 𝑐

2𝑏𝑐
[ 𝑎 + 𝑏 − 𝑐 + 𝑎 − 𝑏 + 𝑐 ]

𝑏 + 𝑐

2𝑏𝑐
(𝑎 + 𝑏 + 𝑐 − 2𝑐) (𝑎 + 𝑏 + 𝑐 − 2𝑏)=

𝑏 + 𝑐

2𝑏𝑐
[ 2𝑠 − 2𝑐 2𝑠 − 2𝑏 ]

[𝑠𝑖𝑛𝑐𝑒 2𝑠 = 𝑎 + 𝑏 + 𝑐]

=
𝑏 + 𝑐(4)

2𝑏𝑐
[ 𝑠 − 𝑐 𝑠 − 𝑏 ]

= 2(𝑏 − 𝑐)
(𝑠 − 𝑏)(𝑠 − 𝑐)

𝑏𝑐
=

=

2 𝑏 + c 𝑠𝑖𝑛2
𝐴

2
= 𝑅𝐻𝑆

𝒊𝒊𝒊
𝒂𝟐 − 𝒄𝟐

𝒃𝟐
=

𝒔𝒊𝒏(𝑨 − 𝑪)

𝒔𝒊𝒏(𝑨 + 𝑪)

𝐿𝑒𝑡
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝑐
= 𝑘 [𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎]

𝑎 = 𝑘 sin 𝐴 , 𝑏 = 𝑘 sin 𝐵 𝑎𝑛𝑑 𝑐 = 𝑘 sin 𝐶 … (1)

𝐿𝐻𝑆 =
𝑎2 − 𝑐2

𝑏2 =
𝑘2𝑠𝑖𝑛2 𝐴 − 𝑘2𝑠𝑖𝑛2 𝐶

𝑘2𝑠𝑖𝑛2 𝐵
𝑠𝑖𝑛2 𝐴 − 𝑠𝑖𝑛2𝐶

𝑠𝑖𝑛2𝐵
==

sin 𝐴 + 𝐶 sin(𝐴 − 𝐶)

𝑠𝑖𝑛2(180 − (𝐴 + 𝐶)

sin 𝐴 + 𝐶 sin(𝐴 − 𝐶)

𝑠𝑖𝑛2(𝐴 + 𝐶)
=

sin(𝐴 − 𝐶)

sin(𝐴 + 𝐶)
= = 𝑅𝐻𝑆

𝒊𝒗
𝒂 𝒔𝒊𝒏(𝑩 − 𝑪)

𝒃𝟐 − 𝒄𝟐
=

𝒃 𝒔𝒊𝒏(𝑪 − 𝑨)

𝒄𝟐 − 𝒂𝟐
=

𝒄 𝒔𝒊𝒏(𝑨 − 𝑩)

𝒂𝟐 − 𝒃𝟐

𝐿𝑒𝑡
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝑐
= 𝑘 [𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎]

𝑎 = 𝑘 sin 𝐴 , 𝑏 = 𝑘 sin 𝐵 𝑎𝑛𝑑 𝑐 = 𝑘 sin 𝐶 … (1)

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟
𝑎 sin(𝐵 − 𝐶)

𝑏2 − 𝑐2 =
𝑘 sin 𝐴 sin(𝐵 − 𝐶)

𝑘2𝑠𝑖𝑛2𝐵 − 𝑘2𝑠𝑖𝑛2𝐶
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=
𝑘 sin 𝐵 + 𝐶 sin(𝐵 − 𝐶)

𝑘2(𝑠𝑖𝑛2𝐵 − 𝑠𝑖𝑛2𝐶)

𝑘(𝑠𝑖𝑛2𝐵 − 𝑠𝑖𝑛2𝐶)

𝑘2(𝑠𝑖𝑛2𝐵 − 𝑠𝑖𝑛2𝐶)
= =

1

𝑘
… (2)

𝑏 sin(𝐶 − 𝐴)

𝑐2 − 𝑎2
=

𝑘 sin 𝐵 sin(𝐶 − 𝐴)

𝑘2𝑠𝑖𝑛2𝐶 − 𝑘2𝑠𝑖𝑛2𝐴

=
sin 𝐶 + 𝐴 sin(𝐶 − 𝐴)

𝑘 sin(𝐶 + 𝐴) − sin(𝐶 − 𝐴)
=

1

𝑘
… (3)

𝑎𝑛𝑑

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦,
𝐶 sin(𝐴 − 𝐵)

𝑎2 − 𝑏2 =
1

𝑘
… (4)

𝐹𝑟𝑜𝑚 2 , 3 𝑎𝑛𝑑 4 ,

𝑎 sin(𝐵 − 𝐶)

𝑏2 − 𝑐2 =
𝑏 sin(𝐶 − 𝐴)

𝑐2 − 𝑎2 =
𝑐 sin(𝐴 − 𝐵)

𝑎2 − 𝑏2

𝒗
𝒂 + 𝒃

𝒂 − 𝒃
= 𝒕𝒂𝒏

𝑨 + 𝑩

𝟐
. 𝒄𝒐𝒕

𝑨 − 𝑩

𝟐

𝐿. 𝐻. 𝑆 =

𝐿𝑒𝑡
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝑐
= 𝑘 [𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎]

𝑎 = 𝑘 sin 𝐴 , 𝑏 = 𝑘 sin 𝐵 𝑎𝑛𝑑 𝑐 = 𝑘 sin 𝐶 … (1)

𝑎 + 𝑏

𝑎 − 𝑏
=

𝑘 sin 𝐴 + 𝑘 sin 𝐵

𝑘 sin 𝐴 − 𝑘 sin 𝐵
=

sin 𝐴 + sin 𝐵

sin 𝐴 − sin 𝐵

=
2𝑠𝑖𝑛

𝐴 + 𝐵
2

. 𝑐𝑜𝑠
𝐴 − 𝐵

2

2𝑐𝑜𝑠
𝐴 + 𝐵

2
. 𝑠𝑖𝑛

𝐴 − 𝐵
2

= 𝑡𝑎𝑛
𝐴 + 𝐵

2
. 𝑐𝑜𝑡

𝐴 − 𝐵

2

= 𝑅𝐻𝑆
𝟖. 𝑰𝒏 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐 𝐭𝐚𝐧 𝑩 = 𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐 𝐭𝐚𝐧 𝑪.

𝐿𝑒𝑡 𝑢𝑠 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡
𝑎2 − 𝑏2 + 𝑐2

𝑎2 + 𝑏2 − 𝑐2
=

tan 𝐶

tan 𝐵
= tan 𝐶. cot 𝐵

𝐿. 𝐻. 𝑆 =
𝑎2 − 𝑏2 + 𝑐2

𝑎2 + 𝑏2 − 𝑐2
=

𝑘2𝑠𝑖𝑛2𝐴 − 𝑘2𝑠𝑖𝑛2𝐵 + 𝑘2𝑠𝑖𝑛2𝐶

𝑘2𝑠𝑖𝑛2𝐴 + 𝑘2𝑠𝑖𝑛2𝐵 − 𝑘2𝑠𝑖𝑛2𝐶

=
𝑠𝑖𝑛2𝐴 − 𝑠𝑖𝑛2𝐵 + 𝑠𝑖𝑛2𝐶

𝑠𝑖𝑛2𝐴 − 𝑠𝑖𝑛2𝐶 + 𝑠𝑖𝑛2𝐵

sin 𝐴 + 𝐵 sin 𝐴 − 𝐵 + 𝑠𝑖𝑛2𝐶

sin 𝐴 + 𝐶 sin 𝐴 − 𝐶 + 𝑠𝑖𝑛2𝐵

=

=

sin 𝐶 sin 𝐴 − 𝐵 + 𝑠𝑖𝑛2𝐶

sin 𝐵 sin 𝐴 − 𝐶 + 𝑠𝑖𝑛2𝐵
∵ 𝐴 + 𝐵 = 180 − 𝐶 &𝐴 + 𝐶 = 180 − 𝐵
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sin 𝐶 [sin 𝐴 − 𝐵 + sin 𝐶]

sin 𝐵 [sin 𝐴 − 𝐶 + sin 𝐵]
==

sin 𝐶 [sin 𝐴 − 𝐵 + sin(𝐴 + 𝐵)]

sin 𝐵 [sin 𝐴 − 𝐶 + sin(𝐴 + 𝐶)]

∵ sin 𝐴 − 𝐵 + sin 𝐴 + 𝐵 = 2 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵

=
sin 𝐶 . 2 sin 𝐴 cos 𝐵

sin 𝐵 . 2 sin 𝐴 cos 𝐶
=

sin 𝐶

cos 𝑐
.
cos 𝐵

sin 𝐵
= tan 𝐶 cot 𝐵 = 𝑅𝐻𝑆

𝟗. 𝑨𝒏 𝑬𝒏𝒈𝒊𝒏𝒆𝒆𝒓 𝒉𝒂𝒔 𝒕𝒐 𝒅𝒆𝒗𝒆𝒍𝒐𝒑 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒔𝒉𝒂𝒑𝒆𝒅 𝒑𝒂𝒓𝒌 𝒘𝒊𝒕𝒉
𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓 𝟏𝟐𝟎 𝒎 𝒊𝒏 𝒂 𝒗𝒊𝒍𝒍𝒂𝒈𝒆 . 𝑻𝒉𝒆 𝒑𝒂𝒓𝒌 𝒕𝒐 𝒃𝒆 𝒅𝒆𝒗𝒆𝒍𝒐𝒑𝒆𝒅 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒐𝒇
𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒂𝒓𝒆𝒂. 𝑭𝒊𝒎𝒅 𝒐𝒖𝒕 𝒕𝒉𝒆 𝒅𝒊𝒎𝒆𝒏𝒔𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒌.

𝑈𝑠𝑖𝑛𝑔 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 3.62. 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑟𝑒𝑎 𝑓𝑜𝑟
𝑎𝑛𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟.

∵ 𝐿𝑒𝑡 𝑎 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒 𝑖𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒.
𝐺𝑖𝑣𝑒𝑛 𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 = 120 𝑚

𝑎 + 𝑎 + 𝑎 =120 𝑚
3𝑎 =120

𝑎 = 40

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑘 𝑎𝑟𝑒 40 𝑚, 40 𝑚 𝑎𝑚𝑑 40 𝑚.

𝟏𝟎. 𝑨 𝒓𝒐𝒑𝒆 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟏𝟐 𝒎 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒓𝒈𝒆𝒔𝒕 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆
𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒇𝒐𝒓𝒎𝒆𝒅 𝒃𝒚 𝒕𝒉𝒊𝒔 𝒓𝒐𝒑𝒆 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒎𝒆𝒏𝒔𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒓 𝒔𝒐 𝒇𝒐𝒓𝒎𝒆𝒅.

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑝𝑒 = 12 𝑚

∴ 𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 = 12 𝑚

𝐵𝑦 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 3.62, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 ℎ𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑟𝑒𝑎 𝑓𝑜𝑟 𝑎𝑛𝑦
𝑓𝑖𝑥𝑒𝑑 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟

𝐿𝑒𝑡 𝑎 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒.

𝑎 + 𝑎 + 𝑎 = 12
3𝑎 = 12

𝑎 = 4
𝐿𝑒𝑡 𝐴𝐷 𝑏𝑒 𝑡ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 Δ𝐴𝐵𝐶.

∴ 𝐴𝐷 = 𝐴𝐵2 − 𝐵𝐷2 = 42 − 22 = 16 − 4

= 12 = 2 3

∵ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝐴𝐵𝐶 =
1

2
× 𝐵𝐶 × 𝐴𝐷

=
1

2
× 4 × 2 3 = 4 3 𝑠𝑞. 𝑚

∟

𝐴

𝐵 𝐶𝐷

4

22

𝟏𝟏. 𝑫𝒆𝒓𝒊𝒗𝒆 𝒑𝒓𝒐𝒋𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒇𝒐𝒓𝒎
𝒊 𝑳𝒂𝒘 𝒐𝒇 𝒔𝒊𝒏𝒆𝒔 𝒊𝒊 𝑳𝒂𝒘 𝒐𝒇 𝒄𝒐𝒔𝒊𝒏𝒆𝒔

𝑖 𝐿𝑎𝑤 𝑜𝑓 𝑠𝑖𝑛𝑒𝑠

𝐺𝑖𝑣𝑒𝑛
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
= 𝑘

𝑎 = 𝑘 sin 𝐴 , 𝑏 = 𝑘 sin 𝐵 𝑎𝑛𝑑 𝑐 = 𝑘 sin 𝐶⟹ … (1) 247
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡
𝑎 = 𝑏 cos 𝐶 + 𝑐 cos 𝐵, 𝑏 = 𝑐 cos 𝐴 + 𝑎 cos 𝐶 𝑐 = 𝑎 cos 𝐵 + 𝑏 cos 𝐴𝑎𝑛𝑑

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎 = 𝑏 cos 𝑐 + 𝑐 cos 𝐵

𝑅𝐻𝑆 =𝑏 cos 𝐶 + 𝑐 cos 𝐵
= 𝑘 sin 𝐵 cos 𝐶+ 𝑘 sin 𝐶 cos 𝐵 = 𝑘[sin 𝐵 cos 𝐶 + cos 𝐵 sin 𝐶]

= 𝑘 sin(𝐵 + 𝐶) = 𝑘 sin(180 − 𝐴) = 𝑘 sin 𝐴 =𝑎 =𝐿𝐻𝑆

[𝑈𝑠𝑖𝑛𝑔 1 ]

[∵ 𝐴 + 𝐵 + 𝐶 = 180]

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑏 = 𝑐 cos 𝐴 + 𝑎 cos 𝐶 𝑎𝑛𝑑 𝑐 = 𝑎 cos 𝐵 + 𝑏 cos 𝐴 𝑐𝑎𝑛 𝑏𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.

𝑖𝑖 𝐿𝑎𝑤 𝑜𝑓 𝑐𝑜𝑠𝑖𝑛𝑒𝑠

𝑅𝐻𝑆 =𝑏 cos 𝐶 + 𝑐 cos 𝐵

=𝑏
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏
+𝑐

𝑐2 + 𝑎2 − 𝑏2

2𝑐𝑎
=

𝑎2 + 𝑏2 − 𝑐2

2𝑎
+

𝑐2 + 𝑎2 − 𝑏2

2𝑎

=
𝑎2 + 𝑏2 − 𝑐2 + 𝑐2 + 𝑎2 − 𝑏2

2𝑎
=

2𝑎2

2𝑎
= 𝑎 =𝐿𝐻𝑆
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BLUE STARS HR.SEC SCHOOL

𝐄𝐗𝐄𝐑𝐂𝐈𝐒𝐄 𝟑. 𝟏𝟎

𝑬𝒈 𝟑. 𝟔𝟒: 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒂 = 𝟑, 𝒃 = 𝟓 𝒂𝒏𝒅 𝒄 = 𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒄𝒐𝒔 𝑨 , 𝒄𝒐𝒔 𝑩
𝒂𝒏𝒅 𝒄𝒐𝒔 𝑪

𝐵𝑦 𝐶𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐

=
52 + 72 − 32

2 × 5 × 7
=

25 + 49 − 9

2 × 5 × 7

=
74 − 9

2 × 5 × 7
=

65

2 × 5 × 7

13
=

13

14

cos 𝐵 =
𝑎2 + 𝑐2 − 𝑏2

2𝑎𝑐

=
32 + 72 − 52

2 × 3 × 7
=

9 + 49 − 25

2 × 3 × 7

=
58 − 25

2 × 3 × 7
=

33

2 × 3 × 7

11
=

11

14

cos 𝐶 =
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏

=
32 + 52 − 72

2 × 3 × 5
=

9 + 25 − 49

2 × 3 × 5

=
34 − 49

2 × 3 × 5
=

−15

2 × 3 × 5

𝐺𝑖𝑣𝑒𝑛 𝑎 = 3, 𝑏 = 5, 𝑐 = 7

5

= −
1

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟓: 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝑨 = 𝟑𝟎°, 𝑩 = 𝟔𝟎° 𝒂𝒏𝒅 𝒄 = 𝟏𝟎. 𝑭𝒊𝒏𝒅 𝒂 𝒂𝒏𝒅 𝒃.

𝐺𝑖𝑣𝑒𝑛 𝐴 = 30°, 𝐵 = 60°, 𝑐 = 10

𝐴 + 𝐵 + 𝐶 = 180°

𝐶 = 180° −(𝐴 + 𝐵)

𝐶 = 180° −(30° + 60°)

𝐶 = 180° −(90°)

𝐶 = 90°

𝐵𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
𝑎

sin 30° =
𝑏

sin 60° =
10

sin 90°

𝑎

sin 30° =
10

sin 90° ⇒ 𝑎 =
10 sin 30°

sin 90°
𝑎 =

10
1

2

1

5

𝑎 = 5

⇒

249
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𝑏

sin 60°
=

10

sin 90°
𝑏 =

10 sin 60°

sin 90°

𝑏 =
10

3

2

1

5

𝑏 = 5 3

⇒

⇒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟔: 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒊𝒇 𝒂 = 𝟐 𝟐, 𝒃 = 𝟐 𝟑 𝒂𝒏𝒅 𝑪 = 𝟕𝟓°, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆
𝒐𝒕𝒉𝒆𝒓 𝒔𝒊𝒅𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆𝒔.

𝐵𝑦 𝐶𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, cos 𝐶 =
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏

𝐺𝑖𝑣𝑒𝑛 𝑎 = 2 2, 𝑏 = 2 3, 𝐶 = 75°

cos 75° =
2 2

2
+ 2 3

2

2 × 2 2 × 2 3

−𝑐2

=
(4 × 2) + (4 × 3)

8 6

−𝑐2

=
8 + 12

8 6

−𝑐2

𝑬𝒈. 𝟑. 𝟔𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒉𝒐𝒔𝒆 𝒔𝒊𝒅𝒆𝒔 𝒂𝒓𝒆 𝟏𝟑𝒄𝒎, 𝟏𝟒𝒄𝒎
𝒂𝒏𝒅 𝟏𝟓𝒄𝒎.

𝐺𝑖𝑣𝑒𝑛 𝑎 = 13𝑐𝑚, 𝑏 = 14𝑐𝑚, 𝑐 = 15𝑐𝑚

𝑈𝑠𝑖𝑛𝑔 ℎ𝑒𝑟𝑜𝑛′𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶, ∆= 𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)

21

∴ 𝑠 =
13 + 14 + 15

2
=

42

2
= 21

𝑤ℎ𝑒𝑟𝑒 𝑠 =
𝑎 + 𝑏 + 𝑐

2

∴ ∆= 21(21 − 13)(21 − 14)(21 − 15)

= 21 × 8 × 7 × 6 = 3 × 7 × 2 × 2 × 2 × 7 × 2 × 3

= 3 × 7 × 2 × 2 = 84 𝑠𝑞. 𝑐𝑚

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟖: 𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 𝒄𝒐𝒔 𝑨 + 𝒃 𝒄𝒐𝒔 𝑩 + 𝒄 𝒄𝒐𝒔 𝑪 =
𝟖∆𝟐

𝒂𝒃𝒄
𝑎 cos 𝐴 + 𝑏 cos 𝐵 + 𝑐 cos 𝐶 = 2𝑎 sin 𝐵 sin 𝐶

= 2𝑎
2∆

𝑎𝑐

2∆

𝑎𝑏
=

8∆2

𝑎𝑏𝑐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔𝟗: 𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒓𝒆 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒄𝒆𝒍𝒍 𝒑𝒉𝒐𝒏𝒆 𝒕𝒐𝒘𝒆𝒓𝒔 𝒘𝒊𝒕𝒉𝒊𝒏
𝒓𝒂𝒏𝒈𝒆 𝒐𝒇 𝒂 𝒄𝒆𝒍𝒍 𝒑𝒉𝒐𝒏𝒆. 𝑻𝒉𝒆 𝒕𝒘𝒐 𝒕𝒐𝒘𝒆𝒓𝒔 𝒂𝒓𝒆 𝒍𝒐𝒄𝒂𝒕𝒆𝒅 𝒂𝒕 𝟔𝒌𝒎 𝒂𝒑𝒂𝒓𝒕 𝒂𝒍𝒐𝒏𝒈
𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒉𝒊𝒈𝒉𝒘𝒂𝒚, 𝒓𝒖𝒏𝒏𝒊𝒏𝒈 𝒆𝒂𝒔𝒕 𝒕𝒐 𝒘𝒆𝒔𝒕 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒄𝒆𝒍𝒍 𝒑𝒉𝒐𝒏𝒆 𝒊𝒔 𝒏𝒐𝒓𝒕𝒉
𝒐𝒇 𝒕𝒉𝒆 𝒉𝒊𝒈𝒉𝒘𝒂𝒚. 𝑻𝒉𝒆 𝒔𝒊𝒈𝒏𝒂𝒍 𝒊𝒔 𝟓𝒌𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒐𝒘𝒆𝒓 𝒂𝒏𝒅 𝟑𝟏𝒌𝒎
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒕𝒐𝒘𝒆𝒓. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒆𝒍𝒍 𝒑𝒉𝒐𝒏𝒆 𝒏𝒐𝒓𝒕𝒉
𝒂𝒏𝒅 𝒆𝒂𝒔𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒐𝒘𝒆𝒓 𝒂𝒏𝒅 𝒉𝒐𝒘 𝒇𝒂𝒓 𝒊𝒕 𝒊𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒉𝒊𝒈𝒉𝒘𝒂𝒚.

𝐿𝑒𝑡 𝜃 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑒𝑙𝑙 𝑝ℎ𝑜𝑛𝑒 𝑓𝑟𝑜𝑚 𝑛𝑜𝑟𝑡ℎ 𝑡𝑜 𝑒𝑎𝑠𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑡𝑜𝑤𝑒𝑟.250
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𝑇ℎ𝑒𝑛, 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

𝐿𝑒𝑡 𝑎 = 5, 𝑏 = 6 𝑎𝑛𝑑 𝑐 = 31

31
2

= 52 + 62 − 2 × 5 × 6 cos 𝜃

31 = 25 + 36 − 60 cos 𝜃

31 = 61 − 60 cos 𝜃

60 cos 𝜃 = 61 − 31 = 30

cos 𝜃 =
30

60

1

2

=
1

2
⟹ cos 𝜃 =

1

2
𝜃 = 60°

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑒𝑙𝑙 𝑝ℎ𝑜𝑛𝑒′𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 ℎ𝑖𝑔ℎ𝑤𝑎𝑦.

sin 𝜃 =
𝑥

5
⟹ 𝑥 = 5 sin 𝜃

𝑥 = 5sin 60°

𝑥 =
5 3

2
𝑘𝑚

sin 60° =
3

2

6 𝑘𝑚

𝑥
𝜃

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟕𝟎: 𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 𝒂 𝒃𝒐𝒂𝒕 𝒕𝒓𝒂𝒗𝒆𝒍𝒔 𝟏𝟎𝒌𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒓𝒕
𝒕𝒐𝒘𝒂𝒓𝒅𝒔 𝒆𝒂𝒔𝒕 𝒂𝒏𝒅 𝒕𝒉𝒆𝒏 𝒕𝒖𝒓𝒏𝒔 𝟔𝟎° 𝒕𝒐 𝒊𝒕𝒔 𝒍𝒆𝒇𝒕. 𝑰𝒇 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕 𝒕𝒓𝒂𝒗𝒆𝒍𝒔 𝒇𝒖𝒓𝒕𝒉𝒆𝒓
𝟖𝒌𝒎, 𝒉𝒐𝒘 𝒇𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒓𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕 ?

𝑃𝑜𝑟𝑡
𝑃

10 𝑘𝑚

60°

𝐵𝑜𝑎𝑡

?

𝐵
𝐿𝑒𝑡 𝐵𝑃 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒.

𝑇ℎ𝑒𝑛, 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝐿𝑒𝑡 𝑎 = 10, 𝑏 = 8 𝑎𝑛𝑑

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

𝐵𝑃2 = 102 + 82 − 2 × 10 × 8 cos 120°

𝐵𝑃2 = 100 + 64 − 160

𝐶 = 180° − 60° = 120°

cos(90° + 30°)
cos 90° + 𝜃 = − sin 𝜃

𝐵𝑃2 = 164 − 160 (− sin 30°)

𝐵𝑃2 = 164 + 160
1

2

80

𝐵𝑃2 = 244

𝐵𝑃 = 244

2442

1222

61
= 2 × 2 × 61 = 2 61𝑘𝑚

𝟏. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒏𝒆𝒕𝒔𝒑𝒓𝒐𝒅𝒖𝒄𝒆 𝒐𝒏𝒆
𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝒐𝒓 𝒏𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∠𝑩 = 𝟖𝟖°, 𝒂 = 𝟐𝟑, 𝒃 = 𝟐. 𝑺𝒐𝒍𝒗𝒆
𝒊𝒇 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕𝒔.

𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑎

sin 𝐴
=

𝑏

sin 𝐵

sin 𝐴

𝑎
=

sin 88°

2

sin 𝐴 =
23(sin 88°)

2

88°

𝐴

𝐵 𝐶

𝑏 = 2

𝑎 = 23 251
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∴ 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡.

sin 𝐴 = 23 × 0.999

sin 𝐴 = 22.99 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒.

𝟐. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒓𝒆 𝒂 = 𝟒, 𝒃 = 𝟔, 𝒄 = 𝟖, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝟒 𝐜𝐨𝐬 𝑩 + 𝟑 𝐜𝐨𝐬 𝑪 = 𝟐.

𝐿𝐻𝑆 = 4 cos 𝐵 + 3 cos 𝐶

=4
𝑎2 + 𝑐2 − 𝑏2

2𝑎𝑐
+ 3

𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏

= 4
16 + 64 − 36

2(4)(8)
+ 3

16 + 36 − 64

2(4)(6)

= 4
80 − 36

64
+ 3

52 − 64

48

= 4
44

64
+ 3

−12

48

=
11

4
−

3

4
=

8

4
= 2 =𝑅𝐻𝑆 𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑

𝟑. 𝑰𝒏 ∆𝑨𝑩𝑪, 𝒊𝒇 𝒂 = 𝟑 − 𝟏, 𝒃 = 𝟑 + 𝟏 𝒂𝒏𝒅 ∠𝑪 = 𝟔𝟎°. 𝑭𝒊𝒎𝒅 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒔𝒊𝒅𝒆
𝒂𝒏𝒅 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒕𝒘𝒐 𝒂𝒏𝒈𝒍𝒆𝒔.

𝐵𝑦 𝑁𝑎𝑝𝑖𝑒𝑟′𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑎𝑛
𝐴 − 𝐵

2
=

𝑎 − 𝑏

𝑎 + 𝑏
𝑐𝑜𝑡

𝐶

2

=
3 + 1 − ( 3 − 1)

3 + 1 + ( 3 + 1)
𝑐𝑜𝑡

60°

2
=

2

2 3
cot 30°=

1

3
× 3 = 1

∴
𝐴 − 𝐵

2
= 45°⟹ 𝐴 − 𝐵 = 90° … (1)

𝐴𝑙𝑠𝑜 𝐴 + 𝐵 = 180° − 𝐶

=180° − 60°= 120° … (2)

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 2 , 2𝐴 = 210° ⟹∠𝐴 =105°

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝐴 = 105° in 2 we get,

105° + 𝐵 =120°⟹ 𝐵 = 120° − 105°=15°

𝑁𝑜𝑤, 𝑏𝑦 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑐

sin 𝐶
=

𝑎

sin 𝐴
⟹ 𝑎

sin 𝐶

sin 𝐴
𝑐 =

𝐶 =
3 + 1 sin 60°

sin 105°
⟹ =

( 3 + 1)
3

2
3 + 1

2 2
3

2
× 2 2= = 6

∴ ∠𝐴 = 105°, ∠𝐵 = 15°𝑎𝑛𝑑 ∠𝐶 = 6 252
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𝟒. 𝑰𝒇 𝒂𝒏𝒚 𝜟𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝜟 =
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟒 𝐜𝐨𝐭 𝑨

=𝑅𝐻𝑆
𝑏2 + 𝑐2 − 𝑎2

4 cot 𝐴

=
𝑏2 + 𝑐2 − 𝑎2

4 ×
cos 𝐴
sin 𝐴

=
𝑏2 + 𝑐2 − 𝑎2

4 co𝑠 𝐴
× sin 𝐴

=
𝑏2 + 𝑐2 − 𝑎2

4
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐

sin 𝐴 =
2𝑏𝑐

4
× sin 𝐴

=
1

2
𝑏𝑐 sin 𝐴 = 𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶

∴ ∆=
𝑏2 + 𝑐2 − 𝑎2

4 cot 𝐴

2

𝟓. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒊𝒇 𝒂 = 𝟏𝟐 𝒄𝒎, 𝒃 = 𝟖 𝒄𝒎 𝒂𝒏𝒅 ∠𝑪 = 𝟑𝟎°, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒕𝒔
𝒂𝒓𝒆𝒂 𝒊𝒔 𝟐𝟒 𝒔𝒒. 𝒄𝒎.

𝐴𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶 =
1

2
𝑎𝑏 sin 𝐶

=
1

2
× 12 × 8 sin 30°

∴ ∆ = 6 × 8 ×
1

2
= 24 𝑠𝑞. 𝑐𝑚

𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑

𝐴

𝐵 𝐶𝑎 = 12

𝑏 = 8

30°

6

𝟔. 𝑰𝒏 𝒂 ∆𝑨𝑩𝑪, 𝒊𝒇 𝒂 = 𝟏𝟖 𝒄𝒎, 𝒃 = 𝟐𝟒 𝒄𝒎 𝒂𝒏𝒅 𝒄 = 𝟑𝟎 𝒄𝒎, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒕𝒔
𝒂𝒓𝒆𝒂 𝒊𝒔 𝟐𝟏𝟔 𝒔𝒒. 𝒄𝒎.

𝐺𝑖𝑣𝑒𝑛 𝑎 = 18, 𝑏 = 24, 𝑐 = 30

𝑈𝑠𝑖𝑛𝑔 ℎ𝑒𝑟𝑜𝑛′𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶, ∆= 𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)

∴ 𝑠 =
18 + 24 + 30

2
=

72

2
= 36

𝑤ℎ𝑒𝑟𝑒 𝑠 =
𝑎 + 𝑏 + 𝑐

2

∴ ∆= 36(36 − 18)(36 − 24)(36 − 30)

= 36 × 18 × 12 × 6

= 36 × 9 × 2 × 4 × 3 × 3 × 2

= 36 × 9 × 4 × 4 × 9

= 6 × 3 × 2 × 2 × 3

=216 𝑠𝑞. 𝑐𝑚
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𝟕. 𝑻𝒘𝒐 𝒔𝒐𝒍𝒅𝒊𝒆𝒓𝒔 𝑨 𝒂𝒏𝒅 𝑩 𝒊𝒏 𝒕𝒘𝒐 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒖𝒏𝒅𝒆𝒓𝒈𝒓𝒐𝒖𝒏𝒅 𝒃𝒖𝒏𝒌𝒆𝒓𝒔 𝒐𝒏 𝒂
𝒔𝒕𝒓𝒂𝒈𝒉𝒕 𝒓𝒐𝒂𝒅, 𝒔𝒑𝒐𝒕 𝒂𝒏 𝒊𝒏𝒕𝒓𝒖𝒅𝒆𝒓 𝒂𝒕 𝒕𝒉𝒆 𝒕𝒐𝒑 𝒐𝒇 𝒂 𝒉𝒊𝒍𝒍. 𝑻𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇
𝒆𝒍𝒆𝒗𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒏𝒕𝒓𝒖𝒅𝒆𝒓 𝒇𝒓𝒐𝒎 𝑨 𝒂𝒏𝒅 𝑩 𝒕𝒐 𝒕𝒉𝒆 𝒈𝒓𝒐𝒖𝒏𝒅 𝒍𝒆𝒗𝒆𝒍 𝒊𝒏 𝒕𝒉𝒆
𝒆𝒂𝒔𝒕𝒆𝒓𝒏 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒂𝒓𝒆 𝟑𝟎°𝒂𝒏𝒅 𝟒𝟓°𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑰𝒇 𝑨 𝒂𝒏𝒅 𝑩 𝒔𝒕𝒂𝒏𝒅 𝟓𝒌𝒎
𝒂𝒑𝒂𝒓𝒕, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒏𝒕𝒓𝒖𝒅𝒆𝒓 𝒇𝒓𝒐𝒎 𝑩.

𝐿𝑒𝑡 𝑃 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑟𝑦𝑑𝑒𝑟, 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑜𝑙𝑑𝑖𝑒𝑟𝑠,
𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑟𝑢𝑑𝑒𝑟 𝑎𝑛𝑑 𝑠𝑜𝑙𝑑𝑖𝑒𝑟 𝐵.

𝐼𝑛 ∆𝐴𝐵𝑃, 𝐺𝑖𝑣𝑒𝑛 ∠𝑃𝐴𝐵 =30° 𝑎𝑛𝑑 ∠𝑃𝐵𝐶 = 45°

𝐼𝑛 ∆𝐴𝐵𝑃, ∠𝐴𝑃𝐵 =15°

𝐴 𝐵 𝐶

𝑃

∟

90°135°30°

15°

45°

45°

5

𝑥
5

sin 15°
=

𝑥

sin 30°

𝐼𝑛 ∆𝐴𝐵𝑃, 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑥 =
5

sin 15°
sin 30° = 5 ×

1

2 sin 15°

𝑁𝑜𝑤, sin 15° = sin(45° − 30°)

= sin 45° cos 30° − cos 45° sin 30°

=
1

2
×

3

2
−

1

2
×

1

2
=

3

2 2
−

1

2 2

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

𝑥 =
5

2( 3 − 1)

2 2

=
5 2

3 − 1
𝑘𝑚

=
3 − 1

2 2

𝟖. 𝑨 𝒓𝒆𝒔𝒆𝒂𝒓𝒄𝒉𝒆𝒓 𝒘𝒂𝒏𝒕𝒔 𝒕𝒐 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇 𝒂 𝒑𝒐𝒏𝒅 𝒇𝒓𝒐𝒎 𝒆𝒂𝒔𝒕 𝒕𝒐
𝒘𝒆𝒔𝒕, 𝒘𝒉𝒊𝒄𝒉 𝒄𝒂𝒏𝒏𝒐𝒕 𝒃𝒆 𝒅𝒐𝒏𝒆 𝒃𝒚 𝒂𝒄𝒕𝒖𝒂𝒍 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒎𝒆𝒏𝒕. 𝑭𝒓𝒐𝒎 𝒂 𝒑𝒐𝒊𝒏𝒕 𝑷,
𝒉𝒆 𝒇𝒊𝒏𝒅𝒔 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒕𝒐 𝒕𝒉𝒆 𝒆𝒂𝒔𝒕𝒆𝒓𝒏 − 𝒎𝒐𝒔𝒕 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒏𝒅 𝒕𝒐 𝒃𝒆
𝟖 𝒌𝒎, 𝒘𝒉𝒊𝒍𝒆 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒘𝒆𝒔𝒕𝒆𝒓𝒏 𝒎𝒐𝒔𝒕 𝒑𝒐𝒊𝒏𝒕 𝒇𝒓𝒐𝒎 𝑷 𝒕𝒐 𝒃𝒆 𝟔 𝒌𝒎.
𝑰𝒇 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒍𝒊𝒏𝒆𝒔 𝒐𝒇 𝒔𝒊𝒈𝒉𝒕 𝒊𝒔 𝟔𝟎°. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇
𝒕𝒉𝒆 𝒑𝒐𝒏𝒅.
𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑒𝑎𝑠𝑡𝑒𝑟𝑛 𝑠𝑖𝑑𝑒 𝑎𝑛𝑑 𝐵 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑤𝑒𝑠𝑡𝑒𝑟𝑛 𝑠𝑖𝑑𝑒.

𝐺𝑖𝑣𝑒𝑛 𝑃𝐴 = 8, 𝑃𝐵 = 6
𝐿𝑒𝑡 𝑎 = 6, 𝑏 = 8 𝑎𝑛𝑑 ∠𝐶 = 60°

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

= 36 + 64 + 2 6 8 cos 60°

= 100 − 12 × 8 ×
1

2

= 100 −

4

48 =52

60°

𝐴𝐵𝐶

𝑃

6 8

𝐶 = 52 = 4 × 13
∴ 𝐶 = 2 13 𝑘𝑚

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑤𝑖𝑑𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑖𝑣𝑒𝑟 𝑖𝑠 2 13 𝑘𝑚.
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𝟗. 𝑻𝒘𝒐 𝒏𝒂𝒗𝒚 𝒉𝒆𝒍𝒊𝒄𝒐𝒑𝒕𝒆𝒓𝒔 𝑨 𝒂𝒏𝒅 𝑩 𝒂𝒓𝒆 𝒇𝒍𝒚𝒊𝒏𝒈 𝒐𝒗𝒆𝒓 𝒕𝒉𝒆 𝒃𝒂𝒚 𝒐𝒇 𝒃𝒆𝒏𝒈𝒂𝒍 𝒂𝒕
𝒔𝒂𝒎𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒔𝒆𝒂 𝒍𝒆𝒗𝒆𝒍 𝒕𝒐 𝒔𝒆𝒂𝒓𝒄𝒉 𝒂 𝒎𝒊𝒔𝒔𝒊𝒏𝒈 𝒃𝒐𝒂𝒕. 𝑷𝒊𝒍𝒐𝒕𝒔 𝒐𝒇
𝒃𝒐𝒕𝒉 𝒕𝒉𝒆 𝒉𝒆𝒍𝒊𝒄𝒐𝒑𝒕𝒆𝒓𝒔 𝒔𝒊𝒈𝒉𝒕 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕 𝒂𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒕𝒊𝒎𝒆 𝒘𝒉𝒊𝒍𝒆 𝒕𝒉𝒆𝒚 𝒂𝒓𝒆
𝒂𝒑𝒂𝒓𝒕 𝟏𝟎 𝒌𝒎 𝒇𝒓𝒐𝒎 𝒆𝒂𝒄𝒉 𝒐𝒕𝒉𝒆𝒓. 𝑰𝒇 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕 𝒇𝒓𝒐𝒎 𝑨 𝒊𝒔
𝟔 𝒌𝒎 𝒂𝒏𝒅 𝒊𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝑨𝑩 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒔 𝟔𝟎°𝒂𝒕 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆
𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒃𝒐𝒂𝒕 𝒇𝒓𝒐𝒎 𝑩.
𝐿𝑒𝑡 𝑐 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑜𝑎𝑡 𝑎𝑛𝑑 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑖𝑙𝑜𝑡.

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, 𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

102 = 𝑎2 + 62 − 2𝑎 6 cos 60°

100 = 𝑎2 + 36 − 12 𝑎
1

2

𝑎2 + 36 − 6𝑎 − 100 = 0

𝑎2 − 6𝑎 − 64 = 0

𝑎2
=

6 ± (−6)2−4(1)(−64)

2

𝑎 =
6 ± 36 + 256

2

∴ 𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
𝑎 = 1, 𝑏 = −6, 𝑐 = −64

𝐴 𝐵

𝐶

𝑎𝑏

𝑐

6 𝑐𝑚 60°

=
6 ± 292

2
𝑎

𝑎 = 3 ± 73 𝑎 = 3 + 73 𝑘𝑚

𝑎 =
6 ± 2 73

2

2922

1462

73=
6 ± 2 × 2 × 73

2
𝑎

𝑎 =
2(3 ± 73)

2

[𝑠𝑖𝑛𝑐𝑒 3 − 73 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒]

⇒

⇒

⇒

𝟏𝟎. 𝑨 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒕𝒖𝒏𝒏𝒆𝒍 𝒊𝒔 𝒕𝒐 𝒃𝒆 𝒎𝒂𝒅𝒆 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒎𝒐𝒖𝒏𝒕𝒂𝒊𝒏. 𝑨 𝒔𝒖𝒓𝒗𝒆𝒚𝒐𝒓
𝒐𝒃𝒔𝒆𝒓𝒗𝒆𝒔 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒆𝒙𝒕𝒓𝒆𝒎𝒊𝒕𝒊𝒆𝒔 𝑨 𝒂𝒏𝒅 𝑩 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒖𝒏𝒏𝒆𝒍 𝒕𝒐 𝒃𝒆 𝒃𝒖𝒊𝒍𝒕 𝒇𝒓𝒐𝒎
𝒂 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒊𝒏 𝒇𝒓𝒐𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒐𝒖𝒏𝒕𝒂𝒊𝒏. 𝑰𝒇 𝑨𝑷 = 𝟑 𝒌𝒎, 𝑩𝑷 = 𝟓 𝒌𝒎 𝒂𝒏𝒅
∠𝑨𝑷𝑩 = 𝟏𝟐𝟎°, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒖𝒏𝒏𝒆𝒍 𝒕𝒐 𝒃𝒆 𝒃𝒖𝒊𝒍𝒕.

𝐿𝑒𝑡 𝐴𝐵 = 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑢𝑛𝑛𝑒𝑙.

𝐿𝑒𝑡 𝑎 = 5, 𝑏 = 3 𝑎𝑛𝑑 ∠𝑐 = 120°

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

= 25 + 9 − 2 5 3 cos 120°

= 34
= 64 − 30(− cos 60°)

= 34 − 30 𝐴 𝐵

𝑃

𝑐

3

5

120°

15 −1

2

cos(180° − 60°)− 30

= 34 + = 49
𝑐2 = 49

𝑐 = 7 𝑘𝑚

𝐻𝑒𝑛𝑐𝑒, 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑢𝑛𝑛𝑒𝑙 = 7 𝑘𝑚.

15
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𝟏𝟏. 𝑨 𝒇𝒂𝒓𝒎𝒆𝒓 𝒘𝒂𝒏𝒕𝒔 𝒕𝒐 𝒑𝒖𝒓𝒄𝒉𝒂𝒔𝒆 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒔𝒉𝒂𝒑𝒆𝒅 𝒍𝒂𝒏𝒅 𝒘𝒊𝒕𝒉 𝒔𝒊𝒅𝒆𝒔
𝟏𝟐𝟎 𝒇𝒆𝒆𝒕 𝒂𝒏𝒅 𝟔𝟎 𝒇𝒆𝒆𝒕 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒅 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒔𝒆 𝒕𝒘𝒐 𝒔𝒊𝒅𝒆𝒔
𝒊𝒔 𝟔𝟎°. 𝑰𝒇 𝒕𝒉𝒆 𝒍𝒂𝒏𝒅 𝒄𝒐𝒔𝒕𝒔 𝑹𝒔. 𝟓𝟎𝟎 𝒑𝒆𝒓 𝒔𝒒. 𝒇𝒕, 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒎𝒐𝒖𝒏𝒕 𝒉𝒆 𝒏𝒆𝒆𝒅𝒆𝒅 𝒕𝒐
𝒑𝒖𝒓𝒄𝒉𝒂𝒔𝒆 𝒍𝒂𝒏𝒅. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒂𝒏𝒅.

𝐺𝑖𝑣𝑒𝑛 𝑏 = 60, 𝑐 = 120 𝑎𝑛𝑑 ∠𝐴 = 60°

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

=

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴

1202 + 602 − 2 120 60 cos 60°

= 14400

= 18000

𝑎2= 10,800

𝑎

⟹

= 2 × 2 × 2 × 2 × 5 × 5 × 3 × 3 × 3

𝑎 = 2 × 2 × 5 × 3 3

𝐴

𝐵 𝐶𝑎

𝑏 𝑐
120 𝑓𝑡 60 𝑓𝑡

60°

+ 3600 − 14400
1

2

− 7200

𝑎 = 60 3

108002

54002

27002

13502

6755
1355

273

93

3
𝑎 = 10800

∴ 𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑙𝑎𝑛𝑑

= 120 + 60 + 60 3 = 180 + 60 3

= 60

𝑠 = 𝑎 + 𝑏 + 𝑐

3 + 3 𝑓𝑒𝑒𝑡

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑖𝑒𝑙𝑑 𝐴𝐵𝐶,

=
1

2
𝑏𝑐 sin 𝐴

=
1

2
× 60 × 120 × sin 60°

= 30 × 120 ×
3

2

= 30 × 60 × 3 = 1800 3

= 1800 × 1.732 = 3117.6

𝐶𝑜𝑠𝑡 𝑜𝑓 𝑙𝑎𝑛𝑑 𝑓𝑜𝑟 1 𝑠𝑞. 𝑓𝑡 = 𝑅𝑠. 500

∴ 𝑐𝑜𝑠𝑡 𝑜𝑓 3117.6 𝑠𝑞. 𝑓𝑡 𝑙𝑎𝑛𝑑 = 500 × 3117.6 = 𝑅𝑠. 1,55,800

𝟏𝟐. 𝑨 𝒇𝒊𝒈𝒉𝒕𝒆𝒓 𝒋𝒆𝒕 𝒉𝒂𝒔 𝒂 𝒉𝒊𝒕 𝒂 𝒔𝒎𝒂𝒍𝒍 𝒕𝒂𝒓𝒈𝒆𝒕 𝒃𝒚 𝒇𝒍𝒚𝒊𝒏𝒈 𝒂 𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒍
𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆. 𝑾𝒉𝒆𝒏 𝒕𝒉𝒆 𝒕𝒂𝒓𝒈𝒆𝒕 𝒊𝒔 𝒔𝒊𝒈𝒉𝒕𝒆𝒅 𝒕𝒉𝒆 𝒑𝒊𝒍𝒐𝒕 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒔 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇
𝒅𝒆𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 𝒕𝒐 𝒃𝒆 𝟑𝟎°. 𝑰𝒇 𝒂𝒇𝒕𝒆𝒓 𝟏𝟎𝟎 𝒌𝒎, 𝒕𝒉𝒆 𝒕𝒂𝒓𝒈𝒆𝒕 𝒉𝒂𝒔 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇
𝒅𝒆𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 𝒐𝒇 𝟒𝟓°, 𝒉𝒐𝒘 𝒇𝒂𝒓 𝒊𝒔 𝒕𝒉𝒆 𝒕𝒂𝒓𝒈𝒆𝒕 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒇𝒊𝒈𝒉𝒕𝒆𝒓 𝒋𝒆𝒕 𝒂𝒕 𝒕𝒉𝒆
𝒊𝒏𝒔𝒕𝒂𝒏𝒕?

𝐿𝑒𝑡 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑎𝑛𝑑 𝐴 𝑎𝑛𝑑 𝐵 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒
𝑓𝑖𝑔ℎ𝑡𝑒𝑟 𝑗𝑒𝑡.

𝐺𝑖𝑣𝑒𝑛 ∠𝐵𝐴𝐶 = 30°, ∠𝐴𝐵𝐶 = 45°

∴ ∠𝐶 = 180 − (30° − 45°) =180 − 75°=105°

𝐺𝑖𝑣𝑒𝑛 𝐴𝐵= 100 𝑘𝑚 256
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𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑎

sin 𝐴
=

𝑐

sin 𝐶

𝑎

sin 30° =
100

sin 105°⟹

⟹2𝑎=
100

sin 105°
⟹ 𝑎 =

50

sin 105°
… (1)⟹

𝑎

1
=

100

sin 105°

𝑁𝑜𝑤, sin 105° = sin(60° + 45°)= sin 60° cos 45° + cos 60° sin 45°

=
3

2
.

1

2
+

1

2
.

1

2
=

3

2 2
… (2)

30° 45°

105°

𝐴 𝐵

𝐶

𝑎𝑏

𝑐 100

+
1

2 2
=

3 + 1

2 2
𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 2 𝑖𝑛 1 𝑤𝑒 𝑔𝑒𝑡,

𝑎 =
50

3 + 1

2 2

=
50 2 2

3 + 1
=

100 2

3 + 1
×

3 − 1

3 − 1

=
100( 6 − 2)

3 − 1
=

100( 6 − 2)

2
= 50 6 − 2 𝑘𝑚.

𝟏𝟑. 𝑨 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔 𝟏 𝒌𝒎 𝒇𝒓𝒐𝒎 𝒐𝒏𝒆 𝒍𝒂𝒏𝒅𝒎𝒂𝒓𝒌 𝒂𝒏𝒅 𝟐 𝒌𝒎 𝒇𝒓𝒐𝒎 𝒂𝒏𝒐𝒕𝒉𝒆𝒓. 𝑭𝒓𝒐𝒎
𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒗𝒊𝒆𝒘 𝒕𝒉𝒆 𝒍𝒂𝒏𝒅 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒔 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇
𝟒𝟓°. 𝑯𝒐𝒘 𝒇𝒐𝒓 𝒂𝒑𝒂𝒓𝒕 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒍𝒂𝒏𝒅𝒎𝒂𝒓𝒌𝒔?

𝐿𝑒𝑡 𝐴, 𝐵 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑎𝑛𝑑𝑚𝑎𝑟𝑘𝑠 𝑎𝑛𝑑 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒.

𝐺𝑖𝑣𝑒𝑛 ∠𝐴𝐶𝐵 = 45°

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

𝑐2 = 22 + 12 − 2(2)(1) cos 45°

= 4 + 1 − 4
1

2
= 5 − 2 × 2

1

2

2

𝑐2 = 5 − 2 2

𝑐2 = 5 − 2 2 𝑘𝑚

𝐴 𝐵

𝐶

1 𝑘𝑚 2𝑘𝑚

𝑐

45°

𝟏𝟒. 𝑨 𝒎𝒂𝒏 𝒔𝒕𝒂𝒓𝒕𝒔 𝒉𝒊𝒔 𝒎𝒐𝒓𝒏𝒊𝒏𝒈 𝒘𝒂𝒍𝒌 𝒂𝒕 𝒂 𝒑𝒐𝒊𝒏𝒕 𝑨 𝒓𝒆𝒂𝒄𝒉𝒆𝒔 𝒕𝒘𝒐 𝒑𝒐𝒊𝒏𝒕𝒔 𝑩
𝒂𝒏𝒅 𝑪 𝒂𝒏𝒅 𝒇𝒊𝒏𝒂𝒍𝒍𝒚 𝒃𝒂𝒄𝒌 𝒕𝒐 𝑨 𝒔𝒖𝒄𝒉 ∠𝑨 = 𝟔𝟎°𝒂𝒏𝒅 ∠𝑩 = 𝟒𝟓°, 𝑨𝑪 = 𝟒𝒌𝒎 𝒊𝒏
∆𝑨𝑩𝑪. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒉𝒆 𝒄𝒐𝒗𝒆𝒓𝒆𝒅 𝒅𝒖𝒓𝒊𝒏𝒈 𝒉𝒊𝒔 𝒎𝒐𝒓𝒏𝒊𝒏𝒈 𝒘𝒂𝒍𝒌.

𝐺𝑖𝑣𝑒𝑛 𝐴𝐶 = 4 𝑘𝑚, ∠𝐴 = 60° 𝑎𝑛𝑑 ∠𝐵 = 45°

∠𝐶 = 180° − (𝐴 + 𝐵)

= 180° − (60° + 45°) =180° − 105°= 75°

𝑈𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑎

sin 𝐴
=

𝑐

sin 𝐶

60°

45°

𝐴

𝐵

𝑎

𝑏

𝑐
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𝑎

3
2

=
4

1

2

⟹

2𝑎

3

𝑎

sin 60°
=

𝑐

sin 45°

=4 2

𝑎 =
4 6

2
= 2 6 𝑘𝑚.

𝐴𝑔𝑎𝑖𝑛 𝑢𝑠𝑖𝑛𝑔 𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎,
𝑐

sin 𝑐
=

𝑎

sin 𝐴

𝑐

sin 75° =
2 6

sin 60°

𝑐

3 + 1

2 2

=
2 6

3
2

𝐶. 2 2

30 + 1
=

4 6

3
𝐶 =

4 6( 3 + 1)

2 6

2

⇒

⇒ = 2( 3 + 1)

[∴ sin 75° = sin 45° + 30°

= 𝑠𝑖𝑛45° cos 30° + cos 45° sin 30°

= ቉
1

2
.

3

2
+

1

2
.
1

2
=

3 + 1

2 2

∴ 𝑇𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐𝑜𝑣𝑒𝑟𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑚𝑎𝑛 = 𝑎 + 𝑏 + 𝑐

=2 6 + 4 + 2( 3 + 1)

= 2 6 + 4 + 2 3 + 2

=(6 + 2 3 + 2 6 )𝑘𝑚.

𝟏𝟓. 𝑻𝒘𝒐 𝒗𝒆𝒉𝒊𝒄𝒍𝒆𝒔 𝒍𝒆𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒑𝒍𝒂𝒄𝒆 𝑷 𝒂𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒕𝒊𝒎𝒆 𝒎𝒐𝒗𝒊𝒏𝒈
𝒂𝒍𝒐𝒏𝒈 𝒕𝒘𝒐 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒓𝒐𝒂𝒅𝒔. 𝑶𝒏𝒆 𝒗𝒆𝒉𝒊𝒄𝒍𝒆 𝒎𝒐𝒗𝒆𝒔 𝒂𝒕 𝒂𝒏 𝒂𝒗𝒆𝒓𝒂𝒈𝒆 𝒔𝒑𝒆𝒆𝒅
𝒐𝒇 𝟔𝟎𝒌𝒎/𝒉𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒗𝒆𝒉𝒊𝒄𝒍𝒆 𝒎𝒐𝒗𝒆𝒔 𝒂𝒕 𝒂𝒏 𝒂𝒗𝒆𝒓𝒂𝒈𝒆 𝒔𝒑𝒆𝒆𝒅 𝒐𝒇
𝟖𝟎𝒌𝒎/𝒉𝒓𝑨𝒇𝒕𝒆𝒓 𝒉𝒂𝒍𝒇 𝒂𝒏 𝒉𝒐𝒖𝒓 𝒕𝒉𝒆 𝒗𝒆𝒉𝒊𝒄𝒍𝒆 𝒓𝒆𝒂𝒄𝒉 𝒕𝒉𝒆 𝒅𝒆𝒔𝒕𝒊𝒏𝒂𝒕𝒊𝒐𝒏𝑨 𝒂𝒏𝒅 𝑩.
𝑰𝒇 𝑨𝑩 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒔 𝟔𝟎° 𝒂𝒕 𝒕𝒉𝒆 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒑𝒐𝒊𝒏𝒕 𝑷, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝑨𝑩.

𝑆𝑝𝑒𝑒𝑑 𝑡𝑎𝑘𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝐼 = 60 𝑘𝑚/ℎ𝑟. 𝑇𝑖𝑚𝑒 =
1

2
ℎ𝑟

∴ 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 𝑠𝑝𝑒𝑒𝑑 × 𝑡𝑖𝑚𝑒

= 60 ×
1

2
= 30 𝑘𝑚

𝑃𝐴 = 30𝑘𝑚

60°

𝐴

𝐵𝑃 40

30

𝑎

𝑏

𝑐

𝑆𝑝𝑒𝑒𝑑 𝑡𝑎𝑘𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝐼𝐼 = 60 𝑘𝑚/ℎ𝑟. 𝑇𝑖𝑚𝑒 =
1

2
ℎ𝑟

∴ 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 𝑠𝑝𝑒𝑒𝑑 × 𝑡𝑖𝑚𝑒 = 80 ×
1

2
= 40 𝑘𝑚

𝑃𝐵 = 40 𝑘𝑚 258
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𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎, 𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶

2500

𝑐2 =

= 1600

= = 1300

𝑐 = 1300 = 13 × 100 =10 13 𝑘𝑚

𝐺𝑖𝑣𝑒𝑛 ∠𝐴𝑃𝐵 = 60°

402 + 302 − 2(40)(30) cos 60°

+ 900 − 2(40)(60)
1

2

− 1200

𝟏𝟔. 𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 𝒂 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆 𝒊𝒏 𝒔𝒂𝒑𝒄𝒆, 𝒂𝒏 𝒆𝒂𝒓𝒕𝒉 𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒆𝒓
𝒐𝒇 𝒆𝒂𝒓𝒕𝒉 𝒂𝒍𝒍 𝒍𝒊𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒑𝒍𝒂𝒏𝒆. 𝑳𝒆𝒕 𝒓 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒆𝒂𝒓𝒕𝒉 𝒂𝒏𝒅 𝑹
𝒃𝒆 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒐𝒇 𝒆𝒂𝒓𝒕𝒉 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆. 𝑳𝒆𝒕 𝒅 𝒃𝒆 𝒕𝒉𝒆
𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒆𝒂𝒓𝒕𝒉 𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆. 𝑳𝒆𝒕 𝟑𝟎° 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆
𝒐𝒇 𝒆𝒍𝒆𝒗𝒂𝒕𝒊𝒐𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒆𝒂𝒓𝒕𝒉 𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆. 𝑰𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒏𝒈 𝒆𝒂𝒓𝒕𝒉 𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒔 𝒂𝒏𝒈𝒍𝒆 𝜶 𝒂𝒕

𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒐𝒇𝒆𝒂𝒓𝒕𝒉, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒅 = 𝟏 +
𝒓

𝑹

𝟐

− 𝟐
𝒓

𝑹
𝒄𝒐𝒔 𝜶 .

𝐿𝑒𝑡 𝑆 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑎𝑡𝑒𝑙𝑙𝑖𝑡𝑒, 𝐸 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑎𝑟𝑡ℎ 𝑠𝑡𝑎𝑡𝑖𝑜𝑛
𝑎𝑛𝑑 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑎𝑟𝑡ℎ

𝐺𝑖𝑣𝑒𝑛 𝐶𝐸 = 𝑟, 𝐶𝑆 = 𝑅 𝑎𝑛𝑑 𝑆𝐸 = 𝑑
𝐺𝑖𝑣𝑒𝑛 ∠𝑆𝐶𝐸 = 𝛼

𝐼𝑛 Δ𝑆𝐶𝐸, 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑐𝑜𝑠𝑖𝑛𝑒 𝑟𝑢𝑙𝑒, 𝑤𝑒 𝑔𝑒𝑡.

𝑑2 = 𝑟2 + 𝑅2 − 2𝑟𝑅 cos 𝛼

[∵ 𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶]

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅2 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 𝑤𝑒 𝑔𝑒𝑡,

𝑑2

𝑅2
=

𝑟2

𝑅2
+

𝑅2

𝑅2
−

2𝑟. 𝑅

𝑅2
cos 𝛼

30°

𝑆

𝐶

𝐸

𝑑

𝑅

𝑟
𝛼

𝑑2

𝑅2
=

𝑟2

𝑅2
+ 1 −

2𝑟

𝑅
cos 𝛼

𝑑2 =𝑅2
𝑟2

𝑅2
+ 1 −

2𝑟

𝑅
cos 𝛼

𝑇𝑎𝑘𝑖𝑛𝑔 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡,

𝑑 = 𝑅
𝑟2

𝑅2
+ 1 −

2𝑟

𝑅
cos 𝛼

𝑑 = 𝑅 1 +
𝑟

𝑅

2

− 2
𝑟

𝑅
cos 𝛼

𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑

259
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟓. 𝟏

A BINOMIAL is an algebraic expression of two terms which are connected
by the operation + or −

Binomial Theorem:

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 ∶ 𝑥 + 2𝑦, 𝑥 − 𝑦, 𝑥3 + 4𝑦, 𝑎 + 𝑏 𝑒𝑡𝑐. . 𝑎𝑟𝑒 𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙𝑠

𝑎 + 𝑏 2 = 𝑎2 + 2𝑎𝑏 + 𝑏2

𝑎 + 𝑏 3 = 𝑎3 + 3𝑎2𝑏 + 3𝑎𝑏2 + 𝑏3

The expansion of binomials with higher powers such as (x + a)10, (x + a)17,
etc becomes more difficult.

Therefore we look for a general formula which will help us in finding the 
expansion of binomials with higher powers.

𝑎 + 𝑏 𝑛 = 𝑛𝐶0𝑎𝑛𝑏0 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑛𝐶𝑛𝑎0𝑏𝑛

𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛: 𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

Middle Term:

Case (i) : n is even

Case (ii) : n is odd

There is only one middle term and it is given by
𝑛

2
+ 1

There are two middle terms and they are given by
𝑛 + 1

2
,

𝑛 + 3

2
𝑬𝒙𝒂𝒎𝒑𝒍𝒆𝟓. 𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝟐𝒙 + 𝟑)𝟓

𝑎 = 2𝑥,

2𝑥 + 3 5 = (2𝑥)5

+ 5 + 10 + 10 + 5 + 243

= 32 + (15) +

+ 1080𝑥2+ 720𝑥3

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑏 = 3 𝑎𝑛𝑑 𝑛 = 5

+ 5𝐶1 + 5𝐶2 + 5𝐶3

+ 5𝐶4 + (3)5

= (2𝑥)5

(2𝑥)5−1 (3)1 (2𝑥)5−2 (3)2 (2𝑥)5−3 (3)3

(2𝑥)5−4 (3)4

(2𝑥)4 (3) (2𝑥)3 (9) (2𝑥)2 (27) (2𝑥) (81)

𝑥5

240𝑥4

16𝑥4 90(8𝑥3) + 270(4𝑥2) + 810𝑥 + 243

= 32𝑥5 + + 810𝑥 + 243

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐: 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝟗𝟖𝟒

984 = 100 − 2 4

𝑎 = 100,

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑏 = 2 𝑎𝑛𝑑 𝑛 = 4

100 − 2 4 = 1004 − 4𝐶1 + 4𝐶2 − 4𝐶3 + 2 41004−1 2 1 1004−2 2 2 1004−3 2 3

= 1004 − 4 + 6 − 4 + 16(1003)(2) (1002) (4) (1001) (8)

260
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= 100000000 − 8000000 + 240000 − 3200 + 16

= 92236816

= 1004 − 8 + 24 − 32 + 16(1000000) (10000) (100)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒊𝒅𝒅𝒍𝒆 𝒕𝒆𝒓𝒎 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝒙 + 𝒚)𝟔

∴4th term is the middle term.

𝑇3 + 1 = 6𝐶3

𝑎 = 𝑥, 𝑏 = 𝑦, 𝑛 = 6

if n is even there is only one middle term and it is given by
𝑛

2
+ 1

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝑚𝑖𝑑𝑑𝑙𝑒 𝑡𝑒𝑟𝑚 =
6

2
+ 1 = 3 + 1

𝑤ℎ𝑒𝑟𝑒 𝑟 = 3

= 4

𝑥 6 −3 𝑦 3

= 20 𝑥3 𝑦3𝑇4

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒊𝒅𝒅𝒍𝒆 𝒕𝒆𝒓𝒎𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝒙 + 𝒚)𝟕

4th and 5th term are the middle term.

𝑎 = 𝑥, 𝑏 = 𝑦, 𝑛 = 7

if n is odd there are two middle terms and they are given by
𝑛 + 1

2
,

𝑛 + 3

2

𝑚𝑖𝑑𝑑𝑙𝑒 𝑡𝑒𝑟𝑚 =
7 + 1

2
,
7 + 3

2

𝑚𝑖𝑑𝑑𝑙𝑒 𝑡𝑒𝑟𝑚 =
8

2
,
10

2
= 4, 5

𝑻𝒐 𝒇𝒊𝒏𝒅 𝟒𝒕𝒉 𝒕𝒆𝒓𝒎

𝑇3 + 1 = 7𝐶3

= 35

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟 , 𝑤ℎ𝑒𝑟𝑒 𝑟 = 3

× 𝑥7 −3
× 𝑦 3

𝑇4 𝑥4 𝑦3

7𝐶3 =
7 × 6 × 5

1 × 2 × 3

𝑇𝑜 𝑓𝑖𝑛𝑑 5𝑡ℎ 𝑡𝑒𝑟𝑚 𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟 𝑤ℎ𝑒𝑟𝑒 𝑟 = 4

𝑇4 + 1 = 7𝐶4 = 35× 𝑥7 −4 × 𝑦 4 𝑇5 𝑥3𝑦4

⟹

⇒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇𝒙𝟔 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝟑 + 𝟐𝒙)𝟏𝟎

10𝐶10−6

=
10 × 9 × 8 × 7

4 × 3 × 2 × 1

34 (2𝑥)6
34 (2𝑥)6

= 210 × 34 × 26𝑥6

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥6

23

= 210 × 34 × 26

𝑎 = 3, 𝑏 = 2𝑥,

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

10𝐶6 310−6 (2𝑥)6𝑇6 + 1 =

𝑛 = 10,

= 10𝐶4=

10𝐶4

𝑟 = 6
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇𝒙𝟑 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝟐 − 𝟑𝒙)𝟕

= −15120𝑥3

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥3 = −15120

35
=

7 × 6 × 5

3 × 2 × 124 (−3𝑥)3
24 × −27

= 35 × 16 × −27𝑥3

3

𝑎 = 2, 𝑏 = −3𝑥,

𝑻𝒓 + 𝟏 = 𝒏𝑪𝒓𝒂𝒏−𝒓𝒃𝒓

7𝐶3 27−3(−3𝑥)3𝑇3 + 1 =

𝑟 = 3

= 35 ×=
7𝐶3

𝑛 = 7,

𝑥3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟕: 𝑻𝒉𝒆 𝟐𝒏𝒅, 𝟑𝒓𝒅 𝒂𝒏𝒅 𝟒𝒕𝒉 𝒕𝒆𝒓𝒎𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒃𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏
𝒐𝒇 (𝒙 + 𝒂)𝒏 𝒂𝒓𝒆 𝟐𝟒𝟎, 𝟕𝟐𝟎 𝒂𝒏𝒅 𝟏𝟎𝟖𝟎 𝒇𝒐𝒓 𝒂 𝒔𝒖𝒊𝒕𝒂𝒃𝒍𝒆𝒐𝒇 𝒙. 𝑭𝒊𝒏𝒅 𝒙, 𝒂 𝒂𝒏𝒅 𝒏.

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 𝑥, 𝑏 = 𝑎 𝑎𝑛𝑑 𝑛 = 𝑛

𝑇𝑟+1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑇2 = 240, 𝑇3 = 720 𝑎𝑛𝑑 𝑇4 = 1080

𝑇2 = 240
𝑟 = 1

𝑇1+1 = 𝑛𝐶1 𝑥𝑛−1 𝑎1
⟹ 𝑇2 = 𝑛𝐶1𝑥𝑛−1𝑎

240 = 𝑛𝐶1𝑥𝑛−1𝑎 . . . (1)

𝑇3 = 720
𝑟 = 2

𝑇2+1 = 𝑛𝐶2 𝑥𝑛−2 𝑎2 ⟹ 𝑇3 = 𝑛𝐶2𝑥𝑛−2𝑎2

720 = 𝑛𝐶2𝑥𝑛−2𝑎2 . . . (2)

𝑇4 = 1080

𝑟 = 3
𝑇3+1 = 𝑛𝐶3 𝑥𝑛−3 𝑎3 ⟹ 𝑇4 = 𝑛𝐶3𝑥𝑛−3𝑎3

1080 = 𝑛𝐶3𝑥𝑛−3𝑎3 . . . (3)

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 2 𝑏𝑦 1

𝑛𝐶2𝑥𝑛−2𝑎2

𝑛𝐶1𝑥𝑛−1𝑎
=

720

240

3

⟹

𝑛(𝑛 − 1)

1 × 2
𝑥𝑛−2𝑎2

𝑛 𝑥𝑛−1𝑎

𝑎

= 3

𝑛 − 1

2
× 𝑥𝑛−2 × 𝑥−𝑛+1 × 𝑎 = 3 𝑛 − 1

2
× 𝑥𝑛−2−𝑛+1 × 𝑎 = 3⟹

𝑛 − 1

2
× 𝑥−1 × 𝑎 = 3

𝑛 − 1

𝑥
× 𝑎 = 6⟹

𝑎

𝑥 . . . (4)
=

6

𝑛 − 1
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𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 3 𝑏𝑦 2

𝑛𝐶3𝑥𝑛−3𝑎3

𝑛𝐶2𝑥𝑛−2𝑎2
=

1080

720

𝑛(𝑛 − 1)(𝑛 − 2)

1 × 2 × 3
× 𝑥𝑛−3𝑎3

𝑛(𝑛 − 1)

1 × 2
× 𝑥𝑛−2𝑎2

=
108

72

𝑎

8

12

2

3

𝑛 − 2

3
× 𝑥𝑛−3 × 𝑥−𝑛+2 × 𝑎 =

3

2

𝑛 − 2

3
× 𝑥𝑛−3−𝑛+2 × 𝑎 =

3

2
𝑛 − 2

3
× 𝑥−1 × 𝑎 =

3

2

𝑛 − 2

3
×

𝑎

𝑥
=

3

2
𝑎

𝑥
=

3

2
×

3

𝑛 − 2
𝑎

𝑥
=

9

2(𝑛 − 2) . . . (5)

⟹

⟹

⟹

𝐹𝑟𝑜𝑚 4 𝑎𝑛𝑑 5

6

𝑛 − 1
=

9

2(𝑛 − 2)

6 × 2(𝑛 − 2) = 9 (𝑛 − 1) 12(𝑛 − 2) = 9𝑛 − 9
12𝑛 − 24 = 9𝑛 − 9 12𝑛− 24 − 9𝑛 + 9 = 0

3𝑛 − 15 = 0 3𝑛 = 15

𝑛 =
15

3
⟹ 𝑛 = 5

𝑠𝑢𝑏 𝑛 = 5 𝑖𝑛 (1) 𝑛𝐶1𝑥𝑛−1𝑎 = 240

5𝐶1𝑥5−1𝑎 = 240 5𝑥4𝑎 = 240 . . . (6)

𝑠𝑢𝑏 𝑛 = 5 𝑖𝑛 (4)
𝑎

𝑥
=

6

𝑛 − 1

𝑎

𝑥
=

6

5 − 1

𝑎

𝑥
=

6

4

𝑎

𝑥
=

3

2
. . . (7)

𝑎

𝑥
. . . (4)=

6

𝑛 − 1

𝑎

𝑥
=

9

2(𝑛 − 2)
. . . (5)

⟹

⟹

⟹

𝑎𝑛𝑑

⟹

⟹

⟹

𝐷𝑖𝑣𝑖𝑑𝑒 6 𝑎𝑛𝑑 7

5𝑥4𝑎

𝑎

𝑥

=
240

3

2

5𝑥4𝑎 ×
𝑥

𝑎
= 240 ×

2

3

80
5𝑥5 = 160

𝑥5 =
160

5

32

𝑥5 = 32 ⟹ 𝑥 =
5

32

⟹⟹

⟹
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𝑥 =
5

2 × 2 × 2 × 2 × 2 𝑥 = 2

𝑠𝑢𝑏 𝑥 = 2 𝑖𝑛 (7)
𝑎

𝑥
=

3

2
𝑎

2
=

3

2
𝑎 = 3

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟖: 𝑬𝒙𝒑𝒂𝒏𝒅 𝟐𝒙 −
𝟏

𝟐𝒙

𝟒

2𝑥 −
1

2𝑥

𝟒

= 2𝑥 4 − 4𝐶1 + 4𝐶2

− 4𝐶3
+

1

2𝑥

4

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 2𝑥, 𝑏 =
1

2𝑥
, 𝑛 = 4

2𝑥 4−1 1

2𝑥

1

2𝑥 4−2 1

2𝑥

2

2𝑥 4−3
1

2𝑥

3

4 × 3

2 × 1

2

∵ 4𝐶3 = 4𝐶1

⟹

= 2𝑥 4 − 4 + − 4 +
1

16𝑥42𝑥 3
1

2𝑥
2𝑥 2

1

4𝑥2 2𝑥 1
1

8𝑥3
6

= 16𝑥4 − 4 + 6 − 4 +
1

16𝑥4
𝑥3

1

2𝑥
𝑥2 1

4𝑥2 × 2𝑥
1

8𝑥3
× 8 × 4

2 𝑥2

2 𝑥2

= 16𝑥4− 16𝑥2+ −
1

𝑥26 +
1

16𝑥4

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟗: 𝑬𝒙𝒑𝒂𝒏𝒅 𝒙𝟐 + 𝟏 − 𝒙𝟐
𝟓

+ 𝒙𝟐 − 𝟏 − 𝒙𝟐
𝟓

𝐿𝑒𝑡 𝑦 = 1 − 𝑥2 ⟹ 𝑥2 + 𝑦 5+ 𝑥2 − 𝑦 5

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 𝑥2, 𝑏 = 𝑦 𝑎𝑛𝑑 𝑛 = 5

𝑥2 + 𝑦 5= 𝑥2 5 + 5𝐶1 +5𝐶2 + 5𝐶3

+ 5𝐶4 + 𝑦 5

𝑥2 5−1 𝑦 1 𝑥2 5−2 𝑦 2 𝑥2 5−3 𝑦 3

𝑥2 5−4 𝑦 4

𝑥2 + 𝑦 5 = 𝑥2 5 + 5𝐶1 +5𝐶2 + 5𝐶3

+ 5𝐶4 + 𝑦 5

𝑥2 4 𝑦 1 𝑥2 3 𝑦 2 𝑥2 2 𝑦 3

𝑥2 1 𝑦 4

= 𝑥10 + 5 +10 +10 + 5 +𝑥8𝑦 𝑥6 𝑦2 𝑥4 𝑦3 𝑥2 𝑦4 𝑦5
𝑥2 + 𝑦 5

= 𝑥10 − 5 +10 −10 + 5 −𝑥8𝑦 𝑥6 𝑦 𝑥4 𝑦3 𝑥2 𝑦4 𝑦5
𝑥2 − 𝑦 5

𝑥2 + 𝑦 5+ 𝑥2 − 𝑦 5 = 𝑥10 + 5𝑥8𝑦 + 10𝑥6𝑦2 + 10𝑥4𝑦3 + 5𝑥2𝑦4 + 𝑦5

+ 𝑥10 − 5𝑥8𝑦 + 10𝑥6𝑦2 − 10𝑥4𝑦3 + 5𝑥2𝑦4 − 𝑦5

𝑥2 + 𝑦 5+ 𝑥2 − 𝑦 5 = 𝑥10 + 10𝑥6𝑦2 + 5𝑥2𝑦4 + 𝑥10 + 10𝑥6𝑦2 + 5𝑥2𝑦4
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= 2𝑥10 + 20𝑥6𝑦2 + 10𝑥2𝑦4

= 2𝑥10 + 20𝑥6 1 − 𝑥2
2

+ 10𝑥2 1 − 𝑥2
4

= 2𝑥10 + 20𝑥6 1 − 𝑥2 + 10𝑥2 1 − 𝑥2
4

= 2𝑥10 + 20𝑥6 − 20𝑥8 + 10𝑥2(1 − 𝑥2)2

= 2𝑥10 + 20𝑥6 − 20𝑥8 + 10𝑥2 12 − 2 × 1 × 𝑥2 + 𝑥4

= 2𝑥10 + 20𝑥6 − 20𝑥8 + 10𝑥2 1 − 2𝑥2 + 𝑥4

= 2𝑥10 + 20𝑥6 − 20𝑥8 + 10𝑥2 − 20𝑥4 + 10𝑥6

= 2𝑥10 − 20𝑥8 + 30𝑥6 − 20𝑥4 + 10𝑥2 = 2[𝑥10 − 10𝑥8 + 15𝑥6 − 10𝑥4 + 5𝑥2]

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟎: 𝑼𝒔𝒊𝒏𝒈 𝑩𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟔𝒏 − 𝟓𝒏 𝒂𝒍𝒘𝒂𝒚𝒔
𝒍𝒆𝒂𝒗𝒆𝒔 𝒓𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓 𝟏 𝒘𝒉𝒆𝒏 𝒅𝒊𝒗𝒊𝒅𝒆𝒅 𝒃𝒚 𝟐𝟓 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒏.

To prove this it is enough to prove, 

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

6n−5n for some integer 𝑘.= 25𝑘 + 1

(1 + 5)𝑛 = 1 + 𝑛𝐶15 + 𝑛𝐶252 + ⋯ + 5𝑛

6𝑛 = 1 + 5𝑛 + 25 𝑛𝐶2

+ 𝑛𝐶353

+ 125 𝑛𝐶3 + ⋯ + 5𝑛

6𝑛 = 1 + 5𝑛 + 25(𝑛𝐶2 + 5 𝑛𝐶3 + ⋯ + 5𝑛−2)

6𝑛 − 5𝑛 =1+ 25(𝑛𝐶2 + 5𝑛𝐶3 + ⋯ + 5𝑛−2)

= 1+25𝑘, 𝑘 ∈ N

(1 + 5)𝑛 =(1)𝑛 + 𝑛𝐶1 (1)𝑛−1(5)1 + 𝑛𝐶2 (1)𝑛−2(5)2 + ⋯ +5𝑛

𝑎 = 1, 𝑏 = 5, 𝑛 = 𝑛,

𝑇ℎ𝑢𝑠 6𝑛 − 5𝑛 always leaves remainder 1 when divided by 25 for all
positive integer n.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒕𝒘𝒐 𝒅𝒊𝒈𝒊𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝟕𝟒𝟎𝟎

7400 = (72)200 = (49)200 = (50 − 1)200

50200 − 200𝐶1 + … … + 200𝐶19850200−198(1)198

− 200𝐶19950200−199(1)199 + (1)200

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 50 , 𝑏 = 1 𝑎𝑛𝑑 𝑛 = 200

(50 − 1)200 = 50200−1 (1)1

= 50200 − 200𝐶1 + … … + 200𝐶198502− 200 50 + 150199

The last two digits: 0, 1.

𝟏. 𝑬𝒙𝒑𝒂𝒏𝒅 𝒊 𝟐𝒙𝟐 −
𝟑

𝒙

𝟑
(𝒊𝒊) 𝟐𝒙𝟐 − 𝟑 𝟏 − 𝒙𝟐

𝟒
+ 𝟐𝒙𝟐 + 𝟑 𝟏 − 𝒙𝟐

𝟒

(𝒊) 𝟐𝒙𝟐 −
𝟑

𝒙

𝟑
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𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 2𝑥2, 𝑏 =
3

𝑥
,𝑛 = 3

3𝐶2 =
3 × 2

1 × 2

2𝑥2 −
3

𝑥

𝟑

= (2𝑥2)3 − 3𝐶1 + 3𝐶2 −
3

𝑥

3

(2𝑥2)3−1 3

𝑥

1 3

𝑥

2

(2𝑥2)3−2

= 8𝑥6 − 3 (2𝑥2)2 3

𝑥
+3 2𝑥2 1

9

𝑥2 −
27

𝑥3

= 8𝑥6 − 3× 4
3

𝑥
+3× 2

9

𝑥2 −
27

𝑥3
𝑥4 𝑥2

= 8𝑥6 − 3× 4
3

𝑥
+3× 2

9

𝑥2 −
27

𝑥3
𝑥4 𝑥2
𝑥3

= 8𝑥6 − 36 + 54 −
27

𝑥3
𝑥3

(𝑖𝑖) 2𝑥2 − 3 1 − 𝑥2
4

+ 2𝑥2 + 3 1 − 𝑥2
4

𝑃𝑢𝑡 1 − 𝑥2 = 𝑎 ⟹ 2𝑥2 − 3𝑎 4 + 2𝑥2 + 3𝑎 4

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 2𝑥2, 𝑏 = 3𝑎, 𝑛 = 4

2𝑥2 − 3𝑎 4 = 2𝑥2 4 4𝐶1− (2𝑥2)4−1 (3𝑎)1 + 4𝐶2 (2𝑥2)4−2 (3𝑎)2

− 4𝐶3 (2𝑥2)4−3(3𝑎)3 +(3𝑎)4

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 2𝑥2, 𝑏 = 3𝑎, 𝑛 = 4

2𝑥2 + 3𝑎 4 = 2𝑥2 4 4𝐶1+ (2𝑥2)4−1 (3𝑎)1 + 4𝐶2 (2𝑥2)4−2 (3𝑎)2

+ 4𝐶3 (2𝑥2)4−1(3𝑎)3 +(3𝑎)4

2𝑥2 − 3𝑎 4 + 2𝑥2 + 3𝑎 4

= 2𝑥2 4 4𝐶1− (2𝑥2)4−1 (3𝑎)1 + 4𝐶2 (2𝑥2)4−2 (3𝑎)2− 4𝐶3 (2𝑥2)4−1(3𝑎)3 +(3𝑎)4

+ 2𝑥2 4 4𝐶1+ (2𝑥2)4−1 (3𝑎)1 + 4𝐶2 (2𝑥2)4−2 (3𝑎)2

+ 4𝐶3 (2𝑥2)4−1(3𝑎)3 +(3𝑎)4

= 2 2𝑥2 4 +2 [4𝐶2(2𝑥2)2 3𝑎 2] +2(3𝑎)4

= 2[ 16 𝑥8+ 6 × 4 𝑥4× 9𝑎2 + 81𝑎4]

= 16𝑥8+ 216 𝑥4 1 − 𝑥2
2

+ 81 1 − 𝑥2
4

2

= 2 16𝑥8 + 216𝑥4 (1 − 𝑥2)+ 81 1 − 𝑥2
2

2
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= 2 16𝑥8 + 216𝑥4 − 216𝑥6 + 81 1 − 𝑥2 2

= 2 16𝑥8 + 216𝑥4 − 216𝑥6+ 81 1 − 2𝑥2 + 𝑥4

= 2 16𝑥8 + 216𝑥4 − 216𝑥6 + 81− 162𝑥2 + 81𝑥4

= 2 16𝑥8 − 216𝑥6 + 297𝑥4 − 162𝑥2 + 81

= 32𝑥8 − 432𝑥6 + 594𝑥4 − 324𝑥2 + 162

= (100 + 2)4𝑖 102 4

2. Compute (i) 102𝟒 (ii) 99𝟒 (iii) 9𝟕

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 100 , 𝑏 = 2 𝑎𝑛𝑑 𝑛 = 4

=

= 100000000 + 8000000 + 240000 + 3200 + 16
= 108243216

1004 + 4𝐶1 + 4𝐶2 + 4𝐶3 + 2 4100 + 2 4 1003 2 1 1002 2 2 1001 2 3

= 1004 + 4 + 6 + 4 + 16(1000000)(2) (10000)(4) (100) (8)

4𝐶2 =
4 × 3

1 × 2

2

∵ 4𝐶3 = 4𝐶1

= 100 − 1 4𝑖𝑖 99 4

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 100 , 𝑏 = 1 𝑎𝑛𝑑 𝑛 = 4

=

= 100000000 − 4000000 + 60000 − 400 + 1

= 96059601

1004 − 4𝐶1 + 4𝐶2 − 4𝐶3 + 1 4100 − 1 4 1003 1 1 1002 1 2 1001 1 3

= 1004 − 4 + 6 − 4 + 1(1000000)(1) (10000)(1) (100) (1)

4𝐶2 =
4 × 3

1 × 2

2

∵ 4𝐶3 = 4𝐶1
𝑖𝑖𝑖 9 7 = 10 − 1 7

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛

𝑎 = 10 , 𝑏 = 1 𝑎𝑛𝑑 𝑛 = 7

= 107− 7𝐶1 + 7𝐶2 − 7𝐶310 − 1 7 106 1 1 105 1 2 104 1 3+ 7𝐶4103 1 4

− 7𝐶5102 1 5 + 7𝐶6101 1 7 − 1 7

= 10000000− 7 (1000000)(1)+ 21 (100000)(1) − 35(10000)(1)

+ 35(1000)(1)−21(100)(1) + 7(10)(1) − 1

= 10000000 − 7000000 + 2100000 − 350000+ 35000− 2100 + 70 − 1

= 12135070 − 7352101 = 4782969
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𝟑. 𝑼𝒔𝒊𝒏𝒈 𝑩𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 𝒊𝒏𝒅𝒊𝒄𝒂𝒕𝒆 𝒘𝒉𝒊𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈
𝒕𝒘𝒐 𝒏𝒖𝒎𝒃𝒆𝒓 𝒊𝒔 𝒍𝒂𝒓𝒈𝒆𝒓 ∶ (𝟏. 𝟎𝟏)𝟏𝟎𝟎𝟎𝟎𝟎𝟎, 𝟏𝟎𝟎𝟎𝟎.

1.01 1000000 = 1 + 0.01 1000000

=1 +

= 1 + 10000 + ⋯

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 1 , 𝑏 = 0.01 , 𝑛 = 1000000

= 11000000 + 1000000𝐶1 + …1 + 0.01 1000000 (1)1000000−1 0.01 1

1000000(1)999999 0.01 1 + …

=1 + 1000000× 1 × 0.01 + …

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 10,000

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇𝒙𝟏𝟓 𝒊𝒏 𝒙𝟐 +
𝟏

𝒙𝟑

𝟏𝟎

= 10𝐶𝑟

=10𝐶𝑟

𝑎 = 𝑥𝟐, 𝑏 =
1

𝑥3
,

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

10𝐶𝑟 𝑥2 10 −𝑟 1

𝑥3

𝑟

𝑇𝑟 + 1 =

𝑛 = 10,

𝑥2 10−𝑟 𝑥−3 𝑟𝑇𝑟 + 1

𝑥20−2𝑟 𝑥−3𝑟 = 10𝐶𝑟 𝑥20−2𝑟−3𝑟

⟹

= 10𝐶𝑟 𝑥20−5𝑟𝑇𝑟 + 1

20 − 5𝑟 = 15 −5𝑟 = 15 − 20

−5𝑟 = −5 𝑟 = 1⟹

𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥15

𝑠𝑢𝑏 𝑟 = 1 𝑖𝑛 = 10𝐶𝑟 𝑥20−5𝑟𝑇𝑟 + 1

= 10 𝑥15

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓𝑥15 =

𝑇1+1 = 10𝐶1𝑥20−5 1

𝑇2 = 10𝐶1𝑥20 − 5

10

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇𝒙𝟔 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟐 𝒊𝒏 𝒙𝟐 −
𝟏

𝒙𝟑

𝟔

𝑎 = 𝑥𝟐, 𝑏 = −
1

𝑥3
,

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝑛 = 6,

𝑇𝑟+1 = 6𝐶𝑟(𝑥𝟐)6−𝑟 −
1

𝑥3

𝑟

= 6𝐶𝑟 (𝑥2)6−𝑟 (−1)𝑟

𝑥3𝑟
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𝑇𝑟+1 = 6𝐶𝑟 = 6𝐶𝑟𝑥12−2𝑟
(−1)𝑟

𝑥3𝑟
(−1)𝑟

𝑥12−2𝑟 𝑥−3𝑟

= 6𝐶𝑟 (−1)𝑟 𝑥12−2𝑟−3𝑟

6𝐶𝑟(−1)𝑟𝑥12−5𝑟𝑇𝑟+1 =

𝒊 𝑻𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟔

12 − 5𝑟 = 6 −5𝑟 = 6 − 12

−5𝑟 = −6 𝑟 =
6

5
(𝑥6 𝑡𝑒𝑟𝑚 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒)

𝒊𝒊 𝑻𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟐

12 − 5𝑟 = 2 −5𝑟 = 2 − 12

−5𝑟 = −10 𝑟 =
−10

−5

2
⟹ 𝑟 = 2

𝑇𝑟+1 = 6𝐶2 𝑥12−5×2

𝑇𝑟+1 = 6𝐶𝑟(−1)𝑟𝑥12−5𝑟

(−1)2
× 1 × 𝑥12−10

= 15𝑥2

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 = 15

6𝐶2 =
6 × 5

1 × 2

3

= 15

𝑠𝑢𝑏 𝑟 = 2

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟒 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝟏 + 𝒙𝟑)𝟓𝟎 𝒙𝟐 +
𝟏

𝒙

𝟓

(1 + 𝑥3)50 =

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 1, 𝑏 = 𝑥3, 𝑛 = 50

150

1

+ 50𝐶1 150−1 (𝑥3)1+ 50𝐶2 150−2 (𝑥3)2

+ 50𝐶3 150−3 (𝑥3)3 + … + (𝑥3)50

= + 50𝐶1𝑥3+ 50𝐶2𝑥6 +50𝐶3𝑥9 + … + (𝑥3)50

1+ 50𝐶1 (1)𝑥3+ 50𝐶2(1) 𝑥6 + 50𝐶3(1)𝑥9 + … + (𝑥3)50=

⟹

⟹

⟹

⟹

𝑥𝟐 +
1

𝑥

5

=

𝑎 = 𝑥𝟐, 𝑏 =
1

𝑥
, 𝑛 = 5

(𝑥2)5−1(𝑥𝟐)5 + 5𝐶1
1

𝑥

1

(𝑥2)5−2+ 5𝐶2
1

𝑥

2

(𝑥2)5−3+ 5𝐶3
1

𝑥

3

(𝑥2)5−4+ 5𝐶4
1

𝑥

4

+
1

𝑥

5

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

= 𝑥10 + 5𝐶1(𝑥2)4 1

𝑥
+ 5𝐶2 (𝑥2)3 1

𝑥2
+ 5𝐶3 (𝑥2)2 1

𝑥3
+ 5𝐶4 (𝑥2)1

1

𝑥4
+

1

𝑥5
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= 𝑥10 + 5𝐶1 𝑥8 1

𝑥
+ 5𝐶2 𝑥6 1

𝑥2
+ 5𝐶3 𝑥4 1

𝑥3
+ 5𝐶4 𝑥2 1

𝑥4
+

1

𝑥5

= 𝑥10 + 5𝐶1 𝑥7 + 5𝐶2

𝑥4

𝑥4 + 5𝐶3

𝑥

𝑥
𝑥2

+ 5𝐶4 𝑥−2 + 𝑥−5

(1 + 𝑥3)50 𝑥𝟐 +
1

𝑥

5

= [1 + 50𝐶1𝑥3 + 50𝐶2𝑥6 + 50𝐶3𝑥9 + ⋯ + 𝑥3 50]

𝑥10 + 5𝐶1𝑥7 + 5𝐶2𝑥4 + 5𝐶3𝑥1 + 5𝐶4(𝑥−2 + (𝑥−5)]

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥4 =

=
5.4

1.2

= + 19600

1 × 5𝐶2 + 50𝐶1 × 5𝐶3 + 50𝐶2 × 5𝐶4
+ 50𝐶3 × 1

+ 50 ×
5.4

1.2
+

50.49

1.2
× 5 +

50.49.48

1.2.3

2

10

2

+ 500

25

6125 +

25 16

= 26235

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒆𝒓𝒎 𝒐𝒇 𝟐𝒙𝟑 −
𝟏

𝟑𝒙𝟐

𝟓

𝑎 = 2𝑥𝟑, 𝑏 = −
1

3𝑥2
,

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝑛 = 5,

𝑇𝑟+1 =5𝐶𝑟 2𝑥3 5−𝑟 −
1

3𝑥2

𝑟

= 5𝐶𝑟 25−𝑟 𝑥15−3𝑟 (−1)𝑟

3𝑟𝑥2𝑟

=
5𝐶𝑟25−𝑟(−1)𝑟

3𝑟
𝑥15−3𝑟 𝑥−2𝑟 =

5𝐶𝑟25−𝑟(−1)𝑟

3𝑟 𝑥15−3𝑟−2𝑟

=
5𝐶𝑟25−𝑟(−1)𝑟

3𝑟 𝑥15−5𝑟𝑇𝑟+1

𝑥7

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑥 𝑖𝑠 𝑥0

15 − 5𝑟 = 0 −5𝑟 = −15
3

𝑟 = 3

𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒆𝒓𝒎

𝑇3+1 =
5𝐶325−3(−1)3

33
𝑇4 =

5𝐶322(−1)3

33

5𝐶3 =
5 × 4 × 3

1 × 2 × 3

2

𝑇4 =
10 × 4 × −1

27
=

−40

27

𝑥15−5 3 𝑥0

⟹

⟹

𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒕𝒘𝒐 𝒅𝒊𝒈𝒊𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝟑𝟔𝟎𝟎

3600 = (32)300 = (10 − 1)300= 9300

𝑎 − 𝑏 𝑛 = 𝑎𝑛 − 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 − ⋯ + 𝑏𝑛
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𝑎 = 10, 𝑏 = 1, 𝑛 = 300

(10 − 1)300 = 300𝐶110300−1(1)1− + … 300𝐶29910300−299(1)29910300 −

+ (1)300

300𝐶110300−1(1)1− + … 300𝐶1101(1)= 10300 − + 1

300𝐶110300−1(1)1− + … 300 10 (1)= 10300 − + 1

300𝐶110300−1(1)1− + … 3000= 10300 − + 1

Last two digits: 0, 1

𝟗. 𝑰𝒇 𝒏 𝒊𝒔 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕, 𝟗𝒏+𝟏 − 𝟖𝒏 − 𝟗 𝒊𝒔 𝒂𝒍𝒘𝒂𝒚𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆
𝒃𝒚 𝟔𝟒.

9𝑛+1 =

(1 + 8)𝑛+1 =

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛

𝑎 = 1, 𝑏 = 8, 𝑛 = 𝑛 + 1

(1 + 8)𝑛+1

(1)𝑛+1 + (𝑛 + 1)𝐶1 (1)𝑛+1−1(8)1 + (𝑛 + 1)𝐶2 (1)𝑛+1−2(8)2 + ⋯ +

8𝑛+1
= 1 + 𝑛 + 1 (1)8 + (𝑛 + 1)𝐶2(1)(8)2

+ ⋯ + 8𝑛+1

= 1 + 8𝑛 + 8 + (𝑛 + 1)𝐶282 + ⋯ + 8𝑛+1

9𝑛+1 = 8𝑛 + 9 +(𝑛 + 1)𝐶282 + ⋯ + 8𝑛+1

9𝑛+1 − 8𝑛 − 9 = (𝑛 + 1)𝐶282 + (𝑛 + 1)𝐶383 + ⋯ + 8𝑛+1

+(𝑛 + 1)𝐶383

[(𝑛 + 1)𝐶2+(𝑛 + 1)𝐶38 + ⋯ + 8𝑛+1−2]=82

9𝑛+1 − 8𝑛 − 9 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 64

[ 𝑛 + 1 𝐶2 + (𝑛 + 1)𝐶38 + ⋯ + 8𝑛−1]= 82

𝟏𝟎. 𝑰𝒇 𝒏 𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒎𝒊𝒅𝒅𝒍𝒆 𝒕𝒆𝒓𝒎𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇(𝒙 + 𝒚)𝒏 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍.

𝑥 + 𝑦 𝑛

𝑎 = 𝑥, 𝑏 = 𝑦, 𝑛 = 𝑛

𝐼𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑡ℎ𝑒 𝑚𝑖𝑑𝑑𝑙𝑒 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒
𝑛 + 1

2
𝑎𝑛𝑑

𝑛 + 3

2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑇𝑛+1
2

𝑟 =
𝑛 + 1

2
− 1 ⟹ 𝑟 =

𝑛 + 1 − 2

2
𝑟 =

𝑛 − 1

2
𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

= 𝑛𝐶𝑛−1
2

𝑥 𝑛 −
𝑛−1

2 𝑦
𝑛−1

2
𝑇𝑛−1

2 + 1

⟹ ⟹

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑇𝑛+1
2

= 𝑛𝐶𝑛−1
2

𝑻𝒐 𝒇𝒊𝒏𝒅 𝑻𝒏+𝟑
𝟐

𝑟 =
𝑛 + 3

2
− 1 ⟹ 𝑟 =

𝑛 + 3 − 2

2 𝑟 =
𝑛 + 1

2
⟹
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BLUE STARS HR.SEC SCHOOL

= 𝑛𝐶𝑛+1
2

𝑥 𝑛 −
𝑛+1

2 𝑦
𝑛+1

2
𝑇𝑛+1

2
+ 1 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑇𝑛+3

2
= 𝑛𝐶𝑛+1

2

⟹

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙

𝑅. 𝐻. 𝑆 = 𝑛𝐶𝑛+1
2

= 𝑛𝐶
𝑛 −

𝑛 + 1
2

∵ 𝑛𝐶𝑟 = 𝑛𝐶𝑛−𝑟

= 𝑛𝐶2𝑛−𝑛−1
2

= 𝑛𝐶𝑛−1
2

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑇𝑛+1
2

= 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑇𝑛+3
2

𝑛𝐶𝑛−1
2

= 𝑛𝐶𝑛+1
2

= 𝐿. 𝐻. 𝑆

𝟏𝟏. 𝑰𝒇 𝒏 𝒊𝒔 𝒂 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒂𝒏𝒅 𝒓 𝒊𝒔 𝒂 𝒏𝒐𝒏 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆
𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇 𝒙𝒓𝒂𝒏𝒅 𝒙𝒏−𝒓 𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇 (𝟏 + 𝒙)𝒏 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍.

1 + 𝑥 𝑛

𝑎 = 1, 𝑏 = 𝑥, 𝑛 = 𝑛

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

=𝑛𝐶𝑟
𝑇𝑟 + 1 1 𝑛−𝑟 𝑥𝑟 =𝑛𝐶𝑟

𝑇𝑟 + 1 𝑥𝑟

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑟 = 𝑛𝐶𝑟

, 𝑤ℎ𝑒𝑛 𝑟 = 𝑛 − 𝑟

=𝑛𝐶𝑛 − 𝑟
𝑇𝑛−𝑟 + 1 𝑥𝑛−𝑟 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑛−𝑟 = 𝑛𝐶𝑛−𝑟

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒: 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑥𝑟 = 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓𝑥𝑛−𝑟

𝑛𝐶𝑟= 𝑛𝐶𝑛−𝑟

⟹

⟹

=𝑛𝐶𝑟
𝑇𝑟 + 1 𝑥𝑟

𝟏𝟐. 𝑰𝒇 𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 − 𝒃 𝒊𝒔 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇
𝒂𝒏 − 𝒃𝒏, 𝒘𝒉𝒆𝒏𝒆𝒗𝒆𝒓 𝒏 𝒊𝒔 𝒂 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓.
[𝑯𝒊𝒏𝒕: 𝒘𝒓𝒊𝒕𝒆 𝒂𝒏 = 𝒂 − 𝒃 + 𝒃 𝒏 𝒂𝒏𝒅 𝒆𝒙𝒑𝒂𝒏𝒅]

𝑎𝑛 − 𝑏𝑛= (𝑎 − 𝑏 + 𝑏)𝑛−𝑏𝑛

=(𝑎 − 𝑏)𝑛 + 𝑛𝐶1(𝑎 − 𝑏)𝑛−1. 𝑏 + 𝑛𝐶2(𝑎 − 𝑏)𝑛−2. 𝑏2 + … +

𝑛𝐶𝑛−1(𝑎 − 𝑏). 𝑏𝑛−1 + 𝑏𝑛

= (𝑎 − 𝑏)𝑛 + 𝑛𝐶1(𝑎 − 𝑏)𝑛−1. 𝑏 + 𝑛𝐶2(𝑎 − 𝑏)𝑛−2. 𝑏2 + … + 𝑛𝐶𝑛−1(𝑎 − 𝑏). 𝑏𝑛−1

= (𝑎 − 𝑏){ 𝑎 − 𝑏 𝑛−1 + 𝑛𝐶1 𝑎 − 𝑏 𝑛−2. 𝑏 + ⋯ + 𝑛𝐶𝑛−1𝑏𝑛−1}

𝑎𝑛 − 𝑏𝑛 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 (𝑎 − 𝑏)

𝑎 + 𝑏 𝑛 = 𝑎𝑛 + 𝑛𝐶1𝑎𝑛−1𝑏1 + 𝑛𝐶2𝑎𝑛−2𝑏2 + ⋯ + 𝑏𝑛
𝑎

𝑎 = 𝑎 − 𝑏, 𝑏 = 𝑏, 𝑛 = 𝑛

(𝑎 − 𝑏 + 𝑏)𝑛− 𝑏𝑛

− 𝑏𝑛

𝟏𝟑. 𝑰𝒏 𝒕𝒉𝒆 𝒃𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇(𝒂 + 𝒃)𝒏, 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝟒𝒕𝒉
𝒂𝒏𝒅 𝟏𝟑𝒕𝒉 𝒕𝒆𝒓𝒎𝒔 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝒆𝒂𝒄𝒉 𝒐𝒕𝒉𝒆𝒓, 𝒇𝒊𝒏𝒅 𝒏.

272



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝑇3 + 1 = 𝑛𝐶3 𝑎𝑛−3 𝑏3

𝑇12+1 = 𝑇13 =𝑛𝐶12 𝑎𝑛−12 𝑏12

𝑻𝒐 𝒇𝒊𝒏𝒅 4th term 𝑤ℎ𝑒𝑟𝑒 𝑟 = 3

𝑇4 = 𝑛𝐶3 𝑎𝑛−3 𝑏3

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓𝑇4 = 𝑛𝐶3

𝑻𝒐 𝒇𝒊𝒏𝒅 13th term 𝑤ℎ𝑒𝑟𝑒 𝑟 = 12

𝑛𝐶12 𝑎𝑛−12 𝑏12

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓𝑇13 = 𝑛𝐶12

𝑇ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑜 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙

𝑛𝐶3 = 𝑛𝐶12 𝑛𝐶3 = 𝑛𝐶𝑛−12

𝑛 − 12 = 3 𝑛 = 3 + 12

𝑛 = 15

⟹

⟹

⟹

𝟏𝟒. 𝑰𝒏 𝒕𝒉𝒆 𝒃𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇𝒕𝒉𝒓𝒆𝒆 𝒄𝒐𝒏𝒔𝒆𝒄𝒖𝒕𝒊𝒗𝒆 𝒕𝒆𝒓𝒎𝒔 𝒊𝒏 𝒕𝒉𝒆
𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝐟 (𝒂 + 𝒙)𝒏 𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝟏: 𝟕: 𝟒𝟐, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒏.

𝐿𝑒𝑡 𝑇𝑟 + 1, 𝑇𝑟 + 2, 𝑇𝑟 + 3 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚𝑠 𝑤ℎ𝑜𝑠𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛 𝑡ℎ𝑒
𝑟𝑎𝑡𝑖𝑜 1: 7: 42

𝑎 + 𝑥 𝑛

𝑎 = 𝑎, 𝑏 = 𝑥, 𝑛 = 𝑛

𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

=𝑛𝐶𝑟
𝑇𝑟 + 1 𝑎 𝑛−𝑟 𝑥𝑟

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑇𝑟 + 1 = 𝑛𝐶𝑟

𝑠𝑖𝑚𝑖𝑙𝑖𝑎𝑟𝑙𝑦

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑇𝑟 + 2 = 𝑛𝐶𝑟 + 1

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑇𝑟 + 3 = 𝑛𝐶𝑟 + 2

𝑛𝐶𝑟 ∶ 𝑛𝐶𝑟+1 ∶ 𝑛𝐶𝑟+2 = 1: 7: 42

𝑛𝐶𝑟 ∶ 𝑛𝐶𝑟+1 = 1: 7 𝑛𝐶𝑟+1 ∶ 𝑛𝐶𝑟+2 = 7: 42&

𝑛𝐶𝑟

𝑛𝐶𝑟+1
=

1

7 &
𝑛𝐶𝑟+1

𝑛𝐶𝑟+2
=

7

42
⟹ 𝑛𝐶𝑟+1

𝑛𝐶𝑟+2
=

1

6 6
𝑛!

𝑟! 𝑛 − 𝑟 !
𝑛!

𝑟 + 1 ! 𝑛 − 𝑟 + 1 !

=
1

7

𝑛𝐶𝑟

𝑛𝐶𝑟+1
=

1

7

𝑛!
𝑟! 𝑛 − 𝑟 !

𝑛!
𝑟 + 1 ! 𝑛 − 𝑟 − 1 !

=
1

7
⟹ ⟹

⟹

𝑛!

𝑟! 𝑛 − 𝑟 !
×

𝑟 + 1 ! 𝑛 − 𝑟 − 1 !

𝑛!
=

1

7

𝑛! = 𝑛 𝑛 − 1 !

𝑛 + 1 ! = 𝑛 + 1 𝑛!
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BLUE STARS HR.SEC SCHOOL

1

𝑟! 𝑛 − 𝑟 !
× 𝑟 + 1 ! 𝑛 − 𝑟 − 1 ! =

1

7
1

𝑟! 𝑛 − 𝑟 𝑛 − 𝑟 − 1 !
× 𝑟 + 1 𝑟! 𝑛 − 𝑟 − 1 !

𝑛 − 𝑟 ! = 𝑛 − 𝑟 𝑛 − 𝑟 − 1 !

=
1

7

𝑟 + 1

𝑛 − 𝑟
=

1

7

⟹7𝑟 + 7 = 𝑛 − 𝑟 7 = 𝑛 − 𝑟 − 7𝑟

⟹

7 = 𝑛 − 8𝑟
. . . (1)𝑛 − 8𝑟 = 7

𝑛𝐶𝑟+1

𝑛𝐶𝑟+2
=

1

6
𝑛!

𝑟 + 1 ! 𝑛 − 𝑟 + 1 !
𝑛!

𝑟 + 2 ! 𝑛 − 𝑟 + 2 !

=
1

6
⟹

𝑛!
𝑟 + 1 ! 𝑛 − 𝑟 − 1 !

𝑛!
𝑟 + 2 ! 𝑛 − 𝑟 − 2 !

=
1

6

𝑟 + 2 ! = 𝑟 + 2 𝑟 + 1 !

𝑛 − 𝑟 − 1 ! = 𝑛 − 𝑟 − 1 𝑛 − 𝑟 − 2 !

𝑛!

𝑟 + 1 ! 𝑛 − 𝑟 − 1 !
×

𝑟 + 2 ! 𝑛 − 𝑟 − 2 !

𝑛!
=

1

6

𝑛!

𝑟 + 1 ! 𝑛 − 𝑟 − 1 𝑛 − 𝑟 − 2 !
×

𝑟 + 2 𝑟 + 1 ! 𝑛 − 𝑟 − 2 !

𝑛!
=

1

6

𝑟 + 2

𝑛 − 𝑟 − 1
=

1

6
⟹ 6𝑟 + 12 = 𝑛 − 𝑟 − 1

12 + 1 = 𝑛 − 𝑟 − 6𝑟

𝑛 − 7𝑟 = 13 . . . (2)13 = 𝑛 − 7𝑟

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 1 𝑎𝑛𝑑 2

𝑛 − 8𝑟 = 7

𝑛 − 7𝑟 = 13
(−) (+) (−)

−𝑟 = −6 𝑟 = 6

𝑆𝑢𝑏𝑠 𝑟 = 6 𝑖𝑛 𝑒𝑞𝑛 (1) 𝑛 − 8𝑟 = 7

𝑛 − 8(6)= 7 𝑛 − 48 = 7

𝑛 = 7 + 48 𝑛 = 55

⟹

⟹

⟹

1 + 𝑥 𝑛

𝑎 = 1, 𝑏 = 𝑥, 𝑛 = 𝑛
𝑇𝑟 + 1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

=𝑛𝐶4
𝑇4 + 1 1 𝑛−4 𝑥4

=𝑛𝐶4
𝑇5 𝑥4

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓𝑇5 = 𝑛𝐶4

𝟏𝟓. 𝑰𝒏 𝒕𝒉𝒆 𝒃𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇 (𝟏 + 𝒙)𝒏, 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆
𝟓𝒕𝒉, 𝟔𝒕𝒉 𝒂𝒏𝒅 𝟕𝒕𝒉 𝒕𝒆𝒓𝒎𝒔 𝒂𝒓𝒆 𝒊𝒏 𝑨. 𝑷. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒏.

𝑻𝒐 𝒇𝒊𝒏𝒅 𝟓th 𝒕𝒆𝒓𝒎 𝑤ℎ𝑒𝑟𝑒 𝑟 = 4

⟹

⟹
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BLUE STARS HR.SEC SCHOOL

𝑠𝑖𝑚𝑖𝑙𝑖𝑎𝑟𝑙𝑦

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑇6 = 𝑛𝐶5 𝑎𝑛𝑑 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑇7 = 𝑛𝐶6

𝑛𝐶4, 𝑛𝐶5, 𝑛𝐶6, 𝑎𝑟𝑒 𝑖𝑛 𝐴𝑃
𝑡1 𝑡2 𝑡3

𝑡2 − 𝑡1 = 𝑡3 − 𝑡2 𝑛𝐶5 − 𝑛𝐶4 = 𝑛𝐶6 − 𝑛𝐶5

𝑛𝐶5 + 𝑛𝐶5 = 𝑛𝐶6 + 𝑛𝐶4 2(𝑛𝐶5) = 𝑛𝐶4 + 𝑛𝐶6

2 ×
𝑛!

5! 𝑛 − 5 !
=

𝑛!

4! 𝑛 − 4 !
+

𝑛!

6! 𝑛 − 6 !

2 ×
𝑛!

5! 𝑛 − 5 !
=

𝑛!

4! 𝑛 − 4 !
+

𝑛!

6! 𝑛 − 6 !
2

5! 𝑛 − 5 !
=

1

4! 𝑛 − 4 !
+

1

6! 𝑛 − 6 !

⟹

2

5 × 4! 𝑛 − 5 𝑛 − 6 !
=

1

4! 𝑛 − 4 (𝑛 − 5) 𝑛 − 6 !
+

1

6 × 5 × 4! 𝑛 − 6 !

2

5(𝑛 − 5)
=

1

𝑛 − 4 (𝑛 − 5)
+

1

30

2

5(𝑛 − 5)
−

1

𝑛 − 4 𝑛 − 5
=

1

30
⟹

5(𝑛 − 4)(𝑛 − 5)

2 𝑛 − 4 − 5
=

1

30
⟹

5(𝑛2 − 5𝑛 − 4𝑛 + 20)

2𝑛 − 8 − 5
=

1

30

2𝑛 − 13

5(𝑛2 − 9𝑛 + 20)
=

1

30 6
⟹

2𝑛 − 13

𝑛2 − 9𝑛 + 20
=

1

6

6 2𝑛 − 13 = 𝑛2 − 9𝑛 + 20 ⟹ 12𝑛 − 78 = 𝑛2 − 9𝑛 + 20

𝑛2 − 9𝑛 + 20 − 12𝑛 + 78 = 0

𝑛2 − 21𝑛 + 98 = 0
+

−21
×
98

−14 −7

𝑛 − 14 𝑛 − 7 = 0

𝑛 − 14 = 0, 𝑛 − 7 = 0 𝑛 = 14, 𝑛 = 7

𝟏𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕𝑪𝟎
𝟐 + 𝑪𝟏

𝟐 + 𝑪𝟐
𝟐 + ⋯ + 𝑪𝒏

𝟐 =
𝟐𝒏!

(𝒏!)𝟐

(𝑎 + 𝑏)𝑛 = 𝑛𝐶0𝑎𝑛−0𝑏0 + 𝑛𝐶1𝑎𝑛−1𝑏1 + … + 𝑛𝐶𝑛𝑎𝑛−𝑛𝑏𝑛

(1 + 𝑥)𝑛

𝑎 = 1, 𝑏 = 𝑥

(1 + 𝑥)𝑛= 𝑛𝐶0 + 𝑛𝐶1𝑥 + 𝑛𝐶2𝑥2 + ⋯ + 𝑛𝐶𝑛𝑥𝑛

(𝑥 + 1)𝑛

= 𝑛𝐶0(1)𝑛−0𝑥0 + 𝑛𝐶1(1)𝑛−1𝑥1 + … + 𝑛𝐶𝑛(1)𝑛−𝑛𝑥𝑛

= 𝑛𝐶0𝑥𝑛−010 + 𝑛𝐶1𝑥𝑛−1(1)1+𝑛𝐶2𝑥𝑛−2(1)2+ ⋯ + 𝑛𝐶𝑛(𝑥)𝑛−𝑛1𝑛

𝑻𝒐 𝒇𝒊𝒏𝒅 𝒏.

⟹

⟹

⟹

𝑎 = 𝑥, 𝑏 = 1

(𝑥 + 1)𝑛= 𝑛𝐶0𝑥𝑛 + 𝑛𝐶1𝑥𝑛−1 + 𝑛𝐶2𝑥𝑛−2 + ⋯ + 𝑛𝐶𝑛

(1 + 𝑥)𝑛(𝑥 + 1)𝑛
= 𝑛𝐶0

2𝑥𝑛 + 𝑛𝐶1
2𝑥𝑛 + … + 𝑛𝐶𝑛

2𝑥𝑛
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𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑛 𝑜𝑓(1 + 𝑥)𝑛(𝑥 + 1)𝑛 = 𝑛𝐶0
2 + 𝑛𝐶1

2 + 𝑛𝐶2
2 + ⋯ + 𝑛𝐶𝑛

2

(1 + 𝑥)2𝑛= 𝐶0
2 + 𝐶1

2 + 𝐶2
2 + ⋯ + 𝐶𝑛

2 … (1)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑜𝑓 (1 + 𝑥)2𝑛

𝑟 = 𝑛, 𝑎 = 1, 𝑏 = 𝑥, 𝑛 = 2𝑛

𝑇𝑟+1 = 𝑛𝐶𝑟𝑎𝑛−𝑟𝑏𝑟

𝑇𝑛+1 = 2𝑛𝐶𝑛(1)𝑛−𝑛𝑥𝑛 𝑇𝑛+1 = 2𝑛𝐶𝑛𝑥𝑛

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑛 𝑜𝑓 𝑇𝑛+1 = 2𝑛𝐶𝑛 … (2)

1 𝑎𝑛𝑑 2 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙

𝐶0
2 + 𝐶1

2 + 𝐶2
2 + ⋯ + 𝐶𝑛

2 = 2𝑛𝐶𝑛 =
2𝑛!

𝑛! 2𝑛 − 𝑛 !
=

2𝑛!

𝑛! 𝑛!
=

2𝑛!

(𝑛!)2

Arithmetic and Geometric Progressions
(𝒊) 𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝑷𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏

The general form of an A.P.

𝑎 , 𝑎 + 𝑑, 𝑎 + 2𝑑, 𝑎 + 3𝑑, … … … . , 𝑎 + (𝑛 – 1)𝑑

The general term of an Arithmetic sequence is

𝑎 = 𝑡1 = 𝐹𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚

Common difference : d = 𝑡2 − 𝑡1 = 𝑡3 − 𝑡2 = 𝑡4 − 𝑡3 = ⋯

Last term = 𝑡𝑛 = 𝑙

Geometric Sequence or Geometric Progression (G.P.)

The general form of an G.P: 𝑎, 𝑎𝑟, 𝑎𝑟2, 𝑎𝑟3, … … 𝒂𝒓𝒏−𝟏

𝑻𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒂𝒏 𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔 𝑻𝒏 = 𝒂𝒓𝒏−𝟏

Common ratio : 𝑟 =
𝑡2

𝑡1
=

𝑡3

𝑡2
=

𝑡4

𝑡3
= ⋯

⟹

𝑻𝒏 = 𝒂 + 𝒏 − 𝟏 𝒅

𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 − 𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝑷𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏

𝐴 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛.

𝑎, (𝑎 + 𝑑)𝑟, (𝑎 + 2𝑑) 𝑟2, (𝑎 + 3𝑑) 𝑟3, … … 𝑎 + (𝑛 − 1)𝑑 𝑟𝑛−1

𝑎 𝑖𝑠 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑡𝑒𝑟𝑚, 𝑑 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑐𝑜𝑚𝑚𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒, 𝑟 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜
𝑜𝑓 𝐴𝐺𝑃.

𝑻𝒉𝒆 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒂𝒏 𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔 𝑻𝒏 = 𝒂 + 𝒏 − 𝟏 𝒅 𝒓𝒏−𝟏

Harmonic Progression
𝐴 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 ℎ1 , ℎ2 , ℎ3 , … . 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑟 𝑎 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐

𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛
276
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1

𝑎
,

1

𝑎 + 𝑑
,

1

𝑎 + 2𝑑
,

1

𝑎 + 3𝑑
…

𝑖𝑓
1

ℎ1
,

1

ℎ2
,

1

ℎ3
,

1

ℎ4
, … … 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒

𝑎𝑟𝑒 𝑖𝑛 𝐻. 𝑃

𝑎 , 𝑎 + 𝑑, 𝑎 + 2𝑑, 𝑎 + 3𝑑, … 𝑎𝑟𝑒 𝑖𝑛 𝐴. 𝑃

Three quantities 𝒂, 𝒃, 𝒄 are in

𝐚, 𝐛, 𝐜 𝐚𝐫𝐞 𝐢𝐧 𝐀. 𝐏

(𝑖) 𝐴. 𝑃 𝑖𝑓 𝑏 =
𝑎 + 𝑐

2
⟹ 𝑏 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎 𝑎𝑛𝑑 𝑐.

𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒊𝒏 𝑮. 𝑷

𝑖𝑖 𝐺. 𝑃 𝑖𝑓 b = 𝑎𝐶 ⟹ 𝑏 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎 𝑎𝑛𝑑 𝑐.

𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒊𝒏 𝑯. 𝑷 𝒕𝒉𝒆𝒏
𝟏

𝒂
,
𝟏

𝒃
,
𝟏

𝒄
𝒂𝒓𝒆 𝒊𝒏 𝑨. 𝑷

(𝑖𝑖𝑖) 𝐻. 𝑃 𝑖𝑓 𝑏 =
2𝑎𝑐

𝑎 + 𝑐
⟹ 𝑏 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎 𝑎𝑛𝑑 𝑐.

𝑖𝑖 If 𝑎1, 𝑎2, … 𝑎𝑛𝑎𝑟𝑒 𝑖𝑛 𝐺. 𝑃, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑛 𝑎1, 𝑎2, … 𝑎𝑛 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛
𝑜𝑓𝑎1, 𝑎2, … 𝑎𝑛

𝑖 If 𝑎1, 𝑎2, … 𝑎𝑛𝑎𝑟𝑒 𝑖𝑛 𝐴. 𝑃, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟
𝑎1 + 𝑎2 + ⋯ +𝑎𝑛

𝑛
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑

𝑎𝑟𝑖𝑡ℎ𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 𝑜𝑓𝑎1, 𝑎2, … 𝑎𝑛

𝑰𝒏 𝒈𝒆𝒏𝒆𝒓𝒂𝒍,

𝑖𝑖𝑖 If ℎ1, ℎ2, … ℎ𝑛𝑎𝑟𝑒 𝑖𝑛 𝐻. 𝑃, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑖𝑟 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙𝑠 𝑎𝑟𝑒
1

ℎ1
,

1

ℎ2
,

1

ℎ3
, … ,

1

ℎ𝑛
𝑖𝑠 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑖𝑠 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒

𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 =

1
ℎ1

+
1

ℎ2
+

1
ℎ3

+ ⋯ +
1

ℎ𝑛

𝑛

𝐻𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛 =
𝑛

ℎ1 + ℎ2 + ⋯ +ℎ𝑛
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟐: 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒊𝒏 𝑯𝑷, 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇
𝒂

𝒄
=

𝒂 − 𝒃

𝒃 − 𝒄

𝐼𝑓 𝑎, 𝑏, 𝑐 𝑎𝑟𝑒 𝑖𝑛 𝐻𝑃, 𝑡ℎ𝑒𝑛
1

𝑎
,
1

𝑏
,
1

𝑐
𝑎𝑟𝑒 𝑖𝑛 𝐴𝑃

𝑡ℎ𝑒𝑛 𝑏 =
2𝑎𝑐

𝑎 + 𝑐

𝑏(𝑎 + 𝑐) = 2𝑎𝑐 𝑎𝑏 + 𝑏𝑐 = 𝑎𝑐 + 𝑎𝑐

𝑎𝑏 − 𝑎𝑐 = 𝑎𝑐 − 𝑏𝑐

𝑎

𝑐
=

𝑎 − 𝑏

𝑏 − 𝑐

𝑎 𝑏 − 𝑐 = 𝑐 𝑎 − 𝑏

𝐼𝑓
𝑎

𝑐
=

𝑎 − 𝑏

𝑏 − 𝑐
𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑎, 𝑏, 𝑐 𝑎𝑟𝑒 𝑖𝑛 𝐻. 𝑃

𝑎

𝑐
=

𝑎 − 𝑏

𝑏 − 𝑐
⟹ 𝑎 𝑏 − 𝑐 = 𝑐 𝑎 − 𝑏

𝑎𝑏 − 𝑎𝑐 = 𝑐𝑎 − 𝑏𝑐 𝑎𝑏 + 𝑏𝑐 = 𝑎𝑐 + 𝑎𝑐

𝑏 𝑎 + 𝑐 = 2𝑎𝑐 𝑏 =
2𝑎𝑐

𝑎 + 𝑐
𝑖𝑠 𝑎 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛

𝐻𝑒𝑛𝑐𝑒 𝑎, 𝑏, 𝑐 𝑖𝑠 𝑎 𝐻. 𝑃

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟑 𝑰𝒇 𝒕𝒉𝒆 𝟓𝒕𝒉 𝒂𝒏𝒅 𝟗𝒕𝒉 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒂 𝑯𝑷 𝒂𝒓𝒆
𝟏

𝟏𝟗
𝒂𝒏𝒅

𝟏

𝟑𝟓
, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆

𝟏𝟐𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆.

𝐺𝑖𝑣𝑒𝑛: 𝑇5 =
1

19
, 𝑇9 =

1

35
𝑎𝑟𝑒 𝐻. 𝑃

𝑇5 = 19, 𝑇9 = 35

⟹𝑇5 = 19 𝑎 + (5 − 1)𝑑 = 19

… (1)

𝑇9 = 35 ⟹ 𝑎 + (9 − 1)𝑑 = 35

𝑎 + 4𝑑 = 19

… (2)𝑎 + 8𝑑 = 35

𝑇𝑛 = 𝑎 + (𝑛 − 1)𝑑

𝑠𝑜𝑙𝑣𝑒 1 & (2)

𝑎𝑟𝑒 𝑖𝑛 A. P

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟓. 𝟐

⟹

⟹

⟹

⟹

𝑎 + 4𝑑 = 19

𝑎 + 8𝑑 = 35
(−) (−) (−)

−4𝑑 =−16 ⟹ 𝑑 =
−16

−4

4

⟹ 𝑑 = 4

𝑆𝑢𝑏𝑠 𝑑 = 4 𝑖𝑛 𝑒𝑞𝑛 (1) 𝑎 + 4𝑑 = 19

𝑎 + 4 𝑎 +(4)= 19 16 = 19

𝑎 = 19 − 16 𝑎 = 3

⟹

⟹

⟹
𝑻𝒐 𝒇𝒊𝒏𝒅 𝟏𝟐𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 278
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𝑇𝑛 = 𝑎 + (𝑛 − 1)𝑑

𝑇12 = 3 + (12 − 1) 4 = 3 + (11)4

3 + 44

𝑇12 = 47 12𝑡ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 𝐻𝑃 𝑖𝑠
1

47
⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟒: 𝑭𝒊𝒏𝒅 𝒔𝒆𝒗𝒆𝒏 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝑨𝟏, 𝑨𝟐… 𝑨𝟕 𝒔𝒐 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆
𝟒, 𝑨𝟏, 𝑨𝟐, … 𝑨𝟕, 𝟕 𝒊𝒔 𝒊𝒏 𝑨𝑷 𝒂𝒏𝒅 𝒂𝒍𝒔𝒐 𝟒 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝑮𝟏, 𝑮𝟐, 𝑮𝟑, 𝑮𝟒 𝒔𝒐 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆

𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝟏𝟐, 𝑮𝟏, 𝑮𝟐, 𝑮𝟑, 𝑮𝟒,
𝟑

𝟖
𝒊𝒔 𝒊𝒏 𝑮𝑷.

𝑎 = 4,

4 + 8𝑑 = 7 8𝑑 = 7 − 4

8𝑑 = 3 𝑑 =
3

8

𝐺𝑖𝑣𝑒𝑛: 4, 𝐴1, 𝐴2, … 𝐴7, 7 𝑖𝑠 𝑎𝑛 𝐴𝑃
𝑇9 = 7

𝑎 + 8𝑑 = 7

𝐴1 = 𝑇2 = 𝑎 + 𝑑 = 4 +
3

8
= 4

3

8

𝐴2 = 𝑇3 = 𝑎 + 2𝑑 = 4 + 2 ×
3

8
= 4 +

6

8
= 4

6

8

𝐴3 = 𝑇4 = 𝑎 + 3𝑑 = 4 + 3 ×
3

8
= 4 +

9

8
= 4 + 1 +

1

8
= 5 +

1

8
= 5

1

8

⟹

𝑇12 =

⟹ ⟹

𝐴4 = 𝑇5 = 𝑎 + 4𝑑 = 4 + 4 ×
3

8
= 4 +

12

8 = 4 + 1 +
4

8
= 5 +

4

8
= 5

4

8

𝐴5 = 𝑇6 = 𝑎 + 5𝑑 = 4 + 5 ×
3

8
= 4 +

15

8
= 4 + 1 +

7

8
= 5 +

7

8
= 5

7

8

𝐴6 = 𝑇7 = 𝑎 + 6𝑑 = 4 + 6 ×
3

8
= 4 +

18

8
= 4 + 2 +

2

8
= 6 +

2

8
= 6

2

8

𝐴7 = 𝑇8 = 𝑎 + 7𝑑 = 4 + 7 ×
3

8
= 4 +

21

8
= 4 + 2 +

5

8
= 6 +

5

8
= 6

5

8

∴ 𝑆𝑜 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 7 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 4
3

8
, 4

6

8
, 5

1

8
, 5

4

8
, 5

7

8
, 6

2

8
, 6

5

8

𝐺𝑖𝑣𝑒𝑛: 12, 𝐺1, 𝐺2, 𝐺3, 𝐺4,
3

8
𝑎𝑟𝑒 𝑎𝑛 𝐺. 𝑃

𝑎 = 12

𝑎𝑟6−1 =
3

8𝑇6 =
3

8
⟹ 𝑎𝑟5 =

3

8
⟹

12𝑟5 =
3

8
𝑟5 =

3

8
×

1

12
=

1

32
⟹

𝑟 =
5 1

32
=

5 1

2
×

1

2
×

1

2
×

1

2
×

1

2

4

⟹ 𝑟 =
1

2
279
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𝐺1 = 𝑇2 = 𝑎𝑟 = 12 ×
1

2

6

= 6

𝐺2 = 𝑇3 = 𝑎𝑟2 = 12 ×
1

2

2

= 12 ×
1

4

3

= 3

𝐺3 = 𝑇4 = 𝑎𝑟3 = 12 ×
1

2

3

= 12 ×
1

8
2

3
=

3

2
= 1

1

2

𝐺4 = 𝑇5 = 𝑎𝑟4 = 12 ×
1

2

4

= 12 ×
1

16
4

3
=

3

4

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 4 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 6, 3, 1
1

2
,
3

4

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟑: If the product of the 4th, 5th and 6th terms of a GP is 4096 and 
if the product of the 5th, 6th and 7th terms of it is 32768, find the sum of first 8 
terms of the GP.
Let 𝑎, 𝑎𝑟, 𝑎 𝑟2, 𝑎 𝑟3…… be the geometric sequence

𝑇𝑛 = 𝑎𝑟𝑛−1
Product of the 4th, 5th and 6th terms is
4096 𝑎𝑟4−1 × 𝑎𝑟5−1 × 𝑎𝑟6−1 = 4096

𝑎𝑟3 × 𝑎𝑟4 × 𝑎𝑟5 = 4096

𝑎3 𝑟3+4+5 = 4096

𝑎3 𝑟12 = 4096 … (1)
Product of the 5th, 6th and 7th terms is 32768

𝑎𝑟5−1 × 𝑎𝑟6−1 × 𝑎𝑟7−1 = 32768

𝑎𝑟4 × 𝑎𝑟5 × 𝑎𝑟6 = 32768

𝑎3 𝑟4+5+6 = 32768

𝑎3 𝑟15 = 32768 … (2)
𝑠𝑜𝑙𝑣𝑒 2 ÷ (1)

𝑎3𝑟15

𝑎3𝑟12
=

32768

4096

𝑟3

𝑟3 =

8

8

𝑟 =
3

8 =
3

2 × 2 × 2 𝑟 = 2

𝑆𝑢𝑏𝑠 𝑟 = 2 𝑖𝑛 𝑒𝑞𝑛 (1) 𝑎3𝑟12 = 4096

𝑎3 (2)12 = 4096

𝑎3 × 4096 = 4096 𝑎3 =
4096

4096

1

𝑎3 = 1 ⟹ 𝑎 = 1

⟹

⟹

⟹

𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑓𝑖𝑟𝑠𝑡 8 𝑡𝑒𝑟𝑚𝑠 , 𝑟 = 2 > 1 ,

𝑆𝑛 = 𝑎
𝑟𝑛 − 1

𝑟 − 1 280
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𝑆8 = 1
28 − 1

2 − 1
= 28 − 1 = 256 − 1 = 255

𝑤ℎ𝑒𝑟𝑒 𝑛 = 8, 𝑎 = 1

1.Write the first 6 terms of the sequences whose nth terms are given below and
classify them as AP, GP, arithmetico - geometric progression, HP and none 
of them.

𝒊 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔
𝟏

𝟐𝒏+𝟏

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒

𝐼𝑡 𝑖𝑠 𝑎 𝐺𝑃 𝑤ℎ𝑜𝑠𝑒 1𝑠𝑡𝑡𝑒𝑟𝑚 𝑖𝑠

𝑇𝑛 =
1

2𝑛+1

𝑇1 =
1

21+1 =
1

22 =
1

4
𝑇2 =

1

22+1 =
1

23 =
1

8

𝑇3 =
1

23+1 =
1

24 =
1

16
𝑇4 =

1

24+1 =
1

25 =
1

32

𝑇5 =
1

25+1 =
1

26 =
1

64
𝑇6 =

1

26+1 =
1

27 =
1

128

1

4
,
1

8
,

1

16
,

1

32
,

1

64
,

1

128

1

4
𝑎𝑛𝑑 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜 𝑖𝑠

1

2

𝒊
𝟏

𝟐𝒏+𝟏
, 𝒊𝒊

(𝒏 + 𝟏)(𝒏 + 𝟐)

(𝒏 + 𝟑)(𝒏 + 𝟒)
, (iii) 4

𝟏

𝟐

𝒏

(iv)
(−𝟏)𝒏

𝒏
(v)

𝟐𝒏 + 𝟑

𝟑𝒏 + 𝟒
(vi) 2018

(vii)
𝟑𝒏 − 𝟐

𝟑𝒏−𝟏
.

⟹

𝒊𝒊 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔
(𝒏 + 𝟏)(𝒏 + 𝟐)

(𝒏 + 𝟑)(𝒏 + 𝟒)

𝑇𝑛 =
(𝑛 + 1)(𝑛 + 2)

(𝑛 + 3)(𝑛 + 4)

𝑇1 =
(1 + 1)(1 + 2)

(1 + 3)(1 + 4)
=

2 × 3

4 × 5
=

6

20
𝑇2 =

𝑇3 = 𝑇4 =

(2 + 1)(2 + 2)

(2 + 3)(2 + 4)
=

3 × 4

5 × 6
=

12

30

(3 + 1)(3 + 2)

(3 + 3)(3 + 4)
=

4 × 5

6 × 7
=

20

42

(4 + 1)(4 + 2)

(4 + 3)(4 + 4)
=

5 × 6

7 × 8
=

30

56

𝑇5 =
(5 + 1)(5 + 2)

(5 + 3)(5 + 4)
=

6 × 7

8 × 9
=

42

72
𝑇6 =

(6 + 1)(6 + 2)

(6 + 3)(6 + 4)
=

7 × 8

9 × 10
=

56

90

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒
6

20
,
12

30
,
20

42
,
30

56
,
42

72
,
56

90

𝑁𝑜𝑡 𝑎𝑛 𝐴𝑃/ 𝐺𝑃 / 𝐻𝑃
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𝒊𝒊𝒊 𝒏𝒕𝒉𝒕𝒆𝒓𝒎 𝒊𝒔 4
𝟏

𝟐

𝒏

𝑇𝑛 = 4
1

2

𝑛

𝑇1 = 4
1

2

1

, 𝑇2 = 4
1

2

2

, 𝑇3 = 4
1

2

3

, 𝑇4 = 4
1

2

4

, 𝑇5 = 4
1

2

5

, 𝑇6 = 4
1

2

6

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 4
1

2
, 4

1

2

2

, 4
1

2

3

, 4
1

2

4

, 4
1

2

5

, 4
1

2

6

𝐼𝑡 𝑖𝑠 𝑎 𝐺𝑃 𝑤𝑖𝑡ℎ 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚 𝑖𝑠 4
1

2
𝑎𝑛𝑑 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜

1

2

𝒊𝒗 𝒏𝒕𝒉𝒕𝒆𝒓𝒎 𝒊𝒔
(−𝟏)𝒏

𝒏

𝑇𝑛 =
(−1)𝑛

𝑛

𝑇1 =
(−1)1

1
=

−1

1
, 𝑇2 =

(−1)2

2
=

1

2
, 𝑇3 =

(−1)3

3
=

−1

3

𝑇4 =
(−1)4

4
=

1

4
, 𝑇5 =

(−1)5

5
=

−1

5
, 𝑇6 =

(−1)6

6
=

1

6

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒
−1

1
,
1

2
,
−1

3
,
1

4
,
−1

5
,
1

6

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐴𝑃/ 𝐺𝑃 / 𝐻𝑃

(v) 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔
𝟐𝒏 + 𝟑

𝟑𝒏 + 𝟒

𝑇𝑛 =
2𝑛 + 3

3𝑛 + 4

𝑇1 =
2(1) + 3

3(1) + 4
=

5

7
, 𝑇2 =

2(2) + 3

3(2) + 4
=

7

10
, 𝑇3 =

2(3) + 3

3(3) + 4
=

9

13

𝑇4 =
2(4) + 3

3(4) + 4
=

11

16
, 𝑇5 =

2(5) + 3

3(5) + 4
=

13

19
, 𝑇6 =

2(6) + 3

3(6) + 4
=

15

22

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒
5

7
,

7

10
,

9

13
,
11

16
,
13

19
,
15

22

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐴𝑃/ 𝐺𝑃 / 𝐻𝑃

𝒗𝒊 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔 𝟐𝟎𝟏𝟖

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 2018, 2018, 2018, 2018, 2018, 2018.
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𝒗𝒊𝒊 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔
𝟑𝒏 − 𝟐

𝟑𝒏−𝟏

𝑇𝑛 =
3𝑛 − 2

3𝑛−1

𝑇1 =
3 1 − 2

31−1
=

3 − 2

30
=

1

1
𝑇2 =

3 2 − 2

32−1
=

6 − 2

31
=

4

3

𝑇3 =
3 3 − 2

33−1
=

9 − 2

32
=

7

32 𝑇4 =
3 4 − 2

34−1
=

12 − 2

33
=

10

33

𝑇5 =
3 5 − 2

35−1 =
15 − 2

34
=

13

34 𝑇6 =
3 6 − 2

36−1
=

18 − 2

35
=

16

35

∴ 𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 6 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 1

1
,
4

3
,

7

32
,
10

33
,
13

34
,
16

35

𝐼𝑡 𝑖𝑠 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑜 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑃𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛.

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐴𝑃/ 𝐺𝑃 / 𝐻𝑃

𝟐. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝟔 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒂𝒏 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏
𝒃𝒆𝒍𝒐𝒘.

𝒊 𝒂𝒏 = ቊ
𝒏 + 𝟏 𝒊𝒇 𝒏 𝒊𝒔 𝒐𝒅𝒅

𝒏 𝒊𝒇 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏

𝑎𝑛 = 𝑛 + 1 ⟹ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛 = 𝑛 ⟹ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑎1 = 𝑛 + 1 = 1 + 1 = 2 𝑎2 = 𝑛 = 2

𝑎3 = 𝑛 + 1 = 3 + 1 = 4 𝑎4 = 𝑛 = 4

𝑎5 = 𝑛 + 1 = 5 + 1 = 6 𝑎6 = 𝑛 = 6

(𝑜𝑑𝑑) (𝑒𝑣𝑒𝑛)

(𝑒𝑣𝑒𝑛)

(𝑒𝑣𝑒𝑛)

(𝑜𝑑𝑑)

(𝑜𝑑𝑑)

𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑖𝑥 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 2, 2, 4,4, 6, 6

⟹

⟹

⟹

⟹

𝒊𝒊 𝒂𝒏 = ൞

𝟏 𝒊𝒇 𝒏 = 𝟏
𝟐 𝒊𝒇 𝒏 = 𝟐
𝒂𝒏−𝟏+𝒂𝒏−𝟐 𝒊𝒇𝒏 > 𝟐

𝑎1 = 1 𝑎2 = 2(𝑛 = 1) (𝑛 = 2)

𝑎3 = 𝑎𝑛−1 + 𝑎𝑛−2 (𝑛 > 2) = 𝑎3−1 + 𝑎3−2 = 𝑎2 + 𝑎1 = 2 + 1 = 3

𝑎4 = 𝑎𝑛−1 + 𝑎𝑛−2 (𝑛 > 2) = 𝑎4−1 + 𝑎4−2 = 𝑎3 + 𝑎2 = 3 + 2 = 5

𝑎5 = 𝑎𝑛−1 + 𝑎𝑛−2 (𝑛 > 2) = 𝑎5−1 + 𝑎5−2 = 𝑎4 + 𝑎3 = 5 + 3 = 8

𝑎6 = 𝑎𝑛−1 + 𝑎𝑛−2 (𝑛 > 2) = 𝑎6−1 + 𝑎6−2 = 𝑎5 + 𝑎4 = 8 + 5 = 13

⟹

𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑖𝑥 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 1, 2, 3, 5,8, 13

𝒊𝒊𝒊 𝒂𝒏 = ቊ
𝒏 𝒊𝒇 𝒏 𝒊𝒔 𝟏, 𝟐, 𝒐𝒓 𝟑
𝒂𝒏−𝟏 + 𝒂𝒏−𝟐 + 𝒂𝒏−𝟑 𝒊𝒇 𝒏 > 𝟐

𝑎1 = 𝑛 = 1 (𝑛 = 1) 𝑎2 = 𝑛 = 2 (𝑛 = 2) 𝑎3 = 𝑛 = 3 (𝑛 = 3)⟹ ⟹ 283
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𝑎4 = (𝑛 > 2)𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 = 𝑎4−1 + 𝑎4−2 + 𝑎4−3

= 𝑎3 + 𝑎2 + 𝑎1 = 3 + 2 + 1 = 6
𝑎5 = (𝑛 > 2)𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 = 𝑎5−1 + 𝑎5−2 + 𝑎5−3 = 𝑎4 + 𝑎3 + 𝑎2

= 6 + 3 + 2 = 11
𝑎6 = (𝑛 > 2)𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 = 𝑎6−1 + 𝑎6−2 + 𝑎6−3 = 𝑎5 + 𝑎4 + 𝑎3

= 11 + 6 + 3 = 20

𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑖𝑥 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 1, 2, 3, 6, 11, 20

𝟑. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆𝒔.

𝒊 𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔 𝟐, 𝟐, 𝟒, 𝟒, 𝟔, 𝟔 … . ,

𝑎𝑛 = 𝑛 + 1 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑎𝑛 = 𝑛 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝒊𝒊 𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔
𝟏

𝟐
,
𝟐

𝟑
,
𝟑

𝟒
,
𝟒

𝟓
,
𝟓

𝟔
, …

𝑎𝑛 =
𝑛

𝑛 + 1

𝒊𝒊𝒊 𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔
𝟏

𝟐
,
𝟑

𝟒
,
𝟓

𝟔
,
𝟕

𝟖
,

𝟗

𝟏𝟎
, …

𝑎𝑛 =
2𝑛 − 1

2𝑛

𝐢 2, 2, 4, 4, 6,6…., (ii)
𝟏

𝟐
,
𝟐

𝟑
,
𝟑

𝟒
,
𝟒

𝟓
,
𝟓

𝟔
, … , (iii)

𝟏

𝟐
,
𝟑

𝟒
,
𝟓

𝟔
,
𝟕

𝟖
,

𝟗

𝟏𝟎
, … ,

(iv) 6, 10,4,12,2,14,0,16,−2,..

𝒊𝒗 𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 𝒊𝒔 𝟔, 𝟏𝟎, 𝟒, 𝟏𝟐, 𝟐, 𝟏𝟒, 𝟎, 𝟏𝟔, −𝟐, …

𝑎𝑛 = ቊ
7 − 𝑛 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
8 + 𝑛 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝟒. The product of three increasing numbers in GP is 5832. If we add 6 to
the second number and 9 to the third number, then resulting numbers form
an A.P. Find the numbers in GP.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑡ℎ𝑟𝑒𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑛 𝐺𝑃 𝑏𝑒
𝑎

𝑟
, 𝑎, 𝑎𝑟

𝐺𝑖𝑣𝑒𝑛: 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 3 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = 5832

𝑎

𝑟
(𝑎) (𝑎𝑟) = 5832 𝑎3 = 5832

𝑎 =
3

5832 =
3

2 × 2 × 2 × 3 × 3 × 3 × 3 × 3 × 3

= 2 × 3 × 3

𝑎 = 18

⟹
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18

𝑟
,18 + 6, 18𝑟 + 9 𝑎𝑟𝑒 𝑖𝑛 𝐴. 𝑃 18

𝑟
, 24,18𝑟 + 9 𝑎𝑟𝑒 𝑖𝑛 𝐴. 𝑃

𝑡2 − 𝑡1 = 𝑡3 − 𝑡2

24 −
18

𝑟
= 18𝑟 + 9 − 24 24 + 24 = 18𝑟 + 9 +

18

𝑟

48=
18𝑟2 + 9𝑟 + 18

𝑟
48𝑟 = 18𝑟2 + 9𝑟 + 18

18𝑟2 + 9𝑟 + 18 − 48𝑟 = 0

6𝑟218𝑟2 − 39𝑟
÷ 3

− 13𝑟+ 18 = 0 + 6 = 0

⟹

⟹

⟹

⟹

(3𝑟 − 2)(2𝑟 − 3) = 0 3𝑟 − 2 = 0, 2𝑟 − 3 = 0

3𝑟 = 2 , 2𝑟 = 3 𝑟 =
2

3
, 𝑟 =

3

2
∴ 𝑇ℎ𝑒 𝐺𝑃 𝑎𝑟𝑒

𝑎

𝑟
, 𝑎, 𝑎𝑟.

𝑎 = 18 , 𝑟 =
2

3

𝑎

𝑟
=

18

2
3

= 18 ×
3

2

9
= 27

𝑎𝑟 = 18 ×
2

3

6
= 12

∴ 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 27, 18, 12.

⟹

⟹

𝟓. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆
𝟑

𝟏𝟐𝟐𝟐
,

𝟓

𝟐𝟐𝟑𝟐
,

𝟕

𝟑𝟐𝟒𝟐
. . 𝒂𝒔 𝒂

𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒐𝒇 𝟐 𝒕𝒆𝒓𝒎𝒔.

3

12.22
,

5

22. 32
,

7

32. 42
, …

𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 = 3,5,7, … 𝑎𝑟𝑒 𝑖𝑛 𝐴. 𝑃 𝑎 = 3,

𝑇𝑛 = 𝑎 + 𝑛 − 1 𝑑

= 3 + 𝑛 − 1 2

(𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟)

𝑑 = 5 − 3 = 2

= 3 + 2𝑛 − 2

𝑇𝑛 = 2𝑛 + 1

𝐷𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 = 12.22 , 22. 32, 32. 42 …

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 =
2𝑛 + 1

𝑛2. (𝑛 + 1)2
=

1

𝑛2
−

1

(𝑛 + 1)2

𝑇𝑛 = 𝑛2. (𝑛 + 1)2

⟹

⟹

𝟔. 𝑰𝒇 𝒕𝒌 𝒊𝒔 𝒕𝒉𝒆 𝒌𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒂 𝑮𝑷, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒏−𝒌, 𝒕𝒏, 𝒕𝒏+𝒌 𝒂𝒍𝒔𝒐 𝒇𝒐𝒓𝒎 𝒂
𝑮𝑷 𝒇𝒐𝒓 𝒂𝒏𝒚𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒌.

𝑘𝑡ℎ 𝑡𝑒𝑟𝑚 𝑖𝑛 𝐺𝑃 = 𝑡𝑘 = 𝑎𝑟𝑘−1

𝑡𝑛−𝑘 = 𝑎𝑟𝑛−𝑘−1 𝑡𝑛 = 𝑎𝑟𝑛−1 𝑡𝑛+𝑘 = 𝑎𝑟𝑛+𝑘−1
⟹ ⟹ 285
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑡𝑛−𝑘 , 𝑡𝑛, 𝑡𝑛+𝑘 𝑎𝑟𝑒 𝑖𝑛 𝐺𝑃.

𝑡2

𝑡1
=

𝑡3

𝑡2

𝑡𝑛

𝑡𝑛−𝑘
=

𝑡𝑛+𝑘

𝑡𝑛

(𝑡𝑛)2 = (𝑡𝑛−𝑘)(𝑡𝑛+𝑘)

(𝑎𝑟𝑛−1)2 = (𝑎𝑟𝑛−𝑘−1)(𝑎𝑟𝑛+𝑘−1)

𝑎2𝑟2𝑛−2 = 𝑎2 𝑟𝑛−𝑘−1+𝑛+𝑘−1 𝑎2𝑟2𝑛−2 = 𝑎2𝑟2𝑛−2

∴ 𝑡𝑛−𝑘 , 𝑡𝑛, 𝑡𝑛+𝑘 𝑎𝑟𝑒 𝑖𝑛 𝐺𝑃.

⟹ ⟹

𝟕. 𝑰𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒊𝒏 𝑮𝑷, 𝒂𝒏𝒅 𝒊𝒇𝒂
𝟏
𝒙 = 𝒃

𝟏
𝒚 = 𝒄

𝟏
𝒛 , 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒙, 𝒚, 𝒛 𝒂𝒓𝒆 𝒊𝒏 𝑨𝑷.

𝑎, 𝑏, 𝑐 𝑎𝑟𝑒 𝑖𝑛 𝐺𝑃
𝑏

𝑎
=

𝑐

𝑏
𝑏2 = 𝑎𝑐

𝐺𝑖𝑣𝑒𝑛: 𝑎
1
𝑥 = 𝑏

1
𝑦= 𝑐

1
𝑧

𝑎
1
𝑥 = 𝑏

1
𝑦 𝑎 = 𝑏

1
𝑦

𝑥

𝑎 = 𝑏
𝑥
𝑦

𝑐
1
𝑧 = 𝑏

1
𝑦 𝑐 = 𝑏

1
𝑦

𝑧

𝑐 = 𝑏
𝑧
𝑦

𝑏2 = 𝑎𝑐 𝑏2 = 𝑏
𝑥
𝑦 . 𝑏

𝑧
𝑦

⟹

⟹

⟹

⟹

⟹

⟹

⟹𝑏2 = 𝑏
𝑥
𝑦 +

𝑧
𝑦 2 =

𝑥

𝑦
+

𝑧

𝑦
⟹ 2 =

𝑥 + 𝑧

𝑦
⟹ 2𝑦 = 𝑥 + 𝑧

𝑦 + 𝑦 = 𝑥 + 𝑧 𝑦 − 𝑥 = 𝑧 − 𝑦⟹
𝑡2 − 𝑡1 = 𝑡3 − 𝑡2 ∴ 𝑥, 𝑦, 𝑧 𝑎𝑟𝑒 𝑖𝑛 𝐴𝑃⟹

𝟖. 𝑻𝒉𝒆 𝑨𝑴 𝒐𝒇 𝒕𝒘𝒐 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒆𝒙𝒄𝒆𝒆𝒅𝒔 𝒕𝒉𝒆𝒊𝒓 𝑮𝑴 𝒃𝒚 𝟏𝟎 𝒂𝒏𝒅 𝑯𝑴 𝒃𝒚 𝟏𝟔.
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔.

𝐴𝑀 − 𝐺𝑀 = 10 𝑎𝑛𝑑 𝐴𝑀 − 𝐻𝑀 = 16

𝐿𝑒𝑡 𝐴𝑀 =
𝑎 + 𝑏

2
= 𝑥 𝑎𝑛𝑑 𝐺𝑀 = 𝑎𝑏

𝑇ℎ𝑒𝑛 𝐻𝑀 =
2𝑎𝑏

𝑎 + 𝑏

𝑥 − 𝑦 = 10

= 𝑦

=
𝑎𝑏

2

𝑎 + 𝑏
2

=
𝑦2

𝑥

𝐴𝑀 − 𝐺𝑀 = 10

⟹ 𝑥 = 10 + 𝑦

𝐴𝑀 − 𝐻𝑀 = 16
… (1)

𝑥 −
𝑦2

𝑥
= 16

𝑥2 − 𝑦2

𝑥
= 16⟹ 𝑥2 − 𝑦2 = 16𝑥⟹
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(𝑦 + 10)2 − 𝑦2 = 16(𝑦 + 10)

𝑦 =
60

4

𝑆𝑢𝑏𝑠 𝑦 = 15 𝑖𝑛 (1)

𝑦2 + 20𝑦 + 102 − 𝑦2 = 16𝑦 + 160

20𝑦 + 100 − 16𝑦 − 160 = 0 4𝑦 − 60 = 0

4𝑦 = 60 𝑦 = 15

𝑥 = 𝑦 + 10

𝑥 = 15 + 10 𝑥 = 25

⟹

⟹

⟹

⟹

𝑎 + 𝑏

2
= 25 ⟹ 𝑎 = 50 − 𝑏

𝑎𝑏 = 15

𝑎 + 𝑏

2
= 𝑥 𝑎 + 𝑏 = 50

𝑎𝑏 = 𝑦 ⟹ 𝑎𝑏 = 225
𝑆𝑢𝑏 𝑎 = 50 − 𝑏

50 − 𝑏 𝑏 = 225 50𝑏 − 𝑏2 = 225 −𝑏2 + 50𝑏 − 225 = 0

⟹ ⟹

⟹

⟹ ⟹

𝑏2 − 50𝑏 + 225 = 0 𝑏 − 5 𝑏 − 45 = 0

𝑏 − 45 = 0 , 𝑏 − 5 = 0

𝑏 = 45 , 𝑏 = 5

𝐼𝑓 𝑏 = 5 𝑡ℎ𝑒𝑛 𝑎 = 50 − 𝑏 𝑎 = 50 − 5

𝑎 = 45

𝐼𝑓 𝑏 = 45 𝑡ℎ𝑒𝑛 𝑎 = 50 − 𝑏

𝑎 = 50 − 45 𝑎 = 5

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑎𝑟𝑒 45 𝑎𝑛𝑑 5

⟹

⟹

⟹

⟹

𝐴𝑀 =
𝑎 + 𝑏

2
=

45 + 5

2

𝐺𝑀 = 𝑎𝑏 = 5 × 45

𝐻𝑀 =
2𝑎𝑏

𝑎 + 𝑏
=

2 × 45 × 5

50

𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛: 𝐺𝑀 − 𝐴𝑀 = 10

𝐴𝑀 − 𝐻𝑀 = 16

=
50

2
= 25

= 5 × 5 × 9 = 5 × 3 = 15

25
5

9

𝐻𝑀 = 9⟹

𝟗. 𝑰𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒒 − 𝒓 𝒙𝟐 + 𝒓 − 𝒑 𝒙 + 𝒑 − 𝒒 = 𝟎 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍,
𝒕𝒉𝒆𝒏 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒑, 𝒒 𝒂𝒏𝒅 𝒓 𝒂𝒓𝒆 𝒊𝒏 𝑨𝑷.

𝑎 = 𝑞 − 𝑟, 𝑏 = 𝑟 − 𝑝, 𝑐 = 𝑝 − 𝑞

𝐼𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑞 − 𝑟 𝑥2 + 𝑟 − 𝑝 𝑥 + 𝑝 − 𝑞 = 0 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡ℎ𝑒𝑛

𝑏2 − 4𝑎𝑐 = 0 ⟹ 𝑏2 = 4𝑎𝑐

(𝑟 − 𝑝)2 = 4

𝑟2 = 4 ( =

(𝑞 − 𝑟) (𝑝 − 𝑞)

+ 𝑝2 − 2𝑟𝑝 𝑝𝑞 − 𝑞2 − 𝑝𝑟 + 𝑞𝑟) 4𝑝𝑞 − 4𝑝𝑟− 4𝑞2 + 4𝑞𝑟 287
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= 4𝑝𝑞 − 4𝑞2 + 4𝑞𝑟𝑟2 + 𝑝2 − 2𝑟𝑝 + 4𝑝𝑟

= 4𝑝𝑞 + 4𝑞𝑟 − 4𝑞2𝑝2 + 𝑟2 + 2𝑝𝑟

(𝑝 + 𝑟)2 − 4𝑞 𝑝 + 𝑟

= 4𝑞(𝑝 + 𝑟)𝑝2 + 𝑟2 + 2𝑟𝑝 − 4𝑞2

+ 4𝑞2 = 0

(𝑝 + 𝑟)2 − 4𝑞 𝑝 + 𝑟 + 4𝑞2 = 0

𝑎 = 1, 𝑏 = −4𝑞, 𝑐 = 4𝑞2

𝑝 + 𝑟 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑝 + 𝑟=
4𝑞 ± (−4𝑞)2− 4(1)(4𝑞2)

2(1)
=

4𝑞 ± 16𝑞2 − 16𝑞2

2
=

4𝑞

2

2

𝑝 + 𝑟 = 2𝑞 𝑝 + 𝑟 = 𝑞 + 𝑞

𝑞 + 𝑞 = 𝑝 + 𝑟 𝑞 − 𝑝 = 𝑟 − 𝑞

∴ 𝑝, 𝑞, 𝑟 𝑎𝑟𝑒 𝑖𝑛 𝐴𝑃

⟹

⟹

𝟏𝟎. 𝑰𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 𝒕𝒉𝒆 𝒑𝒕𝒉, 𝒒𝒕𝒉 𝒂𝒏𝒅 𝒓𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒂 𝑮𝑷
𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒒 − 𝒓 𝐥𝐨𝐠 𝒂 + (𝒓 − 𝒑) 𝐥𝐨𝐠 𝒃 + (𝒑 − 𝒒) 𝐥𝐨𝐠 𝒄 = 𝟎

𝐺𝑖𝑣𝑒𝑛: 𝑇𝑝 = 𝑎

𝐴𝑅𝑝−1 = 𝑎 ⟹ 𝑙𝑜𝑔𝐴𝑅𝑝−1 = 𝑙𝑜𝑔𝑎

𝑇𝑞 = 𝑏

𝐴𝑅𝑞−1 = 𝑏 ⟹ 𝑙𝑜𝑔𝐴𝑅𝑞−1 = 𝑙𝑜𝑔𝑏

𝑇𝑟 = 𝑐

𝐴𝑅𝑟−1 = 𝑐 ⟹ 𝑙𝑜𝑔𝐴𝑅𝑟−1 = 𝑙𝑜𝑔𝑐

𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚. 𝑅 𝑏𝑒 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜 𝑜𝑓 𝐺𝑃.

𝑞 − 𝑟 log 𝑎 + (𝑟 − 𝑝) log 𝑏 + (𝑝 − 𝑞) log 𝑐

𝑞 − 𝑟 log 𝐴𝑅𝑝−1 + (𝑟 − 𝑝) log 𝐴𝑅𝑞−1 + (𝑝 − 𝑞) log 𝐴𝑅𝑟−1

𝐿. 𝐻. 𝑆 =

=

𝑞 − 𝑟 log 𝐴 + log 𝑅𝑝−1 + (𝑟 − 𝑝) log 𝐴 + log 𝑅𝑞−1 + (𝑝 − 𝑞)

log 𝐴 + log 𝑅𝑟−1

=

𝑞 − 𝑟 log 𝐴 + 𝑞 − 𝑟 𝑝 − 1 log 𝑅 + (𝑟 − 𝑝) log 𝐴 + (𝑟 − 𝑝) 𝑞 − 1 log 𝑅

+ (𝑝 − 𝑞) log 𝐴 + (𝑝 − 𝑞) 𝑟 − 1 log 𝑅

=

= log 𝐴 𝑞 − 𝑟 + 𝑟 − 𝑝 + 𝑝 − 𝑞

+ log 𝑅 𝑞 − 𝑟 𝑝 − 1 + (𝑟 − 𝑝) 𝑞 − 1 + (𝑝 − 𝑞) 𝑟 − 1
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= log 𝐴 [ 𝑞 − 𝑟 + 𝑟 − 𝑝 + 𝑝 − 𝑞 ]

+ log 𝑅 [ 𝑞𝑝 − 𝑟𝑝− 𝑞 + 𝑟 + 𝑟𝑞 − 𝑝𝑞 ]− 𝑟 + 𝑝 + 𝑝𝑟 − 𝑞𝑟− 𝑝 + 𝑞

= log 𝐴 (0)+ log 𝑅 (0) = 0

Sum of an A.P

Sum of an A.P upto n terms : 𝑆𝑛 =
𝑛

2
2𝑎 + 𝑛 − 1 𝑑

𝑆𝑛 =
𝑛

2
𝑎 + 𝑙Sum of of an A.P upto last terms :

Sum to n terms of an G.P

𝑆𝑛 =
𝑎 𝑟𝑛 − 1

𝑟 − 1

𝑖𝑓 𝑟 > 1

𝑆𝑛 =
𝑎 1 − 𝑟𝑛

1 − 𝑟

𝑖𝑓 𝑟 < 1

𝑆𝑛 = 𝑛𝑎 𝑖𝑓 𝑟 = 1

The general form of an Geometric series: 

𝑎 + 𝑎𝑟 + 𝑎𝑟2 + 𝑎𝑟3 + ⋯

Arithmetic series: a+ (a + d) +(a + 2d) + (a + 3d), ......

Finite Series

𝐼𝑓 𝑎𝑛 𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑡ℎ𝑒𝑛 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛

= ෍

𝑘=1

𝑛

𝑎𝑘 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑟𝑖𝑒𝑠.

Sum of Arithmetico-Geometric Progressions

𝑖 𝐴 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑜 − 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑓 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚𝑠
𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑓𝑜𝑟𝑚 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑜 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒.

𝑖𝑖 𝑇ℎ𝑒 𝑠𝑢𝑚 𝑆𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑜 − 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒

𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦

𝑆𝑛 =
𝑎 − [𝑎 + 𝑛 − 1 𝑑]𝑟𝑛

1 − 𝑟
+ 𝑑𝑟

1 − 𝑟𝑛−1

(1 − 𝑟)2
𝑓𝑜𝑟 𝑟 ≠ 1
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟓. 𝟏𝟔: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐬𝐮𝐦 𝐮𝐩 𝐭𝐨 𝐧 𝐭𝐞𝐫𝐦𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐬𝐞𝐫𝐢𝐞𝐬 ∶

𝟏 +
𝟔

𝟕
+

𝟏𝟏

𝟒𝟗
+

𝟏𝟔

𝟑𝟒𝟑
+ ⋯

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 ∶ 1 +
6

7
+

11

49
+

16

343
+ ⋯

𝑁𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟: 1, 6, 11,16 … .

𝑎 = 1,

𝐷𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟: 1,
1

7
,

1

49
,

1

343
… …

𝑎 = 1,

𝑑 = 6 − 1 = 5

𝑟 =
1

7

𝑆𝑛 =
𝑎 − [𝑎 + 𝑛 − 1 𝑑]𝑟𝑛

1 − 𝑟
+ 𝑑𝑟

1 − 𝑟𝑛−1

(1 − 𝑟)2

𝑆𝑛 = +

1 − (1 + (𝑛 − 1)5 )

1 −
1

7

5 ×
1

7
1 −

1

7

2

1

7

𝑛

𝑆𝑛 = +

1 −

7 − 1

7

5

7

1 + 5𝑛 − 5

7𝑛

1 −
1

7

𝑛−1

7 − 1

7

2

1 −
1

7𝑛−1

𝑆𝑛 = +

1 −

6

7

5

7

5𝑛 − 4

7𝑛

6

7

2

7𝑛−1 − 1

7𝑛−1

𝑆𝑛 = +
6

7

5

7

7𝑛 − 5𝑛 − 4

7𝑛

6

7

2

7𝑛−1 − 1

7𝑛−1

=
7𝑛 − 5𝑛 + 4

7𝑛
×

7

6
+

5

7
×

7𝑛−1 − 1

7𝑛−1
×

72

36

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 − 𝟓. 𝟑
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=
7𝑛 − 5𝑛 + 4

7𝑛−1 × 6
+

5(7𝑛−1 − 1)

7𝑛
×

72

36
7𝑛 − 2

=
7𝑛 − 5𝑛 + 4

7𝑛−1 × 6
+

5(7𝑛−1 − 1)

7𝑛−2 × 36

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒓𝒊𝒆𝒔
𝟏

𝟏 + √𝟐
+

𝟏

𝟐 + √𝟑
+

𝟏

𝟑 + √𝟒
+ … … …

Let  𝑡𝑘 denote the 𝑘𝑡ℎ term of the given series 

𝑡𝑘 =
1

𝑘 + 𝑘 + 1

=
1

𝑘 + 𝑘 + 1
× =

𝑘 − 𝑘 + 1

𝑘
2

− 𝑘 + 1
2

𝑘 − 𝑘 + 1

𝑘 − 𝑘 + 1

=
𝑘 − 𝑘 + 1

𝑘 − (𝑘 + 1)
=

𝑘 − 𝑘 + 1

𝑘 − 𝑘 − 1

= 𝑘 + 1 − 𝑘

𝑡1 + 𝑡2 + 𝑡3 + ⋯ 𝑡𝑛

=
𝑘 − 𝑘 + 1

−1

2 − 1= + 3 − 2

+ ⋯ + 𝑛 + 1 − 𝑛

= − 𝑘 + 𝑘 + 1

+ 4 − 3

= 𝑛 + 1 − 1 = 𝑛 + 1 − 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟓. 𝟏𝟖: 𝑭𝒊𝒏𝒅 ෍

𝒌=𝟏

𝒏
𝟏

𝒌(𝒌 + 𝟏)

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡: ෍

𝑘=1

𝑛
1

𝑘(𝑘 + 1)

1

𝑘(𝑘 + 1)
=

𝐴

𝑘
+

𝐵

𝑘 + 1

1

𝑘(𝑘 + 1)
=

𝐴 𝑘 + 1 + 𝐵(𝑘)

𝑘(𝑘 + 1)

𝑖𝑛 1 = 𝐴 𝑘 + 1 + 𝐵(𝑘)𝑝𝑢𝑡 𝑘 = −1

1 = 𝐴 −1 + 1 + 𝐵(−1) 1 = 𝐴 0 + 𝐵(−1)

1 = −𝐵

𝑝𝑢𝑡 𝑘 = 0

1 = 𝐴 0 + 1 + 𝐵(0) 𝐴 1 = 1

⟹ 𝐵 = −1

1

𝑘 𝑘 + 1
=

1

𝑘
−

1

𝑘 + 1

𝐴 = 1

⟹

⟹

⟹

⟹⟹
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෍
1

𝑘(𝑘 + 1)
= ෍

1

𝑘
−

1

𝑘 + 1 𝑡1 + 𝑡2 + 𝑡3 + ⋯ 𝑡𝑛

= +1 −
1

2

1

2
−

1

3
+ ⋯

1

3
−

1

4
+

1

𝑛
−

1

𝑛 + 1
+ = 1 −

1

𝑛 + 1

⟹

1. Find the sum of the first 20-terms of the AP having the sum of first 10 terms 
as 52 and the sum of the first 15 terms as 77.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑆10 = 52 𝑎𝑛𝑑 𝑆15 = 77

𝑆𝑛 =
𝑛

2
2𝑎 + 𝑛 − 1 𝑑

𝑆10 = 52

𝑛 = 10

𝑆10 =
10

2
2𝑎 + 10 − 1 𝑑

52 = 5 2𝑎 + 9𝑑 5 2𝑎 + 9𝑑 = 52

2𝑎 + 9𝑑 =
52

5
… (1)

𝑆15 = 77

𝑛 = 15

𝑆15 =
15

2
2𝑎 + 15 − 1 𝑑 77 =

15

2
2𝑎 + 14𝑑

77 ×
2

15
= 2𝑎 + 14𝑑 2𝑎 + 14𝑑 =

154

15
… (2)

⟹

⟹

154

15

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

2𝑎 + 14𝑑 =

2𝑎 + 9𝑑 =
52

5

5𝑑 =
154

15
−

52

5

=
154 − (52 × 3)

15

(−) (−) (−)

5𝑑⟹

⟹

5𝑑 =
154 − 156

15
5𝑑 =

−2

15
𝑑 =

−2

15 × 5
𝑑 =

−2

75
⟹⟹ ⟹

𝑠𝑢𝑏 𝑑 =
−2

75
𝑖𝑛 1 2𝑎 + 9𝑑 =

52

5

2𝑎 + 9
−2

75
=

52

5
⟹ 2𝑎 −

18

75
=

52

5
⟹ 2𝑎 =

52

5
+

18

75

2𝑎 =
(52 × 15) + 18

75
⟹ 2𝑎 =

780 + 18

75 292
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2𝑎 =
798

75

266

25

⟹ 2𝑎 =
266

25
𝑎 =

266

25 × 2 1

133

⟹ 𝑎 =
133

25
⟹

= 10
760

75

𝑆𝑛 =
𝑛

2
2𝑎 + 𝑛 − 1 𝑑

𝑺𝟐𝟎 =
20

2
2

133

25
+ 20 − 1

−2

75
=

20

2
2

133

25
+ 19

−2

75

10

= 10
266

25
−

38

75
= 10

3 × 266 − 38

75
= 10

798 − 38

75

15

2

3

152

𝑆20 =
304

3

𝑻𝒐 𝒇𝒊𝒏𝒅 𝑺𝟐𝟎

𝑤ℎ𝑒𝑟𝑒 , 𝑛 = 20, 𝑎 =
133

25
𝑎𝑛𝑑 𝑑 =

−2

75

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒖𝒑 𝒕𝒐 𝒕𝒉𝒆 𝟏𝟕𝒕𝒉 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒓𝒊𝒆𝒔
𝟏𝟑

𝟏
+

𝟏𝟑+𝟐𝟑

𝟏+𝟑
+

𝟏𝟑+𝟐𝟑+𝟑𝟑

𝟏+𝟑+𝟓
+ ⋯

𝑇𝑛 =
13 + 23 + 33 … 𝑛3

1 + 3 + 5 + ⋯ (2𝑛 − 1)

=
𝑛2(𝑛 + 1)2

4𝑛2 =
1

4
(𝑛2 + 2𝑛 + 1)

𝑆𝑛 =
1

4
෍ 𝑛2 + 2 ෍ 𝑛 + ෍ 1

=
1

4
×

𝑛(𝑛 + 1)(2𝑛 + 1)

6
+ 2

𝑛(𝑛 + 1)

2
+ 𝑛

=

𝑛 𝑛 + 1
2

2

𝑛2
=

𝑛2(𝑛 + 1)
4

𝑛2
=

1

4
(𝑛 + 1)2

෍ 1 𝑚𝑒𝑎𝑛𝑠 𝑎𝑑𝑑𝑖𝑛𝑔 1 𝑓𝑜𝑟 𝑛 𝑡𝑖𝑚𝑒𝑠

𝑆17 =
1

4
×

17(17 + 1)(2 × 17 + 1)

6
+ 17(17 + 1) + 17

𝑺𝟐𝟎 ⟹

=
1

4

17(18)(34 + 1)

6
+ 17(18) + 17 =

1

4

17(18)(35)

6
+ 17(18)+ 17

3

=
1

4
1785 + 306 + 17 =

1

4
2108

527

= 527
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8

= [9 + 99 + 999 + ⋯ + 𝑛 𝑡𝑒𝑟𝑚]

[ 10 − 1 + (100 − 1) + (1000 − 1) + ⋯ + 𝑛 𝑡𝑒𝑟𝑚𝑠]

𝑆𝑛 =

=
8

9

𝟑. 𝑪𝒐𝒎𝒑𝒖𝒕𝒆 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒆𝒓𝒊𝒆𝒔:
𝒊 𝟖 + 𝟖𝟖 + 𝟖𝟖𝟖 + 𝟖𝟖𝟖𝟖 + ⋯ , 𝒊𝒊 𝟔 + 𝟔𝟔 + 𝟔𝟔𝟔 + 𝟔𝟔𝟔𝟔+…

𝒊 𝟖 + 𝟖𝟖 + 𝟖𝟖𝟖 + 𝟖𝟖𝟖𝟖 + ⋯ ,

[1 + 11 + 111 + 1111 + ⋯ + 𝑛 𝑡𝑒𝑟𝑚]

8

9

=
8

9
[10 + 100 + 1000 + ⋯ 𝑛𝑡𝑒𝑟𝑚𝑠

Which are in G.P 𝑎 = 10, 𝑟 =
100

10
= 10 > 1

+ (−1 − 1 − 1 … 𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠)]

×
10(10𝑛 − 1)

9
=

8

9 − 𝑛 =
8

9

10 10𝑛 − 1 − 9𝑛

9
=

8

81
[10 10𝑛 − 1 − 9𝑛]

𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒕𝒐 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒓𝒊𝒆𝒔 𝟔 + 𝟔𝟔 + 𝟔𝟔𝟔 + ⋯

Sn = 6 + 66 + 666 + ⋯ to n terms

= 6 (1 + 11 + 111 + ⋯ to n terms)

=
6

9

=
2

3
10 − 1 + 100 − 1 + 1000 − 1 + ⋯ 𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠

=
2

3
[10 + 100 + 1000 + ⋯ 𝑛𝑡𝑒𝑟𝑚𝑠

Which are in G.P 𝑎 = 10,

=
2

3

)𝑎(𝑟𝑛 − 1

𝑟 − 1
+ −𝑛

𝑆n =
2

3

)10(10𝑛 − 1

9
− 𝑛

=
2

3

)10(10𝑛 − 1

10 − 1
− 𝑛

𝑟 =
100

10
= 10 > 1

9 + 99 + 999 + ⋯ 𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠

+ (−1 − 1 − 1 … 𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠)]

𝟒. 𝑪𝒐𝒎𝒑𝒖𝒕𝒆 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇
𝟏 + 𝟏 + 𝟒 + 𝟏 + 𝟒 + 𝟒𝟐 + 𝟏 + 𝟒 + 𝟒𝟐 + 𝟒𝟑 + … … . . .

1 + 4 + 42 + 43 + ⋯

𝐿𝑒𝑡 𝑇𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑡ℎ𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑟𝑖𝑒𝑠

1
4𝑘 − 1

4 − 1
𝑇𝑛 = 𝑇𝑛 =

4𝑘 − 1

3
𝑆𝑛 = ෍

𝑘 = 1

𝑛
4𝑘 − 1

3⟹ ⟹
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𝑆𝑛 =
1

3
෍

𝑘=1

𝑛

4𝑘 − ෍

𝑘=1

𝑛

1

𝑆𝑛 =
1

3
41 + 42 + 43 + ⋯ + 4𝑛 − 𝑛

𝑆𝑛 =
1

3

4(4𝑛 − 1)

3
− 𝑛 𝑆𝑛 =

4

9
4𝑛 − 1 −

𝑛

3

𝐷𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟:
1

1
,
1

3
,

1

32
,

1

33
…

𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑎𝑟𝑒: 𝑎, 𝑎 + 𝑑 𝑟, 𝑎 + 2𝑑 𝑟2, …

∴ 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑎𝑛 𝐴. 𝐺. 𝑃

𝑇𝑛 = 𝑎 + 𝑛 − 1 𝑑 𝑟𝑛−1

=
1

3

𝑛−1
1

3

𝑛−1

1

3𝑛−1 𝑇𝑛 =
3𝑛 − 2

3𝑛−1

𝑆𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑛 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒𝑠

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒕𝒆𝒓𝒎 𝒂𝒏𝒅 𝒔𝒖𝒎 𝒕𝒐 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆

𝟏,
𝟒

𝟑
,
𝟕

𝟗
,
𝟏𝟎

𝟐𝟕
, …

1 + 𝑛 − 1 3 = 1 + 3𝑛 − 3

𝑇𝑛 = 3𝑛 − 2

𝑁𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟: 1, 4, 7,10 … .

𝑆𝑛 = ෍

𝑘=1

𝑛
3𝑘 − 2

3𝑘−1 = ෍

𝑘=1

𝑛

(3𝑘 − 2) ෍
1

3𝑘−1
= ෍

𝑘=1

𝑛

3𝑘 − ෍

𝑘=1

𝑛

2 ෍
1

3𝑘−1

𝑎 = 1, 𝑑 = 4 − 1 = 3

𝑎 = 1, 𝑟 =

1
3
1

=
1

3

⟹

⟹

⟹

⟹

=
1

30 + 31 + 32 + ⋯ 3𝑛−13 1 + 2 + 3 + ⋯ 𝑛 − 2𝑛

𝑆𝑛 =
𝑎 𝑟𝑛 − 1

𝑟 − 1

𝑎 = 1, 𝑟 = 3

= 3 ෍

𝑘=1

𝑛

𝑘 − ෍

𝑘=1

𝑛

2 ෍
1

3𝑘−1

=

1

1
3𝑛 − 1

3 − 1

=
1

3𝑛 − 1
2

3𝑛(𝑛 + 1)

2
− 2𝑛

3𝑛2 + 3𝑛

2
− 2𝑛

3𝑛2 + 3𝑛 − 4𝑛

2

2

3𝑛 − 1
=

3𝑛2 − 𝑛

3𝑛 − 1
=

𝑛(3𝑛 − 1)

3𝑛 − 1
=
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𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒏 𝒊𝒇 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒕𝒐 𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒆𝒓𝒊𝒆𝒔

𝟑 + 𝟕𝟓 + 𝟐𝟒𝟑+. . 𝒊𝒔 𝟒𝟑𝟓 𝟑

3 + 75 + 243 + ⋯ 𝑖𝑠 𝑎𝑛 𝐴. 𝑃𝐺𝑖𝑣𝑒𝑛 ∶

3 + 25 × 3 + 81 × 3 + . . . 3 + 5 3 + 9 3+. . .

𝑎 = 3, 𝑑 = 𝑡2 − 𝑡1

= 5 3 − 3

𝑑 = 4 3

𝑆𝑛 =
𝑛

2
[2𝑎 + 𝑛 − 1 𝑑] =435 3

3𝑛 + 2 3 𝑛 − 1 𝑛 = 435 3

÷ 3

𝑛 =

𝑛 + 2𝑛2 − 2𝑛 = 435 2𝑛2 − 𝑛

2𝑛2 − 30𝑛 + 29𝑛 − 435 = 0

𝑛

2
[2 3 + 𝑛 − 1 4 3]

+ 2𝑛 𝑛 − 1 435

− 435 = 0

2𝑛 = 0+ 29 (𝑛 − 15)(𝑛 − 15)

[ 3 + 𝑛 − 1 2 3]= 435 3
𝑛

2
× 2 [ 3 + 𝑛 − 1 2 3] = 435 3𝑛

(2𝑛 + 29)(𝑛 − 15) = 0

, 𝑛 = 15

2𝑛 + 29 = 0 , 𝑛 − 15 = 0

2𝑛 = −29

𝑛 = −
29

2

𝑆𝑛 = 435 3

𝟕. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 (𝒎 + 𝒏)𝒕𝒉 𝒂𝒏𝒅 (𝒎 − 𝒏)𝒕𝒉𝒕𝒆𝒓𝒎 𝒐𝒇 𝑨𝑷 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐
𝒕𝒘𝒊𝒄𝒆 𝒕𝒉𝒆 𝒎𝒕𝒉𝒕𝒆𝒓𝒎

𝑡𝑚+𝑛 + 𝑡𝑚−𝑛 = 2𝑡𝑚𝐺𝑖𝑣𝑒𝑛: 𝑡𝑛 = 𝑎 + 𝑛 − 1 𝑑

𝐿. 𝐻. 𝑆 = 𝑡𝑚+𝑛 + 𝑡𝑚−𝑛

𝑎 + 𝑚 + 𝑛 − 1 𝑑= 𝑎 + 𝑚 − 𝑛 − 1 𝑑+

= 𝑎 + 𝑚𝑑 + 𝑛𝑑 − 𝑑 + 𝑎 + 𝑚𝑑 − 𝑛𝑑 − 𝑑

= = 2𝑎 +

= = 2

2𝑎 + 2𝑚𝑑 − 2𝑑 2(𝑚 − 1)𝑑

2 (𝑎 + 𝑚 − 1 𝑑) 𝑡𝑚 = 𝑅. 𝐻. 𝑆

⟹

⟹

⟹

⟹

⟹

⟹

⟹

𝟖. A man repays an amount of Rs.3250 by paying Rs.20 in the first month and
then increases the payment by Rs.15 per month. How long will it take him to
clear the amount?

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑎 = 20, 𝑑 = 15, 𝑆𝑛 = 3250, 𝑛 = ?

𝑆𝑛 =
𝑛

2
)2𝑎 + (𝑛 − 1 𝑑
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3250 =
𝑛

2
[2 20 + 𝑛 − 1 15]

𝑛

2
[40 + 𝑛 − 1 15] = 3250

÷ 5

𝑛

2
[40 + 15𝑛 − 15] = 3250

𝑛

2
[15𝑛 + 25] = 3250

𝑛[15𝑛 + 25]= 3250 × 2 15𝑛2 + 25𝑛

3𝑛2 3𝑛2 + 5𝑛 − 1300 = 0

= 6500

3𝑛2 − 60𝑛 + 65𝑛 − 1300 = 0 3𝑛 𝑛 − 20 + 65 𝑛 − 20 = 0

(3𝑛 + 65)
, 𝑛 = 20

𝑛 − 20 = 0 3𝑛 + 65 = 0, 𝑛 − 20 = 0

3𝑛 = −65

𝑛 = −
65

3

+ 5𝑛 = 1300

𝟗. In a race, 20 balls are placed in a line at intervals of 4 meters with the first
ball, 24 meters away from the starting point. A contestant is required to
bring the balls back to the starting place one at a time. How far would
the contestant run to bring back all balls?

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 𝑡𝑜 𝑏𝑟𝑖𝑛𝑔 1𝑠𝑡 𝑏𝑎𝑙𝑙 = 2(24)= 48𝑚

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 𝑡𝑜 𝑏𝑟𝑖𝑛𝑔 2𝑛𝑑 𝑏𝑎𝑙𝑙 = 2(24 + 4) = 2(28)= 56𝑚

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 𝑡𝑜 𝑏𝑟𝑖𝑛𝑔 3𝑟𝑑 𝑏𝑎𝑙𝑙 = 2(24 + 4 + 4)= 2(32) = 64𝑚

Start 1st ball 2nd ball 19th ball 20th ball

24 m 4 m …….. 4 m

𝑇ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 48, 56, 64, … 𝑖𝑛 𝑎𝑛 𝐴. 𝑃

𝑎 = 48, 𝑑 = 𝑡2 − 𝑡1 = 56 − 48 = 8

𝑆𝑛 =
𝑛

2
[2𝑎 + 𝑛 − 1 𝑑]

20

2
[2(48) + 20 − 1 8]𝑆20 =

= = 10

= 10

𝑆20 =

10 [96 + 19 × 8] [96 + 152]

[248]

2480𝑚

⟹

⟹

⟹

⟹

⟹

⟹

10. The number of bacteria in a certain culture doubles every hour. If there were
30 bacteria present in the culture originally, how many bacteria will be present
at the end of 2nd hour, 4th hour and nth hour?

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑏𝑎𝑐𝑡𝑒𝑟𝑖𝑎 𝑎𝑡 𝑡ℎ𝑒 𝑒𝑛𝑑 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 ℎ𝑜𝑢𝑟𝑠 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐺. 𝑃

𝑇2 = (2)30𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 1𝑠𝑡 ℎ𝑜𝑢𝑟,

𝑎 = 30, 𝑟 = 2

= 60

= 30 × (2)2𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 2𝑛𝑑 ℎ𝑜𝑢𝑟, = 𝑎𝑟2𝑇3 = 120 297
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𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 4𝑡ℎ ℎ𝑜𝑢𝑟, 𝑇5 = 𝑎𝑟4 = 30 × (2)4 = 30 × 16 = 480

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑡ℎ ℎ𝑜𝑢𝑟, 𝑇𝑛+1 = 𝑎𝑟𝑛 = 30(2)𝑛 = 30(2)𝑛

11. What will Rs.500 amounts to in 10 years after its deposit in a bank which
pays annual interest rate of 10% compounded annually?

𝑛 = 10 ,

Amount = 𝑃 1 + 𝑖 𝑛

𝐴 = 500 1 +
10

100

10

= 500

A= 500

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑝 = 500 , 𝑖 =
10

100

100 + 10

100

10

110

100

10

𝐴 = 500
11

10

10

𝐴 = 500 1.1 10

A =1296.87

12. In a certain town, a viral disease caused severe health hazards upon its people
disturbing their normal life. It was found that on each day, the virus which caused
the disease spread in GP. The amount of infectious virus particle gets doubled
each day, being 5 particles on the first day. Find the day when the infectious virus
particles just grow over 150000 times?

𝑎 = 5,

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡

𝑟 = 2,

5, 10, 20, 40 … 1,50,000

𝑡𝑛 = 𝑎𝑟𝑛−1

1,50,000 = 5(2)𝑛−1 = 2𝑛−11,50,000

5

2𝑛−1 = 30,000

𝑇𝑛 = 150000, 𝑛 = ?

⟹ ⟹

⟹

12. In a certain town, a viral disease caused severe health hazards upon its
people disturbing their normal life. It was found that on each day, the virus
which caused the disease spread in GP. The amount of infectious virus particle
gets doubled each day, being 5 particles on the first day. Find the day when
the infectious virus particles just grow over 150000 times?

𝑎 = 5,

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡

𝑟 = 2, 5, 10, 20, 40 … 1,50,000

𝑡𝑛 = 𝑎𝑟𝑛−1 = 5(2)𝑛−1 > 1,50,000 2𝑛−1 >
1,50,000

5
= 30,000

𝑇𝑛 = 150000, 𝑛 = ? ⇒

⇒
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟓. 𝟒
Some special Finite Series

𝑖 ෍

𝑘=1

𝑛

𝑘 = 1 + 2 + 3+. . . +𝑛 =
𝑛(𝑛 + 1)

2

𝑖𝑖 ෍

𝑘=1

𝑛

𝑘2 = 12 + 22 + 32+. . . +𝑛2 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6

𝑖𝑖𝑖 ෍

𝑘=1

𝑛

𝑘3 = 13 + 23 + 33+. . . +𝑛3 =
𝑛2(𝑛 + 1)2

4

5.6  Infinite Sequence and Series

If (𝑑𝑛 ) is a sequence and 𝑎 is a number so that for any given small positive
number, there is a stage after which the distance between 𝑎𝑛 and 𝑎 is smaller
than that positive number, then we may say that 𝑎𝑛 goes to 𝑎 as 𝑛 goes to
infinity.

In technical terms that 𝑎𝑛 tends to 𝑎 as 𝑛 tends to infinity. In other words
, in the limiting case 𝑎𝑛 becomes 𝑎 or the limit of 𝑎𝑛 is 𝑎 as 𝑛 tends to ∞ .
We also say that the sequence (𝑎𝑛)converges to 𝑎. If (𝑎𝑛) converges to 𝑎, then
we write lim

𝑛→∞
𝑎𝑛 = 𝑎.

5.6.1  Fibonacci  Sequence

The Fibonacci sequence is a sequence of numbers where a number other than
first two terms, is found be adding up the two numbers before it.

Starting with 0 and 1, the sequence goes 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, and
so forth. Written as a rule, the expression is 𝑥𝑛 = 𝑥𝑛−1 + 𝑥𝑛−2, 𝑛 ≥ 3

𝑤𝑖𝑡ℎ 𝑥0 = 1, 𝑥1 = 1.

Definition

𝐿𝑒𝑡 ෍

𝑛=1

∞

𝑎𝑛 𝑏𝑒 𝑎 𝑠𝑒𝑟𝑖𝑒𝑠 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑛𝑑 𝑙𝑒𝑡

𝑆𝑛 = 𝑎1 + 𝑎2 + 𝑎3 + ⋯ + 𝑎𝑛, 𝑛 ∈ 𝑁

𝑇ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 (𝑆𝑛)𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝑝𝑎𝑟𝑡𝑖𝑐𝑎𝑙 𝑠𝑢𝑚 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 ෍

𝑛=1

∞

𝑎𝑛

𝐼𝑓 (𝑆𝑛) 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑎𝑛𝑑 𝑖𝑓 lim
𝑛→∞

𝑆𝑛 = 𝑆,

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝑠𝑒𝑟𝑖𝑒𝑠 𝑎𝑛𝑑 𝑆 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓
𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠.
5.6.2  Infinite Geometric  Series
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𝐿𝑒𝑡 𝑢𝑠 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠: ෍

𝑛=0

∞

𝑥𝑛, 𝑥 ≠ 1.

𝐼𝑓 𝑆𝑛 = 𝑥0 + 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛, 𝑡ℎ𝑒𝑛 𝑆𝑛 =
1 − 𝑥𝑛

1 − 𝑥

 ෍

𝑛=0

∞

𝑥𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑤𝑖𝑡ℎ 𝑥 𝑤𝑖𝑡ℎ < 1 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑖𝑠
1

1 − 𝑥
. 𝑇ℎ𝑎𝑡 𝑖𝑠,

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1.

𝐴𝑠𝑥𝑛 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 0 𝑖𝑓 𝑥 < 1, 𝑤𝑒 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑠𝑛𝑡𝑒𝑛𝑑𝑠 𝑡𝑜
1

1 − 𝑥
𝑖𝑓 𝑥 < 1.

1

1 − 𝑥
= 1 + 𝑥 + 𝑥2 + 𝑥3 + ⋯

 ෍

𝑛=0

∞

(−1)𝑛𝑥𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑤𝑖𝑡ℎ 𝑥 < 1 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑖𝑠
1

1 + 𝑥
.

𝑇ℎ𝑎𝑡 𝑖𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1.

1

1 + 𝑥
= 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯

 ෍

𝑛=0

∞

(2𝑥)𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑤𝑖𝑡ℎ 𝑥 <
1

2
𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑖𝑠

1

1 − 2𝑥
.

𝑇ℎ𝑎𝑡 𝑖𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 <
1

2
.

1

1 − 2𝑥
= 1 + 2𝑥 + 4𝑥2 + 8𝑥3 + ⋯

 ෍

𝑛=0

∞
𝑥𝑛

𝑛!
𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑖𝑠𝑒𝑥 . 𝑇ℎ𝑎𝑡 𝑖𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑥.

𝑒𝑥 = 1 +
𝑥

1!
+

𝑥2

2!
+

𝑥3

3!
+

𝑥4

4!
…

𝑇ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 Σ𝑥𝑛 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 𝑜𝑟 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑝𝑟𝑜𝑔𝑒𝑠𝑠𝑖𝑜𝑛.

 ෍

𝑛=0

∞

(−1)𝑛𝑥 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑜𝑛𝑙𝑦 𝑓𝑜𝑟 𝑥 = 0.

𝐿𝑒𝑡 𝑢𝑠 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑠𝑜𝑚𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑠𝑒𝑟𝑖𝑒𝑠.
𝐵𝑦 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑜𝑠𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑙𝑒𝑡 𝑢𝑠 𝑠𝑜𝑙𝑒𝑣𝑒 𝑠𝑜𝑚𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠.

Infinite Arithmetico-Geometric  Series

𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐𝑜 − 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 Σ( 𝑎 + 𝑛 − 1 𝑑 𝑟𝑛−1𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦

𝑆 = lim
𝑛→∞

𝑆𝑛 =
𝑎

1 − 𝑟
+

𝑑𝑟

(1 − 𝑟)2
𝑓𝑜𝑟 − 1 < 𝑟 < 1.
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟓. 𝟏𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎: 𝟏 +
𝟒

𝟓
+

𝟕

𝟐𝟓
+

𝟏𝟎

𝟏𝟐𝟓
+ ⋯

𝐻𝑒𝑟𝑒 𝑎 = 1, 𝑑 = 3 𝑎𝑛𝑑 𝑟 =
1

5

𝑆𝑛 =
𝑎

1 − 𝑟
+

𝑑𝑟

(1 − 𝑟)2

= + =
1

1 −
1

5

3 ×
1

5

1 −
1

5

2

1

4

5

+

3

5

5 − 1

5

2

=
5

4
+ =

5

4
+

3

5

4

5

2

3

5
16

25

=
5

4
+

3

5
×

25

16

5

=
5

4
+

15

16

=
35

16

20 + 15

16
=

Telescopic Summation for Infinite Series

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟓. 𝟐𝟎. Find ෍

𝑛=1

∞
1

𝑛2 + 5𝑛 + 6

𝐿𝑒𝑡 𝑎𝑛 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑟𝑖𝑒𝑠.

=
1

(𝑛 + 3)(𝑛 + 2) 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑛 =
1

𝑛2 + 5𝑛 + 6

1

(𝑛 + 3)(𝑛 + 2)
=

𝐴

(𝑛 + 3)
+

𝐵

(𝑛 + 2)

1

(𝑛 + 3)(𝑛 + 2)
=

𝐴 𝑛 + 2 + 𝐵(𝑛 + 3)

(𝑛 + 3)(𝑛 + 2)

1 = 𝐴(𝑛 + 2) + 𝐵(𝑛 + 3)

𝑃𝑢𝑡 𝑛 = −2: 1 = 𝐴(−2 + 2) + 𝐵(−2 + 3)

1 = 𝐴(0) + 𝐵(1) 𝐵 = 1⟹

𝑃𝑢𝑡 𝑛 = −3: 1 = 𝐴(−3 + 2) + 𝐵(−3 + 3)

−𝐴 = 1 𝐴 = −1⟹

1

(𝑛 + 3)(𝑛 + 2)
=

−1

𝑛 + 3
+

1

𝑛 + 2 301
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𝑎𝑛 =
1

𝑛 + 2
−

1

𝑛 + 3

𝑆𝑛 = 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛

1

3
−

1

4
+

1

4
−

1

5
+

1

5
−

1

6
+ ⋯ +

1

𝑛 + 2
−

1

𝑛 + 3
𝑆𝑛 =

𝑆𝑛 =
1

3
−

1

𝑛 + 3
𝐼𝑓𝑛 → ∞ 𝑡ℎ𝑒𝑛

1

𝑛 + 3
→ 0 1

𝑛 + 3
=

1

∞ + 3
= 0

𝑆𝑛 =
1

3
− 0 𝑆𝑛 =

1

3

෍

𝑛=1

∞
1

𝑛2 + 5𝑛 + 6
=

1

3

5.6.5 Binomial Series

Theorem 4 (Binomial theorem for Rational Exponent)
𝐹𝑜𝑟 𝑎𝑛𝑦 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑛,

(1 + 𝑥)𝑛= 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 +

𝑛(𝑛 − 1)(𝑛 − 2)

3!
𝑥3 + ⋯

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1.

As the proof involves higher mathematical concepts, let us assume the
theorem without proof and see some particular cases and solve some
problems. In the theorem.

1. 𝐵𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 − 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝑥, 𝑤𝑒 𝑔𝑒𝑡

(1 − 𝑥)𝑛= 1 − 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 +

𝑛(𝑛 − 1)(𝑛 − 2)

3!
𝑥3 + ⋯ ( 𝑥 < 1)

(1 + 𝑥)−𝑛 = 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛(𝑛 + 1)(𝑛 + 2)

3!
𝑥3 + ⋯ 𝑥 < 1

(1 − 𝑥)−𝑛 = 1 + 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 +

𝑛(𝑛 + 1)(𝑛 + 2)

3!
𝑥3 + ⋯ 𝑥 < 1

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟏. 𝑬𝒙𝒑𝒂𝒏𝒅 (𝟏 + 𝒙)
𝟐
𝟑 𝒖𝒑𝒕𝒐 𝒇𝒐𝒖𝒓 𝒕𝒆𝒓𝒎𝒔 𝒇𝒐𝒓 𝒙 < 𝟏

𝐻𝑒𝑟𝑒 𝑛 =
2

3

(1 + 𝑥)𝑛
= 1 − 𝑛𝑥 +

𝑛 𝑛 − 1

2!
𝑥2 +

𝑛(𝑛 − 1)(𝑛 − 2)

3!
𝑥3 + ⋯

𝑛(𝑛 − 1)

2!
= = =

−2

9
=

2

3

2

3
− 1

1 × 2

2

3
×

−1

3

2 2

−2

9
×

1

2
=

−1

9

−1
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𝑛(𝑛 − 1)(𝑛 − 2)

3! =

2

3

2

3
− 1

2

3
− 2

1 × 2 × 3
=

2

3

2 − 3

3

2 − 6

3

6
=

2

3
×

−1

3
×

−4

3

6

=

8

27

6
=

8

27
×

1

6
3

4

=
4

81

(1 + 𝑥)
2
3 = 1 −

2

3
𝑥 +

−1

9
𝑥2 +

4

81
𝑥3 + ⋯

1 −
2

3
𝑥 −

1

9
𝑥2 +

4

81
𝑥3 + ⋯=

1

(1 + 3𝑥)2 = (1 + 3𝑥)−2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟐 𝑬𝒙𝒑𝒂𝒏𝒅
𝟏

(𝟏 + 𝟑𝒙)𝟐
𝒊𝒏 𝒑𝒐𝒘𝒆𝒓𝒔 𝒐𝒇 𝒙. 𝑭𝒊𝒏𝒅 𝒂 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒐𝒏 𝒙

𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒊𝒔 𝒗𝒂𝒍𝒊𝒅.

1 − 2(3𝑥) +
2(2 + 1)

1 × 2
(3𝑥)2 −

2(2 + 1)(2 + 2)

1 × 2 × 3
(3𝑥)3

+
2(2 + 1)(2 + 2)(2 + 3)

1 × 2 × 3 × 4
(3𝑥)4+ ⋯

𝑥 = 3𝑥, 𝑛 = 2

(1 + 3𝑥)−2 =

= 1 − 6𝑥 +
2 × 3

1 × 2
9𝑥2 −

2 × 3 × 4

1 × 2 × 3
27𝑥3 +

2 × 3 × 4 × 5

1 × 2 × 3 × 4
81𝑥4 + ⋯

(1 + 𝑥)−𝑛 = 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛(𝑛 + 1)(𝑛 + 2)

3!
𝑥3 + ⋯

= 1 − 6𝑥 + 27𝑥2 −108𝑥3 + 405𝑥4 + ⋯

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟑. 𝑬𝒙𝒑𝒂𝒏𝒅
𝟏

(𝟑 + 𝟐𝒙)𝟐
𝒊𝒏 𝒑𝒐𝒘𝒆𝒓𝒔 𝒐𝒇 𝒙. 𝑭𝒊𝒏𝒅 𝒂 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒐𝒏 𝒙

𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒊𝒔 𝒗𝒂𝒍𝒊𝒅

1

(3 + 2𝑥)2
=

1

9 1 +
2𝑥
3

2

1

(3 + 2𝑥)2
=

1

9
1 +

2

3
𝑥

−2

=
1

32 1 +
2
3

𝑥
2

𝐿𝑒𝑡 𝑦 =
2

3
𝑥
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1

(3 + 2𝑥)2
=

1

9
(1 + 𝑦)−2

(1 + 𝑥)−𝑛= 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛(𝑛 + 1)(𝑛 + 2)

3!
𝑥3 + ⋯

𝑦 < 1

𝑥 = 𝑦,

𝑛 = 2

=
1

9
1 − 2𝑦 +

2(2 + 1)

1 × 2
𝑦2 −

2(2 + 1)(2 + 2)

1 × 2 × 3
𝑦3

+
2(2 + 1)(2 + 2)(2 + 3)

1 × 2 × 3 × 4
𝑦4 + ⋯

=
1

9
1 − 2𝑦 + 3𝑦2−

2 × 3 × 4

1 × 2 × 3
𝑦3 +

2 × 3 × 4 × 5

1 × 2 × 3 × 4
𝑦4 + ⋯

=
1

9
1 − 2𝑦 + 3𝑦2 − 4𝑦3+ 5𝑦4+ ⋯

𝑆𝑢𝑏 𝑦 =
2

3
𝑥

=
1

9 1 − 2
2

3
𝑥 + 3

2

3
𝑥

2

− 4
2

3
𝑥

3

+ 5
2

3
𝑥

4

+ ⋯

=
1

9
1 −

4

3
𝑥 + 3

4

9
𝑥2 − 4

8

27
𝑥3 + 5

16

81
𝑥4 + ⋯

=
1

9 1 −
4

3
𝑥 +

4

3
𝑥2 −

32

27
𝑥3 +

80

81
𝑥4 + ⋯

=
1

9
−

4

27
𝑥 +

4

27
𝑥2 −

32

243
𝑥3 +

80

729
𝑥4 + ⋯

Example5.24. Find
𝟑

𝟔𝟓

3
65 = 65

1
3

= (64 + 1)
1
3 = 64

1
3 1 +

1

64

1
3

= 4 1 +
1

64

1
3

=
3

64 1 +
1

64

1
3

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 +

𝑛 𝑛 − 1 (𝑛 − 2)

3!
𝑥3 + ⋯
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4= +
1
3

1
3

− 1

2!

1

64

2

+ ⋯1 +
1

3

1

64

=

=

=

𝑆𝑖𝑛𝑐𝑒
1

9216
+ ⋯ 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙

3
65

= 4 + 0.02

𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑙𝑦

1 +
1

3

1

64
+

1
3

1 − 3
3

1 × 2

1

64

1

64
+ ⋯4

4 1 +
1

3

1

64
+

1
3

−2
3

2
×

1

64

1

64
+ ⋯

4 1 +
1

3

1

64
−

1

9
×

1

64
×

1

64
+ ⋯

= 4 + 4 ×
1

3
×

1

64
− 4 ×

1

9
×

1

64
×

1

64
+ ⋯

16 16

= 4 +
1

48
−

1

9216
+ ⋯

= 4.02

𝑬𝒙𝒂𝒎𝒑𝒍𝒆𝟓. 𝟐𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝟑

𝒙𝟑 + 𝟕 −
𝟑

𝒙𝟑 + 𝟒 𝒊𝒔 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒍𝒚 𝒆𝒒𝒖𝒂𝒍

𝒕𝒐
𝟏

𝒙𝟐
𝒘𝒉𝒆𝒏 𝒙 𝒊𝒔 𝒍𝒂𝒓𝒈𝒆.

3
𝑥3 + 7 = (𝑥3 + 7)

1
3 = 𝑥3 1 +

7

𝑥3

1
3

=𝑥3
𝑥3

𝑥3
+

7

𝑥3

1
3

𝑥 =
1

64
, 𝑛 =

1

64

(𝑥3)
1
3 1 +

7

𝑥3

1
3

= = 𝑥 1 +
7

𝑥3

1
3

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 + ⋯

𝑥 =
7

𝑥3
, 𝑛 =

1

3

3
𝑥3 + 7 = 𝑥

1 +
1

3

7

𝑥3 +
2!

1

3

1

3
− 1

7

𝑥3

2

+ ⋯
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= 𝑥 1 +
7

3𝑥3
−

1

9
×

49

𝑥6
+ ⋯

= 𝑥 1 +
7

3𝑥3
−

49

9𝑥6
+ ⋯

3
𝑥3 + 7

= 𝑥 +
7

3𝑥3
× 𝑥 −

49

9𝑥6
× 𝑥 + ⋯

= 𝑥 +
7

3𝑥2
−

49

9𝑥5
+ ⋯ … (1)

3
𝑥3 + 4 = (𝑥3 + 4)

1
3

= 𝑥3
𝑥3

𝑥3
+

4

𝑥3

1
3

= 𝑥3 1 +
4

𝑥3

1
3

= (𝑥3)
1
3 1 +

4

𝑥3

1
3

= 𝑥 1 +
4

𝑥3

1
3

⟹

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 + ⋯

𝑥 =
4

𝑥3
, 𝑛 =

1

3

3
𝑥3 + 4= 𝑥 1 +

1

3

4

𝑥3
+

1

3

1

3
− 1

2!

4

𝑥3

2

+ ⋯

= 𝑥 1 +
4

3𝑥3 +

1

3

−2

3

1 × 2
×

16

𝑥6
+ ⋯

= 𝑥
1 +

7

3𝑥3
+

1

3

−2

3

1 × 2

49

𝑥6
+ ⋯×

= 𝑥 1 +
4

3𝑥3
+

1

3

−1

3
×

16

𝑥6
+ ⋯ = 𝑥 1 +

4

3𝑥3 −
16

9𝑥6
+ ⋯

= 𝑥 + 𝑥 ×
4

3𝑥3
− 𝑥

16

9𝑥6
+ ⋯ = 𝑥 +

4

3𝑥2
−

16

9𝑥5
+ ⋯

3
𝑥3 + 4 … (2)⇒

𝑆𝑖𝑛𝑐𝑒 𝑥 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒,
1

𝑥
𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑑

3
𝑥3 + 7 = 𝑥 +

7

3𝑥2 𝑎𝑛𝑑
3

𝑥3 + 4 = 𝑥 +
4

3𝑥2

ℎ𝑒𝑛𝑐𝑒 ℎ𝑖𝑔ℎ𝑒𝑟 𝑝𝑜𝑤𝑒𝑟𝑠 𝑎𝑟𝑒 𝑛𝑒𝑔𝑙𝑖𝑔𝑖𝑏𝑙𝑒.⇒

3
𝑥3 + 7 −

3
𝑥3 + 4 = 𝑥 +

7

3𝑥2
− 𝑥 +

4

3𝑥2
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= 𝑥 +
7

3𝑥2
− 𝑥 −

4

3𝑥2

=
7

3𝑥2
−

4

3𝑥2
=

7 − 4

3𝑥2
=

3

3𝑥2
=

1

𝑥2

5.6.6  Exponential  Series

𝑇ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 ෍

𝑛=0

∞ 𝑥𝑛

𝑛!
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑠𝑒𝑟𝑖𝑒𝑠. 𝐼𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 𝑡ℎ𝑎𝑡 𝑡ℎ𝑖𝑠 𝑠𝑒𝑟𝑖𝑒𝑠

𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥.

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑥, ෍

𝑛=0

∞
𝑥𝑛

𝑛!
= 𝑒𝑥 𝑤ℎ𝑒𝑟𝑒 𝑒 = 1 +

1

1!
+

1

2!
+

1

3!
+

1

4!
+ ⋯

𝑒𝑥 = 1 +
𝑥

1!
+

𝑥2

2!
+

𝑥3

3!
+

𝑥4

4!
+ ⋯

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥, . 𝐵𝑦 𝑡𝑎𝑘𝑖𝑛 − 𝑥 𝑖𝑛 𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1 𝑤𝑒 𝑔𝑒𝑡

𝑒−𝑥 = 1 −
𝑥

1!
+

𝑥2

2!
+

𝑥3

3!
+

𝑥4

4!
− ⋯

5.6.7  Logarithmic  Series

𝑇ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 ෍

𝑛=0

∞

(−1)𝑛+1
𝑥𝑛

𝑛
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠.

𝑇ℎ𝑖𝑠 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1. 𝑇ℎ𝑖𝑠 𝑠𝑒𝑟𝑖𝑒𝑠
𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑙𝑠𝑜.

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1, 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 log(1 + 𝑥). 𝑇ℎ𝑢𝑠

log(1 + 𝑥) = 𝑥 −
𝑥2

2
+

𝑥3

3
+

𝑥4

4
+ ⋯

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1, 𝐵𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 − 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑐𝑒 of 𝑥

log 1 − 𝑥 = −𝑥 −
𝑥2

2
+

𝑥3

3
+

𝑥4

4
− ⋯

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑥 < 1.

𝑁𝑜𝑤 log
1 + 𝑥

1 − 𝑥
= log 1 + 𝑥 − log 1 − 𝑥 . 𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑤𝑒 𝑔𝑒𝑡

= 2 𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯
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= =
1

5
1 +

𝑥

5

−1
=

1

5
5

5
+

𝑥

5

1

5 1 +
𝑥

5

𝑖
1

5 + 𝑥

1 + 𝑥 −𝑛 = 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛 𝑛 + 1 (𝑛 + 2)

3!
𝑥3 + ⋯

Exercise 5.4
1. Expand the following in ascending powers of 𝒙 and find the condition on 𝒙

for which the binomial expansion is valid.

𝒊
𝟏

𝟓 + 𝒙
𝒊𝒊

𝟐

𝟑 + 𝟒𝒙 𝟐
𝒊𝒊𝒊 𝟓 + 𝒙𝟐

𝟐
𝟑 (𝒊𝒗)(𝒙 + 𝟐)

−𝟐
𝟑

𝑛 = 1𝑥 =
𝑥

5
,

= 1 − (1)
𝑥

5
+

1 1 + 1

1 × 2

𝑥

5

21

5
−

1 1 + 1 (1 + 2)

1 × 2 × 3

𝑥

5

3

+ ⋯

=
1

5 1 −
𝑥

5
+

2

2

𝑥

5

2

−
2 × 3

1 × 2 × 3

𝑥

5

3

+ ⋯

=
1

5
1 −

𝑥

5
+

𝑥

5

2

−
𝑥

5

3

+ ⋯

𝐼𝑓
𝑥

5
< 1 ⟹ 𝑥 < 5

𝑖𝑖
2

(3 + 4𝑥)2
=

2

3
3

3
+

4𝑥

3

2
=

2

3 1 +
4𝑥

3

2

=
2

32 1 +
4

3
𝑥

2

=
2

9
1 +

4

3
𝑥

−2

1 + 𝑥 −𝑛 = 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛 𝑛 + 1 (𝑛 + 2)

3!
𝑥3 + ⋯

= 1 − (2)
4

3
𝑥 +

2 2 + 1

1 × 2

4𝑥

3

22

9 −
2 2 + 1 (2 + 2)

1 × 2 × 3

4𝑥

3

3

+ ⋯

𝑛 = 2𝑥 =
4

3
𝑥,

=
2

9
1 − 2

4𝑥

3
+ 3

4𝑥

3

2

−
2 × 3 × 4

1 × 2 × 3

4𝑥

3

3

+ ⋯

=
2

9
1 − 2

4𝑥

3
+ 3

4𝑥

3

2

−4
4𝑥

3

3

+ ⋯
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𝑖𝑖𝑖 (5 + 𝑥2)
2
3 = 5

5

5
+

𝑥2

5

2
3

= 5 1 +
𝑥2

5

2
3

= 5
2
3 1 +

𝑥2

5

2
3

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛 𝑛 − 1

2!
𝑥2 +

𝑛 𝑛 − 1 (𝑛 − 2)

3!
𝑥3 + ⋯

𝑥 =
𝑥2

5
, 𝑛 =

2

3

𝐼𝑓
𝑥2

5
< 1 ⟹

𝑥2

5
< 1 ⟹ 𝑥2 < 5

= 5
2
3 1 +

2

3

𝑥2

5
+

2

3

2

3
− 1

1 × 2

𝑥2

5

2

+

2

3

2

3
− 1

2

3
− 2

1 × 2 × 3

𝑥2

5

3

+ ⋯

= 5
2
3 1 +

2

3

𝑥2

5
+

2

3

−1

3

1 × 2

𝑥2

5

2

+

2

3
×

−1

3
×

−4

3

1 × 2 × 3

𝑥2

5

3

+ ⋯

= 5
2
3 1 +

2

3

𝑥2

5
−

1

9

𝑥2

5

2

+
4

27
×

1

3

𝑥2

5

3

+ ⋯

= 5
2
3 1 +

2

3

𝑥2

5
−

1

9

𝑥2

5

2

+
4

81

𝑥2

5

3

+ ⋯

= 2
2

2
+

𝑥

2

−
2
3
= 2 1 +

𝑥

2

−
2
3

= 2
−2
3 1 +

𝑥

2

−
2
3

1 + 𝑥 −𝑛 = 1 − 𝑛𝑥 +
𝑛 𝑛 + 1

2!
𝑥2 −

𝑛 𝑛 + 1 (𝑛 + 2)

3!
𝑥3 + ⋯

= (2 + 𝑥)−
2
3

=
1

2
2
3

1 +
𝑥

2

−
2
3

𝑥 =
𝑥

2
, 𝑛 =

2

3

=
1 −

2

3

𝑥

2
+

2

3

2

3
+ 1

2!

𝑥

2

2
1

2
2
3 −

2

3

2

3
+ 1

2

3
+ 2

1 × 2 × 3

𝑥2

5

3

+ ⋯

𝒊𝒗 (𝒙 + 𝟐)
−𝟐
𝟑
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= 1 −
2

3

𝑥

2
+

5

9

𝑥

2

21

2
2
3

40

9
×

𝑥2

2

3

+ ⋯−

= 1 −
𝑥

3
+

5

9
×

𝑥

4

2
1

2
2
3

40

9
×

1

3

𝑥2

2

3

+ ⋯−

= 1 −
𝑥

3
+

5𝑥

36

2
1

2
2
3

40

27

𝑥6

8
+ ⋯− = 1 −

𝑥

3
+ 5𝑥

36

2
1

2
2
3

40𝑥6

216
+ ⋯−

1 −
2

3

𝑥

2
+

2

3
×

5

3

1 × 2

𝑥

2

2=
1

2
2
3 −

2

3
×

5

3
×

8

3

1 × 2 × 3

𝑥2

2

3

+ ⋯

2. Find
𝟑

𝟏𝟎𝟎𝟏 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒍𝒚 𝒕𝒘𝒐 𝒅𝒆𝒄𝒊𝒎𝒂𝒍 𝒑𝒍𝒂𝒄𝒆𝒔 .
3

1001 = 1 + 1000
1
3

= 1000
1

1000
+

1000

1000

1
3

= =

= =

1000
1

1000
+ 1

1
3

1000
1
3 1 +

1

1000

1
3

3
1000 1 +

1

1000

1
3

10 1 +
1

1000

1
3

(1 + 𝑥)𝑛= 1 + 𝑛𝑥 +
𝑛 𝑛 − 1

2!
𝑥2 + ⋯

𝑥 =
1

1000
𝑛 =

1

3

= 10 1 +
1

3

1

1000
+

1

3

1

3
− 1

2!

1

1000

2

+ ⋯

= 10 1 +
1

3

1

1000
+

1

3

−2

3

1 × 2

1

1000

2

+ ⋯

= 10 1 +
1

3000
−

1

3
×

1

1000000
+ ⋯
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= 10 1 +
1

3000
−

1

9000000
+ ⋯ = 10 1 + 0.0003333

= 10 1.00033333 10.00333=

𝟑. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝟑

𝒙𝟑 + 𝟔 −
𝟑

𝒙𝟑 + 𝟑 𝒊𝒔 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒍𝒚 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐
𝟏

𝒙𝟐
𝒘𝒉𝒆𝒏

𝒙 𝒊𝒔 𝒍𝒂𝒓𝒈𝒆.

3
𝑥3 + 6 = (𝑥3 + 6)

1
3 = =

= =

𝑥3
𝑥3

𝑥3
+

6

𝑥3

1
3

𝑥3 1 +
6

𝑥3

1
3

(𝑥3)
1
3 1 +

6

𝑥3

1
3

𝑥 1 +
6

𝑥3

1
3

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 + ⋯ 𝑥 =

6

𝑥3
, 𝑛 =

1

3

3
𝑥3 + 6 = 𝑥 1 +

1

3

6

𝑥3
+

2!

1

3

1

3
− 1

6

𝑥3

2

+ ⋯

= 𝑥

1 +
2

𝑥3
+

1

3

−2

3

1 × 2

36

𝑥6
+ ⋯

= 𝑥 1 +
2

𝑥3
−

1

9
×

36

𝑥6
+ ⋯

×

2

4

= 𝑥 1 +
2

𝑥3
−

4

𝑥6
+ ⋯ = 𝑥 + 𝑥 ×

2

𝑥3
− 𝑥 ×

4

𝑥6
+ ⋯

3
𝑥3 + 6 = 𝑥 +

2

𝑥2
−

4

𝑥5
+ ⋯

3
𝑥3 + 3= (𝑥3 + 3)

1
3 𝑥3

𝑥3

𝑥3
+

3

𝑥3

1
3

= = 𝑥3 1 +
3

𝑥3

1
3

= (𝑥3)
1
3 1 +

3

𝑥3

1
3
= 𝑥 1 +

3

𝑥3

1
3

1 + 𝑥 𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛 − 1)

2!
𝑥2 + ⋯

𝑥 =
3

𝑥3
𝑛 =

1

3
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3
𝑥3 + 3 = 𝑥

1 +
1

3

3

𝑥3
+

1

3

1

3
− 1

2!

3

𝑥3

2

+ ⋯

= 𝑥
1 +

1

𝑥3
+

1

3

−2

3

1 × 2
×

9

𝑥6
+ ⋯

= 𝑥 1 +
1

𝑥3
−

1

9

9

𝑥6
+ ⋯

= 𝑥 1 +
1

𝑥3
+

1

𝑥6
+ ⋯

3
𝑥3 + 3 = 𝑥 + 𝑥 ×

1

𝑥3
− 𝑥

1

𝑥6
+ ⋯

= 𝑥 +
1

𝑥2
−

1

𝑥5
+ ⋯

3
𝑥3 + 3

= 𝑥 +
2

𝑥2
−

4

𝑥5
+ ⋯ −

3
𝑥3 + 6 −

3
𝑥3 + 3

𝑥 +
1

𝑥2
−

1

𝑥5
+ ⋯

= 𝑥 +
2

𝑥2
−

4

𝑥5
+ ⋯− 𝑥 −

1

𝑥2
+

1

𝑥5
− ⋯

=
2

𝑥2
−

1

𝑥2
−

4

𝑥5
+

1

𝑥5
+ ⋯

=
1

𝑥2
−

3

𝑥5
+ ⋯ =

1

𝑥2

𝑆𝑖𝑛𝑐𝑒
3

𝑥5
+ ⋯ 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙

𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑙𝑦

𝟒. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝟏 − 𝒙

𝟏 + 𝒙
𝒊𝒔 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒍𝒚 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝟏 − 𝒙 +

𝒙𝟐

𝟐
𝒘𝒉𝒆𝒏 𝒙

𝒊𝒔 𝒗𝒆𝒓𝒚 𝒔𝒎𝒂𝒍𝒍.

1 − 𝑥

1 + 𝑥
= (1 − 𝑥)

1
2(1 + 𝑥)

−1
2=

=

(1 − 𝑥)
1
2

(1 + 𝑥)
1
2

1 −
1

2
𝑥+

1

2

1

2
− 1

1 × 2
𝑥2 + ⋯ 1 −

1

2
𝑥+

1

2

1

2
+ 1

𝑥2 + ⋯
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1
× 2

=
1 −

1

2
𝑥+

1

2
×

−1

2

1 × 2
𝑥2 + ⋯ 1 −

1

2
𝑥 +

1

2
×

3

2

1 × 2
𝑥2 + ⋯

= 1 −
𝑥

2
−

1

4

2
𝑥2 + ⋯ 1 −

𝑥

2
+

3

4

2
𝑥2 + ⋯

= 1 −
𝑥

2
−

1

8
𝑥2 + ⋯ 1 −

𝑥

2
+

3

8
𝑥2 + ⋯

= 1 −
𝑥

2
+

3

8
𝑥2−

𝑥

2
+

𝑥2

4
−

1

8
𝑥2 + ⋯

= 1 −
2𝑥

2
+

3

8
𝑥2 +

𝑥2

4
−

𝑥2

8
+ ⋯ = 1 − 𝑥 +

3𝑥2 + 2𝑥2 − 𝑥2

8
+ ⋯

= 1 − 𝑥 +
4𝑥2

8
+ ⋯ = 1 − 𝑥 +

𝑥2

2
+ ⋯

𝟓. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝟔 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒙𝒑𝒐𝒏𝒆𝒏𝒕𝒊𝒂𝒍 𝒔𝒆𝒓𝒊𝒆𝒔 𝒊 𝒆𝟓𝒙(𝒊𝒊)𝒆−𝟐𝒙(𝒊𝒊𝒊)𝒆
𝟏
𝟐𝒙

(𝑖) 𝑒5𝑥 = 1 +
(5𝑥)

1!
+

(5𝑥)2

2!
+

(5𝑥)3

3!
+

(5𝑥)4

4!
+

(5𝑥)5

5!

= 1 + 5𝑥 +
25𝑥2

2
+

125𝑥3

6
+

625𝑥4

24
+

625𝑥5

24

(𝑖𝑖)𝑒−2𝑥 = 1 −
2𝑥

1!
+

2𝑥 2

2!
−

2𝑥 3

3!
+

2𝑥 4

4!
−

(2𝑥)5

5!

= 1 − 2𝑥 + 2𝑥2 −
4𝑥3

3
+

2𝑥4

3
−

4𝑥5

15

(𝑖𝑖𝑖) 𝑒
1
2

𝑥 = 1 +
𝑥

2
+

𝑥
2

2

2!
+

𝑥
2

3

3!
+

𝑥
2

4

4!
+

𝑥
2

5

5!

1 +
𝑥

2
+

𝑥2

8
+

𝑥3

48
+

𝑥4

384
+

𝑥5

3840
=

𝑳𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎𝒊𝒄 𝑺𝒆𝒓𝒊𝒆𝒔

𝑙𝑜𝑔 1 − 𝑥 = −𝑥 −
𝑥2

2
−

𝑥3

3
−

𝑥4

4
− ⋯

𝑙𝑜𝑔 1 + 𝑥 = 𝑥 −
𝑥2

2
+

𝑥3

3
−

𝑥4

4
+ ⋯
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𝟔. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝟔 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎𝒊𝒄 𝒔𝒆𝒓𝒊𝒆𝒔 𝒊 𝐥𝐨𝐠 𝟏 + 𝟒𝒙

𝒊𝒊 𝐥𝐨𝐠 𝟏 − 𝟐𝒙 𝒊𝒊𝒊 𝒍𝒐𝒈
𝟏 + 𝟑𝒙

𝟏 − 𝟑𝒙

𝒊𝒗 𝒍𝒐𝒈
𝟏 − 𝟐𝒙

𝟏 + 𝟐𝒙
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝒐𝒏 𝒘𝒉𝒊𝒄𝒉 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒗𝒂𝒍𝒊𝒅.

(𝑖) log(1 + 4𝑥)

𝑉𝑎𝑙𝑖𝑑 𝑖𝑓 4𝑥 < 1 ⟹ 𝑥 <
1

4

= 4𝑥 −
(4𝑥)2

2
+

(4𝑥)3

3
−

(4𝑥)4

4
+

(4𝑥)5

5
−

(4𝑥)6

6

𝑙𝑜𝑔
1 + 𝑥

1 − 𝑥
= 2 𝑥 +

𝑥3

3
+

𝑥5

5
+ ⋯

(𝑖𝑖) log(1 − 2𝑥) 𝑉𝑎𝑙𝑖𝑑 𝑖𝑓 2𝑥 < 1 ⟹ 𝑥 <
1

2

= − 2𝑥 −
(2𝑥)2

2
−

(2𝑥)3

3
−

(2𝑥)4

4
−

(2𝑥)5

5
−

(2𝑥)6

6

= −2𝑥 − 2𝑥2 −
8𝑥3

3
− 4𝑥4 −

32𝑥5

5
−

32𝑥6

3

= 4𝑥 − 8𝑥2
+

64𝑥3

3
− 64𝑥4 +

256𝑥5

5
−

512𝑥6

3

𝑖𝑖𝑖 𝑙𝑜𝑔
1 + 3𝑥

1 − 3𝑥
𝑙𝑜𝑔

1 + 𝑥

1 − 𝑥

2 𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯

𝑉𝑎𝑙𝑖𝑑 𝑖𝑓 3𝑥 < 1 ⟹ 𝑥 <
1

3

= 2 3𝑥 +
(3𝑥)3

3
+

(3𝑥)5

5
+

(3𝑥)7

7
+

(3𝑥)9

9
+

(3𝑥)11

11

𝑖𝑣 log
1 − 2𝑥

1 + 2𝑥
𝑉𝑎𝑙𝑖𝑑 𝑖𝑓 2𝑥 < 1 ⟹ 𝑥 <

1

2

= 𝑙𝑜𝑔
1 + 2𝑥

1 − 2𝑥

−1

= − 𝑙𝑜𝑔
1 + 2𝑥

1 − 2𝑥

= −2 2𝑥 +
(2𝑥)3

3
+

(2𝑥)5

5
+

(2𝑥)7

7
+

(2𝑥)9

9
+

(2𝑥)11

11

𝟕. 𝑰𝒇 𝒚 = 𝒙 +
𝒙𝟐

𝟐
+

𝒙𝟑

𝟑
+

𝒙𝟒

𝟒
+ ⋯ , 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒙 = 𝒚 −

𝒚𝟐

𝟐!
+

𝒚𝟑

𝟑!
−

𝒚𝟒

𝟒!
…

𝐺𝑖𝑣𝑒𝑛 𝑦 = 𝑥 +
𝑥2

2
+

𝑥3

3
+ ⋯

𝑦 = −𝑙𝑜𝑔(1 − 𝑥)
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𝑦 = log(1 − 𝑥)−1 ⟹ 𝑒𝑦 =(1 − 𝑥)−1

1 − 𝑥 = 𝑒−𝑦 1 − 𝑥

1 − 𝑥 1 − 𝑦 +
𝑦2

2!
−

𝑦3

3!
+ ⋯

−𝑥 −𝑦 +
𝑦2

2!
−

𝑦3

3!
+ ⋯

= 𝑒−𝑦

=

=

𝑥 = 𝑦 −
𝑦2

2!
+

𝑦3

3!
−

𝑦4

4!
…

𝑙𝑜𝑔 1 − 𝑥 = −𝑥 −
𝑥2

2
−

𝑥3

3
−

𝑥4

4
− ⋯

𝑒−𝑥 = 1 −
𝑥

1!
+

𝑥2

2!
−

𝑥3

3!
+

𝑥4

4!
…

⟹

𝟖. 𝑰𝒇 𝒑 − 𝒒 𝒊𝒔 𝒔𝒎𝒂𝒍𝒍 𝒄𝒐𝒎𝒑𝒂𝒓𝒆𝒅 𝒕𝒐 𝒆𝒊𝒕𝒉𝒆𝒓 𝒑 𝒐𝒓 𝒒, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕

𝒏 𝒑

𝒒
=

𝒏 + 𝟏 𝒑 + 𝒏 − 𝟏 𝒒

𝒏 − 𝟏 𝒑 + 𝒏 + 𝟏 𝒒
. 𝑯𝒆𝒏𝒄𝒆 𝒇𝒊𝒏𝒅

𝟖 𝟏𝟓

𝟏𝟔
.

𝑝

𝑞
=

1 +
𝑝 − 𝑞
𝑝 + 𝑞

1 −
𝑝 − 𝑞
𝑝 + 𝑞

=
𝑝 + 𝑞 + 𝑝 − 𝑞

𝑝 + 𝑞 − 𝑝 + 𝑞
=

2𝑝

2𝑞
=

𝑝

𝑞

𝑝

𝑞

1
𝑛

=
1 +

𝑝 − 𝑞
𝑝 + 𝑞

1 −
𝑝 − 𝑞
𝑝 + 𝑞

1
𝑛

=
1 +

𝑝 − 𝑞
𝑝 + 𝑞

1
𝑛

1 −
𝑝 − 𝑞
𝑝 + 𝑞

1
𝑛

=
1 +

1
𝑛

𝑝 − 𝑞
𝑝 + 𝑞

1 −
1
𝑛

𝑝 − 𝑞
𝑝 + 𝑞

=
1 +

𝑝 − 𝑞
𝑛𝑝 + 𝑛𝑞

1 −
𝑝 − 𝑞

𝑛𝑝 + 𝑛𝑞

=

𝑛𝑝 + 𝑛𝑞 + 𝑝 − 𝑞
𝑛𝑝 + 𝑛𝑞

𝑛𝑝 + 𝑛𝑞 − 𝑝 + 𝑞
𝑛𝑝 + 𝑛𝑞

=
𝑛𝑝 + 𝑛𝑞 + 𝑝 − 𝑞

𝑛𝑝 + 𝑛𝑞 − 𝑝 + 𝑞

=
𝑛𝑝 + 𝑝 + 𝑛𝑞 − 𝑞

𝑛𝑝 − 𝑝 + 𝑛𝑞 + 𝑞
=

𝑛 + 1 𝑝 + (𝑛 − 1)𝑞

𝑛 − 1 𝑝 + (𝑛 + 1)𝑞

𝑝𝑢𝑡 𝑛 = 8, 𝑝 = 15, 𝑞 = 16

8 15

16
=

9 15 + 7(16)

7 15 + 9(16)
=

135 + 112

105 + 144
=

247

249
= 0.9916

𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟒𝒊𝒏 𝒕𝒉𝒆 𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒐𝒏 𝒐𝒇
𝟑 − 𝟒𝒙 + 𝒙𝟐

𝒆𝟐𝒙

3 − 4𝑥 + 𝑥2

𝑒2𝑥
= (3 − 4𝑥 + 𝑥2)𝑒−2𝑥

= (3 − 4𝑥 + 𝑥2) 1 −
2𝑥

1!
+

(2𝑥)2

2!
−

(2𝑥)3

3!
+

(2𝑥)4

4!

= (3 − 4𝑥 + 𝑥2) 1 −
2𝑥

1!
+

4𝑥2

2!
−

8𝑥3

3!
+

16𝑥4

4!
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𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥4 =
3 × 16

4!
+

4 × 8

3!
+

4

2!

=
3 × 16

1 × 2 × 3 × 4

4 2
+

4 × 8

1 × 2 × 3
+

4

1 × 2

2 2

= 2 +
16

3
+ 2 =

28

3

10. Find the value of ෍

𝒏=𝟏

∞
𝟏

𝟐𝒏 − 𝟏

𝟏

𝟗𝒏−𝟏
+

𝟏

𝟗𝟐𝒏−𝟏

෍

1

∞
1

2𝑛 − 1

1

9𝑛−1
+

1

92𝑛−1
= ෍

1

∞
1

2𝑛 − 1

1

9𝑛 × 9−1
+

1

92𝑛 × 9−1

= ෍

1

∞
1

2𝑛 − 1

9

9𝑛
+

9

92𝑛 = 9 ෍

1

∞
1

2𝑛 − 1

1

9𝑛
+

1

92𝑛

= 9 ቈ
1

9
+

1

92
+

1

3

1

9

2

+
1

3

1

9

4

+
1

5

1

9

3

+
1

5

1

9

6

+
1

7

1

9

4

+
1

7
൩

1

9

8

…

= 9
1

9
+

1

3

1

9

2

+
1

5

1

9

3

+ ⋯ + 9
1

92
+

1

3

1

9

4

+
1

5

1

9

6

+ ⋯

= 9
1

3

2

+
1

3

1

3

4

+
1

5

1

3

6

+ ⋯ + 9
1

9

2

+
1

3

1

9

4

+
1

5

1

9

6

+ ⋯

+ 9
1

9

1

9
+

1
9

3

3
+

1
9

5

5
+ ⋯= 9

1

3

1

3
+

1
3

3

3
+

1
3

5

5
+ ⋯

3

𝑙𝑜𝑔
1 + 𝑥

1 − 𝑥
= 2 𝑥 +

𝑥3

3
+

𝑥5

5
+ ⋯ ⟹

1

2
𝑙𝑜𝑔

1 + 𝑥

1 − 𝑥
= 𝑥 +

𝑥3

3
+

𝑥5

5
+ ⋯

=
3

2
𝑙𝑜𝑔

1 +
1
3

1 −
1
3

+
1

2
𝑙𝑜𝑔

1 +
1
9

1 −
1
9

=
3

2
𝑙𝑜𝑔

4
3
2
3

+
1

2
𝑙𝑜𝑔

10
9
8
9

=
3

2
𝑙𝑜𝑔 2 +

1

2
𝑙𝑜𝑔

5

4
=

1

2
3𝑙𝑜𝑔2 + 𝑙𝑜𝑔

5

4

=
1

2
𝑙𝑜𝑔8 + 𝑙𝑜𝑔

5

4 =
1

2
log 8 ×

5

4

2
=

1

2
log 10

= 𝑙𝑜𝑔 10
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟏

Locus of a point
A point is an exact position or location on a plane 
surface

Definition 6.2

The path traced out by a moving point under certain conditions is called 
the locus of that point.

Alternatively, when a point moves in accordance with a geometrical 
law, its path is called locus. The plural of locus is loci.
𝐿𝑜𝑐𝑢𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑃 𝑥, 𝑦

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟏: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐰𝐡𝐢𝐜𝐡 𝐦𝐨𝐯𝐞𝐬 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐢𝐭𝐬 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞
𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐱 − 𝐚𝐱𝐢𝐬 𝐢𝐬 𝐞𝐪𝐮𝐚𝐥 𝐭𝐨 𝐭𝐡𝐞 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐲 − 𝐚𝐱𝐢𝐬.

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

Distance from 𝑥-axis = Distance from 𝑦-axis

ℎ = 𝑘

𝑥 = ℎ, 𝑦 = 𝑘

Locus of x, y is y = x is a straight line passes through the origin

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐩𝐚𝐭𝐡 𝐭𝐫𝐚𝐜𝐞𝐝 𝐨𝐮𝐭 𝐛𝐲 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝒄𝒕,
𝒄

𝒕
, 𝒉𝒆𝒓𝒆 𝒕 ≠ 𝟎 𝒊𝒔

𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓 𝒂𝒏𝒅 𝒄 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕.

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

𝐺𝑖𝑣𝑒𝑛 ∶ ℎ = 𝑐𝑡
ℎ

𝑐
= 𝑡

𝑘 =
𝑐

ℎ
𝑐

… (1)

𝑠𝑢𝑏𝑠 𝑡 =
ℎ

𝑐
𝑖𝑛 𝑒𝑞𝑛 (1)

𝑘 =
𝑐

𝑡
⟹

𝑘 =
𝑐

𝑡
⟹ 𝑘 = 𝑐 ×

𝑐

ℎ
𝑘 =

𝑐2

ℎ
⟹ ℎ𝑘 = 𝑐2

𝑊ℎ𝑒𝑟𝑒 𝑥 = ℎ, 𝑦 = 𝑘 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑖𝑠𝑥𝑦 = 𝑐2

⟹

⟹ ⟹

⟹

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟑: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐦𝐨𝐯𝐞𝐬 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐢𝐭𝐬 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞
𝐟𝐫𝐨𝐦 𝐭𝐰𝐨 𝐟𝐢𝐱𝐞𝐝 𝐩𝐨𝐢𝐧𝐭𝐬 𝐀 𝟏, 𝟎 𝐚𝐧𝐝 𝐁 𝟓, 𝟎 , 𝐚𝐫𝐞 𝐚𝐥𝐰𝐚𝐲𝐬 𝐞𝐪𝐮𝐚𝐥.

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

𝐺𝑖𝑣𝑒𝑛: 𝑃𝐴 = 𝑃𝐵

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑃𝐴2 = 𝑃𝐵2

𝐴 1, 0 , 𝑃(ℎ, 𝑘)
𝑥1 𝑦1 𝑦2𝑥2

⟹

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠

= 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2

𝑃𝐴 = ℎ − 1 2 + 𝑘 − 0 2 ⟹ 𝑃𝐴 = ℎ − 1 2 + 𝑘2

𝐵 5, 0 , 𝑃 ℎ, 𝑘
𝑥1 𝑦1 𝑦2𝑥2

𝑃𝐴2 = ℎ − 1 2 + 𝑘2
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𝑃𝐵 = ℎ − 5 2 + 𝑘 − 0 2 ⟹ 𝑃𝐵 = ℎ − 5 2 + 𝑘2 ⟹

𝑃𝐴2 = 𝑃𝐵2 ⟹ ℎ − 1 2 + 𝑘2 = ℎ − 5 2 + 𝑘2 (ℎ − 1)2 = (ℎ − 5)2⟹

ℎ2 − 2 1 ℎ + 12 = ℎ2 − 2 5 ℎ + 52

ℎ2 − 2ℎ + 1= ℎ2 − 10ℎ + 25

ℎ2 − 2ℎ + 1 − ℎ2 + 10ℎ − 25 = 0 ⟹ 8ℎ − 24 = 0
8ℎ = 24

ℎ =
24

8

3
⟹ ℎ = 3 𝑊ℎ𝑒𝑟𝑒 𝑥 = ℎ

𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑖𝑠 𝑥 = 3

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟒: 𝐈𝐟 𝜽 𝒊𝒔 𝒂 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒂
𝒎𝒐𝒗𝒊𝒏𝒈 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒐𝒔𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒂𝒓𝒆 𝒂 𝐬𝐞𝐜 𝜽 , 𝒃 𝐭𝐚𝐧 𝜽 .

𝑥 = 𝑎 𝑠𝑒𝑐 𝜃
𝑥

𝑎
= 𝑠𝑒𝑐 𝜃

𝑦 = 𝑏 tan 𝜃
𝑦

𝑏
= tan 𝜃

𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

… (1)

… (2)

⟹

⟹

sec2𝜃 − tan2𝜃 = 1
𝑥

𝑎

2

−
𝑦

𝑏

2

= 1 ⟹
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟓: 𝐀 𝐬𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐫𝐨𝐝 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐧𝐠𝐭𝐡 𝟔 𝐮𝐧𝐢𝐭𝐬, 𝐬𝐥𝐢𝐝𝐞𝐬 𝐰𝐢𝐭𝐡 𝐢𝐭𝐬 𝐞𝐧𝐝𝐬 𝐀
𝐚𝐧𝐝 𝐁 𝐚𝐥𝐰𝐚𝐲𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐱 𝐚𝐧𝐝 𝐲 𝐚𝐱𝐞𝐬 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲. 𝐈𝐟 𝐎 𝐢𝐬 𝐭𝐡𝐞 𝐨𝐫𝐢𝐠𝐢𝐧, 𝐭𝐡𝐞𝐧
𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐜𝐞𝐧𝐭𝐫𝐨𝐢𝐝 𝐨𝐟 ∆𝑶𝑨𝑩.

𝑥

𝑦

𝑂 𝐴

𝐵

𝑃

𝑎

𝑏
0, 𝑏

ℎ, 𝑘

0,0
𝑎, 0

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑎𝑡 𝑂, 𝐴 𝑎𝑛𝑑 𝐵 𝑏𝑒

𝑂 0,0 , 𝐴 𝑎, 0 , 𝐵 0, 𝑏

𝐶𝑒𝑛𝑡𝑟𝑜𝑖𝑑 𝑜𝑓 ∆𝑂𝐴𝐵 𝑖𝑠 ℎ, 𝑘

𝑥1 + 𝑥2 + 𝑥3

3
,
𝑦1 + 𝑦2 + 𝑦3

3
= ℎ, 𝑘

𝑥1 𝑦1 𝑦2 𝑥3 𝑦3𝑥2

0 + 𝑎 + 0

3
,
0 + 0 + 𝑏

3
= (ℎ, 𝑘) ⟹

𝑎

3
,
𝑏

3
= (ℎ, 𝑘)

𝑎

3
= ℎ,

𝑏

3
= 𝑘 ⟹ 𝑎 = 3ℎ, 𝑏 = 3𝑘

𝐹𝑟𝑜𝑚 𝑟𝑖𝑔ℎ𝑡 ∆𝑂𝐴𝐵, 𝑂𝐴2 + 𝑂𝐵2 = 𝐴𝐵2

𝑎2 + 𝑏2 = 62 ⟹ (3ℎ)2 + (3𝑘)2 = 62 ⟹ 9ℎ2 + 9𝑘2= 36
÷ 9

ℎ2 + 𝑘2 = 4

⟹

𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑖𝑠 𝑥2 + 𝑦2 = 4

𝑊ℎ𝑒𝑟𝑒 𝑥 = ℎ, 𝑦 = 𝑘

1 + tan2𝜃 = sec2𝜃

1 = sec2𝜃 − tan2𝜃
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟔: 𝐈𝐟 𝜽 𝒊𝒔 𝒂 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇
𝒂 𝒎𝒐𝒗𝒊𝒏𝒈 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒐𝒔𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒂𝒓𝒆 𝒂(𝜽 − 𝐬𝒊𝒏 𝜽), 𝒂(𝟏 − 𝒄𝒐𝒔 𝜽) .

ℎ = 𝑎(𝜃 − s𝑖𝑛 𝜃)
𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

ℎ

𝑎
= 𝜃 − s𝑖𝑛 𝜃 s𝑖𝑛 𝜃 = 𝜃 −

ℎ

𝑎

𝑘 = 𝑎(1 − 𝑐𝑜𝑠 𝜃)
𝑘

𝑎
= 1 − 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜃 = 1 −

𝑘

𝑎

𝜃 =

⟹

𝑐𝑜𝑠 𝜃 =
𝑎 − 𝑘

𝑎

⟹ ⟹

⟹ 𝑐𝑜𝑠−1
𝑎 − 𝑘

𝑎

𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃 = 1

𝜃 −
ℎ

𝑎

2

+
𝑎 − 𝑘

𝑎

2

= 1 ⟹ 𝜃 −
ℎ

𝑎

2

+
𝑎 − 𝑘 2

𝑎2
= 1

𝜃 −
ℎ

𝑎

2

= 1 −
𝑎 − 𝑘 2

𝑎2
⟹ 𝜃 −

ℎ

𝑎

2

=
𝑎2 − 𝑎 − 𝑘 2

𝑎2

𝜃 −
ℎ

𝑎

2

=
𝑎2 − 𝑎 − 𝑘 2

𝑎2
⟹ 𝜃 −

ℎ

𝑎

2

=
𝑎2 − (𝑎2 − 2𝑎𝑘 + 𝑘2)

𝑎2

𝜃 −
ℎ

𝑎

2

=
𝑎2 − 𝑎2 + 2𝑎𝑘 − 𝑘2

𝑎2
⟹ 𝜃 −

ℎ

𝑎

2

=
2𝑎𝑘 − 𝑘2

𝑎2

𝜃 −
ℎ

𝑎
=

2𝑎𝑘 − 𝑘2

𝑎2
⟹ 𝜃 −

ℎ

𝑎
=

2𝑎𝑘 − 𝑘2

𝑎
⟹ 𝜃 −

2𝑎𝑘 − 𝑘2

𝑎
=

ℎ

𝑎

⟹𝑎 𝜃 −
2𝑎𝑘 − 𝑘2

𝑎
= ℎ ℎ = 𝑎𝜃 − 𝑎

2𝑎𝑘 − 𝑘2

𝑎

ℎ = 𝑎𝜃 − 2𝑎𝑘 − 𝑘2

𝑤ℎ𝑒𝑟𝑒 𝜃 = 𝑐𝑜𝑠−1
𝑎 − 𝑘

𝑎

ℎ = 𝑎 𝑐𝑜𝑠−1
𝑎 − 𝑘

𝑎
− 2𝑎𝑘 − 𝑘2

𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑖𝑠 𝑥 = 𝑎 cos−1
𝑎 − 𝑦

𝑎
− 2𝑎𝑦 − 𝑦2

𝟏. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐏, 𝐢𝐟 𝐟𝐨𝐫 𝐚𝐥𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝛂 𝐭𝐡𝐞 𝐜𝐨 − 𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬 𝐨𝐟 𝐚 𝐦𝐨𝐯𝐢𝐧𝐠
𝐩𝐨𝐢𝐧𝐭 𝐏 𝐢𝐬 𝒊 𝟗 𝐜𝐨𝐬 𝜶 , 𝟗 𝐬𝐢𝐧 𝜶

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

ℎ = 9 𝑐𝑜𝑠 𝛼 ⟹
ℎ

9
= 𝑐𝑜𝑠 𝛼 ⟹

ℎ2

92
= cos2 𝛼 … (1)
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𝑘 = 9 𝑠𝑖𝑛 𝛼 ⟹
𝑘

9
= 𝑠𝑖𝑛 𝛼 ⟹

𝑘2

92
= 𝑠𝑖𝑛2 𝛼 … (2)

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

ℎ2

92
+

𝑘2

92 = cos2 𝛼 + sin2 𝛼 ⟹
ℎ2 + 𝑘2

92
= 1 ⟹ ℎ2 + 𝑘2 = 92

ℎ2 + 𝑘2 = 81

∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑃 𝑥, 𝑦 𝑖𝑠 𝑥2 + 𝑦2 = 81

𝒊𝒊 𝟗 𝐜𝐨𝐬 𝜶 , 𝟔 𝐬𝐢𝐧 𝜶

ℎ = 9 cos 𝛼 ⟹
ℎ

9
= cos 𝛼

𝑘 = 6 sin 𝛼 ⟹
𝑘

6
= sin 𝛼

𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

⟹
ℎ2

92
= cos2 𝛼 … (1)

⟹
𝑘2

62
= sin2 𝛼 … (2)

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

ℎ2

92
+

𝑘2

62
= 𝑐𝑜𝑠2 𝛼 + 𝑠𝑖𝑛2 𝛼

ℎ2

81
+

𝑘2

36
= 1

∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑃 𝑥, 𝑦 𝑖𝑠
𝑥2

81
+

𝑦2

36
= 1

𝟐. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐭𝐡𝐚𝐭 𝐦𝐨𝐯𝐞𝐬 𝐚𝐭 𝐚 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐝𝐢𝐬𝐭𝐚𝐧𝐭 𝐨𝐟

𝒊 𝒕𝒘𝒐 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒙 − 𝒂𝒙𝒊𝒔

𝐿𝑒𝑡 𝑝 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑜𝑣𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡
𝑘 = 2
𝑦 = 2

𝐿𝑜𝑐𝑢𝑠 𝑖𝑠

Let 𝑃 ℎ, 𝑘 be the given point

ℎ
𝑘 = 2

𝑝(ℎ, 𝑘)⦁

𝒊𝒊 𝒕𝒉𝒓𝒆𝒆 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒚 − 𝒂𝒙𝒊𝒔.

𝑦 − 2 = 0

ℎ = 3

𝑃 ℎ, 𝑘

𝑘

𝑥

𝑦

𝑥

𝑦

ℎ = 3
𝑥 = 3

𝐿𝑜𝑐𝑢𝑠 𝑖𝑠 𝑥 − 3 = 0

𝟑. 𝐈𝐟 𝛉 𝐢𝐬 𝐚 𝐩𝐚𝐫𝐚𝐦𝐞𝐭𝐞𝐫 , 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐚 𝐦𝐨𝐯𝐢𝐧𝐠 𝐩𝐨𝐢𝐧𝐭,
𝐰𝐡𝐨𝐬𝐞 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬 𝐚𝐫𝐞 𝐱 = 𝐚 𝐜𝐨𝐬𝟑 𝜽, 𝒚 = 𝒂 𝐬𝐢𝐧𝟑𝜽.

𝑥 = 𝑎 cos3𝜃
𝑥

𝑎
= 𝑐𝑜𝑠3 𝜃

𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

⟹ ⟹ = 𝑐𝑜𝑠𝜃
𝑥

𝑎

1
3

⟹ = cos2 𝜃
𝑥

𝑎

2
3

… (1)

⟹

𝑦 = 𝑎 𝑠𝑖𝑛3𝜃
𝑦

𝑎
= 𝑠𝑖𝑛3 𝜃⟹ ⟹ = 𝑠𝑖𝑛𝜃

𝑦

𝑎

1
3

⟹ = 𝑠𝑖𝑛2 𝜃
𝑦

𝑎

2
3

… (2)
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𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

𝑥

𝑎

2
3

+
𝑦

𝑎

2
3

= 𝑐𝑜𝑠2 𝜃 + 𝑠𝑖𝑛2 𝜃 ⟹ = 1
𝑥

2
3

𝑎
2
3

+
𝑦

2
3

𝑎
2
3

𝑥
2
3 + 𝑦

2
3

𝑎
2
3

= 1 ⟹ 𝑥
2
3 + 𝑦

2
3 = 𝑎

2
3

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒌 𝒂𝒏𝒅 𝒃, 𝒊𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑷 −𝟑, 𝟏 𝒂𝒏𝒅 𝑸 𝟐, 𝒃 𝒍𝒊𝒆 𝒐𝒏
𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒙𝟐 − 𝟓𝒙 + 𝒌𝒚 = 𝟎.

𝑃 −3,1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑥2 − 5𝑥 + 𝑘𝑦 = 0

2 2 − 5 2 − 24 × (𝑏) = 0

9 + 15 + 𝑘 = 0

𝑘 = −24
𝑄 2, 𝑏 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑥2 − 5𝑥 + 𝑘𝑦 = 0

−3 2 − 5 −3 + 𝑘 1 = 0

𝑥 𝑦

24 + 𝑘 = 0

𝑥 𝑦

⟹ ⟹

⟹ 4 − 10 − 24b = 0

−6 = 24𝑏 𝑏 = −
6

24
𝑏 = −

1

4
4

⟹

𝟔. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐬𝐮𝐦 𝐨𝐟 𝐭𝐡𝐞
𝐬𝐪𝐮𝐚𝐫𝐞𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭𝐬 𝟑, 𝟓 , 𝟏, −𝟏 𝐢𝐬 𝐞𝐪𝐮𝐚𝐥 𝐭𝐨 𝟐𝟎.

𝐿𝑒𝑡 𝑝 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑜𝑣𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡

𝐴 3,5 𝑎𝑛𝑑 𝐵 1, −1 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝐺𝑖𝑣𝑒𝑛: 𝑃𝐴2 + 𝑃𝐵2=20

𝐴 3,5 𝑃 ℎ, 𝑘
𝑥1 𝑦1 𝑦2𝑥2

𝑃𝐴 = ℎ − 3 2 + 𝑘 − 5 2 ⟹ 𝑃𝐴2 =

𝐵 1, −1 , 𝑃 ℎ, 𝑘

ℎ − 3 2 + 𝑘 − 5 2

𝑥1 𝑦1 𝑦2𝑥2

𝑃𝐵 = ℎ − 1 2 + 𝑘 + 1 2 ⟹ 𝑃𝐵2 = ℎ − 1 2 + 𝑘 + 1 2

(ℎ − 3)2 + (𝑘 − 5)2 + (ℎ − 1)2 + (𝑘 + 1)2 = 20

ℎ2 − 2(3)ℎ + 9 + 𝑘2 − 2(5)𝑘 + 25 + ℎ2 − 2(1)ℎ + 1

+ 𝑘2 + 2(1)𝑘 + 1 = 20

ℎ2 − 6ℎ + 9 + 𝑘2 − 10𝑘 + 25 + ℎ2 − 2ℎ + 1 + 𝑘2 + 2𝑘 + 1 = 20

2ℎ2 + 2𝑘2 − 8ℎ − 8𝑘 + 36

2ℎ2

2ℎ2 + 2𝑘2 − 8ℎ − 8𝑘 + 16 = 0

+ 2𝑘2 − 8ℎ − 8𝑘 + 36 = 20

− 20 = 0

÷ 2

⟹

ℎ2 + 𝑘2 − 4ℎ − 4𝑘 + 8 = 0
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𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝑨𝑩, 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨 𝟏, −𝟔 𝒂𝒏𝒅 𝑩 𝟒, −𝟐 , 𝒔𝒖𝒃𝒕𝒆𝒏𝒅𝒔

𝒂 𝒓𝒊𝒈𝒉𝒕 𝒂𝒏𝒈𝒍𝒆 𝒂𝒕 𝑷

𝐿𝑒𝑡 𝑝 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠

PA ⊥ PB

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑃𝐴 × 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑃𝐵 = −1

B (4, −2)

A (1, −6)P
ℎ, 𝑘

𝑃(ℎ, 𝑘), 𝐴(1, −6)
𝑥1 , 𝑦1 𝑥2, 𝑦2

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑃𝐴 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

=
−6− 𝑘

1 − ℎ

𝑃(ℎ, 𝑘), 𝐵(4, −2)
𝑥1 , 𝑦1 𝑥2, 𝑦2

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑃𝐵 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

=
−2− 𝑘

4 − ℎ

−
𝑘 + 6

1 − ℎ
× −

𝑘 + 2

4 − h
= −1

=
− 𝑘 + 6

1 − ℎ

=
− 𝑘 + 2

4 − ℎ

⟹ 𝑘 + 6

1 − h
×

𝑘 + 2

4 − h
= −1

𝑘2 + 2𝑘 + 6𝑘 + 12
= −1

ℎ2 − 4ℎ − ℎ + 4

𝑘2 + 8𝑘 + 12
= −1

ℎ2 − 5ℎ + 4
⟹

𝑘2 + 8𝑘 + 12 = −1(ℎ2 − 5ℎ + 4) 𝑘2 + 8𝑘 + 12 = −ℎ2 + 5ℎ − 4⟹

ℎ2 + 𝑘2 − 5ℎ + 8𝑘 + 12 + 4 = 0

𝑥2 + 𝑦2 − 5𝑥 + 8𝑦 + 16 = 0Locus of ℎ, 𝑘 𝑖s

ℎ2 + 𝑘2 − 5ℎ + 8𝑘 + 16 = 0

322



BLUE STARS HR.SEC SCHOOL

ARUMPARTHAPURAM, PONDICHERRY

BLUE STARS HR.SEC SCHOOL

𝟖. 𝐈𝐟 𝐎 𝐢𝐬 𝐨𝐫𝐢𝐠𝐢𝐧 𝐚𝐧𝐝 𝐑 𝐢𝐬 𝐚 𝐯𝐚𝐫𝐢𝐚𝐛𝐥𝐞 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐲𝟐 = 𝟒𝐱, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞
𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐦𝐢𝐝 − 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝐬𝐞𝐠𝐦𝐞𝐧𝐭 𝐎𝐑

𝑂 (0,0) 𝑎𝑛𝑑 𝑅 𝑥2, 𝑦2

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑂𝑅 = 𝑃(ℎ, 𝑘)
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
= (ℎ, 𝑘)

0 + 𝑥2

2
,
0 + 𝑦2

2
= (ℎ, 𝑘)

𝑥2

2
,
𝑦2

2
= (ℎ, 𝑘)

𝑥2

2
= ℎ ,

𝑦2

2
= 𝑘

𝑂

𝑅

𝑃(ℎ, 𝑘)

(0,0)
𝑥

𝑦
𝑥2, 𝑦2

⟹

⟹

⟹ 𝑥2 = 2ℎ , 𝑦2 = 2𝑘

∴ 𝑅(2ℎ, 2𝑘)

𝑅 2ℎ, 2𝑘 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑦2 = 4𝑥

(2𝑘)2= 4(2ℎ) ⟹ 4𝑘2 = 8ℎ
2

⟹ 𝑘2 = 2ℎ

ℎ = 𝑥 , 𝑘 = 𝑦

𝐿𝑜𝑐𝑢𝑠 𝑜𝑓 𝑥, 𝑦 𝑖𝑠 𝑦2 = 2𝑥
9. 𝑇ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑎 𝑚𝑜𝑣𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑎𝑟𝑒

𝑎

2
cosec 𝜃 + sin 𝜃 ,

𝑏

2
(𝑐𝑜𝑠𝑒𝑐 𝜃 − 𝑠𝑖𝑛 𝜃)

𝑤ℎ𝑒𝑟𝑒 𝜃 𝑖𝑠 𝑎 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟. 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
𝑜𝑓 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑃 𝑖𝑠 𝑏2𝑥2 − 𝑎2𝑦2 = 𝑎2𝑏2.

𝑥 =
𝑎

2
(cosec 𝜃 + sin 𝜃) 2𝑥

𝑎
= 𝑐𝑜𝑠𝑒𝑐 𝜃 + 𝑠𝑖𝑛 𝜃Let

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠
2𝑥

𝑎

2

= cosec𝜃 + sin 𝜃 2 ……(1)

2𝑦

𝑏
= cosec𝜃 − sin 𝜃

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 2𝑦

𝑏

2

= cosec𝜃 − sin 𝜃 2 ……(2)

𝑦 =
𝑏

2
(𝑐𝑜𝑠𝑒𝑐 𝜃 − 𝑠𝑖𝑛 𝜃)Let

1 − (2)
2𝑥

𝑎

2

−
2𝑦

𝑏

2

= 𝑐𝑜𝑠𝑒𝑐 𝜃 + 𝑠𝑖𝑛 𝜃 2 − 𝑐𝑜𝑠𝑒𝑐𝜃 − 𝑠𝑖𝑛 𝜃 2

⟹

⟹

⟹

⟹

4𝑥2

𝑎2 −
4𝑦2

𝑏2 = (𝑐𝑜𝑠𝑒𝑐2 𝜃 + 2 𝑐𝑜𝑠𝑒𝑐 𝜃 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛2 𝜃)−

(𝑐𝑜𝑠𝑒𝑐2 𝜃 − 2 𝑐𝑜𝑠𝑒𝑐 𝜃 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛2 𝜃)

4
𝑥2

𝑎2
−

𝑦2

𝑏2
= cosec2 𝜃 + 2 cosec 𝜃 sin 𝜃 + sin2 𝜃

− cosec2 𝜃 + 2 cosec 𝜃 sin 𝜃 − sin2 𝜃

4
𝑥2

𝑎2
−

𝑦2

𝑏2
= 4 cosec 𝜃 sin 𝜃 ⟹

𝑥2

𝑎2
−

𝑦2

𝑏2 =
1

sin 𝜃
× sin 𝜃

𝑏2𝑥2 − 𝑎2𝑦2

𝑎2𝑏2
= 1 ⟹ 𝑏2𝑥2 − 𝑎2𝑦2 = 𝑎2𝑏2
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𝐿𝑒𝑡 𝑃 2, −7 𝑏𝑒 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

2𝑎2 + 9𝑏2 = 18

𝑙𝑒𝑡 𝑄 𝑎, 𝑏 𝑏𝑒 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 2𝑥2 + 9𝑦2 = 18

𝐿𝑒𝑡 𝑅 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑖𝑑 − 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑃𝑄

𝑃
(2 − 7)

𝑄(𝑎, 𝑏)
𝑅(ℎ, 𝑘)

𝟏𝟎. 𝐈𝐟 𝐏 𝟐, −𝟕 𝐢𝐬 𝐚 𝐠𝐢𝐯𝐞𝐧 𝐩𝐨𝐢𝐧𝐭 𝐚𝐧𝐝 𝐐 𝐢𝐬 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝟐𝐱𝟐 + 𝟗𝐲𝟐 = 𝟏𝟖,
𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐦𝐢𝐝 − 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐏𝐐.

• ••… (1)

𝑃 2, −7 an
d

𝑄 𝑎, 𝑏
𝑥1 𝑦1 𝑦2𝑥2

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑃𝑄 = ℎ, 𝑘

2 + 𝑎

2
,
−7 + 𝑏

2
= ℎ, 𝑘

⟹
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
= ℎ, 𝑘

⟹ ℎ =
2 + 𝑎

2
, 𝑘 =

−7 + 𝑏

2
2 + 𝑎 = 2ℎ, 2𝑘 = 𝑏 − 7

𝑎 = 2ℎ − 2 𝑏 = 2𝑘 + 7

𝑠𝑢𝑏𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑛 𝑒𝑞𝑛 (1) 2𝑎2 + 9𝑏2 = 18

𝑤ℎ𝑒𝑟𝑒 𝑎 = 2ℎ − 2, 𝑏 = 2𝑘 + 7

2

2 (2ℎ − 2)2+ 9(2𝑘 + 7)2 =18

8ℎ2 − 16ℎ + 8

8ℎ2

∴ 𝐿𝑜𝑐𝑢𝑠 𝑜𝑓 ℎ, 𝑘 𝑖𝑠 8𝑥2 + 36𝑦2 − 16𝑥 + 252𝑦 + 431 = 0

4ℎ2 − 8ℎ + 4 + 9 4𝑘2 + 28𝑘 + 49 = 18

+ 36𝑘2 + 252𝑘 + 441 = 18

+ 36𝑘2 − 16ℎ + 252𝑘 + 449 −18 = 0

8ℎ2 + 36𝑘2 − 16ℎ + 252𝑘 + 431 = 0

𝟏𝟏. 𝐈𝐟 𝐑 𝐢𝐬 𝐚𝐧𝐲 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐱 − 𝐚𝐱𝐢𝐬 𝐚𝐧𝐝 𝐐 𝐢𝐬 𝐚𝐧𝐲 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐲 − 𝐚𝐱𝐢𝐬
𝐏 𝐢𝐬 𝐚 𝐯𝐚𝐫𝐢𝐚𝐛𝐥𝐞 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐑𝐐 𝐰𝐢𝐭𝐡 𝐑𝐏 = 𝐛, 𝐏𝐐 = 𝐚. 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧

𝐨𝐟 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐏.

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑃𝑄

sin 𝜃 =
𝑘

𝑏

cos 𝜃 =
ℎ

𝑎

∆ 𝑃𝐿𝑅,

∆ 𝑃𝑀𝑄,

⟹ = 𝑠𝑖𝑛2 𝜃
𝑘

𝑏

2

… (2)

⟹ = cos2 𝜃
ℎ

𝑎

2

… (1)

𝐴𝑑𝑑𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

ℎ

𝑎

2

+
𝑘

𝑏

2

= 𝑐𝑜𝑠2 𝜃 + 𝑠𝑖𝑛2 𝜃 ⟹
ℎ2

𝑎2
+

𝑘2

𝑏2
= 1

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑃 𝑖𝑠

𝜃

𝜃

𝑅

𝑄

𝑃 ℎ, 𝑘

𝑥

𝑦

𝑏

𝑎

𝑂

𝑀

𝐿

ℎ
𝑘
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𝟏𝟐. 𝐈𝐟 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭𝐬 𝐏 𝟔, 𝟐 𝐚𝐧𝐝 𝐐 −𝟐, 𝟏 𝐚𝐧𝐝 𝐚𝐫𝐞 𝐭𝐡𝐞 𝐯𝐞𝐫𝐭𝐢𝐜𝐞𝐬 𝐨𝐟 𝐚 ∆𝐏𝐐𝐑 𝐚𝐧𝐝 𝐑
𝐢𝐬 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐲 = 𝐱𝟐 − 𝟑𝐱 + 𝟒, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟
𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐜𝐞𝐧𝐭𝐫𝐨𝐢𝐝 𝐨𝐟 ∆𝐏𝐐𝐑

𝑃 6 , 2 , 𝑄 −2 , 1 , 𝑅 𝑎 , 𝑏
𝑥1 𝑦1 𝑥2 𝑦2 𝑥3 𝑦3 R (a, 𝑏)

Q
(−2,1)

P
6,2

(ℎ, 𝑘)

𝐶𝑒𝑛𝑡𝑟𝑜𝑖𝑑 𝑜𝑓 ∆ 𝑃𝑄𝑅 = (ℎ, 𝑘)

𝑥1 + 𝑥2 + 𝑥3

3
,
𝑦1 + 𝑦2 + 𝑦3

3
= (ℎ, 𝑘)

6 − 2 + 𝑎

3
,
2 + 1 + 𝑏

3
= (ℎ, 𝑘)

4 + 𝑎

3
= ℎ ,

3 + 𝑏

3
= 𝑘 ⟹ 4 + 𝑎 = 3ℎ, 3 + 𝑏 = 3𝑘

𝑎 = 3ℎ − 4, 𝑏 = 3𝑘 − 3

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑅 3ℎ − 4, 3𝑘 − 3 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑦 = 𝑥2 − 3𝑥 + 4

3𝑘 − 3 = 9ℎ2 − 24ℎ + 16

3𝑘 − 3 = (3ℎ − 4)2 − 3 3ℎ − 4 + 4

− 9ℎ + 12 + 4

9ℎ2 − 33ℎ + 32 = 3𝑘 − 3

9ℎ2 − 33ℎ + 32 − 3𝑘 + 3 = 0 9ℎ2 − 33ℎ − 3𝑘 + 35 = 0

𝐿𝑜𝑐𝑢𝑠 𝑖𝑠 9𝑥2 − 33𝑥 − 3𝑦 + 35 = 0

𝟏𝟑. 𝐈𝐟 𝐐 𝐢𝐬 𝐚 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐱𝟐 + 𝐲𝟐 + 𝟒𝐱 − 𝟑𝐲 + 𝟕 = 𝟎, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞
𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐩 𝐰𝐡𝐢𝐜𝐡 𝐝𝐢𝐯𝐢𝐝𝐞𝐬 𝐥𝐢𝐧𝐞 𝐬𝐞𝐠𝐦𝐞𝐧𝐭 𝐎𝐐 𝐞𝐱𝐭𝐞𝐫𝐧𝐚𝐥𝐥𝐲 𝐢𝐧 𝐭𝐡𝐞
𝐫𝐚𝐭𝐢𝐨 𝟑: 𝟒, 𝐰𝐡𝐞𝐫𝐞 𝐎 𝐢𝐬 𝐨𝐫𝐢𝐠𝐢𝐧

𝑂(0,0) 𝑎𝑛𝑑 𝑄(𝑎, 𝑏)
𝑥1 𝑦1 𝑥2 𝑦2

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 ℎ, 𝑘 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑂𝑄 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙𝑙𝑦 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑎𝑡𝑖𝑜 3 ∶ 4
𝑙 𝑚

𝑃 ℎ, 𝑘 =
𝑙𝑥2 − 𝑚𝑥1

𝑙 − 𝑚
,
𝑙𝑦2 − 𝑚𝑦1

𝑙 − 𝑚

ℎ, 𝑘 =
3𝑎 − 4(0)

3 − 4
,

3𝑏 − 4(0)

3 − 4
ℎ, 𝑘 =

3𝑎

−1
,

3𝑏

−1

ℎ = −3𝑎, 𝑘 = −3𝑏

⟹

⟹ 𝑎 =
−ℎ

3
, 𝑏 =

−𝑘

3
𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑄 𝑖𝑠 −

ℎ

3
, −

𝑘

3

𝑂
(0,0)

𝑃
ℎ, 𝑘

𝑄
(𝑎, 𝑏)

3:4

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑄 −
ℎ

3
, −

𝑘

3
𝑙𝑖𝑒𝑠 𝑜𝑛 𝑥2 + 𝑦2 + 4𝑥 − 3𝑦 + 7 = 0

⟹
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Locus of ℎ, 𝑘 𝑖𝑠

−ℎ

3

2

+
−𝑘

3

2

+ 4
−ℎ

3
− 3

−𝑘

3
+ 7 = 0

ℎ2

9
+

𝑘2

9
−

4ℎ

3
+ 𝑘 + 7 = 0

× 9
ℎ2 + 𝑘2 − 12ℎ + 9𝑘 + 63 = 0

𝑥2 + 𝑦2 − 12𝑥 + 9𝑦 + 63 = 0

9 ×
4ℎ

3
= 12ℎ

3

𝐿𝑒𝑡 𝑃 𝑏𝑒 ℎ, 𝑘 𝑎𝑛𝑑 𝑄 = (5,1)

𝟏𝟒. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐩𝐨𝐢𝐧𝐭 𝐭𝐡𝐚𝐭 𝐚𝐫𝐞 𝟑 𝐮𝐧𝐢𝐭𝐬 𝐟𝐫𝐨𝐦 𝐱 − 𝐚𝐱𝐢𝐬 𝐚𝐧𝐝
𝟓 𝐮𝐧𝐢𝐭𝐬 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝟓, 𝟏 .

𝑃 ℎ, 𝑘 𝑖𝑠 𝑎𝑡 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 3 𝑢𝑛𝑖𝑡𝑠 𝑓𝑟𝑜𝑚 𝑥 − 𝑎𝑥𝑖𝑠. 𝑖. 𝑒 𝑘 = 3

𝐺𝑖𝑣𝑒𝑛 𝑃𝑄 = 5

𝑃 ℎ, 𝑘 𝑎𝑛𝑑 𝑄(5, 1)
𝑥

𝑦

𝑄(5,1)

𝑃(ℎ, 𝑘)

3 𝑢𝑛𝑖𝑡𝑠
𝑘 = 3

𝑥1 𝑦1 𝑥2 𝑦2

ℎ2 − 2(5)ℎ + 25

ℎ2 − 10ℎ + 25 + 2 2 = 25

+ (3 − 1)2 = 25

𝑃𝑄 = ℎ − 5 2 + (𝑘 − 1)2 5 = ℎ − 5 2 + (𝑘 − 1)2

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

25 = ℎ − 5 2 + (𝑘 − 1)2

⟹

⟹

⟹ ℎ2 − 10ℎ + 25 + 4 = 25

ℎ2 − 10ℎ + 29 = 25 ℎ2 − 10ℎ + 29 − 25 = 0

ℎ2 − 10ℎ + 4 = 0

⟹

𝑎 = 1, 𝑏 = −10, 𝑐 = 4

ℎ =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
⟹ ℎ =

−(−10) ± (−10)2 − 4 × 1 × 4

2 × 1

=
10 ± 2 × 2 × 21

2
ℎ =

10 ± 100 − 16

2

ℎ =
2(5 ± 21)

2

=
10 ± 84

2
=

10 ± 2 21

2

⟹ ℎ = 5 ± 21

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑟𝑒 5 + 21, 3 , (5 − 21, 3)

𝟏𝟓. 𝐓𝐡𝐞 𝐬𝐮𝐦 𝐨𝐟 𝐭𝐡𝐞 𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞 𝐨𝐟 𝐚 𝐦𝐨𝐯𝐢𝐧𝐠 𝐩𝐨𝐢𝐧𝐭 𝟒, 𝟎 𝐚𝐧𝐝 −𝟒, 𝟎 𝐢𝐬 𝐚𝐥𝐰𝐚𝐲𝐬
𝟏𝟎 𝐮𝐧𝐢𝐭𝐬. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐦𝐨𝐯𝐢𝐧𝐠 𝐩𝐨𝐢𝐧𝐭

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑜𝑣𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡

𝐴 4,0 , 𝐵 −4,0 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑃𝐴 + 𝑃𝐵 = 10

ℎ − 4 2 + (𝑘 − 0)2 + ℎ + 4 2 + (𝑘 − 0)2 = 10

ℎ − 4 2 + 𝑘2 + ℎ + 4 2 + 𝑘2 = 10

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2

𝐴 4, 0 𝑎𝑛𝑑 𝑃 ℎ, 𝑘
𝑥1 𝑦1 𝑥2 𝑦2

𝐵 −4, 0 𝑎𝑛𝑑 𝑃 ℎ, 𝑘
𝑥1 𝑦1 𝑥2 𝑦2
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𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

ℎ − 4 2 + 𝑘2 = 10 − ℎ + 4 2 + 𝑘2
2

ℎ2 − 8ℎ + 16 + 𝑘2 = 100 + ℎ + 4 2 + 𝑘2 −20 ℎ + 4 2 + 𝑘2

20 ℎ + 4 2 + 𝑘2 = 100 + ℎ2 + 8ℎ + 16 + 𝑘2 − ℎ2 + 8ℎ − 16 − 𝑘2

20 ℎ + 4 2 + 𝑘2 = 16ℎ + 100
÷ 4

ℎ − 4 2 + 𝑘2 = 10 − ℎ + 4 2 + 𝑘2

5 ℎ + 4 2 + 𝑘2 = 4ℎ + 25

𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

25 ℎ + 4 2 + 𝑘2 = 4ℎ + 25 2

25 ℎ2 + 8ℎ + 16 + 𝑘2 = 4ℎ 2 + 2 4ℎ 25 + 252

25ℎ2 + 200ℎ + 400 + 25𝑘2 = 16ℎ2 + 200ℎ + 625

25ℎ2 + 25𝑘2 − 16ℎ2 = 625 − 400

9ℎ2 + 25𝑘2 = 225

÷ 225
ℎ2

25
+

𝑘2

9
= 1

ℎ = 𝑥 , 𝑘 = 𝑦

𝐿𝑜𝑐𝑢𝑠 𝑜𝑓 𝑥, 𝑦 𝑖𝑠
𝑥2

25
+

𝑦2

9
= 1

⟹
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟐

𝐒𝐓𝐑𝐀𝐈𝐆𝐇𝐓 𝐋𝐈𝐍𝐄𝐒

𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑙𝑖𝑛𝑒. (𝑆𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒)

𝑮𝒊𝒗𝒆𝒏 𝑺𝒍𝒐𝒑𝒆

𝐴𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑚 = 𝑡𝑎𝑛𝜃

𝑇𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥1, 𝑦1 𝑎𝑛𝑑 𝑥2, 𝑦2

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑆𝑡. 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0
𝑚 = −

𝑎

𝑏

𝐢 𝐒𝐥𝐨𝐩𝐞 𝐚𝐧𝐝 𝐢𝐧𝐭𝐞𝐫𝐜𝐞𝐩𝐭 𝐟𝐨𝐫𝐦: 𝑦 = 𝑚𝑥 + 𝑐

𝒊𝒊 𝑷𝒐𝒊𝒏𝒕 − 𝒔𝒍𝒐𝒑𝒆 𝒇𝒐𝒓𝒎: 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)

𝒊𝒊𝒊 𝑻𝒘𝒐 𝒑𝒐𝒊𝒏𝒕 𝒇𝒐𝒓𝒎:
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝒊𝒗 𝑰𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔 𝒇𝒐𝒓𝒎:
𝑥

𝑎
+

𝑦

𝑏
= 1

𝑣 𝑁𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚: 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝

𝒗𝒊 𝑷𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎:
𝑥 − 𝑥1

cos 𝜃
=

𝑦 − 𝑦1

sin 𝜃
= 𝑟
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𝒗 𝑵𝒐𝒓𝒎𝒂𝒍 𝒇𝒐𝒓𝒎: 𝑳𝒆𝒕 𝑨𝑩 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒍𝒊𝒏𝒆.

𝐿𝑒𝑡 𝑂𝑃 𝑏𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑖𝑠 𝑙𝑖𝑛𝑒.

𝐿𝑒𝑡 𝑂𝑃 = 𝑝 𝑎𝑛𝑑 ∠𝑃𝑂𝐴 = 𝛼 ⟹ ∠𝑂𝐵𝑃 = 𝛼

𝐹𝑟𝑜𝑚 ∆𝑂𝐴𝑃, 𝑐𝑜𝑠 𝛼 =
𝑂𝑃

𝑂𝐴
⟹ 𝑂𝐴 =

𝑝

𝑐𝑜𝑠 𝛼

𝑎 =
𝑝

𝑐𝑜𝑠 𝛼

𝐹𝑟𝑜𝑚 ∆𝑂𝐵𝑃, 𝑠𝑖𝑛 𝛼 =
𝑂𝑃

𝑂𝐵
⟹ 𝑂𝐵 =

𝑝

𝑠𝑖𝑛 𝛼

𝑏 =
𝑝

𝑠𝑖𝑛 𝛼

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑖𝑠
𝑥

𝑎
+

𝑦

𝑏
= 1 ⟹

𝑥
𝑝

𝑐𝑜𝑠 𝛼

+
𝑦
𝑝

𝑠𝑖𝑛 𝛼

= 1

𝑥 cos 𝛼

𝑝
+

𝑦 sin 𝛼

𝑝
= 1 ⟹ 𝑥 cos 𝛼 + 𝑦 sin 𝛼

𝑝
= 1

𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚.

𝑤ℎ𝑒𝑛 𝑝 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑚𝑎𝑑𝑒 𝑏𝑦 𝑡ℎ𝑖𝑠
𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑤𝑖𝑡ℎ 𝑥 − 𝑎𝑥𝑖𝑠.

𝑬𝒈 𝟔. 𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
𝟓, 𝟕 𝒂𝒏𝒅 𝟕, 𝟓 𝒂𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 𝒊𝒏𝒄𝒍𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆
𝒙 − 𝒂𝒙𝒊𝒔.

⦁
⦁

𝑂

𝑦

𝑥

7,5

5,7

(5, 7), (7, 5)
𝑥1 , 𝑦1

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

Slope of a line joining two given points is m =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

=
−2

2

𝑥2, 𝑦2

=
5 − 7

7 − 5
= −1

𝑚 = 𝑡𝑎𝑛𝜃 𝑡𝑎𝑛𝜃 = −1

𝜃 = 135°𝑜𝑟
3𝜋

4

𝐿𝑒𝑡 𝜃 𝑏𝑒 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑎𝑥𝑖𝑠.

⟹

𝑆𝑙𝑜𝑝𝑒 𝑎𝑛𝑑 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑤𝑖𝑡ℎ 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑟𝑒 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦

𝑚 = −1 𝑎𝑛𝑑 𝜃 =
3𝜋

4

3𝜋

4

𝐄𝐠. 𝟔. 𝟖: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐚 𝐬𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐥𝐢𝐧𝐞 𝐜𝐮𝐭𝐭𝐢𝐧𝐠 𝐚𝐧 𝐢𝐧𝐭𝐞𝐫𝐜𝐞𝐩𝐭 𝐨𝐟 𝟓 𝐟𝐫𝐨𝐦
𝐭𝐡𝐞 𝐧𝐞𝐠𝐚𝐭𝐢𝐯𝐞 𝐝𝐢𝐫𝐞𝐜𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐲 − 𝐚𝐱𝐢𝐬 𝐚𝐧𝐝 𝐢𝐬 𝐢𝐧𝐜𝐢𝐥𝐢𝐧𝐞𝐝 𝐚𝐭 𝐚𝐧 𝐚𝐧𝐠𝐥𝐞 𝟏𝟓𝟎° 𝐭𝐨
𝐭𝐡𝐞 𝐱 − 𝐚𝐱𝐢𝐬.

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑦 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑖𝑠 5 𝑖. 𝑒. 𝑐 = −5 𝑎𝑛𝑑 𝜃 = 150°
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𝑆𝑙𝑜𝑝𝑒 𝑚 =

𝑆𝑙𝑜𝑝𝑒 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠

𝑦 = −
1

3
𝑥 − 5

𝑂

−5

𝑥

𝑦

150°

tan 150°

= 𝑡𝑎𝑛 180° − 30° = − 𝑡𝑎𝑛 30°

𝑚 = −
1

3
𝑦 = 𝑚𝑥 + 𝑐

× 3

3𝑦 = −𝑥 − 5 3

𝑚 = −
1

3

⟹

𝑎𝑛𝑑 𝑐 = −5

𝑥 + 3𝑦 + 5 3 = 0

𝑬𝒈. 𝟔. 𝟗: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟎, −
𝟑

𝟐
, 𝟏, −𝟏 𝒂𝒏𝒅 𝟐, −

𝟏

𝟐
𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓

𝐴 0, −
3

2
, 𝐵(1, −1)

𝑥1 , 𝑦1

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

Slope of AB =
1

2

𝐵(1, −1), 𝐶 2, −
1

2

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑥2, 𝑦2

𝑥1 , 𝑦1 𝑥2, 𝑦2

=
−1 −+

3

2

1 − 0

𝐴 𝐵 𝐶

=

−
1

2
−+ 1

2 − 1
Slope of BC =

1

2

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵 = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶 . 𝐻𝑒𝑛𝑐𝑒 𝐴, 𝐵, 𝐶 𝑎𝑟𝑒 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟

Slope of AB Slope of BC

Slope of AC

=

−2 + 3

2

1
=

1

2

=

−1 + 2

2
1

=
1

2

𝑬𝒈. 𝟔. 𝟏𝟎: 𝑻𝒉𝒆 𝒑𝒂𝒎𝒃𝒂𝒏 𝒔𝒆𝒂 𝒃𝒓𝒊𝒅𝒈𝒆 𝒊𝒔 𝒂 𝒓𝒂𝒊𝒍𝒘𝒂𝒚 𝒃𝒓𝒊𝒅𝒈𝒆 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝒂𝒃𝒐𝒖𝒕
𝟐𝟎𝟔𝟓𝒎 𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕𝒆𝒅 𝒐𝒏 𝒕𝒉𝒆 𝑷𝒂𝒍𝒌𝑺𝒕𝒓𝒂𝒊𝒕, 𝒘𝒉𝒊𝒄𝒉 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒔 𝒕𝒉𝒆 𝑰𝒔𝒍𝒂𝒏𝒅 𝒕𝒐𝒘𝒏
𝒐𝒇 𝑹𝒂𝒎𝒆𝒔𝒘𝒂𝒓𝒂𝒎 𝒕𝒐 𝑴𝒂𝒏𝒅𝒂𝒑𝒂𝒎, 𝒕𝒉𝒆 𝒎𝒂𝒊𝒏 𝒍𝒂𝒏𝒅 𝒐𝒇 𝑰𝒏𝒅𝒊𝒂. 𝑻𝒉𝒆 𝒃𝒓𝒊𝒅𝒈𝒆 𝒊𝒔

𝒓𝒆𝒔𝒕𝒓𝒊𝒄𝒕𝒆𝒅 𝒕𝒐 𝒂 𝒖𝒏𝒊𝒇𝒐𝒓𝒎 𝒔𝒑𝒆𝒆𝒅 𝒐𝒇 𝒐𝒏𝒍𝒚 𝟏𝟐. 𝟓 Τ𝒎 𝒔 . 𝑰𝒇 𝒂 𝒕𝒓𝒂𝒊𝒏 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉
𝟓𝟔𝟎𝒎 𝒔𝒕𝒂𝒓𝒕𝒔 𝒂𝒕 𝒕𝒉𝒆 𝒆𝒏𝒕𝒓𝒚 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒃𝒓𝒊𝒅𝒈𝒆 𝒇𝒓𝒐𝒎 𝒎𝒂𝒏𝒅𝒂𝒑𝒂𝒎,

𝑻𝒉𝒆𝒏 𝒊 𝒇𝒊𝒏𝒅 𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒐𝒕𝒊𝒐𝒏 𝒕𝒉𝒆 𝒕𝒓𝒂𝒊𝒏. 𝒊𝒊 𝑾𝒉𝒆𝒏 𝒅𝒐𝒆𝒔 𝒕𝒉𝒆
𝒆𝒏𝒈𝒊𝒏𝒆 𝒕𝒐𝒖𝒄𝒉 𝒊𝒔𝒍𝒂𝒏𝒅. 𝒊𝒊𝒊 𝑾𝒉𝒆𝒏 𝒅𝒐𝒆𝒔 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒄𝒐𝒂𝒄𝒉 𝒄𝒓𝒐𝒔𝒔 𝒕𝒉𝒆 𝒆𝒏𝒕𝒓𝒚
𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒃𝒓𝒊𝒅𝒈𝒆. 𝒊𝒗 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒕𝒊𝒎𝒆 𝒕𝒂𝒌𝒆𝒏 𝒃𝒚 𝒂 𝒕𝒓𝒂𝒊𝒏 𝒕𝒐 𝒄𝒓𝒐𝒔𝒔 𝒕𝒉𝒆
𝒃𝒓𝒊𝒅𝒈𝒆.

⟹
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BLUE STARS HR.SEC SCHOOL

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 𝑡ℎ𝑒 𝑦 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑛 𝑚𝑒𝑡𝑟𝑒𝑠.

𝑇ℎ𝑒 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑠𝑝𝑒𝑒𝑑 12.5𝑚/𝑠 is the slope of the train.

𝑆𝑝𝑒𝑒𝑑 =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑡𝑖𝑚𝑒

𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛 = 560𝑚

⟹ 12.5 =
𝑦 + 560

𝑥

12.5𝑥 = 𝑦 + 560 ⟹ 𝑦 = 12.5𝑥 − 560

𝑇𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 𝑦 + 560

𝑥

𝑦

𝑡𝑖𝑚𝑒 𝑖𝑛 𝑠𝑒𝑐

𝑑
𝑖𝑠

𝑡𝑎
𝑛

𝑐𝑒
𝑖𝑛

𝑚
𝑒𝑡

𝑒𝑟

− 560

𝑖 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛,

𝑤ℎ𝑒𝑟𝑒 𝑚 = 12.5 𝑎𝑛𝑑 𝑐 = −560,

𝑦 = 12.5𝑥 − 560

𝑥

𝑦

𝑡𝑖𝑚𝑒 𝑖𝑛 𝑠𝑒𝑐

𝑑
𝑖𝑠

𝑡𝑎
𝑛

𝑐𝑒
𝑖𝑛

𝑚
𝑒𝑡

𝑒𝑟

− 560

𝑖𝑖 𝑤ℎ𝑒𝑛 𝑑𝑜𝑒𝑠, 𝑡ℎ𝑒 𝑒𝑛𝑔𝑖𝑛𝑒 𝑡𝑜𝑢𝑐ℎ 𝑖𝑠𝑙𝑎𝑛𝑑

𝑥 =
20650

125

𝑆𝑝𝑒𝑒𝑑 =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑡𝑖𝑚𝑒

𝑦 = 12.5𝑥

⟹ 12.5 =
𝑦

𝑥

𝑆𝑢𝑏 𝑦 = 2065

2065 = 12.5𝑥 ⟹ 𝑥 =
2065

12.5

⟹ 𝑥 = 165.2 𝑠𝑒𝑐𝑜𝑛𝑑

𝐴𝑡 𝑦 = 2065

𝑥

𝑦

𝑡𝑖𝑚𝑒 𝑖𝑛 𝑠𝑒𝑐𝑑
𝑖𝑠

𝑡𝑎
𝑛

𝑐𝑒
𝑖𝑛

𝑚
𝑒𝑡

𝑒𝑟

− 560

𝑦 = 0

𝑖𝑖𝑖 𝑤ℎ𝑒𝑛 𝑡ℎ𝑒 𝑙𝑎𝑠𝑡 𝑐𝑜𝑎𝑐ℎ 𝑐𝑟𝑜𝑠𝑠 𝑡ℎ𝑒 𝑒𝑛𝑡𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒, 𝐴𝑡 𝑦 = 0

0 = 12.5𝑥 − 560

560 = 12.5𝑥 ⟹ 𝑥 =
560

12.5
𝑥 = 44.8 𝑠𝑒𝑐𝑜𝑛𝑑𝑠.

𝑠𝑢𝑏 𝑦 = 0 𝑖𝑛 𝑦 = 12.5𝑥 − 560

𝑖𝑣 𝑤ℎ𝑎𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑡𝑎𝑘𝑒𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛 𝑡𝑜 𝑐𝑟𝑜𝑠𝑠 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑒𝑛𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒

𝐴𝑡 𝑦 = 2065

𝑠𝑢𝑏 𝑦 = 2065 𝑖𝑛 𝑦 = 12.5𝑥 − 560

2065 = 12.5𝑥 − 560

𝑥 = 210 𝑠𝑒𝑐𝑜𝑛𝑑𝑠

2065 + 560 = 12.5𝑥

2625 = 12.5𝑥 𝑥 =
2625

12.5

⟹

⟹
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BLUE STARS HR.SEC SCHOOL

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒

𝑬𝒈. 𝟔. 𝟏𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔, 𝒎𝒂𝒌𝒊𝒏𝒈 𝒕𝒉𝒆
𝒚 − 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝒐𝒇 𝟕 𝒂𝒏𝒅 𝒂𝒏𝒈𝒍𝒆 between the lines and the y−axis is 30°.

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒𝑠 𝑚𝑎𝑘𝑒 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑓 60° 𝑎𝑛𝑑 120° 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑎𝑥𝑖𝑠

y = 𝑚1𝑥 + 𝑐 and y = 𝑚2𝑥 + 𝑐

𝑚1 = 𝑡𝑎𝑛 60° 𝑚2 = 𝑡𝑎𝑛 120°

= 𝑡𝑎𝑛 180° − 60°

= − 𝑡𝑎𝑛 60°

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 ∶

𝑚1 = 3

= − 3

𝑐 = 7

y = 𝑚1𝑥 + 𝑐,

𝑦 = 3𝑥 + 7,

y = 𝑚2𝑥 + 𝑐

y = − 3𝑥 + 7

𝑬𝒈. 𝟔. 𝟏𝟐: 𝑻𝒉𝒆 𝒔𝒆𝒗𝒆𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒂𝒏 𝒂𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝒑𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏 𝒊𝒔 𝟑𝟎 𝒂𝒏𝒅
𝒕𝒆𝒏𝒕𝒉 𝒕𝒆𝒓𝒎 𝒊𝒔 𝟐𝟏. 𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒉𝒓𝒆𝒆 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒂𝒏 𝑨. 𝑷.
𝒊𝒊 𝒘𝒉𝒊𝒄𝒉 𝒕𝒆𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝑨. 𝑷. 𝒊𝒔 𝒛𝒆𝒓𝒐 𝒊𝒇 𝒆𝒙𝒊𝒔𝒕𝒔
𝒊𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅
𝒄𝒐𝒎𝒎𝒐𝒏 difference of A.P.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚𝑠
𝑎𝑛𝑑 𝑡ℎ𝑒 𝑦 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚𝑠.

𝑡7 = 30 𝑎𝑛𝑑 𝑡10 = 21

Let 𝑥1, 𝑦1 = 7,30 and 𝑥2, 𝑦2 = (10, 21)

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠:
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 − 30

21 − 30
=

𝑥 − 7

10 − 7

𝑦 − 30

−9
=

𝑥 − 7

3
⟹

−3

𝑦 − 30 = −3𝑥 + 21

𝑦 − 30 = −3 𝑥 − 7⟹

⟹ 𝑦 = −3𝑥 + 21 + 30

𝑦 = −3𝑥 + 51

𝑤ℎ𝑒𝑛 𝑥 = 1 ; 𝑦 = −3𝑥 + 51 = −3(1) + 51 = −3 + 51

𝑦 = 48

𝑤ℎ𝑒𝑛 𝑥 = 2 ; 𝑦 = −3(2) + 51 = −6 + 51

𝑦 = 45

𝑤ℎ𝑒𝑛 𝑥 = 3 ; 𝑦 = −3(3) + 51 = −9 + 51

𝑦 = 42

𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑡ℎ𝑟𝑒𝑒 𝑡𝑒𝑟𝑚𝑠 𝑎𝑟𝑒 48, 45, 42.

𝑖𝑖 𝑤ℎ𝑖𝑐ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝐴. 𝑃 𝑖𝑠 𝑧𝑒𝑟𝑜 𝑤ℎ𝑒𝑛 𝑦 = 0

𝑦 = −3𝑥 + 51 332
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0 = −3𝑥 + 51 ⟹ 3𝑥 = 51 ⟹ 𝑥 =
51

3

17𝑡ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 𝐴. 𝑃. 𝑖𝑠 𝑧𝑒𝑟𝑜.

𝑥 = 17

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡. 𝑙𝑖𝑛𝑒 − 3 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑖𝑖𝑖 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠ℎ𝑖𝑝 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑
𝑐𝑜𝑚𝑚𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝐴. 𝑃.

𝑐𝑜𝑚𝑚𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎𝑛 𝐴. 𝑃. 𝑑 = 𝑡2 − 𝑡1

𝑑 = 45 − 48 ⟹ 𝑑 = −3

𝑬𝒈. 𝟔. 𝟏𝟑: 𝐓𝐡𝐞 𝐪𝐮𝐚𝐧𝐭𝐢𝐭𝐲 𝐝𝐞𝐦𝐚𝐧𝐝𝐞𝐝 𝐨𝐟 𝐚 𝐜𝐞𝐫𝐭𝐚𝐢𝐧 𝐭𝐲𝐩𝐞 𝐨𝐟 𝐜𝐨𝐦𝐩𝐚𝐜𝐭 𝐝𝐢𝐬𝐤 𝐢𝐬
𝟐𝟐, 𝟎𝟎𝟎 𝐮𝐧𝐢𝐭𝐬 𝐰𝐡𝐞𝐧 𝒂 𝑼𝒏𝒊𝒕 𝒑𝒓𝒊𝒄𝒆 𝒊𝒔 𝑹𝒔. 𝟖 𝒕𝒉𝒆 𝒄𝒖𝒔𝒕𝒐𝒎𝒆𝒓 𝒘𝒊𝒍𝒍 𝒏𝒐𝒕 𝒃𝒖𝒚 𝒕𝒉𝒆
𝒅𝒊𝒔𝒌 𝒂𝒕 𝒂 𝒖𝒏𝒊𝒕 𝒑𝒓𝒊𝒄𝒆 𝒐𝒇 𝑹𝒔. 𝟑𝟎 𝒐𝒓 𝒉𝒊𝒈𝒉𝒆𝒓. 𝑶𝒏 𝒕𝒉𝒆 𝑶𝒕𝒉𝒆𝒓 𝒔𝒊𝒅𝒆 𝒕𝒉𝒆
𝒎𝒂𝒏𝒖𝒇𝒂𝒄𝒕𝒖𝒓𝒆𝒓 𝒘𝒊𝒍𝒍 𝒏𝒐𝒕 𝒎𝒂𝒓𝒌𝒆𝒕 𝒂𝒏𝒚 𝒅𝒊𝒔𝒌 𝒊𝒇 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆 𝒊𝒔 𝑹𝒔. 𝟔 𝒐𝒓 𝒍𝒐𝒘𝒆𝒓.
𝑯𝒐𝒘𝒆𝒗𝒆𝒓, 𝑰𝒇 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆 𝑹𝒔. 𝟏𝟒 𝒕𝒉𝒆 𝒎𝒂𝒏𝒖𝒇𝒂𝒄𝒕𝒖𝒓𝒆 𝒄𝒂𝒏 𝒔𝒖𝒑𝒑𝒍𝒚 𝟐𝟒𝟎𝟎𝟎 𝒖𝒏𝒊𝒕𝒔.
𝑨𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒒𝒖𝒂𝒏𝒕𝒊𝒕𝒚 𝑫𝒆𝒎𝒂𝒏𝒅𝒆𝒅 𝒂𝒏𝒅 𝒒𝒖𝒂𝒏𝒕𝒊𝒕𝒚 𝒔𝒖𝒑𝒑𝒍𝒊𝒆𝒅 𝒂𝒓𝒆
𝒍𝒊𝒏𝒆𝒂𝒓𝒍𝒚 𝒑𝒓𝒐𝒑𝒐𝒓𝒕𝒊𝒐𝒏𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆. 𝑭𝒊𝒏𝒅 𝒊 𝒕𝒉𝒆 𝒅𝒆𝒎𝒂𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒊𝒊 𝒔𝒖𝒑𝒑𝒍𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝒊𝒊𝒊) 𝒕𝒉𝒆 𝒎𝒂𝒓𝒌𝒆𝒕 𝒆𝒒𝒖𝒊𝒍𝒊𝒃𝒓𝒊𝒖𝒎 𝒒𝒖𝒂𝒏𝒕𝒊𝒕𝒚
𝒂𝒏𝒅 𝒑𝒓𝒊𝒄𝒆. 𝒊𝒗 𝑻𝒉𝒆 𝒒𝒖𝒂𝒏𝒕𝒊𝒕𝒚 𝒐𝒇 𝒅𝒆𝒎𝒂𝒏𝒅 𝒂𝒏𝒅 𝒔𝒖𝒑𝒑𝒍𝒚 𝒘𝒉𝒆𝒏 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆
𝒊𝒔 𝑹𝒔. 𝟏𝟎.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑢𝑛𝑖𝑡𝑠 𝑖𝑛 𝑡ℎ𝑜𝑢𝑠𝑎𝑛𝑑 𝑎𝑛𝑑 𝑡ℎ𝑒
𝑦 − 𝑎𝑥𝑖𝑠 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑖𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑖𝑛 𝑟𝑢𝑝𝑒𝑒𝑠 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡.

𝒊 𝑭𝒐𝒓 𝒅𝒆𝒎𝒂𝒏𝒅 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏,

𝑙𝑒𝑡 𝑥1 , 𝑦1 = 22 , 8 𝑎𝑛𝑑 𝑥2 , 𝑦2 = 0 , 30 .

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
⟹

𝑦 − 8

30 − 8
=

𝑥 − 22

0 − 22
⟹

𝑦 − 8

22
=

𝑥 − 22

−22
−1

𝑦 − 8 =
𝑥 − 22

−1
𝑦 − 8 = −𝑥 + 22⟹ ⟹ 𝑦 = − 𝑥 + 22 + 8

𝑦 = − 𝑥 + 30 ⟹ ∴ 𝑦𝑑 = −𝑥 + 30

𝒊𝒊 𝑭𝒐𝒓 𝒔𝒖𝒑𝒑𝒍𝒚 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

𝐿𝑒𝑡 𝑥1 , 𝑦1 = 0 , 6 𝑎𝑛𝑑 𝑥2 , 𝑦2 = 24 , 14

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

⟹
𝑦 − 6

14 − 6
=

𝑥 − 0

24 − 0
⟹ 𝑦 − 6

8
=

𝑥

24
3

𝑦 − 6 =
1

3
𝑥 ⟹ 𝑦𝑠 =

1

3
𝑥 + 6 (𝑆𝑢𝑝𝑝𝑙𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛)

333
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𝒊𝒊𝒊 𝑨𝒕 𝒕𝒉𝒆 𝒎𝒂𝒓𝒌𝒆𝒕 𝒆𝒒𝒖𝒊𝒍𝒊𝒃𝒓𝒊𝒖𝒎 𝒕𝒉𝒆 𝒅𝒆𝒎𝒂𝒏𝒅 𝒆𝒒𝒖𝒂𝒍𝒔 𝒕𝒐 𝒔𝒖𝒑𝒑𝒍𝒚,
𝑦𝑑 = 𝑦𝑠

−𝑥 + 30 =
1

3
𝑥 + 6 −𝑥 −

1

3
𝑥 = − 30 + 6⟹

−3𝑥 − 𝑥

3
= −24

−4𝑥

3
= −24

6
⟹ ⟹

𝑥

3
= 6 ⟹ 𝑥 = 18

𝑆𝑢𝑏 𝑥 = 18 𝑖𝑛 𝑦𝑑 = −𝑥 + 30

𝑦𝑑 = −18 + 30 ⟹ 𝑦 = 12

𝑀𝑎𝑟𝑘𝑒𝑡 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 𝑝𝑟𝑖𝑐𝑒 𝑖𝑠 𝑅𝑠. 12 𝑎𝑛𝑑 𝑛𝑜. 𝑜𝑓 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 18,000 𝑢𝑛𝑖𝑡

𝒊𝒗 𝑾𝒉𝒆𝒏 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆 𝒚 = 𝟏𝟎, 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒅𝒆𝒎𝒂𝒏𝒅 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒚𝒅 = −𝒙 + 𝟑𝟎

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑙𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑦𝑠 =
1

3
𝑥 + 6

𝑖. 𝑒. , 𝑡ℎ𝑒 𝑑𝑒𝑚𝑎𝑛𝑑 𝑖𝑠 20,000 𝑢𝑛𝑖𝑡𝑠.

10 = −𝑥 + 30 𝑥 = 30 − 10

𝑥 = 20

10 − 6 =
1

3
𝑥

4 =
1

3
𝑥

⟹

⟹ 10 =
1

3
𝑥 + 6 ⟹

⟹ 𝑥 = 12 ∴ 𝑇ℎ𝑒 𝑠𝑢𝑝𝑝𝑙𝑦 𝑖𝑠 12,000 𝑢𝑛𝑖𝑡𝑠.

𝐄𝐠. 𝟔. 𝟏𝟒: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐬𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐥𝐢𝐧𝐞 𝐩𝐚𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 −𝟏, 𝟏 𝐚𝐧𝐝
𝐜𝐮𝐭𝐭𝐢𝐧𝐠 𝐨𝐟𝐟 Equal intercepts, but opposite in signs with two coordinate axes.

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 = − 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠

𝑖. 𝑒 𝑎 = 𝑎 , 𝑏 = −𝑎𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 = 𝑎 𝑎𝑛𝑑 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 = −𝑎

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡. 𝑙𝑖𝑛𝑒 ∶
𝑥

𝑎
+

𝑦

𝑏
= 1

𝑥

𝑎
+

𝑦

−𝑎
= 1 ⟹

𝑥

𝑎
−

𝑦

𝑎
= 1

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (−1,1)

⟹
−1

𝑎
−

1

𝑎
= 1 ⟹

−2

𝑎
= 1 ⟹ 𝑎 = −2

−𝑥 + 𝑦 = 2−
𝑥

2
+

𝑦

2
= 1 ⟹

−𝑥 + 𝑦

2
= 1 ⟹

−𝑥 + 𝑦 − 2 = 0 ⟹ 𝑥 − 𝑦 + 2 = 0

𝐄𝐠. 𝟔. 𝟏𝟓: 𝐀 𝐒𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐥𝐢𝐧𝐞 𝐋 𝐰𝐢𝐭𝐡 𝐧𝐞𝐠𝐚𝐭𝐢𝐯𝐞 𝐬𝐥𝐨𝐩𝐞 𝐩𝐚𝐬𝐬𝐞𝐬 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭
𝟗, 𝟒 𝐜𝐮𝐭𝐬 𝐭𝐡𝐞 Positive coordinate axes at the points P and Q.As L varies, find 

the minimum value of 𝐎𝐏 + 𝐎𝐐 , 𝐰𝐡𝐞𝐫𝐞 𝐎 𝐢𝐬 𝐭𝐡𝐞 𝐨𝐫𝐢𝐠𝐢𝐧.

𝐿𝑒𝑡 𝑚 = −𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝐿. 𝑠𝑖𝑛𝑐𝑒 𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 9,4

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝐿 𝑖𝑠

𝑦 − 4 = −𝑘(𝑥 − 9) 𝑦 − 4 = −𝑘𝑥 + 9𝑘

𝑦 = −𝑘𝑥 + 9𝑘 + 4

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)

⟹
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𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑎𝑥𝑖𝑠 𝑎𝑡 𝑃𝑖. 𝑒. , 𝑦 = 0

0 = −𝑘𝑥 + 9𝑘 + 4 𝑘𝑥 = 9𝑘 + 4

𝑥 =
9𝑘

𝑘
+

4

𝑘
𝑥 = 9 +

4

𝑘

∴ 𝑃 9 +
4

𝑘
, 0

⟹

⟹

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑎𝑥𝑖𝑠
𝑎𝑡 𝑄 𝑖. 𝑒. , 𝑥 = 0

𝑦 = −𝑘𝑥 + 9𝑘 + 4

𝑦 = 9𝑘 + 4

∴ 𝑄 0 , 9𝑘 + 4

𝑦 = −𝑘 0 + 9𝑘 + 4

OP + OQ = 9 +
4

𝑘
+ 4 + 9𝑘

= 9 +
4

𝑘
+ 4 + 9𝑘 = 13 +

4

𝑘
+ 9𝑘

𝐴. 𝑀 ≥ 𝐺. 𝑀
𝑎 + 𝑏

2
≥ 𝑎𝑏

𝑎 + 𝑏 ≥ 2 𝑎𝑏

𝑂

𝑦

𝑥𝑃

𝑄
0 , 9𝑘 + 4

9
𝑘

+
4

≥ 13 + 2
4

𝑘
× 9𝑘

OP + OQ ≥ 13 + 2 36

9 +
4

𝑘

𝐄𝐠. 𝟔. 𝟏𝟔: 𝐓𝐡𝐞 𝐥𝐞𝐧𝐠𝐭𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 𝐝𝐫𝐚𝐰𝐧 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐨𝐫𝐢𝐠𝐢𝐧 𝐭𝐨 𝐚
𝐥𝐢𝐧𝐞 𝐢𝐬 𝟏𝟐 𝐚𝐧𝐝 𝐚𝐧𝐠𝐥𝐞 𝟏𝟓𝟎° with positive direction of the x-axis. Find the equation
of the line.

𝐻𝑒𝑟𝑒, 𝑝 = 12 𝑎𝑛𝑑 𝛼 = 150°, 𝑠𝑜 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓
𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

𝑥 𝑐𝑜𝑠 𝛼 + 𝑦 𝑠𝑖𝑛 𝛼 = 𝑝

𝑥 𝑐𝑜𝑠 150° + 𝑦 𝑠𝑖𝑛 150° = 12

𝑐𝑜𝑠 150° = 𝑐𝑜𝑠(180° − 30°)

= − 𝑐𝑜𝑠 30° = −
3

2

𝑠𝑖𝑛 150° = 𝑠𝑖𝑛(180° − 30°)

= 𝑠𝑖𝑛 30° =
1

2

𝑥 −
3

2
+ 𝑦

1

2
= 12

−
3𝑥

2
+

𝑦

2
= 12

3𝑥 − 𝑦 + 24 = 0

− 3𝑥 + 𝑦

2
= 12

− 3𝑥 + 𝑦 = 24

× (−)

3𝑥 − 𝑦 = −24

⟹

⟹
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𝐄𝐠. 𝟔. 𝟏𝟕: 𝐀𝐫𝐞𝐚 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐛𝐲 𝐚 𝐥𝐢𝐧𝐞 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞 𝐚𝐱𝐞𝐬,
𝐢𝐬 𝟑𝟔 𝐬𝐪𝐮𝐚𝐫𝐞 Units. Find the equation of the line if the perpendicular drawn from
the origin  to the line make  an angles of 𝟒𝟓°with positive the x-axis.

𝐿𝑒𝑡 𝑝 𝑏𝑒 𝑡ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑟𝑎𝑤𝑛 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒
𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒.

𝑇ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑚𝑎𝑘𝑒𝑠 𝛼 = 45° 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠 .

45°

𝑥

𝑦

𝐴

𝑎

𝑂

𝑏 𝐵

𝑝
𝑃

(𝑎, 0)

(0, 𝑏)
𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚, 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝

𝑥 cos 45° + 𝑦 sin 45° = 𝑝

𝑥 + 𝑦 = 2 p
𝑥

2
+

𝑦

2
= 𝑝 ⟹

𝑥 + 𝑦

2
= 𝑝 ⟹

𝐴 𝑎, 0 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 = 2 p

𝑎 + 0 = 2 p ⟹ 𝑎 = 2 p

𝐵 0, 𝑏 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 = 2 p

𝑏 = 2 p0 + 𝑏 = 2 p ⟹

𝑥

𝑦

𝑂

𝐴

𝐵

𝑎 = 2 p

𝑏
=

2
p

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 ∆𝑂𝐴𝐵 = 36 𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠

1

2
× 𝐵𝑎𝑠𝑒 × 𝐻𝑒𝑖𝑔ℎ𝑡 = 36

1

2
× 2 p × 2 p = 36

𝑝2 = 36

⟹
1

2
× 2𝑝2 = 36

𝑝 = ± 6𝑝 = 36 ⟹ (∴ 𝑝 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒)

𝑠𝑢𝑏 𝑝 = 6 𝑖𝑛 𝑥 + 𝑦 = 2 p

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑥 + 𝑦 = 6 2

𝐄𝐠. 𝟔. 𝟏𝟖: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞𝐬 𝐦𝐚𝐤𝐞 𝐚𝐧 𝐚𝐧𝐠𝐥𝐞 𝟔𝟎° 𝐰𝐢𝐭𝐡 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞

𝐱 − 𝐚𝐱𝐢𝐬 𝐚𝐧𝐝 𝐚𝐭 A distance 5 𝟐 units measured from the point (4,7),along the 
line 𝒙 − 𝒚 + 𝟑 = 𝟎.

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 − 𝑦 + 3 = 0 𝑖𝑠 45° 𝑎𝑛𝑑 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒
𝑙𝑖𝑛𝑒

𝑥 − 𝑥1

cos 𝜃
= = 𝑟

𝑦 − 𝑦1

sin 𝜃

𝑃𝑜𝑖𝑛𝑡 4 , 7 , 𝜃 = 45° 𝑎𝑛𝑑 𝑟 = ± 5 2

𝑥 − 𝑥1

cos 45°
= = ± 5 2

𝑦 − 𝑦1

sin 45°
⟹

𝑥 − 4

1

2

= ± 5 2
𝑦 − 7

1

2

=

2 𝑥 − 4 = 2 𝑦 − 7 = ± 5 2

÷ 2
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𝑥 − 4 = 𝑦 − 7 = ± 5

𝑥 − 4 = ± 5 , 𝑦 − 7 = ± 5

𝑥 − 4 = 5 , 𝑦 − 7 = 5

𝑥 = 5 + 4 , 𝑦 = 5 + 7

𝑥 = 9 , 𝑦 = 12 ∴ (9 , 12)

𝑥 − 4 = −5 , 𝑦 − 7 = −5

𝑥 = −5 + 4 , 𝑦 = −5 + 7

𝑥 = −1 , 𝑦 = 2
∴ (−1 , 2)

𝜃 = 60° ⟹ 𝑚 = tan 𝜃

𝑚 = tan 60° ⟹ 𝑚 = 3

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒 ℎ𝑎𝑣𝑖𝑛𝑔 𝑠𝑙𝑜𝑝𝑒 𝑚 = 3 𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 9 , 12 𝑖𝑠
𝑥1 𝑦1

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1

𝑦 − 12 = 3 𝑥 − 9 𝑦 − 12 = 3𝑥 − 9 3

3𝑥 − 𝑦 + 12 − 9 3 = 0

⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒 ℎ𝑎𝑣𝑖𝑛𝑔 𝑠𝑙𝑜𝑝𝑒 𝑚 = 3 𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 −1 , 2 𝑖𝑠
𝑥1 𝑦1

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1

𝑦 − 2 = 3 𝑥 + 1 𝑦 − 2 = 3𝑥 + 3

3𝑥 − 𝑦 + 2 + 3 = 0

⟹

𝐺𝑖𝑣𝑒𝑛 ∶ 3𝑥 − 𝑦 + 4 = 0

𝑦 = 3𝑥 + 4
𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦 = 𝑚𝑥 + 𝑐

𝑠𝑙𝑜𝑝𝑒 = 3 𝑎𝑛𝑑 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = 4

(𝒊𝒊) 𝑰𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝒇𝒐𝒓𝒎 3𝑥 − 𝑦 + 4 = 0 ⟹ 3𝑥 − 𝑦 = −4

𝑬𝒈. 𝟔. 𝟏𝟗: 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟑 𝒙 − 𝒚 + 𝟒 = 𝟎 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈
𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒇𝒐𝒓𝒎: 𝒊 𝑺𝒍𝒐𝒑𝒆 𝒂𝒏𝒅 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝒇𝒐𝒓𝒎, 𝒊𝒊 𝑰𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝒇𝒐𝒓𝒎,
𝒊𝒊𝒊 𝑵𝒐𝒓𝒎𝒂𝒍 𝒇𝒐𝒓𝒎.

÷ −4
3𝑥

−4
−

𝑦

−4
=

−4

−4
⟹ − 3𝑥

4
+

𝑦

4
= 1

𝑥

−4

3

+
𝑦

4
= 1

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔:

𝑎 = −
4

3
,

𝑥

𝑎
+

𝑦

𝑏
= 1

𝑏 = 4

𝒊𝒊𝒊 𝑵𝒐𝒓𝒎𝒂𝒍 𝒇𝒐𝒓𝒎: 3𝑥 − 𝑦 = −4

− 3𝑥 + 𝑦 = 4

𝐻𝑒𝑟𝑒 𝐴 = − 3 , 𝐵 = 1
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𝐴2 + 𝐵2

− 3𝑥 + 𝑦 = 4

− 3

2
𝑥 +

𝑦

2
= 2

= − 3
2

+ 12 = 3 + 1 = 4 = 2

÷ 2

cos 𝛼 = −
3

2
, sin 𝛼 =

1

2
, 𝑝 = 2

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔: 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝

𝛼 = 150° ⟹ 𝛼 =
5𝜋

6

𝑥 𝑐𝑜𝑠
5𝜋

6
+ 𝑦 𝑠𝑖𝑛

5𝜋

6
= 2

𝑬𝒈. 𝟔. 𝟐𝟎: 𝑹𝒆𝒘𝒓𝒊𝒕𝒆 𝟑𝒙 + 𝒚 + 𝟒 = 𝟎 𝒊𝒏 𝒕𝒐 𝒏𝒐𝒓𝒎𝒂𝒍 𝒇𝒐𝒓𝒎.

3𝑥 + 𝑦 + 4 = 0 = −43𝑥 + 𝑦

− 3𝑥 − 𝑦 = 4

𝐴 = − 3 𝑎𝑛𝑑 𝐵 = −1

𝐴2 + 𝐵2 = (− 3)2+(−1)2

= 3 + 1 = 4 = 2

− 3𝑥

2
−

𝑦

2
=

4

2

𝐶𝑜𝑚𝑝𝑎𝑟𝑒: 𝑥 𝑐𝑜𝑠𝛼 + 𝑦 𝑠𝑖𝑛𝛼 = 𝑝

𝑐𝑜𝑠𝛼 =
− 3

2
, 𝑠𝑖𝑛𝛼 = −

1

2
𝑎𝑛𝑑 𝑝 = 2

sin 270° − 60° = − cos 60°

𝛼 = 210° =
7𝜋

6
𝛼 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝐼𝐼𝑟𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡

𝑵𝒐𝒓𝒎𝒂𝒍 𝒇𝒐𝒓𝒎: 𝑥 𝑐𝑜𝑠𝛼 + 𝑦 𝑠𝑖𝑛𝛼 = 𝑝

𝑥 𝑐𝑜𝑠
7𝜋

6
+ 𝑦 sin

7𝜋

6
= 2

sin 210° = −
1

2

⟹
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𝐄𝐠. 𝟔. 𝟐𝟏: 𝐂𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐚 𝐡𝐨𝐥𝐥𝐨𝐰 𝐜𝐲𝐥𝐢𝐧𝐝𝐫𝐢𝐜𝐚𝐥 𝐯𝐞𝐬𝐬𝐞𝐥, 𝐰𝐢𝐭𝐡 𝐜𝐢𝐫𝐜𝐮𝐦𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝟐𝟒𝐜𝐦
𝐚𝐧𝐝 𝐡𝐞𝐢𝐠𝐡𝐭 𝟏𝟎𝐜𝐦. An ant is located on the outside of vessel 4cm from the 

bottom. There is a drop of honey at The diagrammatically opposite inside of the 
vessel ,3cm from the top. (i) what is the shortest Distance the ant would need to 
craw to get the honey drop?(ii) equation of the path traced Out by the ant.(iii) 
where  the ant enter in to the cylinder? Here is a picture that illustrates The 
position of the ant and the honey.

0,4

𝐻

𝐴

(12 , 13)

𝐸

𝑥

𝑦

1
0

𝑐𝑚

3 𝑐𝑚

24𝑐𝑚

12𝑐𝑚

𝑻𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏(𝒊)

𝐴(0, 4) 𝑎𝑛𝑑 𝐻(12, 13)𝑥1 𝑦1 𝑥2 𝑦2

𝐴𝐻 = (𝑥2 − 𝑥1 )2+(𝑦2 − 𝑦1 )2

= (12 − 0)2+(13 − 4)2 = (12)2 + (9)2

= 144 + 81= 225

𝐴𝐻 = 15
𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒕𝒉(𝒊𝒊)

𝐴(0, 4) 𝑎𝑛𝑑 𝐻(12, 13)
𝑥1 𝑦1

𝑥2 𝑦2

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 − 4

13 − 4
=

𝑥 − 0

12 − 0
⟹

24𝑐𝑚

1
0

𝑐𝑚

𝑦 − 4

9
=

𝑥

12

𝑦 − 4

3
=

𝑥

43 4
⟹ 4(𝑦 − 4) = 3𝑥

4𝑦 − 16 = 3𝑥 4𝑦 = 3𝑥 + 16
÷ 4

𝑦 =
3

4
𝑥 +

16

4
⟹

⟹

⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑡ℎ 𝑡𝑟𝑎𝑐𝑒𝑑 𝑂𝑢𝑡 𝑏𝑦 𝑡ℎ𝑒 𝑎𝑛𝑡: 𝑦 =
3

4
𝑥 + 4

0,4

𝐻

𝐴

(12 , 13)

𝐸

𝑦

1
0

𝑐𝑚

3 𝑐𝑚

24𝑐𝑚

12𝑐𝑚

1
0

𝑐𝑚

(𝑥 , 10)

(𝑖𝑖𝑖) 𝐴𝑡 𝑡ℎ𝑒 𝑒𝑛𝑡𝑟𝑦 𝐸, 𝑦 = 10

𝑦 =
3

4
𝑥 + 4 10 =

3

4
𝑥 + 4⟹

10 − 4 =
3

4
𝑥 6 =

3

4
𝑥⟹

𝑥 = 6 ×
4

3

2
⟹ 𝑥 = 8

∴ 𝐸 = (8, 10)
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𝟏. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝐩𝐚𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝟏, 𝟏
(𝒊) 𝑾𝒊𝒕𝒉 𝒚 − 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 (−𝟒) (𝒊𝒊) 𝒘𝒊𝒕𝒉 𝒔𝒍𝒐𝒑𝒆 𝟑 (𝒊𝒊𝒊) 𝒂𝒏𝒅 (−𝟐, 𝟑)
𝒊𝒗 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒎𝒂𝒌𝒆𝒔 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝟔𝟎°

𝐰𝐢𝐭𝐡 𝐱 − 𝐚𝐱𝐢𝐬.

𝒊 𝑷𝒐𝒊𝒏𝒕 𝒊𝒔 𝟏, 𝟏 𝒂𝒏𝒅 𝒚 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝒊𝒔 − 𝟒.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝑦 = 𝑚𝑥 + 𝑐

𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡:𝑐 = −4

𝑦 = 𝑚𝑥 − 4

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (1, 1)

1 = 𝑚(1) − 4 ⟹ 1 = 𝑚 − 4

𝑚 = 1 + 4 ⟹ 𝑚 = 5

𝑦 = 5𝑥 − 4

(𝒊𝒊) 𝑻𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 (𝟏, 𝟏) 𝒂𝒏𝒅 𝒔𝒍𝒐𝒑𝒆 𝒎 = 𝟑

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒: 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)

𝑦 − 1 = 3(𝑥 − 1) ⟹ 𝑦 − 1 = 3𝑥 −3 ⟹ 𝑦 = 3𝑥 −3 +1

𝑦 = 3𝑥 − 2

(𝒊𝒊𝒊) 𝑻𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝒂𝒓𝒆 𝟏 , 𝟏 𝒂𝒏𝒅 (−𝟐 , 𝟑)
𝑥1 𝑦1 𝑥2 𝑦2

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
⟹

𝑦 − 1

3 − 1
=

𝑥 − 1

−2 − 1

𝑦 − 1

2
=

𝑥 − 1

−3
−3𝑦 + 3 = 2𝑥 − 2⟹

2𝑥 − 2 + 3𝑦 − 3 = 0 ⟹ 2𝑥 + 3𝑦 − 5 = 0

𝒊𝒗 𝑻𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒇𝒓𝒐𝒎 𝒊𝒔 𝒙 𝒄𝒐𝒔 𝜶 + 𝒚 𝒔𝒊𝒏 𝜶 = 𝒑

𝐻𝑒𝑟𝑒 𝛼 = 60°

∴ 𝑥 cos 60° + 𝑦 sin 60° = 𝑝

𝑥
1

2
+ 𝑦

3

2
= 𝑝

𝑇ℎ𝑖𝑠 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (1,1)

1

2
+

3

2
= 𝑝 ⟹ 𝑝 =

3 + 1

2

𝑝 =
3 + 1

2
𝑖𝑛

𝑥

2
+

3𝑦

2
= 𝑝

𝑥

2
+

𝑦 3

2
=

3 + 1

2
⟹

𝑥 + 𝑦 3

2
=

3 + 1

2

𝑥 + 𝑦 3 = 3 + 1
340
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𝟐. 𝑰𝒇 𝑷 𝒓, 𝒄 𝒊𝒔 𝒎𝒊𝒅 − 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒂 𝒍𝒊𝒏𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒂𝒙𝒆𝒔, 𝒕𝒉𝒆𝒏

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝒙

𝒓
+

𝒚

𝒄
= 𝟐.

𝑥

𝑦

𝐴 (𝑎, 0)

𝑎

𝑂

𝑝(𝑟, 𝑐)

𝑏
𝐵(0, 𝑏)

𝐿𝑒𝑡 𝐴 𝑎, 0 𝑎𝑛𝑑 𝐵 0, 𝑏 𝑏𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑛 𝑥 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠.

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴 𝑎, 0 𝑎𝑛𝑑 𝐵(0, 𝑏) = 𝑝(𝑟, 𝑐)

𝑥1 + 𝑥2

2
,

𝑦1 + 𝑦2

2
= (𝑟, 𝑐)

𝑎 + 0

2
,

0 + 𝑏

2
= (𝑟, 𝑐)⟹

𝑎

2
,

𝑏

2
= (𝑟, 𝑐)

𝑎

2
= 𝑟,

𝑏

2
= 𝑐

𝑎 = 2𝑟, 𝑏 = 2𝑐

⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒:
𝑥

𝑎
+

𝑦

𝑏
= 1

𝑥

2𝑟
+

𝑦

2𝑐
= 1 ⟹

1

2

𝑥

𝑟
+

𝑦

𝑐
= 1 ⟹

𝑥

𝑟
+

𝑦

𝑐
= 2

𝟑. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝐩𝐚𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝟏, 𝟓 𝐚𝐧𝐝
𝐚𝐥𝐬𝐨 𝐝𝐢𝐯𝐢𝐝𝐞𝐬 𝐭he co-ordinate axes in the ratio 3:10.

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑎𝑡𝑖𝑜 3: 10
𝑎: 𝑏 = 𝑎 = 3𝑘 , 𝑏 = 10𝑘

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛:
𝑥

𝑎
+

𝑦

𝑏
= 1

𝑥

3𝑘
+

𝑦

10𝑘
= 1

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (1, 5)

3: 10

1

3𝑘
+

5

10𝑘
= 1

𝑥

𝑦

𝐴 (𝑎, 0)

𝑎

𝑂

(1 , 5)

𝑏
𝐵(0, 𝑏)

⟹

⟹

⟹
1

3𝑘
+

1

2𝑘
= 1 ⟹ 2 + 3

6𝑘
= 1

5

6𝑘
= 1 6𝑘 = 5⟹ ⟹ 𝑘 =

5

6

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛:
𝑥

3𝑘
+

𝑦

10𝑘
= 1 𝑤ℎ𝑒𝑟𝑒 𝑘 =

5

6
𝑥

3 5

6

+
𝑦

10
5

6

= 1

3

5

2

⟹
𝑥

5

2

+
𝑦

25

3

= 1

2𝑥

5
+

3𝑦

25
= 1 ⟹ 10𝑥 + 3𝑦

25
= 1

10𝑥 + 3𝑦 = 25

𝟒. 𝐈𝐟 𝐏 𝐢𝐬 𝐥𝐞𝐧𝐠𝐭𝐡 𝐨𝐟 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 𝐟𝐫𝐨𝐦 𝐨𝐫𝐢𝐠𝐢𝐧 𝐭𝐨 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝐰𝐡𝐨𝐬𝐞

𝐢𝐧𝐭𝐞𝐫𝐜𝐞𝐩𝐭𝐬 𝐨𝐧 𝐭𝐡𝐞 𝒂𝒙𝒆𝒔 𝒂𝒓𝒆 𝒂 𝒂𝒏𝒅 𝒃, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝟏

𝐩𝟐
=

𝟏

𝐚𝟐
+

𝟏

𝐛𝟐

𝐼𝑛 ∆ 𝑂𝑃𝐴 , 𝑐𝑜𝑠𝜃 =
𝑂𝑃

𝑂𝐴
⟹ 𝑐𝑜𝑠𝜃 =

𝑝

𝑎 341
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𝜃

𝑥

𝑦

𝐴(𝑎, 0)

𝑎

𝑂

𝑏
𝐵(0, 𝑏)

𝜃

𝑝
𝑃

𝐼𝑛 ∆ 𝑂𝑃B , 𝑠𝑖𝑛𝜃 =
𝑂𝑃

𝑂𝐵
⟹ 𝑠𝑖𝑛𝜃 =

𝑝

𝑏
𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1

𝑝

𝑏

2

+
𝑝

𝑎

2

= 1 ⟹
𝑝2

𝑏2
+

𝑝2

𝑎2
= 1

𝑝2
1

𝑎2
+

1

𝑏2
= 1 ⟹

1

𝑎2
+

1

𝑏2
=

1

𝑝2

1

𝑝2
=

1

𝑎2
+

1

𝑏2

𝟓. 𝐓𝐡𝐞 𝐧𝐨𝐫𝐦𝐚𝐥 𝐛𝐨𝐢𝐥𝐢𝐧𝐠 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐰𝐚𝐭𝐞𝐫 𝐢𝐬 𝟏𝟎𝟎°𝐂 𝐨𝐫 𝟐𝟏𝟐°𝐅 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐟𝐫𝐞𝐞𝐳𝐢𝐧𝐠
𝐩𝐨𝐢𝐧𝐭 Of water is 0°𝐂 or 32°F. (i) find the linear relationship between C and F
find  (ii) the value of C  for 98.6°F (iii) The value of F for 38 C.

𝑇𝑎𝑘𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 0 , 32 𝑎𝑛𝑑 100 , 212

𝐹 − 𝐹1

𝐹2 − 𝐹1
=

𝐶 − 𝐶1

𝐶2 − 𝐶1

C1 , F1 C2 , F2

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

⟹

𝐹 − 32

180

=
𝐶

100

⟹
𝐹 − 32

212 − 32
=

𝐶 − 0

100 − 0

⟹ 𝐶 =
100

180
𝐹 − 32 ⟹ 𝐶 =

5

9
𝐹 − 32

(𝑜𝑟)

9

5
𝐶 = 𝐹 − 32 ⟹ F =

9

5
C + 32

(𝑖) 𝑤ℎ𝑒𝑛 𝐹 = 98.6

𝐶 =
5

9
98.6 − 32 ⟹ 𝐶 =

5

9
66.6 ⟹ 𝐶 =

333

9
⟹ 𝐶 = 37°

(𝑖𝑖) 𝑤ℎ𝑒𝑛 𝐶 = 38°𝐶

𝐹 =
9

5
𝐶 + 32 ⟹ 𝐹 =

9

5
× 38 + 32

7.6

𝐹 = 68.4 + 32 𝐹 = 100.4°𝐹⟹

𝟔. 𝐀𝐧 𝐨𝐛𝐣𝐞𝐜𝐭 𝐰𝐚𝐬 𝐥𝐚𝐮𝐧𝐜𝐡𝐞𝐝 𝐰𝐚𝐬 𝐟𝐫𝐨𝐦 𝐚 𝐩𝐥𝐚𝐜𝐞 𝐏 𝐢𝐧 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐬𝐩𝐞𝐞𝐝 𝐭𝐨 𝐡𝐢𝐭 𝐚
𝐭𝐚𝐫𝐠𝐞𝐭 .At the 15th second it was 1400m away from the target and at the 18th

second 800m away.Find (i) the distance between the place and the target 
(ii) the distance covered by it in 15 seconds (iii) time taken to hit the target .

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑏𝑒 15 , 1400 𝑎𝑛𝑑 18 , 800
𝑡1 , 𝑑1 𝑡2 , 𝑑2

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

⟹ 𝑑 − 𝑑1

𝑑2 − 𝑑1
=

𝑡 − 𝑡1

𝑡2 − 𝑡1

⟹
𝑑 − 1400

800 − 1400
=

𝑡 − 15

18 − 15
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𝑡 = 0

15 , 1400

18 , 800

𝑡 − 15

3
=

𝑑 − 1400

−600
𝑡 − 15 =

𝑑 − 1400

−200
⟹ ⟹ 𝑡 − 15 =

1400 − 𝑑

200

𝑡 =
1400 − 𝑑

200
+ 15 ……(1)

𝑡 − 15 =
1400 − 𝑑

200
⟹ 200𝑡 − 3000 = 1400 − 𝑑

200𝑡 − 3000 − 1400 = −𝑑

−200

𝑡 = 0

200𝑡 − 4400 = −𝑑

𝑑 = 4400 − 200𝑡 …(2)

(𝒊) 𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒄𝒆 𝒂𝒏𝒅 𝒕𝒂𝒓𝒈𝒆𝒕

𝑡 = 0 in (2) 𝑑 = 4400 − 200𝑡

𝑑 = 4400 − 200 0

𝑑 = 4400

(ii) Distance covered by it in 15 seconds

𝑑 = 𝑇𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠 − 1400

𝑑 = 4400 − 1400

𝑑 = 3000

(𝒊𝒊𝒊) 𝑻𝒊𝒎𝒆 𝒕𝒂𝒌𝒆𝒏 𝒕𝒐 𝒉𝒊𝒕 𝒕𝒉𝒆 𝒕𝒂𝒓𝒈𝒆𝒕

𝑑 = 0 𝑖𝑛 (1) 𝑡 =
1400 − 𝑑

200
+ 15

𝑡 =
1400 − 0

200
+ 15 ⟹ 𝑡 =

1400

200
+ 15

𝑡 = 7 + 15 ⟹ 𝑡 = 22𝑠𝑒𝑐𝑜𝑛𝑑𝑠

𝟕. 𝐏𝐨𝐩𝐮𝐥𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐚 𝐜𝐢𝐭𝐲 𝐢𝐧 𝐭𝐡𝐞 𝐲𝐞𝐚𝐫𝐬 𝟐𝟎𝟎𝟓 𝐚𝐧𝐝 𝟐𝟎𝟏𝟎 𝐚𝐫𝐞 𝟏, 𝟑𝟓𝟎𝟎𝟎 𝐚𝐧𝐝
𝟏, 𝟒𝟓, 𝟎𝟎𝟎 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲. Find the approximate population in the year 2015.
(assuming that the growth of Population is constant)

The points are 2005 , 135000 and 2010 , 145000

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 − 135000

145000 − 135000
=

𝑥 − 2005

2010 − 2005

𝑦 − 135000

10,000
=

𝑥 − 2005

5

𝑥1 , 𝑦1 𝑥2 , 𝑦2

⟹

2000
𝑦 − 135000

2000
= 𝑥 − 2005
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𝑤ℎ𝑒𝑛 𝑥 = 2015

𝑦 − 135000

2000
= 2015 − 2005 ⟹ 𝑦 − 135000

2000
= 10

𝑦 − 135000 = 20000 ⟹ 𝑦 = 20000 + 135000

𝑦 = 1,55,000

𝟖. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝐢𝐟 𝐭𝐡𝐞 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 𝐝𝐫𝐚𝐰𝐧 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞
𝐨𝐫𝐢𝐠𝐢𝐧 makes as angle 𝟑𝟎° with x-axis and its length is 12.

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 (𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚)

𝐺𝑖𝑣𝑒𝑛 𝑃 = 12, 𝛼 = 30°

𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝

𝑥 cos 30° + 𝑦 sin 30° = 12

𝑥
3

2
+

𝑦

2
= 12

3 𝑥 + 𝑦 = 24
× 2

⟹

9.Find the equation of the straight line passing through the point (8, 3) and having
intercepts whose sum is 1.

Let x and y – intercepts of the straight line be a and b

𝑎 + 𝑏 = 1

𝑏 = 1 − 𝑎

The equation of the straight line in intercepts form is
𝑥

𝑎
+

𝑦

𝑏
= 1

𝑥

𝑎
+

𝑦

1 − 𝑎
= 1 … 1

Since this line passes through (8 , 3)

8

𝑎
+

3

1 − 𝑎
= 1

𝑥 , 𝑦

𝑎 1 − 𝑎

3𝑎8 1 − 𝑎 +
= 1

⟹8 − 8𝑎 + 3𝑎 = 𝑎 1 − 𝑎 8 − 5𝑎 = 𝑎 − 𝑎2

8 − 5𝑎 − 𝑎 + 𝑎2 = 0 𝑎2 − 6𝑎 + 8 = 0

𝑎 − 4 𝑎 − 2 = 0 𝑎 − 4 = 0 𝑎𝑛𝑑 𝑎 − 2 = 0

𝑎 = 4 𝑎𝑛𝑑 𝑎 = 2

⟹

⟹

⟹

sub 𝑎 = 4 in (1)
𝑥

𝑎
+

𝑦

1 − 𝑎
= 1

𝑥

4
+

𝑦

1 − 4
= 1 ⟹

𝑥

4
+

𝑦

−3
= 1

3𝑥 − 4𝑦

12
= 1 ⟹ 3𝑥 − 4𝑦 = 12

3𝑥 − 4𝑦 − 12 = 0

× 8
+

−6

−4 −2
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sub 𝑎 = 2 in (1)
𝑥

2
+

𝑦

1 − 2
= 1

𝑥

2
+

𝑦

−1
= 1 ⟹

𝑥

2
−

𝑦

1
= 1

𝑥 − 2𝑦

2
= 1 ⟹ 𝑥 − 2𝑦 = 2

𝑥 − 2𝑦 − 2 = 0

𝟏𝟎. 𝐒𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭𝐬 𝟏, 𝟑 𝟐, 𝟏 𝐚𝐧𝐝
𝟏

𝟐
, 𝟒 𝐚𝐫𝐞 𝐜𝐨𝐥𝐥𝐢𝐧𝐞𝐚𝐫 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠

𝒊 𝐜𝐨𝐧𝐜𝐞𝐩𝐭 𝐨𝐟 𝑺𝒍𝒐𝒑𝒆 (𝒊𝒊) 𝒖𝒔𝒊𝒏𝒈 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒐𝒕𝒉𝒆𝒓 𝒎𝒆𝒕𝒉𝒐𝒅.

𝐴 1, 3 , 𝐵(2, 1)
𝑥1 , 𝑦1

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

Slope of AB = −2

𝐵(2, 1), 𝐶
1

2
, 4

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑥2, 𝑦2

𝑥1 , 𝑦1 𝑥2, 𝑦2

=
1 − 3

2 − 1
=

−2

1
= −2

=
4 −1

1

2
−2

=
3

1 − 4

2

=
3

−3
2

= 3 × −
2

3
= −2

Slope of BC = −2

Slope of AB = Slope of BC . 𝐻𝑒𝑛𝑐𝑒 𝐴, 𝐵, 𝐶 𝑎𝑟𝑒 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟

𝐴 𝐵 𝐶

Slope of AB Slope of BC

Slope of AC

𝐿𝑒𝑡 𝐴 1, 3 , 𝐵 2, 1 and C
1

2
, 4

𝒊𝒊𝒊 𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆

The area of ∆𝐴𝐵𝐶 ∆=
1

2

1 2
1

2
1

3 1 4 3

𝑥1 𝑦1 𝑦2 𝑥3 𝑦3
𝑥2

=
1

2
1 + 8 +

3

2
− {6 +

1

2
+ 4 }

=
1

2
9 +

3

2
− 10 +

1

2
=

1

2
9 +

3

2
− 10 −

1

2

=
1

2
9 + 1 − 10 =

1

2
0 = 0
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𝟏𝟏. 𝐀 𝐬𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐥𝐢𝐧𝐞 𝐢𝐬 𝐩𝐚𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝐀 𝟏, 𝟐 𝐰𝐢𝐭𝐡 𝐬𝐥𝐨𝐩𝐞
𝟓

𝟏𝟐
𝐟𝐢𝐧𝐝

𝐩𝐨𝐢𝐧𝐭𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐥ine which are 13 units away from A.

𝑥

𝑦

(1 , 2)

13

(13, 𝑦)

1

2

−11

(−11, 𝑦)

Equation straight line having slope 𝑚 =
5

12
and point 𝐴 1,2

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1

𝑦 − 2 =
5

12
𝑥 − 1 ⟹ 12 𝑦 − 2 = 5 𝑥 − 1

12𝑦 − 24 = 5𝑥 − 5 ⟹ 5𝑥 − 5 − 12𝑦 + 24 = 0

5𝑥 − 12𝑦 + 19 = 0

𝑤ℎ𝑒𝑛 𝑥 = 13

5 13 − 12𝑦 = −19

65 − 12𝑦 = −19

−12𝑦 = −19 − 65

−12𝑦 = −84 𝑦 = 7

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (13,7)

⟹

5𝑥 − 12𝑦 + 19 = 0

𝑤ℎ𝑒𝑛 𝑥 = −11
5 −11 − 12𝑦 = −19 −55 − 12𝑦 = −19⟹

−12𝑦 = −19 + 55 −12𝑦 = 36⟹

𝑦 = −3𝑦 =
36

−12
⟹

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (−11, −3)

𝟏𝟐. 𝐀 𝟏𝟓𝟎𝐦 𝐥𝐨𝐧𝐠 𝐭𝐫𝐚𝐢𝐧 𝐢𝐬 𝐦𝐨𝐯𝐢𝐧𝐠 𝐰𝐢𝐭𝐡 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐯𝐞𝐥𝐨𝐜𝐢𝐭𝐲 𝐨𝐟 𝟏𝟐. 𝟓𝐦/s
Find (i) the equation of the motion of the train.(ii) time taken to cross a pole.
(iii) The time taken to cross the bridge of length 850m is?

(𝑖) 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛

𝑇ℎ𝑒 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑠𝑝𝑒𝑒𝑑 = 12.5𝑚/𝑠

𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛 = 150𝑚

𝑖𝑠 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑖𝑛.

𝑆𝑝𝑒𝑒𝑑 =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑡𝑖𝑚𝑒
⟹ 12.5 =

𝑦 + 150

𝑥
12.5𝑥 = 𝑦 + 150⟹

𝑇𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = 𝑦 + 150

(Negative 𝑦 - intercepts)

12.5𝑥 = 𝑦 + 150 ⟹ 𝑦 = 12.5𝑥 − 150

Equation of a line: 𝑦 = 𝑚𝑥 + 𝑐

𝑐 = −150

𝑦 = 12.5𝑥 − 150

𝑚 = 12.5,
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(ii) Time taken to cross a pole

𝑦 = 12.5𝑥 − 150
𝑝𝑢𝑡 𝑦 = 0

0 = 12.5𝑥 − 150 ⟹ 150 = 12.5𝑥 ⟹ 𝑥 =
150

12.5

𝑥 =
1500

125

300 60 12

25
5

𝑥 = 12𝑠𝑒𝑐

(iii) The time taken to cross the bridge of length 850m is 
𝑦 = 12.5𝑥 − 150

𝑦 = 850𝑝𝑢𝑡

850 = 12.5𝑥 − 150

850 + 150 = 12.5𝑥

1000 = 12.5𝑥 ⟹ 𝑥 =
1000

12.5

𝑥 =
10000

125

2000

25
𝑥 =

2000

25

400

5

80

𝑥 = 80𝑠𝑒𝑐

⟹

𝟏𝟑. 𝐀 𝐬𝐩𝐫𝐢𝐧𝐠 𝐰𝐚𝐬 𝐡𝐮𝐧𝐠 𝐟𝐫𝐨𝐦 𝐚 𝐡𝐨𝐨𝐤 𝐢𝐧 𝐭𝐡𝐞 𝐜𝐞𝐢𝐥𝐥𝐢𝐧𝐠. 𝐀 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭
𝐰𝐞𝐢𝐠𝐡𝐭𝐬 were attached  to the spring to make it stretch, and the total length of the
spring was measured each time shown in the following table.

𝑤𝑒𝑖𝑔ℎ𝑡, (𝑘𝑔)

𝐿𝑒𝑛𝑔𝑡ℎ, (𝑐𝑚)

2

3

4

4 4.5

5 8

6

𝐢 𝐃𝐫𝐚𝐰 𝐚 𝐠𝐫𝐚𝐩𝐡 𝐬𝐨𝐰𝐢𝐧𝐠 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬.

(ii) Find the equation relating of the length of the spring to the weight on it

(iii) What is the actual length of the spring.

(iv) If the spring has to stretch to 9 cm long, how much weight should be added?

(v) How long will the spring be when 6 kilograms of weight on it?

𝑤𝑒𝑖𝑔ℎ𝑡, (𝑥)

𝐿𝑒𝑛𝑔𝑡ℎ, (𝑦)

2

3

4

4 4.5

5 8

6
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1     2     3     4     5     6     7      8     9   10   11   120

(5 , 4.5)
(4 , 4)

(2 , 3)

𝑥

𝑦

Weight (kg)

L
en

gt
h

 (
cm

)
9

8

7

6

5

4

3

2

1

(8 , 6)

𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒓𝒆𝒍𝒂𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒑𝒓𝒊𝒏𝒈 𝒕𝒐 𝒕𝒉𝒆 𝒘𝒆𝒊𝒈𝒉𝒕
𝒐𝒏 𝒊𝒕

𝑇𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 2, 3 𝑎𝑛𝑑 (4, 4)

Equation of straight lines:
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 − 3

4 − 3
=

𝑥 − 2

4 − 2

𝑦 − 3

1
=

𝑥 − 2

2

2𝑦 − 6 = 𝑥 − 2

𝑥 − 2 − 2𝑦 + 6 = 0 𝑥 − 2𝑦 + 4 = 0

(𝑖𝑖𝑖) 𝐴𝑐𝑡𝑢𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑝𝑟𝑖𝑛𝑔

𝑥1, 𝑦1
𝑥2, 𝑦2

⟹

2 𝑦 − 3 = 𝑥 − 2 ⟹

⟹

𝑝𝑢𝑡 𝑥 = 0 𝑖𝑛 𝑥 − 2𝑦 + 4 = 0

0 − 2𝑦 + 4 = 0 −2𝑦 = −4

𝑦 = 2

∴ 𝑦 = 2𝑐𝑚

⟹

𝒊𝒗 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒑𝒓𝒊𝒏𝒈 𝒉𝒂𝒔 𝒕𝒐 𝒔𝒕𝒓𝒆𝒕𝒄𝒉 𝒕𝒐 𝟗𝒄𝒎 𝒍𝒐𝒏𝒈. 𝑯𝒐𝒘 𝒎𝒖𝒄𝒉 𝒘𝒆𝒊𝒈𝒉𝒕 𝒔𝒉𝒐𝒖𝒍𝒅
𝒃𝒆 𝒂𝒅𝒅𝒆𝒅?

𝑝𝑢𝑡 𝑦 = 9 𝑖𝑛 𝑥 − 2𝑦 + 4 = 0

𝑥 − 2 9 + 4 = 0

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 ∶ 𝑥 = ?

⟹ 𝑥 − 18 + 4 = 0 𝑥 − 14 = 0

𝑥 = 14𝑘𝑔 ∴ 14𝑘𝑔 must be added

⟹
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(v) How long will the spring be when 6 kilograms of weight on it.

𝑝𝑢𝑡 𝑥 = 6 𝑖𝑛 𝑥 − 2𝑦 + 4 = 0

6 − 2𝑦 + 4 = 0 10 − 2𝑦 = 0

−2𝑦 = −10

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑎 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 ∶ 𝑦 = ?

⟹

𝑦 = 5 𝑐𝑚

𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑖𝑛𝑔 = 5𝑐𝑚
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𝟏𝟒. 𝑨 𝒇𝒂𝒎𝒊𝒍𝒚 𝒊𝒔 𝒖𝒔𝒊𝒏𝒈 𝒍𝒊𝒒𝒖𝒆𝒇𝒊𝒆𝒅 𝒑𝒆𝒕𝒓𝒐𝒍𝒆𝒖𝒎 𝒈𝒂𝒔 𝑳𝑷𝑮 𝒐𝒇 𝒘𝒆𝒊𝒈𝒉𝒕 𝟏𝟒. 𝟐 𝒌𝒈
𝒇𝒐𝒓𝒎 𝑪𝒐𝒏𝒔𝒖𝒎𝒑𝒕𝒊𝒐𝒏. (𝒇𝒖𝒍𝒍 𝒘𝒆𝒊𝒈𝒉𝒕 𝟐𝟗. 𝟓𝒌𝒈 𝒊𝒏𝒄𝒍𝒖𝒅𝒆𝒔 𝒕𝒉𝒆 𝒆𝒎𝒑𝒕𝒚 𝒄𝒚𝒍𝒊𝒏𝒅𝒆𝒓𝒔
𝒂𝒓𝒆 𝒘𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝟏𝟓. 𝟑𝒌𝒈) 𝑰𝒇 𝒊𝒕 𝒊𝒔 𝒖𝒔𝒆 𝒘𝒊𝒕𝒉 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒓𝒂𝒕𝒆 𝒕𝒉𝒆𝒏 𝒊𝒕 𝒍𝒂𝒔𝒕𝒔 𝒇𝒐𝒓
𝟐𝟒 𝒅𝒂𝒚𝒔. 𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒏𝒆𝒘 𝒄𝒚𝒍𝒊𝒏𝒅𝒆𝒓 𝒊𝒔 𝒓𝒆𝒑𝒍𝒂𝒄𝒆𝒅 𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝒓𝒆𝒍𝒂𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒒𝒖𝒂𝒏𝒕𝒊𝒕𝒚 𝒐𝒇 𝒈𝒂𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒄𝒚𝒍𝒊𝒏𝒅𝒆𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒅𝒂𝒚𝒔.
(𝒊𝒊) 𝑫𝒓𝒂𝒘 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉 𝒇𝒐𝒓 𝒇𝒊𝒓𝒔𝒕 𝟗𝟔 𝒅𝒂𝒚𝒔.

𝐿𝑒𝑡 𝑥 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑎𝑦𝑠 , 𝑦 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑔𝑎𝑠.

𝑥

𝑦
0

14.2

24

0

(𝑖) ⟹
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠

𝑦 − 14.2

0 − 14.2
=

𝑥 − 0

24 − 0

24 𝑦 − 14.2 = −14.2(𝑥) ⟹ 𝑦 − 14.2 = −
14.2

24
𝑥

𝑦 = −
14.2

24
𝑥 + 14.2 ⟹ 𝑦 = −

142

240
𝑥 + 14.2

71

120

𝑦 = −
71

120
𝑥 + 14.2 ,0 ≤ 𝑥 ≤ 24

(ii) 𝑫𝒓𝒂𝒘 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉 𝒇𝒐𝒓 𝒇𝒊𝒓𝒔𝒕 𝟗𝟔 𝒅𝒂𝒚𝒔

24          48          72       960(0 , 0)
𝑥

Q
u

an
ti

ty
 o

f 
ga

s

Number of days

18

16

14

12

10

8

6

4

2

𝑦
𝑥

𝑦
0

14.2

24

0
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𝟏𝟓. 𝑰𝒏 𝒂 𝒔𝒉𝒐𝒑𝒑𝒊𝒏𝒈 𝒎𝒂𝒍𝒍 𝒕𝒉𝒆𝒓𝒆 𝒊𝒔 𝒂 𝒉𝒂𝒍𝒍 𝒐𝒇 𝒄𝒖𝒃𝒐𝒊𝒅 𝒔𝒉𝒂𝒑𝒆 𝒘𝒊𝒕𝒉 𝒅𝒊𝒎𝒆𝒏𝒔𝒊𝒐𝒏
𝟖𝟎𝟎 × 𝟖𝟎𝟎 × 𝟕𝟐𝟎𝒖𝒏𝒊𝒕𝒔, 𝒘𝒉𝒊𝒄𝒉 𝒏𝒆𝒆𝒅𝒔 𝒕𝒐 𝒃𝒆 𝒂𝒅𝒅𝒆𝒅 𝒕𝒉𝒆 𝒇𝒂𝒄𝒊𝒍𝒊𝒕𝒚 𝒐𝒇 𝒂𝒏

𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓 𝒊𝒏 𝒕𝒉𝒆 𝑷𝒂𝒕𝒉 𝒂𝒔 𝒔𝒉𝒐𝒘𝒏 𝒃𝒚 𝒕𝒉𝒆 𝒅𝒐𝒕𝒕𝒆𝒅 𝒍𝒊𝒏𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒊𝒈𝒖𝒓𝒆. 𝑭𝒊𝒏𝒅
𝒊 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒕𝒐𝒕𝒂𝒍 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓. 𝒊𝒊 𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕𝒔 𝒂𝒕

𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒆 𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓 𝒄𝒉𝒂𝒏𝒈𝒆𝒔 𝒊𝒕𝒔 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 . 𝒊𝒊𝒊 𝒕𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒕𝒉𝒆
𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓 𝒂𝒕 𝒕𝒉𝒆 𝒕𝒖𝒓𝒏𝒊𝒏𝒈 𝒑𝒐𝒊𝒏𝒕𝒔.

𝑙 = 800

ℎ = 720

720

3200

𝒊 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒕𝒐𝒕𝒂𝒍 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓

𝐴𝐶2 = 𝐴𝐵2 + 𝐵𝐶2

= (3200)2+(720)2 = 10240000 + 518400

𝐴𝐶2 = 10758400 ⟹ 𝐴𝐶 = 10758400

𝐴𝐶 = 4 × 4 × 4 × 4 × 5 × 5 × 41 × 41

𝐴𝐶 = 4 × 4 × 5 × 41

𝐴𝐶 = 3280 𝑢𝑛𝑖𝑡𝑠

0, 0 𝑎𝑛𝑑 3200, 720
𝑥1, 𝑦1 𝑥2, 𝑦2

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

⟹
𝑦 − 0

720 − 0
=

𝑥 − 0

3200 − 0 ⟹
𝑦

720
=

𝑥

3200

𝑦 =
𝑥 × 720

3200
⟹ 𝑦 =

72𝑥

320
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𝑇𝑜 𝑓𝑖𝑛𝑑 𝑦1 𝑠𝑢𝑏 𝑥 = 800

𝑦1 =
72(800)

320
4

105

2

36
⟹ 𝑦1 = 180 𝑢𝑛𝑖𝑡𝑠

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑦2 𝑠𝑢𝑏 𝑥 = 1600

𝑦2 =
72(1600)

3202

10 5

⟹ 𝑦2 = 360 𝑢𝑛𝑖𝑡𝑠

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑦3 𝑠𝑢𝑏 𝑥 = 2400

⟹ 𝑦3 = 540 𝑢𝑛𝑖𝑡𝑠𝑦3 =
72(2400)

320

36

4 2

30 15

𝒊𝒊𝒊 𝒕𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒔𝒄𝒂𝒍𝒂𝒕𝒐𝒓 𝒂𝒕 𝒕𝒉𝒆 𝒕𝒖𝒓𝒏𝒊𝒏𝒈 𝒑𝒐𝒊𝒏𝒕𝒔.

𝑦 =
72𝑥

320
𝑦 = 𝑚𝑥 + 𝑐

𝑚 =
72

320
=

36

160
=

18

80
=

9

40
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟑

𝟔. 𝟒. 𝟒 𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔

𝑖 𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 (𝑥1 , 𝑦1) and (𝑥2 , 𝑦2) 𝑖𝑠

𝐷 = (𝑥2−𝑥1)2 + (𝑦2−𝑦1)2

𝑖𝑖 𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥1 , 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒

𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝒊 𝒕𝒘𝒐 𝒑𝒐𝒊𝒏𝒕𝒔, 𝒊𝒊 𝒂 𝒑𝒐𝒊𝒏𝒕 𝒕𝒐 𝒂 𝒍𝒊𝒏𝒆, (𝒊𝒊𝒊) 𝑻𝒘𝒐 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔.

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is

𝑖𝑖𝑖 𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑖𝑠

𝑐

𝑎2 + 𝑏2

𝑖𝑣 𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 𝑎𝑛𝑑
𝑎1𝑥 + 𝑏1𝑦 + 𝑐2 = 0

𝐷 =
𝑐1 − 𝑐2

𝑎2 + 𝑏2

𝑣 𝑇ℎ𝑒 𝑓𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑥 − 𝑥1

𝑎
=

𝑦 − 𝑦1

𝑏
=

𝑎1𝑥 + 𝑏1𝑦 + 𝑐

𝑎2 + 𝑏2

𝐄𝐠. 𝟔. 𝟐𝟐: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐚 𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥 𝐥𝐢𝐧𝐞 𝐚𝐧𝐝 𝐚 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 𝐥𝐢𝐧𝐞
𝐩𝐚𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝟏, 𝟐 𝐭𝐨 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞 𝟑𝒙 + 𝟒𝒚 = 𝟕.

𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒 𝑡𝑜 3𝑥 + 4𝑦 = 7 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 3𝑥 + 4𝑦 =3𝑥1 + 4𝑦1

Let 𝑥1 , 𝑦1 be (1 , 2)

3𝑥 + 4𝑦 = 3 1 + 4(2)
3𝑥 + 4𝑦 = 11

𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑙𝑖𝑛𝑒 𝑡𝑜 3𝑥 + 4𝑦 = 7 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚
4𝑥 − 3𝑦

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 = (1, 2)

4𝑥 − 3𝑦 = 4 1 − 3(2)
4𝑥 − 3𝑦 = −2

𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑎𝑛𝑑 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦

3𝑥 + 4𝑦 = 11 , 4𝑥 − 3𝑦 = −2

= 4𝑥1 − 3𝑦1

𝑬𝒈. 𝟔. 𝟐𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒊 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒑𝒐𝒊𝒏𝒕𝒔 𝟓, 𝟒 𝒂𝒏𝒅 𝟐, 𝟎

𝒊𝒊 𝒇𝒓𝒐𝒎 𝒂 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟐 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟓𝒙 + 𝟏𝟐𝒚 − 𝟑 = 𝟎

𝒊𝒊𝒊 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔 𝟑𝒙 + 𝟒𝒚 = 𝟏𝟐 𝒂𝒏𝒅 𝟔𝒙 + 𝟖𝒚 + 𝟏 = 𝟎.
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𝑖 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥1 , 𝑦1 = 5, 4 𝑎𝑛𝑑 𝑥2 , 𝑦2 = 2, 0 𝑖𝑠

𝐷 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2

= (−3)2+(−4)2

𝐷 = 5

𝑖𝑖 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑖𝑛𝑡 1, 2 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 5𝑥 + 12𝑦 − 3 = 0

= 2 − 5 2 + 0 − 4 2 = 9 + 16 = 25

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥1 , 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑖𝑠
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝑥1 , 𝑦1 = 1, 2 𝑎 = 5 , 𝑏 = 12 , 𝑐 = −3

=
5(1)+ 12 (2)−3

52 + 122
𝐷 =

5 + 24 − 3

25 + 144
=

26

169 =
26

13

𝐷 = 2

𝑖𝑖𝑖 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠

3𝑥 + 4𝑦 = 12 𝑎𝑛𝑑 6𝑥 + 8𝑦 + 1 = 0 𝑖𝑠

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 ∶ 3𝑥 + 4𝑦 − 12 = 0 𝑎𝑛𝑑 6𝑥 + 8𝑦 + 1 = 0
÷ 2

3𝑥 + 4𝑦 +
1

2
= 0

𝑎 = 3 , 𝑏 = 4 , 𝑐1 = −12 ,𝑐2 =
1

2

=

−25
2

25
=

−25
2
5

=
−25

2
×

1

5
=

5

2
= 2.5 𝑢𝑛𝑖𝑡𝑠

𝐷 =
𝑐1 − 𝑐2

𝑎2 + 𝑏2 =
−12 −

1

2

32 + 42

=

−24 − 1

2

9 + 16

𝑬𝒈. 𝟔. 𝟐𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒆𝒂𝒓𝒆𝒔𝒕 𝒑𝒐𝒊𝒏𝒕 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟐𝒙 + 𝒚 = 𝟓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏.

2𝑥 + 𝑦 = 5

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 , 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 (0 , 0)

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

… (1)

𝑥1 𝑦1
𝑥 − 2𝑦

𝑥 − 2𝑦 = 0 − 2(0)

𝑥 − 2𝑦 = 0 … (2)

(1) × 2 ⟹ 4𝑥 + 2𝑦 = 10

(2) 𝑥 − 2𝑦 = 0

5𝑥 = 10 ⟹ 𝑥 =
10

5

= 𝑥1 − 2𝑦1

⟹ 𝑥 = 2 354
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𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 2𝑥 + 𝑦 = 5 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑖𝑠 2,1

𝑠𝑢𝑏 𝑥 = 2 𝑖𝑛 (1) 2𝑥 + 𝑦 = 5

2 2 + 𝑦 = 5 ⟹ 4 + 𝑦 = 5

𝑦 = 5 − 4 ⟹ 𝑦 = 1

An angle bisector has equal perpendicular distance from the two lines.

What is an Angle Bisector?

𝑥

𝑦

𝑂

𝐿1

𝐿2

𝑃 (𝑥, 𝑦)

𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥 , 𝑦 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝐿1 =

𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥 , 𝑦 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝐿2

𝑬𝒈. 𝟔. 𝟐𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆
𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟑𝒙 + 𝟒𝒚 + 𝟐 = 𝟎 𝒂𝒏𝒅 𝟓𝒙 + 𝟏𝟐𝒚 − 𝟓 = 𝟎

3𝑥 + 4𝑦 + 2 = 0 𝑎𝑛𝑑 5𝑥 + 12𝑦 − 5 = 0

3𝑥 + 4𝑦 + 2

32 + 42
=

5𝑥 + 12𝑦 − 5

52 + 122

3𝑥 + 4𝑦 + 2

9 + 16
= ±

5𝑥 + 12𝑦 − 5

25 + 144
⟹

3𝑥 + 4𝑦 + 2

25
= ±

5𝑥 + 12𝑦 − 5

169
⟹

3𝑥 + 4𝑦 + 2

5
= ±

5𝑥 + 12𝑦 − 5

13

3𝑥 + 4𝑦 + 2

5
= −

5𝑥 + 12𝑦 − 5

13
⟹ 13 3𝑥 + 4𝑦 + 2 = −5 5𝑥 + 12𝑦 − 5

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠

39𝑥 + 52𝑦 + 26 = −25𝑥 − 60𝑦 + 25

39𝑥 + 52𝑦 + 26 + 25𝑥 + 60𝑦 − 25 = 0

64𝑥 + 112𝑦 + 1 = 0

𝑬𝒈. 𝟔. 𝟐𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒙 + 𝒚 = 𝟓, 𝒕𝒉𝒂𝒕 𝒍𝒊𝒆 𝒂𝒕 𝒂 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆
𝟐 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟒𝒙 + 𝟑𝒚 − 𝟏𝟐 = 𝟎.

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑡 , 5 − 𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 4𝑥 + 3𝑦 − 12 = 0 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 2 𝑢𝑛𝑖𝑡𝑠.

𝑥 + 𝑦 = 5
𝐿𝑒𝑡 𝑥 = 𝑡

𝑡 + 𝑦 = 5 ⟹ 𝑦 = 5 − 𝑡

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 = 5 𝑖𝑠(𝑡 , 5 − 𝑡)
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𝑎 = 4 , 𝑏 = 3 , 𝑐 = −12 , 𝑥1 = 𝑡, 𝑦1 = 5 − 𝑡

𝐷 =
a 𝑥1 + b𝑦1 + c

𝑎2 + 𝑏2

⟹ 2 =
4(𝑡) + 3(5 − 𝑡)−12

42 + 32

= 2
4t + 15 − 3𝑡−12

16 + 9
⟹ = 2

t + 3

25
= 2

t + 3

5
⟹

= ± 2
𝑡 + 3

5
⟹ =𝑡 + 3 ± 10 ⟹ 𝑡 + 3 = 10 , 𝑡 + 3 = −10

𝑡 = 10 − 3 ,
𝑡 = 7,

𝑡 = −10 − 3
𝑡 = −13

The points are 𝑡 , 5 − 𝑡

𝑤ℎ𝑒𝑛 𝑡 = 7, 7 , 5 − 7 = 7 , −2𝑡ℎ𝑒𝑛

𝑤ℎ𝑒𝑛 𝑡 = −13, −13 , 5 + 13 = −13 , 18𝑡ℎ𝑒𝑛

𝑬𝒈. 𝟔. 𝟐𝟕: 𝑨 𝑺𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒇𝒊𝒙𝒆𝒅 𝒑𝒐𝒊𝒏𝒕 𝟔 , 𝟖 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆
𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒅𝒓𝒂𝒘𝒏 𝒕𝒐 𝒊𝒕 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝑶.

𝐿𝑒𝑡 𝑃 ℎ, 𝑘 𝑏𝑒 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑟𝑒𝑞𝑖𝑟𝑒𝑑 𝑙𝑜𝑐𝑢𝑠.

𝑇ℎ𝑒 𝑠𝑙𝑜𝑝𝑒 𝑃𝑄 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 0, 0 𝑎𝑛𝑑 (ℎ, 𝑘) 𝑖𝑠
𝑥1 𝑦1 𝑥2 𝑦2

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑥

𝑦

𝐴𝑂

𝐵

𝑃

(6, 8)

(ℎ, 𝑘)

(0, 0)

𝑚1 =
𝑘 − 0

ℎ − 0
=

𝑘

ℎ
⟹ 𝑚1 =

𝑘

ℎ

𝑆𝑙𝑜𝑝𝑒 𝐴𝐵 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 6, 8 𝑎𝑛𝑑 (ℎ, 𝑘)
𝑥1 𝑦1

𝑥2 𝑦2

𝑚2 =
𝑘 − 8

ℎ − 6

𝑚1 × 𝑚2 = −1 ∵ 𝑂𝑃 ⊥ 𝐴𝐵

𝑘

ℎ
×

𝑘 − 8

ℎ − 6
= −1 ⟹ 𝑘2 − 8𝑘

ℎ2 − 6ℎ
= −1

𝑘2 − 8𝑘 = − ℎ2 − 6ℎ ⟹ 𝑘2 − 8𝑘 = −ℎ2 + 6ℎ

ℎ2 + 𝑘2 − 6ℎ − 8𝑘 = 0

Locus of 𝑃 ℎ, 𝑘 is 𝑥2 + 𝑦2 − 6𝑥 − 8𝑦 = 0

𝟔. 𝟒. 𝟓 𝑭𝒂𝒎𝒊𝒍𝒚 𝒐𝒇 𝒍𝒊𝒏𝒆𝒔

Let 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 be two given lines. Then the
equation of the line through the point of intersection of these lines is

𝑎𝑥 + 𝑏𝑦 + 𝑐 + λ 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0
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𝑬𝒈. 𝟔. 𝟐𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 𝒐𝒇 𝒕𝒉𝒆
𝒍𝒊𝒏𝒆𝒔 𝒚 = 𝒎𝒙 + 𝟐, 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒎 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒙 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒘𝒊𝒕𝒉 𝟐𝒙 + 𝟑𝒚 = 𝟏𝟎 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔.

𝑦 = 𝑚𝑥 + 2
… 1

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 ∶
𝑚𝑥 − 𝑦 = −2 … 2𝑎𝑛𝑑 2𝑥 + 3𝑦 = 10

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

1 × 3 ⟹ 3𝑚𝑥 − 3𝑦 = −6

2𝑥 + 3𝑦 = 10

3𝑚𝑥 + 2𝑥 = 4 𝑥 3𝑚 + 2 = 4

(2) ⟹

⟹

𝑥 =
4

3𝑚 + 2
𝑠𝑖𝑛𝑐𝑒 𝑥 𝑎𝑛𝑑 𝑚 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

3𝑚 + 2 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 ± 1 , ± 2, ± 4

3𝑚 + 2 = ± 1 ⟹ 3𝑚 = ± 1 − 2 ⟹ 3𝑚 = 1 − 2, −1 − 2

3𝑚 = −1, −3 ⟹ 𝑚 = −
1

3
, −

3

3
⟹ 𝑚 = −

1

3
, −1

∴ 𝑚 = −1

3𝑚 + 2 = ± 2 ⟹ 3𝑚 = ± 2 − 2 ⟹ 3𝑚 = 2 − 2, −2 − 2

3𝑚 = 0, −4 ⟹ 𝑚 =
0

3
, −

4

3
⟹ 𝑚 = 0, −

4

3
∴ 𝑚 = 0

3𝑚 + 2 = ± 4 ⟹ 3𝑚 = ± 4 − 2 ⟹ 3𝑚 = 4 − 2, −4 − 2

3𝑚 = 2, −6 ⟹ 𝑚 =
2

3
, −

6

3
⟹ 𝑚 =

2

3
, −2

∴ 𝑚 = −2

𝑦 = 𝑚𝑥 + 2

𝑤ℎ𝑒𝑛 𝑚 = −1 ⟹ 𝑦 = − 𝑥 + 2 ⟹ 𝑥 + 𝑦 − 2 = 0
𝑤ℎ𝑒𝑛 𝑚 = 0 ⟹ 𝑦 = 0 + 2 ⟹ 𝑦 − 2 = 0
𝑤ℎ𝑒𝑛 𝑚 = −2 ⟹ 𝑦 = −2𝑥 + 2 ⟹ 2𝑥 + 𝑦 − 2 = 0

𝑬𝒈. 𝟔. 𝟑𝟎: 𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒆 𝑮𝒐𝒗𝒆𝒓𝒏𝒎𝒆𝒏𝒕 𝒉𝒂𝒔 𝒅𝒆𝒄𝒊𝒅𝒆𝒅 𝒕𝒐 𝒆𝒓𝒆𝒄𝒕 𝒂 𝒏𝒆𝒘
𝑬𝒍𝒆𝒄𝒕𝒓𝒊𝒄𝒂𝒍 𝒑𝒐𝒘𝒆𝒓 𝒕𝒓𝒂𝒏𝒔𝒎𝒊𝒔𝒔𝒊𝒐𝒏 𝒔𝒖𝒃𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒕𝒐 𝒑𝒓𝒐𝒗𝒊𝒅𝒆 𝒃𝒆𝒕𝒕𝒆𝒓
𝒑𝒐𝒘𝒆𝒓 𝒔𝒖𝒑𝒑𝒍𝒚 𝒕𝒐 𝒕𝒘𝒐 𝒗𝒊𝒍𝒍𝒂𝒈𝒆𝒔 𝒏𝒂𝒎𝒆𝒍𝒚 𝑨 𝒂𝒏𝒅 𝑩. 𝒕𝒉𝒆 𝒔𝒖𝒃𝒔𝒕𝒂𝒕𝒊𝒐𝒏
𝒉𝒂𝒔 𝒕𝒐 𝒃𝒆 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒍. 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒗𝒊𝒍𝒍𝒂𝒈𝒆𝒔 𝑨 𝒂𝒏𝒅 𝑩 𝒇𝒓𝒐𝒎
𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝑷 𝒂𝒏𝒅 𝑸 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒍 𝒂𝒓𝒆 𝟑 𝒌𝒎
𝒂𝒏𝒅 𝟓𝒌𝒎 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒑 𝒂𝒏𝒅

𝑸 𝒊𝒔 𝟔𝒌𝒎. 𝒊 𝒘𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒄𝒂𝒃𝒍𝒆 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒕𝒐
𝒄𝒐𝒏𝒏𝒆𝒄𝒕 𝒕𝒉𝒆 𝒑𝒐𝒘𝒆𝒓 𝒔𝒕𝒂𝒕𝒊𝒐𝒏 𝒕𝒐 𝒕𝒘𝒐 𝒗𝒊𝒍𝒍𝒂𝒈𝒆𝒔. (𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆

𝒌𝒏𝒐𝒘𝒍𝒆𝒅𝒈𝒆 𝒊𝒏 𝒄𝒐𝒏𝒋𝒖𝒄𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏
𝒂𝒍𝒍𝒐𝒘𝒔 𝒇𝒐𝒓 𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒊𝒔 𝒑𝒓𝒐𝒃𝒍𝒆𝒎
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The shortest length of the cable is 𝐴𝑅 + 𝐵𝑅 = 𝐵𝑅 + 𝑅Ā = 𝐵Ā

𝐵Ā = (6 − 0)2+(5 + 3)2 = 10 𝑘𝑚

Equation of the line Ā𝐵 𝑖𝑠 𝑦 − −3 =

4𝑥 − 3𝑦 = 9

when 𝑦 = 0, 𝑅 𝑖𝑠
9

4
, 0

That is the substation should be located at a distance of 2.25 km from 𝑃.

The equation of 𝐴𝑅 𝑖𝑠 4𝑥 + 3𝑦 = 9

The equation of the cable lines roads of 𝑅𝐴 and 𝑅𝐵 are
4𝑥 − 3𝑦 = 9 and 4𝑥 + 3𝑦 = 9

5 − −3

6 − 𝑐
− 𝑥 − 0

𝑬𝒈. 𝟔. 𝟐𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏
𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟑𝒙 + 𝟐𝒚 + 𝟓 = 𝟎𝒂𝒏𝒅 𝟑𝒙 − 𝟒𝒚 + 𝟔 = 𝟎 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟏 .

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 + λ (𝑎2𝑥 + 𝑏2𝑦 + 𝑐2) = 0

3𝑥 + 2𝑦 + 5 + λ (3𝑥 − 4𝑦 + 6) = 0

𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 1,1

3 + 2 1 + 5 + λ 3 1 − 4 1 + 6 = 0

⟹

The family of equation of straight lines through the point of intersection of 
the line is of the form

10 + λ 3 − 4 + 6 = 0 10 + λ 5 = 0
5λ = −10 ⟹ λ = −2

𝑠𝑢𝑏 λ = −2 𝑖𝑛 3𝑥 + 2𝑦 + 5 + λ (3𝑥 − 4𝑦 + 6) = 0

Take conveniently 𝑃𝑄 𝑎𝑠 𝑥 − 𝑎𝑥𝑖𝑠, 𝑃𝐴 as 𝑦 − 𝑎𝑥𝑖𝑠 and 𝑃 is origin (instead of
vonventional origin 𝑂). Therefore, the coordinates are 𝑝 0,0 𝐴 0,3 and 𝐵(6,5)

If the image of 𝐴 about the 𝑥 − 𝑎𝑥𝑖𝑠, Ā, then Ā is 0, −3 .

The required 𝑅 is the point of intersection of the line Ā𝐵 and 𝑥 − 𝑎𝑥𝑖𝑠.
𝐴𝑅 and 𝐵𝑅 are the path of the cable(road)

3𝑥 + 2𝑦 + 5 − 2 (3𝑥 − 4𝑦 + 6) = 0

3𝑥 + 2𝑦 + 5 − 6𝑥 + 8𝑦 − 12 = 0
−3𝑥 + 10𝑦 − 7 = 0 ⟹ 3𝑥 − 10𝑦 + 7 = 0

Eg. 6.𝟑𝟏: 𝑨 𝒄𝒂𝒓 𝒓𝒆𝒏𝒕𝒂𝒍 𝒇𝒊𝒓𝒎 𝒉𝒂𝒔 𝒄𝒉𝒂𝒓𝒈𝒆𝒔 𝑹𝒔. 𝟐𝟓 𝒘𝒊𝒕𝒉 𝟏. 𝟖 𝒇𝒓𝒆𝒆 𝒌𝒊𝒍𝒐𝒎𝒆𝒕𝒆𝒓𝒔,
𝒂𝒏𝒅 𝑹𝒔. 𝟏𝟐 𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏𝒂𝒍 𝒌𝒊𝒍𝒐𝒎𝒆𝒕𝒆𝒓 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒓𝒆𝒍𝒂𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒄𝒐𝒔𝒕 𝒚 𝒕𝒐 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒌𝒊𝒍𝒐𝒎𝒆𝒕𝒆𝒓𝒔 𝒙. 𝑨𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒔𝒕

𝒕𝒐 𝒕𝒓𝒂𝒗𝒆𝒍 𝟏𝟓 𝒌𝒊𝒍𝒐𝒎𝒆𝒕𝒆𝒓𝒔.
𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑢𝑝 𝑡𝑜 1.8 𝑘𝑖𝑙𝑜𝑚𝑒𝑡𝑒𝑟𝑠 𝑡ℎ𝑒 𝑓𝑖𝑥𝑒𝑑 𝑟𝑒𝑛𝑡 𝑖𝑠 𝑅𝑠. 25.

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑦 = 25, 0 ≤ 𝑥 ≤ 1.8… (1)

𝐴𝑓𝑡𝑒𝑟 1.8 𝑘𝑖𝑙𝑜𝑚𝑒𝑡𝑒𝑟𝑠 𝑡ℎ𝑒 𝑟𝑒𝑛𝑡 𝑖𝑠 𝑅𝑠. 12 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑘𝑖𝑙𝑜𝑚𝑒𝑡𝑒𝑟. 358
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𝑅
𝑢

𝑝
𝑒𝑒

𝑠

𝑦

𝑥
𝑂 1.8 𝑘𝑚

25

𝑦 = 25 + 12 𝑥 − 1.8 , 𝑥 > 1.8

𝑇ℎ𝑒 𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 1 𝑎𝑛𝑑 2

𝑦 =
25,

25 + 12 𝑥 − 1.8 ,

0 ≤ 𝑥 ≤ 1.8

𝑥 > 1.8

𝑤ℎ𝑒𝑛 𝑥 = 15, 𝑓𝑟𝑜𝑚 2 𝑦 = 25 + 12 𝑥 − 1.8

𝑦 = 25 + 12 15 − 1.8 = 25 + 12 13.2
= 25 + 158.4 = 183.4

𝑐𝑜𝑠𝑡 𝑡𝑜 𝑡𝑟𝑎𝑣𝑒𝑙 15 𝑘𝑖𝑜𝑙𝑚𝑒𝑡𝑒𝑟 𝑖𝑠 𝑅𝑠. 183.40.

𝟏. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒂𝒓𝒆 𝟑𝒙 + 𝟐𝒚 + 𝟗 = 𝟎 𝒂𝒏𝒅 𝟏𝟐𝒙 + 𝟖𝒚 − 𝟏𝟓 = 𝟎
𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔.

𝑇ℎ𝑒 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 3𝑥 + 2𝑦 + 9 = 0 𝑖𝑠

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 12𝑥 + 8𝑦 − 15 = 0 𝑖𝑠

∴ 𝑚1 = 𝑚2

𝑚1 = −
3

2

𝑚2 = −
12

8
⟹ 𝑚2 =

−3

2

∴ 𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝟓𝒙 − 𝟒𝒚 + 𝟑 = 𝟎
𝒂𝒏𝒅 𝒉𝒂𝒗𝒊𝒏𝒈 𝒙 − 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 𝟑

𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑖𝑠 5𝑥 − 4𝑦 + 3 = 0 𝑖𝑠

∴ 5𝑥 − 4𝑦 =

5𝑥 − 4𝑦

𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 3, 0

= 5𝑥1 − 4𝑦1

5 3 − 4 0

5𝑥 − 4𝑦 = 15

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 5𝑥 − 4𝑦 − 15 = 0

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟒𝒙 + 𝟑𝒚 + 𝟒 = 𝟎, 𝒂𝒏𝒅 𝒂 𝒑𝒐𝒊𝒏𝒕
𝒊 −𝟐, 𝟒 , 𝒊𝒊 𝟕, −𝟑 .

𝑖 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 −2,4 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 4𝑥 + 3𝑦 + 4 = 0 𝑖𝑠

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑎 𝑝𝑜𝑖𝑛𝑡𝑠 𝑥1 , 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑖𝑠
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝑎 = 4 , 𝑏 = 3 , 𝑐 = 4
𝑥1 , 𝑦1 = −2, 4

=
4(−2)+3(4) +4

42 + 32
=

−8 + 12 + 4

16 + 9
=

8

25
=

8

5

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
8

5
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𝑖𝑖 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 7, −3 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 4𝑥 + 3𝑦 + 4 = 0

𝑥1 , 𝑦1 = 7, −3
𝑎 = 4 , 𝑏 = 3 , 𝑐 = 4

=
4(7) + 3(−3) + 4

42 + 32
=

28 − 9 + 4

42 + 32
=

23

25
=

23

5

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
23

5
𝟒. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕(𝟏, −𝟏)

𝒊 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒙 + 𝟑𝒚 − 𝟒 = 𝟎 𝒊𝒊 𝑷𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝟑𝒙 + 𝟒𝒚 = 𝟔

𝒊 𝑮𝒊𝒗𝒆𝒏 𝒍𝒊𝒏𝒆 𝒊𝒔 𝒙 + 𝟑𝒚 − 𝟒 = 𝟎

𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠

𝑥 + 3𝑦

𝒊𝒊 𝑮𝒊𝒗𝒆𝒏 𝒍𝒊𝒏𝒆 𝒊𝒔 𝟑𝒙 + 𝟒𝒚 = 𝟔

𝑥 + 3𝑦 = 𝑥1 + 3𝑦1

𝑇ℎ𝑖𝑠 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (1, −1)

= 1 + 3 −1 ⟹ 𝑥 + 3𝑦 = 1 − 3
𝑥 + 3𝑦 = −2

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑥 + 3𝑦 + 2 = 0

4𝑥 − 3𝑦

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 = (1, −1)

4𝑥 − 3𝑦 = 4 1 − 3(−1)
4𝑥 − 3𝑦 = 4 + 3

= 4𝑥1 − 3𝑦1

⟹ 4𝑥 − 3𝑦 = 7

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 4𝑥 − 3𝑦 − 7 = 0

𝟓. 𝑰𝒇 −𝟒, 𝟕 𝒊𝒔 𝒐𝒏𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒂 𝒓𝒉𝒐𝒎𝒃𝒖𝒔 𝒂𝒏𝒅 𝒊𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒐𝒏𝒆
𝒅𝒊𝒂𝒈𝒐𝒏𝒂𝒍 𝒊𝒔 𝟓𝒙 − 𝒚 + 𝟕 = 𝟎, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒏𝒐𝒕𝒉𝒆𝒓

𝒅𝒊𝒂𝒈𝒐𝒏𝒂𝒍.
𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑜𝑓 𝑡ℎ𝑒 𝑟ℎ𝑜𝑚𝑏𝑢𝑠 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟

𝑥 + 5𝑦

𝑇ℎ𝑖𝑠 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (−4,7)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 5𝑥 − 𝑦 + 7 = 0 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (−4,7)

= 𝑥1 + 5𝑦1

𝑥1, 𝑦1

𝑥 + 5𝑦 = −4 + 5 7

𝑥 + 5𝑦 = 35 − 4

𝑥 + 5𝑦 = 31
(−4,7)

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑥 + 5𝑦 − 31 = 0

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒍𝒊𝒏𝒆𝒔 𝟒𝒙 − 𝒚 + 𝟑 = 𝟎 𝒂𝒏𝒅 𝟓𝒙 + 𝟐𝒚 + 𝟕 = 𝟎, 𝒂𝒏𝒅

𝒊 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟏, 𝟐 𝒊𝒊 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒙 − 𝒚 + 𝟓 = 𝟎
𝒊𝒊𝒊 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒙 − 𝟐𝒚 + 𝟏 = 𝟎.
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BLUE STARS HR.SEC SCHOOL

Given : 

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑠𝑜𝑙𝑣𝑒 (1) 𝑎𝑛𝑑 (2)

4𝑥 − 𝑦 = −3

5𝑥 + 2𝑦 = −7

… (1)

… (2)

(1) × 2 ⟹

(2) ⟹

8𝑥 − 2𝑦 = −6

5𝑥 + 2𝑦 = −7

13𝑥 = −13 𝑥 = −1−1

Sub 𝑥 = −1 in (1)

4 −1 − 𝑦 = −3 −4 − 𝑦 = −3

4𝑥 − 𝑦 = −3

⟹

−𝑦 = −3 + 4 −𝑦 = 1⟹ 𝑦 = −1

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 (−1, −1)

⟹

⟹

𝒊 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
(−𝟏, −𝟏) 𝒂𝒏𝒅 (−𝟏 , 𝟐)

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 + 1

3
=

𝑥 + 1

0

𝑥1 𝑦1
𝑥2 𝑦2

𝑦 −+ 1

2 −+ 1
=

𝑥 −+ 1

−1 −+ 1
⟹

⟹ 3𝑥 + 3 = 0
÷ 3

𝑥 + 1 = 0

𝒊𝒊 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒙 − 𝒚 + 𝟓 = 𝟎

𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑥 − 𝑦 = 𝑥1 − 𝑦1

𝑇ℎ𝑖𝑠 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (−1, −1)
𝑥1, 𝑦1

𝑥 − 𝑦 = −1 + 1 ⟹ 𝑥 − 𝑦 = 0

𝒊𝒊𝒊 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒙 − 𝟐𝒚 + 𝟏 = 𝟎.

2𝑥 + 𝑦
𝑇ℎ𝑖𝑠 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (−1, −1)

𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 − 2𝑦 + 1 = 0

= 2𝑥1 + 𝑦1

𝑥1, 𝑦1

2𝑥 + 𝑦 = 2 −1 + −1

2𝑥 + 𝑦 = −2 − 1 ⟹ 2𝑥 + 𝑦 = −3

2𝑥 + 𝑦 + 3 = 0

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒘𝒐 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒘𝒉𝒊𝒄𝒉 𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐
𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟏𝟐𝒙 + 𝟓𝒚 + 𝟐 = 𝟎 𝒂𝒏𝒅 𝒂𝒕 𝒂 𝒖𝒏𝒊𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 (𝟏, −𝟏)

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 12𝑥 + 5𝑦 + 2 = 0

𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑖𝑠 12𝑥 + 5𝑦+ 𝑘 = 0
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BLUE STARS HR.SEC SCHOOL
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BLUE STARS HR.SEC SCHOOL

𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 1, −1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 12𝑥 + 5𝑦 + 𝑘 = 0
𝑥1 𝑦1

𝑎 = 12 , 𝑏 = 5 , 𝑐 = 𝑘

𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2
= 1

12 − 5 + 𝑘

144 + 25
= ± 1

⟹
12 1 + 5 −1 + 𝑘

122 + 52

= ± 1

⟹
7 + 𝑘

169
= ± 1 ⟹

7 + 𝑘

13
= ± 1

7 + 𝑘 = ±13 ⟹ 7 + 𝑘 = 13, 7 + 𝑘 = −13

𝑘 = 13 − 7, 𝑘 = −13 − 7

𝑘 = 6, 𝑘 = −20

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 12𝑥 + 5𝑦 + 6 = 0 𝑎𝑛𝑑 12𝑥 + 5𝑦 − 20 = 0

𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒘𝒉𝒊𝒄𝒉 𝒂𝒓𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐
𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝟑𝒙 + 𝟒𝒚 − 𝟔 = 𝟎 𝒂𝒏𝒅 𝒂𝒓𝒆 𝒂𝒕 𝒂 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝟒 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 (𝟐, 𝟏)

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 3𝑥 + 4𝑦 − 6 = 0

𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑖𝑠 𝑖𝑠 4𝑥 − 3𝑦 + 𝑘 = 0

𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 2, 1 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 4𝑥 − 3𝑦 + 𝑘 = 0 𝑖𝑠
𝑥1 𝑦1

𝑎 = 4 , 𝑏 = −3 , 𝑐 = 𝑘

𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2
= 4 ⟹

4 × 2 + −3 (1) + 𝑘

42 + (−3)2

= ± 4

8 − 3 + 𝑘

16 + 9
= ± 4 ⟹

5 + 𝑘

25
= ± 4 ⟹

5 + 𝑘

5
= ± 4

5 + 𝑘 = ± 20 ⟹ 5 + 𝑘 = 20, 5 + 𝑘 = −20

𝑘 = 20 − 5, 𝑘 = −20 − 5
𝑘 = 15,𝑘 = −25

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 4𝑥 − 3𝑦 + 15 = 0 𝑎𝑛𝑑 4𝑥 − 3𝑦 − 25 = 0

𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝟐𝒙 + 𝟑𝒚 = 𝟏𝟎 𝒂𝒏𝒅
𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒊𝒕𝒔 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒂𝒙𝒆𝒔 𝒊𝒔 𝟏𝟓

𝑥

𝑦

𝑂 (𝑥, 0)

(0, 𝑦)

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 2𝑥 + 3𝑦 − 10 = 0

𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑖𝑠 𝑖𝑠 2𝑥 + 3𝑦 + 𝑘 = 0

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖.𝑒 𝑦 = 0

2𝑥 + 3 0 + 𝑘 = 0 2𝑥 + 𝑘 = 0

2𝑥 = −𝑘 𝑥 = −
𝑘

2

⟹

⟹

y − intercept of the line 𝑖.𝑒 𝑥 = 0

2(0) + 3𝑦 + 𝑘 = 0 3𝑦 + 𝑘 = 0⟹
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𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = 15

−
𝑘

2
+ −

𝑘

3
= 15 ⟹ −

𝑘

2
−

𝑘

3
= 15

−3𝑘 − 2𝑘

6
= 15 ⟹

−5𝑘

6
= 15

3
⟹

−𝑘

6
= 3

−𝑘 = 18 ⟹ 𝑘 = −18

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 2𝑥 + 3𝑦 − 18 = 0

3𝑦 = −𝑘 ⟹ 𝑦 = −
𝑘

3

𝟏𝟎. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐 − 𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇
𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 −𝟏𝟎, −𝟐 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒙 + 𝒚 − 𝟐 = 𝟎.
The perpendicular distance from 𝑥1, 𝑦1 to the straight line ax + by + c = 0 is

𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑝𝑜𝑖𝑛𝑡 −10, −2 𝑎𝑛𝑑 𝑠𝑡. 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 − 2 = 0

𝑥1 = −10, 𝑦1 = −2 𝑎𝑛𝑑 𝑎 = 1,

=
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2
=

1 −10 +1 −2 + (−2)

12 + 12

=
−10 − 2 − 2

1 + 1
=

−14

2

𝑏 = 1, 𝑐 = −2

=
14

2
=

14 × 2

2 × 2
=

14 × 2

2

7

= 7 2 𝑢𝑛𝑖𝑡𝑠

𝑇ℎ𝑒 𝑐𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑜𝑡 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑠

𝑥 − 𝑥1

𝑎
=

𝑦 − 𝑦1

𝑏
= −

𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝑥 + 10

1
=

𝑦 + 2

1
= −

(−10 − 2 − 2)

2

𝑥 + 10 = 𝑦 + 2 = −
(−14)

2

7

𝑥 + 10 = 𝑦 + 2 = 7 ⟹ 𝑥 + 10 = 7, 𝑦 + 2 = 7

𝑥 = 7 − 10, 𝑦 = 7 − 2

∴ 𝑥 = −3 ; 𝑦 = 5
∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (−3, 5)

𝟏𝟏. 𝑰𝒇 𝒑𝟏𝒂𝒏𝒅 𝒑𝟐 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏
𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙 𝒔𝒆𝒄 𝜽 + 𝒚 𝒄𝒐𝒔𝒆𝒄 𝜽 = 𝟐𝒂 𝒂𝒏𝒅

𝒙𝒄𝒐𝒔 𝜽 − 𝒚𝒔𝒊𝒏 𝜽 = 𝒂 𝒄𝒐𝒔 𝟐𝜽, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒑𝟏
𝟐 + 𝒑𝟐

𝟐 = 𝒂𝟐

𝑃1 = 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 0 , 0 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒
𝑥1 𝑦1 363
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𝑎 = 𝑠𝑒𝑐𝜃 , 𝑏 = 𝑐𝑜𝑠𝑒𝑐𝜃 , 𝑐 = −2𝑎
𝑥 𝑠𝑒𝑐 𝜃 + 𝑦 𝑐𝑜𝑠𝑒𝑐 𝜃 − 2𝑎 = 0

𝑃1 =
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2
⟹

sec 𝜃 × 0 + 𝑐𝑜𝑠𝑒𝑐 𝜃 × 0 − 2𝑎

𝑠𝑒𝑐2𝜃 + 𝑐𝑜𝑠𝑒𝑐2𝜃
𝑃1 =

𝑃1 =
−2𝑎

𝑠𝑒𝑐2𝜃 + 𝑐𝑜𝑠𝑒𝑐2𝜃
⟹ 𝑃1 =

2𝑎

𝑠𝑒𝑐2𝜃 + 𝑐𝑜𝑠𝑒𝑐2𝜃

𝑃1
2 =

4𝑎2

𝑠𝑒𝑐2𝜃 + 𝑐𝑜𝑠𝑒𝑐2𝜃
𝑃2 = 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 0 , 0 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒

𝑥1 𝑦1

𝑎 = cos 𝜃 , 𝑏 = − sin 𝜃 , 𝑐 = −𝑎 cos 2𝜃

𝑥 𝑐𝑜𝑠 𝜃 − 𝑦 𝑠𝑖𝑛 𝜃 − 𝑎 cos 2𝜃 = 0

𝑃2 =
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2

𝑃2 =

⟹ 𝑃2 = 𝑐𝑜𝑠 𝜃 × 0 − 𝑠𝑖𝑛 𝜃 × 0 − 𝑎 𝑐𝑜𝑠 2𝜃

𝑐𝑜𝑠2𝜃 + (− sin 𝜃)2

0 − 0 − 𝑎 cos 2𝜃

𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃
⟹ 𝑃2 =

1

𝑎 cos 2𝜃

𝑃2 = 𝑎 cos 2𝜃 ⟹ 𝑎2𝑐𝑜𝑠22𝜃𝑃2
2 =

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒: 𝑃1
2 + 𝑃2

2 = 𝑎2

𝑃1
2 + 𝑃2

2 =
4𝑎2

𝑠𝑒𝑐2𝜃 + 𝑐𝑜𝑠𝑒𝑐2𝜃
+ 𝑎2𝑐𝑜𝑠22𝜃

=
4𝑎2

1

𝑐𝑜𝑠2𝜃
+

1

𝑠𝑖𝑛2𝜃

+ 𝑎2𝑐𝑜𝑠22𝜃

=
4𝑎2

𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃

+ 𝑎2𝑐𝑜𝑠22𝜃 =
4𝑎2

1

𝑠𝑖𝑛2𝑐𝑜𝑠2𝜃

+ 𝑎2𝑐𝑜𝑠22𝜃

= 4𝑎2𝑠𝑖𝑛2 𝜃𝑐𝑜𝑠2𝜃 + 𝑎2 𝑐𝑜𝑠22𝜃

= 𝑎2 𝑠𝑖𝑛2𝜃 2 + 𝑐𝑜𝑠22𝜃

𝑠𝑖𝑛2𝐴 = 2𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴

= 𝑎2 4𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑐𝑜𝑠22𝜃

= 𝑎2 (2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)2+𝑐𝑜𝑠22𝜃

= 𝑎2 𝑠𝑖𝑛22𝜃 + 𝑐𝑜𝑠22𝜃 = 𝑎2(1)

= 𝑎2𝑝1
2 + 𝑝2

2

𝟏𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔

𝒊 𝟏𝟐𝒙 + 𝟓𝒚 = 𝟕 𝒂𝒏𝒅 𝟏𝟐𝒙 + 𝟓𝒚 + 𝟕 = 𝟎

12𝑥 + 5𝑦 − 7 = 0… (1) 𝑎𝑛𝑑 12𝑥 + 5𝑦 + 7 = 0 … (2)
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𝐻𝑒𝑟𝑒 𝑎 = 12, 𝑏 = 5 𝑎𝑛𝑑 𝑐1 = −7, 𝑐2 = 7

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠
−7 − 7

122+ 52
=

=
−14

144 + 25
=

−14

169
=

14

13 × 13
=

14

13
𝑢𝑛𝑖𝑡𝑠

Distance between parallel lines =
𝑐1 − 𝑐2

𝑎2 + 𝑏2

Distance between parallel lines =
𝑐1 − 𝑐2

𝑎2 + 𝑏2

3𝑥 − 4𝑦 + 5 = 0… (1) 𝑎𝑛𝑑 6𝑥 − 8𝑦 − 15 = 0
÷ 2

𝐻𝑒𝑟𝑒 𝑎 = 3, 𝑏 = 4 𝑎𝑛𝑑 𝑐1 = 5, 𝑐2 = −
15

2

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠
5 +

15

2

32 + 42
=

=

10 + 15
2

9 + 16
=

25
2

25
=

25
2
5

=
25

2
×

1

5

3𝑥 − 4𝑦 −
15

2
= 0 … (2)

=
5

2
𝑢𝑛𝑖𝑡𝑠

𝒊𝒊 𝟑𝒙 − 𝟒𝒚 + 𝟓 = 𝟎 𝒂𝒏𝒅 𝟔𝒙 − 𝟖𝒚 − 𝟏𝟓 = 𝟎

𝟏𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒊 𝑷𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒊𝒊 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐
𝟑𝒙 + 𝟒𝒚 − 𝟏𝟐 = 𝟎.

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 3𝑥 + 4𝑦 − 12 = 0

𝑖 𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 3𝑥 + 4𝑦 − 12 = 0 𝑖𝑠 3𝑥 + 4𝑦 + 𝑘 = 0, 𝑘 ∈ 𝑅

𝑖𝑖 𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 3𝑥 + 4𝑦 − 12 = 0 𝑖𝑠 4𝑥 − 3𝑦 + 𝑘′ = 0 , 𝑘′ ∈ 𝑅

𝟏𝟒. 𝑰𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒘𝒐 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨 𝟐, 𝟎 𝒂𝒏𝒅 𝑩 𝟑, 𝟏 𝒊𝒔 𝒓𝒐𝒕𝒂𝒕𝒆𝒅 𝑨𝑩
𝒂𝒃𝒐𝒖𝒕 𝑨 𝒊𝒏 𝒂𝒏𝒕𝒊𝒄𝒍𝒐𝒄𝒌𝒘𝒊𝒔𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 𝟏𝟓°, 𝒕𝒉𝒆𝒏
𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒊𝒏 𝒏𝒆𝒘 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏.

𝐵(3 , 1)

𝑦2 − 𝑦1

𝑥2 − 𝑥1
𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵 = =

1 − 0

3 − 2
=

1

1
𝑚 = 1

𝐴(2 , 0) 𝑎𝑛𝑑
𝑥1 𝑦1 𝑥2 𝑦2

𝐴
(2,0)

45°

(3, 1)
𝐵

𝑥

𝑦 𝑝′

15°

∴ tan 𝜃 = 1 𝜃 = 45°⟹

𝐿𝑒𝑡 𝐴𝑃′𝑏𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑏𝑦 𝑟𝑜𝑡𝑎𝑡𝑖𝑛𝑔 𝐴𝐵 𝑎𝑏𝑜𝑢𝑡 𝐴 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑎𝑛𝑔𝑙𝑒 15°

∴ ∠𝑃′𝐴𝑋= 45° + 15° = 60° 365
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𝑚 = 𝑡𝑎𝑛 60° 𝑚 = 3

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑝𝑝′ℎ𝑎𝑣𝑖𝑛𝑔 𝑠𝑙𝑜𝑝𝑒 𝑚 = 3 𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 (2, 0)
⟹

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)
𝑥1 𝑦1

𝑦 − 0 = 3(𝑥 − 2) ⟹ 𝑦 = 3(𝑥 − 2)

𝑦 = 3𝑥 − 2 3 ⟹ 3𝑥 − 𝑦 − 2 3 = 0

𝟏𝟓. 𝑨 𝒓𝒂𝒚 𝒐𝒇 𝒍𝒊𝒈𝒉𝒕 𝒄𝒐𝒎𝒊𝒏𝒈 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟐 𝒊𝒔 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒆𝒅 𝒂𝒕 𝒂 𝒑𝒐𝒊𝒏𝒕 𝑨
𝒐𝒏 𝒕𝒉𝒆 𝒙 − 𝒂𝒙𝒊𝒔 𝒂𝒏𝒅 𝒊𝒕 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟓, 𝟑 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐 −
𝒐𝒓𝒊𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 A

∙

𝑃
(1,2)

𝑥

𝑦

𝐴
(𝑥, 0)

𝑄
(5, 3)

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝑃 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝑄 =
0 − 3

𝑥 − 5

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝑃 =
−2

𝑥 − 1

𝑃 1 , 2 , 𝐴 𝑥 , 0

=
0 − 2

𝑥 − 1

𝑥1 𝑦1 𝑥2 𝑦2

𝑄 5 , 3 , 𝐴 𝑥 , 0
𝑥1 𝑦1 𝑥2 𝑦2

⟹ 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝑄 =
−3

𝑥 − 5

⟹

𝑆𝑙𝑜𝑝𝑒𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑏𝑢𝑡 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑖𝑛 𝑠𝑖𝑔𝑛

−2

𝑥 − 1
= −

−3

𝑥 − 5
⟹

−2

𝑥 − 1
=

3

𝑥 − 5

−2(𝑥 − 5)= 3(𝑥 − 1) ⟹ −2𝑥 + 10 = 3𝑥 − 3

10 + 3 = 3𝑥 + 2𝑥 ⟹ 5𝑥 = 13 ⟹ 𝑥 =
13

5

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝐴 𝑖𝑠
13

5
, 0

𝟏𝟔. 𝑨 𝒍𝒊𝒏𝒆 𝒊𝒔 𝒅𝒓𝒂𝒘𝒏 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝟓𝒙 = 𝒚 + 𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇
𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒇𝒐𝒓𝒎𝒆𝒅 𝒃𝒚 𝒕𝒉𝒊𝒔 𝒍𝒊𝒏𝒆 𝒘𝒊𝒕𝒉 𝒄𝒐 −

𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒊𝒔 𝟏𝟎𝒔𝒒. 𝒖𝒏𝒊𝒕𝒔.

𝑥

𝑦

𝑂
0,0

(𝑥, 0)

(0, 𝑦)

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 5𝑥 = 𝑦 + 7 5𝑥 − 𝑦 − 7 = 0

𝐴𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑖𝑠

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑥 − 𝑎𝑥𝑖𝑠

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 = 10 𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠

𝑖. 𝑒, 𝑦 = 0

𝑥 + 5𝑦 + 𝑘 = 0

𝑥 + 5(0) + 𝑘 = 0

𝑥 = −𝑘
𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑦 − 𝑎𝑥𝑖𝑠 𝑖. 𝑒, 𝑥 = 0

0 + 5𝑦 + 𝑘 = 0

5𝑦 + 𝑘 = 0 5𝑦 = −𝑘 𝑦 = −
𝑘

5

⟹

⟹ 𝑥 + 𝑘 = 0

⟹ ⟹

𝑥 = −𝑘

𝑦
=

−
𝑘5

1

2
× 𝐵𝑎𝑠𝑒 × 𝐻𝑒𝑖𝑔ℎ𝑡 = 10 ⟹

1

2

−𝑘

5
(−𝑘) = 10
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𝑘2

10
= 10 ⟹ 𝑘2 = 100 ⟹ 𝑘 = 100 ⟹ 𝑘 = ± 10

𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑥 + 5𝑦 ± 10 = 0

𝟏𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟐, 𝟑 𝒂𝒃𝒐𝒖𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒙 + 𝟐𝒚 − 𝟗 = 𝟎

𝑃′

𝑥

𝑦

𝑃

(−2 , 3)

(ℎ , 𝑘)

𝐴

𝐵

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡

𝑄

𝐿𝑒𝑡 ℎ , 𝑘 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 −2, 3

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 𝐴𝐵 𝑖𝑠 𝑥 + 2𝑦 − 9 = 0

𝑠𝑖𝑛𝑐𝑒 𝑃𝑃′𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝐴𝐵

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑃𝑃′𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ∶2𝑥 − 𝑦 + 𝑘 = 0
𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (−2 , 3)

2 −2 − 3 + 𝑘 = 0 ⟹ −4 − 3 + 𝑘 = 0

−7 + 𝑘 = 0 ⟹ 𝑘 = 7

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑃𝑃′𝑖𝑠 2𝑥 − 𝑦 + 7 = 0

… 1

… 2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴𝐵 𝑎𝑛𝑑 𝑃𝑃′𝑠𝑜𝑙𝑣𝑒 (1) 𝑎𝑛𝑑 (2)

(1) ⟹

(2) × 2 ⟹

𝑥 + 2𝑦 − 9 = 0

4𝑥 − 2𝑦 + 14 = 0

5𝑥 + 5 = 0 ⟹ 5𝑥 = −5
−1

𝑥 = −1
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Sub 𝑥 = −1 in (1)

−1 + 2𝑦 − 9 = 0 −10 + 2𝑦 = 0

2𝑦 = 10

𝑥 + 2𝑦 − 9 = 0

⟹

⟹
5

𝑦 = 5

𝑦 = 5

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑄 (−1, 5)

𝑃′

𝑥

𝑦

𝑃

(−2 , 3)

(ℎ , 𝑘)

𝐴

𝐵

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡

𝑄

(−1, 5)

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑃 −2 , 3 𝑎𝑛𝑑 𝑃′(ℎ , 𝑘) = 𝑄(−1, 5)
𝑥1 , 𝑦1 𝑥2 , 𝑦2

𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
= (−1, 5) ⟹

−2 + ℎ

2
,
3 + 𝑘

2
= (−1, 5)

−2 + ℎ

2
= −1,

3 + 𝑘

2
= 5 ⟹ −2 + ℎ = −2, 3 + 𝑘 = 10

ℎ = −2 + 2, 𝑘 = 10 − 3 ⟹ ℎ = 0, 𝑘 = 7

0 , 7 𝑖𝑠 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 (−2 , 3)

𝟏𝟖. 𝑨 𝒑𝒉𝒐𝒕𝒐𝒄𝒐𝒑𝒚 𝒔𝒕𝒐𝒓𝒆 𝒄𝒉𝒂𝒓𝒈𝒆𝒔 𝑹𝒔. 𝟏. 𝟓𝟎 𝒑𝒆𝒓 𝒄𝒐𝒑𝒚 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕
𝟏𝟎 𝒄𝒐𝒑𝒊𝒆𝒔 𝒂𝒏𝒅 𝑹𝒔. 𝟏. 𝟎𝟎 𝒑𝒆𝒓 𝒄𝒐𝒑𝒚 𝒂𝒇𝒕𝒆𝒓 𝒕𝒉𝒆 𝟏𝟎𝒕𝒉 𝒄𝒐𝒑𝒚. 𝑳𝒆𝒕 𝒙 𝒃𝒆 𝒕𝒉𝒆
𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒄𝒐𝒑𝒊𝒆𝒔, 𝒂𝒏𝒅 𝒍𝒆𝒕 𝒚 𝒃𝒆 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒑𝒉𝒐𝒕𝒐𝒄𝒐𝒑𝒚𝒊𝒏𝒈.
𝒊 𝑫𝒓𝒂𝒘 𝒈𝒓𝒂𝒑𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒐𝒔𝒕 𝒂𝒔 𝒙 𝒈𝒐𝒆𝒔 𝒇𝒓𝒐𝒎 𝟎 𝒕𝒐 𝟓𝟎 𝒄𝒐𝒑𝒊𝒆𝒔.
𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒎𝒂𝒌𝒊𝒏𝒈 𝟒𝟎𝒄𝒐𝒑𝒊𝒆𝒔

𝑁𝑜. 𝑜𝑓
𝑐𝑜𝑝𝑖𝑒𝑠

𝐶𝑜𝑠𝑡

0

0

1

1.5

2

3

4

6

10

15

20

25

30

35

40

45

50

55

𝑦 = 1.5 𝑥 0 ≤ 𝑥 ≤ 10
𝐿𝑒𝑡 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡 𝑎𝑛𝑑 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑜. 𝑜𝑓𝑐𝑜𝑝𝑦

𝐿𝑒𝑡 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑐𝑜𝑠𝑡 𝑎𝑓𝑡𝑒𝑟 10 𝑐𝑜𝑝𝑖𝑒𝑠

𝑦 = 1.5 × 10+ (𝑥 − 10)× 1

= 𝑥 + 5

(10 ≤ 𝑥 ≤ 50)

= 15 + 𝑥 − 10

𝑦 = 𝑥 + 5

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐶𝑜𝑠𝑡 𝑜𝑓 40 𝑐𝑜𝑝𝑖𝑒𝑠:
𝑤ℎ𝑒𝑛 𝑥 = 40𝑦 = 𝑥 + 5

𝑦 = 40 + 5 = 45
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1     2     3     4     5     6     7   8   9   10   20   30     40    50   0
𝑥

The points (0,0), (1,1.5) , (2, 3) , (4, 6) (10,15), (20,25), (30,35), (40,45), (50,55)

No. of copies

C
o

st
 in

 R
s.

 

50

40

30

20

10

.

.

6

5

4

3

2

1 (1 , 1.5)

(2 , 3)

(4, 6)

(10 , 15)

(20 , 25)

(30 , 35)

(40 , 45)

𝑦

𝟏𝟗. 𝑭𝒊𝒏𝒅 𝒂𝒕𝒍𝒆𝒂𝒔𝒕 𝒕𝒘𝒐 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 𝒐𝒇
𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒚 = 𝟓𝒙 + 𝒃, 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒃 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒙 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒘𝒊𝒕𝒉 𝟑𝒙 − 𝟒𝒚 = 𝟔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔

𝑦 = 5𝑥 + 𝑏
3𝑥 − 4𝑦 = 6

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

1 × 4 ⟹ 20𝑥 − 4𝑦 = −4𝑏

3𝑥 − 4𝑦 = 6

17𝑥 = −4𝑏 − 6 𝑥 =
−4𝑏 − 6

17

(2) ⟹

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠

5𝑥 − 𝑦 = −𝑏 … (1) 𝑎𝑛𝑑 … (2)

(−) (+) (−)

⟹

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑥 𝑎𝑛𝑑 𝑏 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

𝑥 =
−4𝑏 − 6

17
−4𝑏 − 6 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 ± 17 , ±34, …

−4𝑏 − 6 = ±17 ⟹ −4𝑏 = ±17 + 6 ⟹ −4𝑏 = 17 + 6, −17 + 6

−4𝑏 = 23, −11 ⟹ 𝑏 = −
23

4
,
11

4
𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

−4𝑏 − 6 = ± 34 ⟹ −4𝑏 = ± 34 + 6 ⟹ −4𝑏 = 34 + 6, −34 + 6

−4𝑏 = 40, −28 ⟹ 𝑏 =
40

−4
,
−28

−4
𝑏 = −10, 7⟹

𝑦 = 5𝑥 + 𝑏
𝑤ℎ𝑒𝑛 𝑏 = −10 ⟹ 𝑦 = 5𝑥 − 10 369
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𝑤ℎ𝑒𝑛 𝑏 = 7 ⟹ 𝑦 = 5𝑥 + 7

𝟐𝟎. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 𝒐𝒇 𝒕𝒉𝒆
𝒍𝒊𝒏𝒆𝒔 𝒚 = 𝒎𝒙 − 𝟑, 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒎 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒙 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒘𝒊𝒕𝒉 𝒙 − 𝒚 = 𝟔 𝒂𝒓𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔.

𝑦 = 𝑚𝑥 − 3
… 1

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 ∶
𝑚𝑥 − 𝑦 = 3 … 2𝑎𝑛𝑑 𝑥 − 𝑦 = 6

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

1 ⟹ 𝑚𝑥 − 𝑦 = 3

𝑥 − 𝑦 = 6

𝑚𝑥 − 𝑥 = −3 𝑥 𝑚 − 1 = −3

(2) ⟹
(−) (+) (−)

⟹

𝑥 =
−3

𝑚 − 1
𝑠𝑖𝑛𝑐𝑒 𝑥 𝑎𝑛𝑑 𝑚 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

𝑚 − 1 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 ± 1 , ±3

𝑚 − 1 = ± 1 ⟹ 𝑚 = ± 1 + 1 ⟹ 𝑚 = 1 + 1, −1 + 1

𝑚 = 2, 0

𝑚 − 1 = ± 3 ⟹ 𝑚 = ± 3 + 1 ⟹ 𝑚 = 3 + 1, −3 + 1

𝑚 = 4, −2

𝑦 = 𝑚𝑥 − 3

𝑤ℎ𝑒𝑛 𝑚 = 2 ⟹ 𝑦 = 2𝑥 − 3 ⟹ 2𝑥 − 𝑦 − 3 = 0

𝑤ℎ𝑒𝑛 𝑚 = 0 ⟹ 𝑦 = 0 − 3 ⟹ 𝑦 + 3 = 0

𝑤ℎ𝑒𝑛 𝑚 = 4 ⟹ 𝑦 = 4𝑥 − 3

𝑤ℎ𝑒𝑛 𝑚 = −2 ⟹ 𝑦 = −2𝑥 − 3

⟹ 4𝑥 − 𝑦 − 3 = 0

⟹ 2𝑥 + 𝑦 + 3 = 0
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𝐄𝐗𝐄𝐑𝐂𝐈𝐒𝐄 ∶ 𝟔. 𝟒

𝑬𝒈. 𝟔. 𝟑𝟑: 𝑺𝒆𝒑𝒂𝒓𝒂𝒕𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝟓𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐 = 𝟎.

5𝑥2 + 6𝑥𝑦 + 𝑦2 = 0
×
5

+
6

5 1𝑥𝑦 𝑥𝑦

5𝑥2 5𝑥2

𝑥 𝑥

1(5𝑥 + 𝑦)(𝑥 + 𝑦)= 0

𝑆𝑜 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 5𝑥 + 𝑦 = 0, 𝑎𝑛𝑑 𝑥 + 𝑦 = 0

𝑬𝒈. 𝟔. 𝟑𝟒: 𝑰𝒇 𝒆𝒙𝒊𝒔𝒕𝒔, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒃𝒚 𝒔𝒆𝒑𝒂𝒓𝒂𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝟐𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 = 𝟎

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛, 𝑑𝑖𝑣𝑖𝑑𝑒
𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑥2

𝑚2 + 2𝑚 + 2 = 0

2𝑥2 + 2𝑥𝑦 + 𝑦2 = 0
÷ 𝑥2

2𝑥2

𝑥2
+

2𝑥𝑦

𝑥2
+

𝑦2

𝑥2
= 0 ⟹ 2 +

2𝑦

𝑥
+

𝑦

𝑥

2

= 0

𝑠𝑢𝑏
𝑦

𝑥
= 𝑚

𝑎 = 1, 𝑏 = 2, 𝑐 = 2

∆ = 𝑏2 − 4𝑎𝑐 ⟹ ∆ = 22 − 4 1 2

∆ = 4 − 8 ⟹ ∆ = −4 < 0 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦

𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑚 𝑠𝑙𝑜𝑝𝑒𝑠 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑟𝑒𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 ,

∴ 𝑁𝑜 𝑙𝑖𝑛𝑒 𝑤𝑖𝑙𝑙 𝑒𝑥𝑖𝑠𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2𝑥2 + 2𝑥𝑦 + 𝑦2 = 0

𝑊𝑒 𝑠𝑜𝑚𝑒𝑡𝑖𝑚𝑒𝑠 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑙𝑖𝑛𝑒𝑠.
𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑛𝑡𝑖𝑟𝑒 𝑝𝑙𝑎𝑛𝑒, 𝑜𝑛𝑙𝑦 0,0 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

𝑬𝒈. 𝟔. 𝟑𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒂𝒏𝒅
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒍𝒊𝒏𝒆 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0

𝑏𝑦2 + 2ℎ𝑥𝑦 + 𝑎𝑥2 = 0

÷ 𝑏

𝑦2 +
2ℎ

𝑏
𝑥𝑦 +

𝑎

𝑏
𝑥2 = 0

𝑚1 + 𝑚2 = −
2ℎ

𝑏 𝑎𝑛𝑑 𝑚1𝑚2 =
𝑎

𝑏
… 1

𝐿𝑒𝑡 𝑚1 𝑎𝑛𝑑 𝑚2 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒𝑠.

𝑦− 𝑚1𝑥 = 0 𝑎𝑛𝑑 𝑦 − 𝑚2𝑥 = 0… 1

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒𝑠

𝑆𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 = −
1

𝑚

𝑚1 = −
1

𝑚1
𝑎𝑛𝑑 𝑚2 = −

1

𝑚2
𝑖𝑛 1
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𝑦 +
1

𝑚1
𝑥 = 0 𝑎𝑛𝑑 𝑦 +

1

𝑚2
𝑥 = 0

𝑚1 𝑦 + 𝑥

𝑚1
= 0 𝑎𝑛𝑑

𝑚2𝑦 + 𝑥

𝑚2
= 0⟹ 𝑚1 𝑦 + 𝑥 = 0 ⟹ 𝑚2 𝑦 + 𝑥 = 0

The combined equation is (𝑚1𝑦 + 𝑥)(𝑚2𝑦 + 𝑥) = 0
𝑚1𝑚2𝑦2 + 𝑚1𝑥𝑦 + 𝑚2𝑥𝑦 + 𝑥2 = 0

𝑚1𝑚2𝑦2 + 𝑚1 + 𝑚2 𝑥𝑦 + 𝑥2 = 0

𝑤ℎ𝑒𝑟𝑒 𝑚1 + 𝑚2 = −
2ℎ

𝑏
𝑎𝑛𝑑 𝑚1𝑚2 =

𝑎

𝑏
𝑎

𝑏
𝑦2 −

2ℎ

𝑏
𝑥𝑦 + 𝑥2 = 0

× 𝑏

𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑦2 − 2ℎ𝑥𝑦 + 𝑏𝑥2 = 0

𝑎𝑦2 − 2ℎ𝑥𝑦 + 𝑏𝑥2 = 0

𝑬𝒈. 𝟔. 𝟑𝟔: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙𝟐 − 𝟒𝒙𝒚 + 𝒚𝟐 = 𝟎 𝒙 + 𝒚 = 𝟑
𝒇𝒐𝒓𝒎 𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 = 3 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑠 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑥2 − 4𝑥𝑦 + 𝑦2 = 0 𝑎𝑡 𝐴 𝑎𝑛𝑑 𝐵.

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑥2 − 4𝑥𝑦 + 𝑦2 = 0 𝑖𝑠

𝑡𝑎𝑛𝜃 =
2 ℎ2 − 𝑎𝑏

𝑎 + 𝑏
𝑡𝑎𝑛𝜃 =

2 4 − 1

2
= 3

𝜃 = 𝑡𝑎𝑛−1 3 = 60°

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝐴𝑂𝐵 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑥2 − 𝑦2

a − 𝑏
=

𝑥𝑦

ℎ

𝑥2 − 𝑦2 = 0 𝑥 + 𝑦 = 0 𝑎𝑛𝑑 𝑥 − 𝑦 = 0

⟹

𝑤ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 = 1

𝑥2 − 𝑦2

1 − 1
=

𝑥𝑦

ℎ
⟹

𝑥2 − 𝑦2

0
=

𝑥𝑦

ℎ

𝑂

𝐴

𝐵

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑥 − 𝑦 = 0 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝐴𝐵
⟹

𝑥 + 𝑦 = 3 ⟹ ∆𝑂𝐴𝐵 𝑖𝑠 𝑖𝑠𝑜𝑠𝑐𝑒𝑙𝑒𝑠.

∠𝐴𝐵𝑂 = ∠𝐵𝐴𝑂 = 60°

𝑥 − 𝑦 = 0

∴ 𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑓𝑜𝑟𝑚 𝑎𝑛 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒.

𝑬𝒈. 𝟔. 𝟑𝟕: 𝑰𝒇 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒍𝒊𝒏𝒆𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝒙𝟐 − 𝟐𝒄𝒙𝒚 − 𝒚𝟐 = 𝟎 𝒂𝒏𝒅
𝒙𝟐 − 𝟐𝒅𝒙𝒚 − 𝒚𝟐 = 𝟎 𝒃𝒆 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒆𝒂𝒄𝒉 𝒑𝒂𝒊𝒓 𝒃𝒊𝒔𝒆𝒄𝒕𝒔 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏
𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒑𝒂𝒊𝒓, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒅 = −𝟏

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠,

𝑥2 − 2𝑐𝑥𝑦 − 𝑦2 = 0

𝑥2 − 2𝑑𝑥𝑦 − 𝑦2 = 0

… 1

… 2

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1 𝑖𝑠
𝑥2 − 𝑦2

𝑎 − 𝑏
=

𝑥𝑦

ℎ
𝑤ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 = −1, 2ℎ = −2𝑐 372
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2

𝑥2 − 𝑦2

=
𝑥𝑦

−𝑐 𝑐𝑥2 + 2𝑥𝑦 − 𝑐𝑦2 = 0

ℎ = −𝑐
⟹ −𝑐𝑥2 + 𝑐𝑦2 = 2𝑥𝑦 ⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2 𝑎𝑛𝑑 3 𝑎𝑟𝑒 𝑠𝑎𝑚𝑒

𝑐𝑥2 + 2𝑥𝑦 − 𝑐𝑦2 = 0

… 3

÷ 𝑐

𝑥2 +
2

𝑐
𝑥𝑦 − 𝑦2 = 0

𝐸𝑞𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑦 𝑡𝑒𝑟𝑚𝑠: −2𝑑 =
2

𝑐
⟹ =

1

𝑐
−𝑑

𝑐𝑑 = −1

𝑬𝒈. 𝟔. 𝟑𝟖. 𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝝀𝒙𝟐 − 𝟏𝟎𝒙𝒚 + 𝟏𝟐𝒚𝟐 + 𝟓𝒙 − 𝟏𝟔𝒚 − 𝟑 = 𝟎
𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔, 𝒇𝒊𝒏𝒅

𝒊 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝝀 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒆𝒑𝒂𝒓𝒂𝒕𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔
𝒊𝒊 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔
𝒊𝒊𝒊 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔.

𝜆𝑥2 − 10 𝑥𝑦 + 12𝑦2 + 5𝑥 − 16𝑦 − 3 = 0

Comparing with    𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

λ(12)(−3)

𝑎 = λ; 𝑏 = 12,2ℎ = −10, 2𝑔 = 5, 2𝑓 = −16, 𝑐 = −3

ℎ = −5
𝑔 =

5

2

𝑓 = −8

The condition to represent a pair of straight lines is
abc + 2fgh − af 2 − bg2 − ch2 = 0

+ 2 −8
5

2
−5 −λ(−8)2−12

5

2

2

−(−3)(−5)2 = 0

−36λ − 64λ+ 200 −75 +75 = 0

−100λ = −200 ⟹ λ = 2

𝑇ℎ𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 2𝑥2 − 10 𝑥𝑦 + 12𝑦2 + 5𝑥 − 16𝑦 − 3 = 0

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶

2𝑥2 − 10𝑥𝑦 − 12𝑦2 = 𝑥 − 2𝑦 2𝑥 − 6𝑦

𝑥 − 2𝑦 2𝑥 − 6𝑦 = 2𝑥2 − 10𝑥𝑦 − 12𝑦2

= 2𝑥2 −10𝑥𝑦 − 12𝑦2 + 5𝑥− 16𝑦− 3𝑥 − 2𝑦 + 𝑙 2𝑥 − 6𝑦 + 𝑚

−6𝑙𝑦 − 2𝑚𝑦 = −16𝑦

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑥 − 𝑡𝑒𝑟𝑚𝑠 ∶ 2𝑙𝑥 + 𝑚𝑥 = 5𝑥

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑦 − 𝑡𝑒𝑟𝑚𝑠 ∶

×
−24

+
−10

2 −12𝑥𝑦 𝑥𝑦

2𝑥2 2𝑥2

𝑥 𝑥

−6

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥 ∶

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦 ∶

2𝑙 + 𝑚 = 5

−6𝑙 − 2𝑚 = −16

… 1

… 2
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𝑆𝑜𝑙𝑣𝑒 (1) 𝑎𝑛𝑑 (2)

1 × 2 ⟹ 4𝑙 + 2𝑚 = 10

2 ⟹ −6𝑙 − 2𝑚 = −16

−2𝑙 = −6

𝑙 = 3

𝑆𝑢𝑏 𝑙 = 3 𝑖𝑛 1

3(3) + 4𝑚 = 5

9 + 4𝑚 = 5 4𝑚 = 5 − 9
4𝑚 = −4
𝑚 = −1

2𝑙 + 𝑚 = 5

⟹

∴ 𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑥 − 2𝑦 + 3 = 0 𝑎𝑛𝑑 2𝑥 − 6𝑦 − 1 = 0

𝑖𝑖 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠,

𝑜𝑟 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎
ℎ𝑓 − 𝑏𝑔

𝑎𝑏 − ℎ2
,

ℎ𝑔 − 𝑎𝑓

𝑎𝑏 − ℎ2

𝑎 = 2, 𝑏 = 12, 𝑐 = −3ℎ = −5, 𝑔 =
5

2
, 𝑓 = −8,

=
−5 −8 − 12

5
2

2 12 − −5 2
,

−5
5
2

− 2 −8

2 12 − −5 2
=

40 − 6 5

24 − 25
,

−25
2

+ 16

24 − 25

=
40 − 30

−1
,

−25 + 32
2

−1

(𝑥, 𝑦) = −10, −
7

2

𝑖𝑖𝑖 𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦

2 25 − 24

2 + 12

𝑡𝑎𝑛𝜃 =
2 ℎ2 − 𝑎𝑏

𝑎 + 𝑏

=
1

7

𝜃 = 𝑡𝑎𝑛−1
1

7

=

𝑬𝒈. 𝟔. 𝟑𝟗: 𝑨 𝒔𝒕𝒖𝒅𝒆𝒏𝒕 𝒘𝒉𝒆𝒏 𝒘𝒂𝒍𝒌𝒔 𝒇𝒓𝒐𝒎 𝒉𝒊𝒔 𝒉𝒐𝒖𝒔𝒆, 𝒂𝒕 𝒂𝒏 𝒂𝒗𝒆𝒓𝒂𝒈𝒆 𝒔𝒑𝒆𝒆𝒅
𝒐𝒇 𝟔 𝒌𝒎𝒑𝒉, 𝒓𝒆𝒂𝒄𝒉𝒆𝒔 𝒉𝒊𝒔 𝒔𝒄𝒉𝒐𝒐𝒍 𝒕𝒆𝒏 𝒎𝒊𝒏𝒖𝒕𝒆𝒔 𝒃𝒆𝒇𝒐𝒓𝒆 𝒕𝒉𝒆 𝒔𝒄𝒉𝒐𝒐𝒍 𝒔𝒕𝒂𝒓𝒕𝒔.
𝑾𝒉𝒆𝒏 𝒉𝒊𝒔 𝒂𝒗𝒆𝒓𝒂𝒈𝒆 𝒔𝒑𝒆𝒆𝒅 𝒊𝒔 𝟒 𝒌𝒎𝒑𝒉, 𝒉𝒆 𝒓𝒆𝒂𝒄𝒉𝒆𝒔 𝒉𝒊𝒔 𝒔𝒄𝒉𝒐𝒐𝒍 𝒇𝒊𝒗𝒆 𝒎𝒊𝒏𝒖𝒕𝒆𝒔
𝒍𝒂𝒕𝒆. 𝑰𝒇 𝒉𝒆 𝒔𝒕𝒂𝒓𝒕𝒔 𝒕𝒐 𝒔𝒄𝒉𝒐𝒐𝒍 𝒆𝒗𝒆𝒓𝒚 𝒅𝒂𝒚 𝒂𝒕 𝟖. 𝟎𝟎 𝑨. 𝑴, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅
𝒊 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒉𝒊𝒔 𝒉𝒐𝒖𝒔𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒄𝒉𝒐𝒐𝒍
𝒊𝒊 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒂𝒗𝒆𝒓𝒂𝒈𝒆 𝒔𝒑𝒆𝒆𝒅 𝒕𝒐 𝒓𝒆𝒂𝒄𝒉 𝒕𝒉𝒆 𝒔𝒄𝒉𝒐𝒐𝒍 𝒐𝒏 𝒕𝒊𝒎𝒆 𝒂𝒏𝒅 𝒕𝒊𝒎𝒆

𝒕𝒂𝒌𝒆𝒏 𝒕𝒐 𝒓𝒆𝒂𝒄𝒉 𝒕𝒉𝒆 𝒔𝒄𝒉𝒐𝒐𝒍
𝒊𝒊𝒊 𝒕𝒉𝒆 𝒕𝒊𝒎𝒆 𝒕𝒉𝒆 𝒔𝒄𝒉𝒐𝒐𝒍 𝒈𝒂𝒕𝒆 𝒄𝒍𝒐𝒔𝒆𝒔
𝒊𝒗 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒐𝒇 𝒉𝒊𝒔 𝒑𝒂𝒕𝒉 𝒐𝒇 𝒘𝒂𝒍𝒌.

𝐿𝑒𝑡 𝑥 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛 ℎ𝑜𝑢𝑟𝑠 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠 𝑏𝑒 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑛 𝑘𝑖𝑙𝑜𝑚𝑒𝑡𝑒𝑟.

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑎𝑛𝑑 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒
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𝑦 = 6 −𝑥
10

60
𝑺𝒑𝒆𝒆𝒅 =

𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆

𝑻𝒊𝒎𝒆

𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆 = 𝑺𝒑𝒆𝒆𝒅 × 𝑻𝒊𝒎𝒆

𝑦 = 𝑆𝑝𝑒𝑒𝑑 × 𝑇𝑖𝑚𝑒

10𝑚𝑖𝑛𝑠 =
10

60
ℎ𝑟𝑠

𝑦 = 6
60𝑥 − 10

60
⟹ 𝑦 = 60

6𝑥 − 1

60

𝑦 = 6𝑥 − 1

𝑦 = 4 +𝑥
5

60 ⟹ 𝑦 = 4
60𝑥 + 5

60
𝑦 = 4 × 5

12𝑥 + 1

60

𝑦 = 20
12𝑥 + 1

60
𝑦 =

12𝑥 + 1

3
⟹ 3𝑦 = 12𝑥 + 1

⟹ 6𝑥 − 𝑦 = 1 … 1

12𝑥 − 3𝑦 = −1 … 2

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 1 𝑎𝑛𝑑 2

1 × 3 ⟹ 18𝑥 − 3𝑦 = 3

2 ⟹ 12𝑥 − 3𝑦 = −1

6𝑥 = 4

− + +

⟹ 𝑥 =
4

6

⟹

⟹

𝑥 =
2

3

𝑠𝑢𝑏 𝑥 =
2

3
𝑖𝑛 1 6𝑥 − 𝑦 = 1

6
2

3
− 𝑦 = 1 ⟹ 4 − 𝑦 = 1 −𝑦 = 1 − 4⟹ −𝑦 = −3

𝑦 = 3

(𝑥, 𝑦) =
2

3
, 3

𝑥 =
2

3
ℎ𝑜𝑢𝑟

𝑥 = 40𝑚𝑖𝑛𝑢𝑡𝑒𝑠, 𝑦 = 3𝑘𝑚

⟹ 𝑥 =
2

3
× 60𝑚𝑖𝑛𝑠

⟹

𝑖 𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 ℎ𝑖𝑠 ℎ𝑜𝑢𝑠𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑐ℎ𝑜𝑜𝑙 = 3𝑘𝑚

𝑖𝑖 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑠𝑝𝑒𝑒𝑑 𝑡𝑜 𝑟𝑒𝑎𝑐ℎ 𝑡ℎ𝑒 𝑠𝑐ℎ𝑜𝑜𝑙 𝑜𝑛 𝑡𝑖𝑚𝑒

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑠𝑝𝑒𝑒𝑑 =
𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑇𝑖𝑚𝑒
=

3

2
3

= 3 ×
3

2
=

9

2
= 4.5𝑘𝑚/ℎ

𝑇𝑖𝑚𝑒 𝑡𝑎𝑘𝑒𝑛 ∶ 40𝑚𝑖𝑛𝑢𝑡𝑒𝑠

(𝑖𝑖𝑖) 𝑇ℎ𝑒 𝑠𝑐ℎ𝑜𝑜𝑙 𝑔𝑎𝑡𝑒 𝑐𝑙𝑜𝑠𝑒𝑠 𝑎𝑡 8.40 𝐴𝑀

(𝑖𝑣) 𝑇ℎ𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑜𝑓 ℎ𝑖𝑠 𝑝𝑎𝑡ℎ 𝑜𝑓 𝑤𝑎𝑙𝑘 𝑡𝑜 𝑠𝑐ℎ𝑜𝑜𝑙 𝑖𝑠

6𝑥 − 𝑦 − 1 12𝑥 − 3𝑦 + 1 = 0

72𝑥2 − 30𝑥𝑦 + 3𝑦2 − 6𝑥 + 2𝑦 − 1 = 0
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𝑬𝒈. 𝟔. 𝟒𝟎: 𝑰𝒇 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒐𝒇 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 𝒊𝒔
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒑𝒙 + 𝒒𝒚 = 𝟎, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂𝒑𝟐 + 𝟐𝒉𝒑𝒒 + 𝒃𝒑𝟐 = 𝟎

Let ‘m1’ and ‘m2’ be the slopes of pair of straight
lines.

𝑚1 + 𝑚2 = −
2ℎ

𝑏
, 𝑚1 𝑚2 =

𝑎

𝑏

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑝𝑥 + 𝑞𝑦 = 0 𝑖𝑠 𝑚 = −
𝑝

𝑞

𝑆𝑖𝑛𝑐𝑒 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑜𝑓 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0
𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑝𝑥 + 𝑞𝑦 = 0,

𝑚𝑚1 = −1 𝑜𝑟 𝑚𝑚2 = −1

(𝑚𝑚1 + 1)(𝑚𝑚2 + 1) = 0
𝑚2𝑚1𝑚2 + 𝑚𝑚1 + 𝑚𝑚2 + 1 = 0 ⟹ 𝑚1𝑚2 𝑚2 + 𝑚 𝑚1 + 𝑚2 + 1 = 0

𝑚1𝑚2 𝑚2
+ 𝑚 𝑚1 + 𝑚2 + 1 = 0

𝑎

𝑏
−

𝑝

𝑞

2

+ −
2ℎ

𝑏
−

𝑝

𝑞
+ 1 = 0

𝑎

𝑏

𝑝2

𝑞2 +
2ℎ𝑝

𝑏𝑞
+ 1 = 0

𝑎𝑝2

𝑏𝑞2 +
2ℎ𝑝

𝑏𝑞
+ 1 = 0 ⟹

𝑎𝑝2 + 2ℎ𝑝𝑞 + 𝑏𝑞2

𝑏𝑞2
= 0

𝑎𝑝2 + 2ℎ𝑝𝑞 + 𝑏𝑞2 = 0

𝑬𝒈 𝟔. 𝟒𝟏: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝟑𝒙 − 𝟐𝒚 + 𝟐 = 𝟎 𝒂𝒏𝒅 𝟑𝒙𝟐 + 𝟓𝒙𝒚 − 𝟐𝒚𝟐 + 𝟒𝒙 + 𝟓𝒚 = 𝟎
𝒂𝒓𝒆 𝒂𝒕 𝒓𝒊𝒈𝒉𝒕 𝒂𝒏𝒈𝒍𝒆𝒔.

𝑇ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛
𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑖𝑠 𝑎 𝑠𝑒𝑐𝑜𝑛𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

𝐹𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑡𝑒𝑝𝑠 𝑠ℎ𝑜𝑤, 𝑡ℎ𝑒 𝑤𝑎𝑦 𝑜𝑓 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑖𝑧𝑖𝑛𝑔 𝑡ℎ𝑒

3𝑥2 + 5𝑥𝑦 − 2𝑦2 + 4𝑥 + 5𝑦 = 0 𝑤𝑖𝑡ℎ 3𝑥 − 2𝑦 + 2 = 0

3𝑥2 + 5𝑥𝑦 − 2𝑦2 + (4𝑥 + 5𝑦)(1) = 0 𝑎𝑛𝑑 (3𝑥 − 2𝑦)

−2
= 1

3𝑥 − 2𝑦 = −2

÷ −2

3𝑥 − 2𝑦

−2
= 1

3𝑥2 + 5𝑥𝑦 − 2𝑦2 + (4𝑥 + 5𝑦)
3𝑥 − 2𝑦

−2
= 0

× −2
(−2) (3𝑥2 + 5𝑥𝑦 − 2𝑦2) + (4𝑥 + 5𝑦)(3𝑥 − 2𝑦)= 0

−6𝑥2 − 10𝑥𝑦 + 4𝑦2+ 12𝑥2 − 8𝑥𝑦 + 15𝑥𝑦 − 10𝑦2 = 0

6𝑥2 − 3𝑥𝑦 − 6𝑦2 = 0
÷ 3

2𝑥2 + 𝑥𝑦 − 2𝑦2 = 0
𝑎 = 6, 𝑏 = −6 ⟹ 𝑎 + 𝑏 = 0

∴ 𝑇ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑎𝑡 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑠. 376
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𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒎𝒃𝒊𝒏𝒆𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒔𝒆𝒑𝒂𝒓𝒂𝒕𝒆
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒙 − 𝟐𝒚 − 𝟑 = 𝟎 𝒂𝒏𝒅 𝒙 + 𝒚 + 𝟓 = 𝟎.

𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑥 − 2𝑦 − 3 = 0, 𝑥 + 𝑦 + 5 = 0

∴ 𝐶𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 − 2𝑦 − 3 𝑥 − 𝑦 + 5 = 0

𝑥2− 𝑥𝑦+ 5𝑥 − 2𝑥𝑦 + 2𝑦2−10𝑦 + 3𝑦−3𝑥 −15 = 0

𝑥2 − 3𝑥𝑦 − 2𝑦2 + 2𝑥 − 7𝑦 − 15 = 0

𝟐. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟒𝒙𝟐 + 𝟒𝒙𝒚 + 𝒚𝟐 − 𝟔𝒙 − 𝟑𝒚 − 𝟒 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇
𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔.

4𝑥2 + 4𝑥𝑦 + 𝑦2 − 6𝑥 − 3𝑦 − 4 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 4; 𝑏 = 1,2ℎ = 4, 2𝑔 = −6, 2𝑓 = −3, 𝑐 = −4
ℎ = 2 𝑔 = −3 , 𝑓 = −

3

2
ℎ2 − 𝑎𝑏 = 22 − 4 1 = 4 − 4 = 0

ℎ2 − 𝑎𝑏 = 0 ⟹ 𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠.

𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟐𝒙𝟐 + 𝟑𝒙𝒚 − 𝟐𝒚𝟐 + 𝟑𝒙 + 𝒚 + 𝟏 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒍𝒊𝒏𝒆𝒔.

2𝑥2 + 3𝑥𝑦 − 2𝑦2 + 3𝑥 + 𝑦 + 1 = 0

Comparing with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 2; 𝑏 = −2,2ℎ = 3, 2𝑔 = 3, 2𝑓 = 1, 𝑐 = 1

ℎ =
3

2
𝑔 =

3

2
𝑓 =

1

2

𝑎 + 𝑏 = 2 +(−2) = 0
∴ 𝐼𝑡 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑙𝑖𝑛𝑒𝑠.

𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐𝒙𝟐 − 𝒙𝒚 − 𝟑𝒚𝟐 − 𝟔𝒙 + 𝟏𝟗𝒚 − 𝟐𝟎 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕
𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒏𝒈 𝒍𝒊𝒏𝒆𝒔. 𝑺𝒉𝒐𝒘 𝒇𝒖𝒓𝒕𝒉𝒆𝒓 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏
𝒕𝒉𝒆𝒎 𝒊𝒔 𝒕𝒂𝒏−𝟏 𝟓 .

2𝑥2 − 1𝑥𝑦 − 3𝑦2 − 6𝑥 + 19𝑦 − 20 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 2; 𝑏 = −3,2ℎ = −1, 2𝑔 = −6, 2𝑓 = 19, 𝑐 = −20

ℎ = −
1

2
𝑔 = −3

𝑓 =
19

2

−(−3) 3 2 − −20
−1

2

2

= 0(2)(−3)(−20) + 2
19

2
−3

−1

2
− (2)

19

2

2

𝑇ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑡𝑜 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 ∶
𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0

120 +
57

2
−

361

2
+ 27 + 5 = 0 ∴ 𝐼𝑡 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠.
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𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑡𝑎𝑛𝜃 =
2 ℎ2 − 𝑎𝑏

𝑎 + 𝑏

=
2

1
4

+ 6

2 − 3
=

2
1 + 24

4

−1
=

2
25
4

−1
=

2 ×
5
2

−1
= −5

𝜃 = tan−1 5 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠.

𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏,
𝒆𝒂𝒄𝒉 𝒐𝒇 𝒘𝒉𝒊𝒄𝒉 𝒎𝒂𝒌𝒆𝒔 𝒂𝒏 𝒂𝒏𝒈𝒍𝒆 𝜶 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒚 = 𝒙 𝒊𝒔
𝒙𝟐 − 𝟐𝒙𝒚 𝒔𝒆𝒄 𝟐𝜶 + 𝒚𝟐 = 𝟎.

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑦 = 𝑥
𝑐𝑜𝑚𝑝𝑎𝑟𝑒 ∶ 𝑦 = 𝑚𝑥

𝑚 = 1 ⟹ 𝑡𝑎𝑛𝜃 = 1

𝜃 = 45°

𝑥

𝑦

𝛼
45° 45° − 𝛼

𝛼
𝐿𝑒𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑏𝑒 𝑦 = 𝑚1𝑥 𝑎𝑛𝑑 𝑦 = 𝑚2𝑥 𝑚𝑎𝑘𝑒𝑠 𝑎𝑛 𝑎𝑛𝑔𝑙𝑒 𝛼
𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑦 = 𝑥

𝐻𝑒𝑟𝑒 𝑚1 = 𝑡𝑎𝑛 45° − 𝛼 𝑎𝑛𝑑 𝑚2 = 𝑡𝑎𝑛 45° + 𝛼

𝑚1 =
𝑡𝑎𝑛45° − 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛45°𝑡𝑎𝑛𝛼
⟹ 𝑚1 =

1 − 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛𝛼

𝑚2 =
𝑡𝑎𝑛45° + 𝑡𝑎𝑛𝛼

1 − 𝑡𝑎𝑛45°𝑡𝑎𝑛𝛼
⟹ 𝑚2 =

1 + 𝑡𝑎𝑛𝛼

1 − 𝑡𝑎𝑛𝛼

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 ∶ 𝑚1 × 𝑚2 =
1 − 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛𝛼
×

1 + 𝑡𝑎𝑛𝛼

1 − 𝑡𝑎𝑛𝛼

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 ∶ 𝑚1 × 𝑚2 = 1

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 ∶ 𝑚1 + 𝑚2 =
1 − 𝑡𝑎𝑛𝛼

1 + 𝑡𝑎𝑛𝛼
+

1 + 𝑡𝑎𝑛𝛼

1 − 𝑡𝑎𝑛𝛼

𝑚1 + 𝑚2 =
(1 + 𝑡𝑎𝑛𝛼) 1 − 𝑡𝑎𝑛𝛼

1 − 𝑡𝑎𝑛𝛼 2 + 1 + 𝑡𝑎𝑛𝛼 2

𝑚1 + 𝑚2 =
1 − 2 1 𝑡𝑎𝑛𝛼 + 𝑡𝑎𝑛2𝛼 + 1 + 2 1 𝑡𝑎𝑛𝛼 + 𝑡𝑎𝑛2𝛼

12 − 𝑡𝑎𝑛2𝛼

𝑚1 + 𝑚2 =
1 + 2𝑡𝑎𝑛𝛼 + 𝑡𝑎𝑛2𝛼+ 1 − 2𝑡𝑎𝑛𝛼 + 𝑡𝑎𝑛2𝛼

12 − 𝑡𝑎𝑛2𝛼

𝑚1 + 𝑚2 =
2 + 2𝑡𝑎𝑛2𝛼

1 − 𝑡𝑎𝑛2𝛼
⟹ 𝑚1 + 𝑚2 =

2 1 + 𝑡𝑎𝑛2𝛼

1 − 𝑡𝑎𝑛2𝛼

𝑚1 + 𝑚2 = 2
1

𝑐𝑜𝑠2𝛼
⟹ 𝑚1 + 𝑚2 = 2𝑠𝑒𝑐2𝛼

𝑐𝑜𝑠 2𝐴 =
1 − 𝑡𝑎𝑛2 𝐴

1 + 𝑡𝑎𝑛2 𝐴

1

𝑐𝑜𝑠 2𝐴
=

1 + 𝑡𝑎𝑛2 𝐴

1 − 𝑡𝑎𝑛2 𝐴
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𝑦 = 𝑚1𝑥 ⟹ 𝑚1𝑥 − 𝑦 = 0

𝑦 = 𝑚2𝑥 ⟹ 𝑚2𝑥 − 𝑦 = 0

𝑇ℎ𝑒 𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚1𝑥 − 𝑦 𝑚2𝑥 − 𝑦 = 0

𝑚1𝑚2𝑥2 − 𝑚1𝑥𝑦 − 𝑚2𝑥𝑦 + 𝑦2 = 0

𝑚1𝑚2𝑥2 − 𝑥𝑦 𝑚1 + 𝑚2 + 𝑦2 = 0

𝑤ℎ𝑒𝑟𝑒 𝑚1𝑚2 = 1 𝑎𝑛𝑑 𝑚1 + 𝑚2 = 2𝑠𝑒𝑐2𝛼

𝑥2 − 𝑥𝑦 2𝑠𝑒𝑐2𝛼 + 𝑦2 = 0 ⟹ 𝑥2 − 2𝑥𝑦 𝑠𝑒𝑐2𝛼 + 𝑦2 = 0

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟑 𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝟐𝒙 − 𝟑𝒚 + 𝟏 = 𝟎 𝒂𝒏𝒅
𝟓𝒙 + 𝒚 − 𝟑 = 𝟎.

The straight line perpendicular to 2𝑥 − 3𝑦 + 1 = 0 is of the form
3𝑥 + 2𝑦 + 𝑘 = 0

it passes through the point (1 , 3)
3+ 6+ 𝑘 = 0

9 + 𝑘 = 0 ⟹ 𝑘 = −9

∴ 3𝑥 + 2𝑦 − 9 = 0 is the straight line perpendicular to 2𝑥 − 3𝑦 + 1 = 0

The straight line perpendicular to 5𝑥 + 𝑦 − 3 = 0 is of the form
𝑥− 5𝑦 + 𝑘 = 0

it passes through the point (1 , 3)

1−15+ 𝑘 = 0 𝑘 = 14

∴ 𝑥 − 5𝑦 + 14 = 0 is the straight line perpendicular to 5𝑥 + 𝑦 − 3 = 0

𝐶𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 (3𝑥 + 2𝑦 − 9) 𝑥 − 5𝑦 + 14 = 0

3𝑥2 −15𝑥𝑦 −10𝑦2 −126 = 0+ 42𝑥 + 2𝑥𝑦 + 28𝑦 − 9𝑥 + 45𝑦

3𝑥2 −13𝑥𝑦 −10𝑦2 + 33𝑥+ 73𝑦 −126 = 0

⟹

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒆𝒑𝒂𝒓𝒂𝒕𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒊 𝟑𝒙𝟐 + 𝟐𝒙𝒚 − 𝒚𝟐 = 𝟎.
𝒊𝒊 𝟔(𝒙 − 𝟏)𝟐+𝟓 𝒙 − 𝟏 𝒚 − 𝟐 − 𝟒 𝒚 − 𝟐 𝟐 = 𝟎
𝒊𝒊𝒊 𝟐𝒙𝟐 − 𝒙𝒚 − 𝟑𝒚𝟐 − 𝟔𝒙 + 𝟏𝟗𝒚 − 𝟐𝟎 = 𝟎

𝑖 3𝑥2 + 2𝑥𝑦 − 𝑦2 = 0
3𝑥2+ 3𝑥𝑦 − 𝑥𝑦 − 𝑦2

= 0 3𝑥(𝑥 + 𝑦)− 𝑦(𝑥 + 𝑦)= 0

𝑥 + 𝑦 3𝑥 − 𝑦 = 0
𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 + 𝑦 = 0 𝑎𝑛𝑑 3𝑥 − 𝑦 = 0

𝑖𝑖 6 𝑥 − 1 2 + 5 𝑥 − 1 𝑦 − 2 − 4 𝑦 − 2 2 = 0

6𝑎2 + 5𝑎𝑏 = 0

⟹

𝐿𝑒𝑡 𝑎 = 𝑥 − 1, 𝑏 = 𝑦 − 2

− 4𝑏2

×
−24

+
5

8 −3𝑎𝑏 𝑎𝑏

6𝑎2 6𝑎2

𝑎 𝑎

4

3 2

(3𝑎 + 4𝑏)(2𝑎 − 𝑏)= 0

3 𝑥 − 1 + 4(𝑦 − 2) 2 𝑥 − 1 − (𝑦 − 2) = 0
(3𝑥 − 3 + 4𝑦 − 8) 2𝑥 − 2 − 𝑦 + 2 = 0 379
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(3𝑥 + 4𝑦 − 1)(2𝑥 − 𝑦)= 0

𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 3𝑥 + 4𝑦 − 1 = 0 𝑎𝑛𝑑 2𝑥 − 𝑦 = 0

𝑖𝑖𝑖 2𝑥2 − 𝑥𝑦 − 3𝑦2 − 6𝑥 + 19𝑦 − 20 = 0
×
6

+
−1

−3 2𝑥𝑦 𝑥𝑦

𝐿𝑒𝑡 𝑢𝑠 𝑡𝑎𝑘𝑒 ∶ 2𝑥2 − 𝑥𝑦 − 3𝑦2

2𝑥2 − 𝑥𝑦 − 3𝑦2 = 2𝑥2− 3𝑥𝑦 + 2𝑥𝑦 − 3𝑦2

= 𝑥 (2𝑥 − 3𝑦)+ 𝑦(2𝑥 − 3𝑦)

2𝑥2 − 𝑥𝑦 − 3𝑦2 = (2𝑥 − 3𝑦)(𝑥 + 𝑦)

2𝑥2 − 𝑥𝑦 − 3𝑦2 − 6𝑥 + 19𝑦 − 20 = (2𝑥 − 3𝑦 + 𝑙)(𝑥 + 𝑦 + 𝑚)

𝑙𝑥+ 2𝑚𝑥 = − 6𝑥Equating x terms: 

Equating y terms: 𝑙𝑦− 3𝑚𝑦

Equating coefficient of x : 

Equating coefficient of y : 

𝑙 + 2𝑚 = −6

𝑙 − 3𝑚 = 19

… 1

… 2

= 19𝑦

𝑚 = −5

Solve (1) and (2)

𝑙 + 2𝑚 = −6

𝑙 − 3𝑚 = 19
(−) (+)

5𝑚 = −25 ⟹

(−)

𝑆𝑢𝑏 𝑚 = −5 𝑖𝑛 1 𝑙 + 2𝑚 = −6

𝑙 + 2 −5 = −6 𝑙 − 10 = −6

𝑙 = −6 + 10 𝑙 = 4

∴ 𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 2𝑥 − 3𝑦 + 4 = 0 𝑎𝑛𝑑 𝑥 + 𝑦 − 5 = 0.

⟹

⟹

𝟖. 𝑻𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 𝒊𝒔 𝒕𝒘𝒊𝒄𝒆
𝒕𝒉𝒂𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓, 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟖𝒉𝟐 = 𝟗𝒂𝒃.

Let ‘m1’ and ‘m2’ be the slopes of pair of straight lines.

𝑚1𝑚2 =
𝑎

𝑏
𝑎𝑛𝑑 𝑚1 + 𝑚2 = −

2ℎ

𝑏
𝐺𝑖𝑣𝑒𝑛 ∶ 𝑚1 = 2𝑚2

2𝑚2 + 𝑚2 = −
2ℎ

𝑏
⟹ 3𝑚2 = −

2ℎ

𝑏
𝑚2 = −

2ℎ

𝑏
×

1

3
⟹ 𝑚2 = −

2ℎ

3𝑏

𝑚2 = −
2ℎ

3𝑏

⟹

𝑚1𝑚2 =
𝑎

𝑏
⟹ 𝑆𝑢𝑏 𝑚2 = −

2ℎ

3𝑏
2𝑚2 × 𝑚2 =

𝑎

𝑏
2𝑚2

2 =
𝑎

𝑏

2 −
2ℎ

3𝑏

2

=
𝑎

𝑏
2 ×

4ℎ2

9𝑏2
=

𝑎

𝑏
⟹

𝑏
8ℎ2

9𝑏
= 𝑎 ⟹ 8ℎ2 = 9𝑎𝑏

⟹

380
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𝟗. 𝑻𝒉𝒆 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 𝒊𝒔 𝒕𝒉𝒓𝒊𝒄𝒆
𝒕𝒉𝒂𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓, 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟑𝒉𝟐 = 𝟒𝒂𝒃.

Let ‘m1’ and ‘m2’ be the slopes of pair of straight
lines.

𝑚1𝑚2 =
𝑎

𝑏
𝑎𝑛𝑑 𝑚1 + 𝑚2 = −

2ℎ

𝑏
𝐺𝑖𝑣𝑒𝑛 ∶ 𝑚1 = 3𝑚2

3𝑚2 + 𝑚2 = −
2ℎ

𝑏
⟹ 4𝑚2 = −

2ℎ

𝑏
𝑚2 = −

2ℎ

𝑏
×

1

4
⟹ 𝑚2 = −

ℎ

2𝑏

𝑚2 = −
ℎ

2𝑏
𝑚1𝑚2 =

𝑎

𝑏
⟹ 𝑆𝑢𝑏 𝑚2 = −

ℎ

2𝑏
3𝑚2 × 𝑚2 =

𝑎

𝑏
3𝑚2

2 =
𝑎

𝑏

3 −
ℎ

2𝑏

2

=
𝑎

𝑏
3 ×

ℎ2

2𝑏2
=

𝑎

𝑏
⟹

𝑏
3ℎ2

4𝑏
= 𝑎 ⟹ 3ℎ2 = 4𝑎𝑏

⟹

⟹

𝟏𝟎. 𝑨 ∆𝑶𝑷𝑸 𝒊𝒔 𝒇𝒐𝒓𝒎𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙𝟐 − 𝟒𝒙𝒚 + 𝒚𝟐 = 𝟎
𝒂𝒏𝒅 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝑷𝑸. 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝑷𝑸 𝒊𝒔 𝒙 + 𝒚 − 𝟐 = 𝟎 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒐𝒇 𝒕𝒉𝒆 𝒎𝒆𝒅𝒊𝒂𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝑶𝑷𝑸 𝒅𝒓𝒂𝒘𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒐.

𝑂

𝑃 𝑄𝑥 + 𝑦 − 2 = 0

𝑥2 − 4𝑥𝑦 + 𝑦2 = 0𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑂𝑃 & 𝑂𝑄: … 1

𝑥 + 𝑦 − 2 = 0𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒 𝑃𝑄: … 2

𝐹𝑟𝑜𝑚 2 𝑥 = 2 − 𝑦

𝑆𝑢𝑏 𝑥 = 2 − 𝑦 𝑖𝑛 1 𝑥2 − 4𝑥𝑦 + 𝑦2 = 0

(2 − 𝑦)2− 4 2 − 𝑦 𝑦 + 𝑦2
= 0

4 − 4𝑦 +𝑦2− 8𝑦 + 4𝑦2 + 𝑦2
= 0

6𝑦2 − 12𝑦 + 4 = 0 3𝑦2 − 6𝑦 + 2 = 0
÷ 2 𝑎 = 3, 𝑏 = −6, 𝑐 = 2

⟹

𝑦 =
6 ± 36 − 24

6
=

6 ± 12

6
𝑦 =

−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
⟹

0,0

𝑦 = 1 ±
3

3
𝑦 =

6 ± 2 3

6
⟹ 𝑦 =

6

6
±

2 3

6
⟹

𝑦 = 1 ±
1

3
𝑦 = 1 ±

3

3 × 3
⟹

𝑠𝑢𝑏 𝑦 = 1 ±
1

3
𝑖𝑛 2 𝑥 = 2 − 𝑦

𝑥 = 2 − 1 ±
1

3
⟹ 𝑥 = 2 − 1 ±

1

3

𝑥 = 1 ±
1

3
381
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𝑃 𝑖𝑠 1 +
1

3
, 1 −

1

3
𝑎𝑛𝑑 𝑄 𝑖𝑠 1 −

1

3
, 1 +

1

3

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑃𝑄 =
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑃𝑄 =

1 +
1

3
+ 1 −

1

3

2
,

1 −
1

3
+ 1 +

1

3

2

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 0, 0 𝑎𝑛𝑑 1, 1

= (1,1)=
2

2
,
2

2

𝑥1 𝑦1 𝑥2 𝑦2
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1

𝑦 − 0

1 − 0
=

𝑥 − 0

1 − 0
𝑦

1
=

𝑥

1

⟹

⟹ 𝑦 = 𝑥

𝑥 − 𝑦 = 0 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑒𝑑𝑖𝑢𝑚 𝑜𝑓 ∆𝑃𝑂𝑄 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛

𝑂

𝑃 𝑄𝑥 + 𝑦 − 2 = 0

0,0

1,1

𝟏𝟏. 𝑭𝒊𝒏𝒅 𝒑 𝒂𝒏𝒅 𝒒, 𝒊𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒍𝒊𝒏𝒆𝒔. 𝟔𝒙𝟐 + 𝟓𝒙𝒚 − 𝒑𝒚𝟐 + 𝟕𝒙 + 𝒒𝒚 − 𝟓 = 𝟎.

6𝑥2 + 5𝑥𝑦 − 𝑝𝑦2 + 7𝑥 + 𝑞𝑦 − 5 = 0.
𝑠𝑖𝑛𝑐𝑒 𝑖𝑡 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑙𝑖𝑛𝑒𝑠.

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 + 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦2 = 0

6 − 𝑝 = 0 𝑝 = 6

6𝑥2 + 5𝑥𝑦 − 6𝑦2 + 7𝑥 + 𝑞𝑦 − 5 = 0

Comparing with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 6; 𝑏 = −6,2ℎ = 5, 2𝑔 = 7, 2𝑓 = 𝑞, 𝑐 = −5

ℎ =
5

2
𝑔 =

7

2
𝑓 =

𝑞

2

⟹

(6)(−6)(−5)+ 2
𝑞

2

7

2

5

2

The condition to represent a pair of straight lines is
abc + 2fgh−af 2 − bg2 − ch2 =0

− (6)
𝑞

2

2

− (−6)
7

2

2

= 0−(−5)
5

2

2

−
6𝑞2

4
+ 6

49

4
+ 5

25

4
180 +

35𝑞

4
= 0

− 6𝑞2 + 294 + 125720 + 35𝑞 = 0

×
6834

+
−35

−102 67
× 4

−6𝑞2 + 35𝑞 + 1139 = 0

6𝑞2 − 35𝑞 − 1139 = 0

6𝑞2− 102𝑞+ 67𝑞−1139= 0 ⟹ 6𝑞 (𝑞 − 17) + 67(𝑞 − 17)= 0 382
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(𝑞 − 17)(6𝑞 + 67) = 0 ⟹ 𝑞 − 17= 0, 6𝑞 + 67 = 0

𝑞 = 17, 6𝑞 = −67

𝑞 = −
67

6

𝟏𝟐. 𝑭𝒊𝒏𝒅 𝒌 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟏𝟐𝒙𝟐 + 𝟕𝒙𝒚 − 𝟏𝟐𝒚𝟐 − 𝒙 + 𝟕𝒚 + 𝒌 = 𝟎
𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔. 𝑭𝒊𝒏𝒅 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆𝒔𝒆 𝒍𝒊𝒏𝒆𝒔 𝒂𝒓𝒆
𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒐𝒓 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒏𝒈.

12 𝑥2 + 7𝑥𝑦 − 12𝑦2 − 𝑥 + 7𝑦 + 𝑘 = 0

Comparing with    𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 12; 𝑏 = −12,2ℎ = 7, 2𝑔 = −1, 2𝑓 = 7, 𝑐 = 𝑘

ℎ =
7

2
𝑔 =

−1

2
𝑓 =

7

2

12 × −12 × k

−144𝑘

The condition to represent a pair of straight lines is
abc + 2fgh − af 2 − bg2 − ch2 = 0

+2 ×
7

2
× −

1

2
×

7

2
− 12

7

2

2

12 −
1

2

2

𝑘 ×
7

2

2

= 0+ −

− 12 ×
49

4
−

49

4
−𝑘 ×

49

4
= 0+12 ×

1

4

−144𝑘 −
49

4
−

588

4
+

12

4
−

49𝑘

4
= 0

−144𝑘 −
49

4
−

588

4
+

12

4
−

49𝑘

4
= 0 × 𝑏𝑦 4 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒

−625𝑘 − 625= 0

−625𝑘 = 625 −𝑘 = 1 ⟹ 𝑘 = − 1

𝑇ℎ𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 12𝑥2 + 7𝑥𝑦 − 12𝑦2 − 𝑥 + 7𝑦 − 1 = 0

−576𝑘 = 0 ⟹− 49 − 588 + 12 − 49𝑘

The lines are perpendicular to each other or intersecting..

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 + 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦2 = 0

⟹

𝟏𝟑. 𝑭𝒐𝒓 𝒘𝒉𝒂𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒌 𝒅𝒐𝒆𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝟏𝟐𝒙𝟐 + 𝟐𝒌𝒙𝒚 + 𝟐𝒚𝟐 + 𝟏𝟏𝒙 − 𝟓𝒚 + 𝟐 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒘𝒐 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔.

12𝑥2 + 2𝑘𝑥𝑦 + 2𝑦2 + 11𝑥 − 5𝑦 + 2 = 0
Comparing with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 12; 𝑏 = 2,2ℎ = 2𝑘, 2𝑔 = 11, 2𝑓 = −5,𝑐 = 2

ℎ = 𝑘
𝑔 =

11

2
𝑓 =

−5

2

The condition to represent a pair of straight lines is
abc + 2fgh − af 2 − bg2 − ch2 = 0
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= 0− (2)
11

2

2

− 2𝑘2(12)(2)(2) + 2
−5

2

11

2
𝑘

−12
25

4
− 2

121

4
− 2𝑘2 = 048 −

55𝑘

2

− (12)
−5

2

2

3

−75 −
121

2
−2𝑘2 = 048 −

55𝑘

2
−150− 121 − 4𝑘2 = 096 − 55𝑘⟹

− 4𝑘2 − 55𝑘 − 175 = 0 ⟹ 4𝑘2 + 55𝑘 + 175 = 0

4𝑘2+ 35𝑘 + 20𝑘 + 175 = 0 𝑘 (4𝑘 + 35)+ 5 (4𝑘 + 35)= 0

(𝑘 + 5) (4𝑘 + 35) = 0 ×
700

+
55

35 20

⟹

⟹ 𝑘 + 5 = 0, 4𝑘 + 35= 0

𝑘 = −5 4𝑘 = −35

𝑘 = −
35

4

𝟏𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟗𝒙𝟐 − 𝟐𝟒𝒙𝒚 + 𝟏𝟔𝒚𝟐 − 𝟏𝟐𝒙 + 𝟏𝟔𝒚 − 𝟏𝟐 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔
𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎.

9𝑥2 − 24𝑥𝑦 + 16𝑦2 − 12𝑥 + 16𝑦 − 12 = 0

Comparing with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔 𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 9; 𝑏 = 16,2ℎ = −24, 2𝑔 = −12,2𝑓 = 16, 𝑐 = −12

ℎ = −12 𝑔 = −6 𝑓 = 8

ℎ2 − 𝑎𝑏 = −12 2 − 9 16 = 144 − 144 = 0

ℎ2 − 𝑎𝑏 = 0 ∴ the given equation represents a pair of parallel lines.

Consider quadratic equation : 9𝑥2 − 24𝑥𝑦 + 16𝑦2

×
144

+
−24

−12 −12𝑥𝑦 𝑥𝑦

9𝑥2 9𝑥2

𝑥 𝑥

4

3 3

4

= 3𝑥 − 4𝑦 3𝑥 − 4𝑦

3𝑥 − 4𝑦 3𝑥 − 4𝑦 = 9𝑥2 − 24𝑥𝑦 + 16𝑦2

= 9𝑥2 − 24𝑥𝑦 + 16𝑦2 − 12𝑥 + 16𝑦 − 123𝑥 − 4𝑦 + 𝑙 3𝑥 − 4𝑦 + 𝑚

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥 ∶ 3𝑙 + 3𝑚 = −12

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑥 − 𝑡𝑒𝑟𝑚𝑠 ∶ 3𝑙𝑥 + 3𝑚𝑥 = −12𝑥

÷ 3
⟹ … 1𝑙 + 𝑚 = −4

𝑙𝑚 = −12𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚 ∶

𝑚 = −
12

𝑙
𝑖𝑛 1 𝑙 + 𝑚 = −4

𝑙 −
12

𝑙
= −4 ⟹

𝑙2 − 12

𝑙
= −4 ⟹ 𝑙2 − 12 = −4𝑙

𝑙2 + 4𝑙 − 12 = 0 ⟹ (𝑙 − 2)(𝑙 + 6) = 0 ⟹ 𝑙 − 2 = 0, 𝑙 + 6 = 0

𝑙 = 2 𝑎𝑛𝑑 𝑙 = −6

𝑚 =
−12

𝑙
𝑠𝑢𝑏 𝑙 = 2 𝑖𝑛 ⟹ 𝑚 =

−12

2
⟹ 𝑚 = −6

𝑙 = 2, 𝑚 = −6
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𝑚 =
−12

−6
𝑠𝑢𝑏 𝑙 = −6 𝑖𝑛 ⟹ 𝑚 = 2

∴ 𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 3𝑥 − 4𝑦 − 6 = 0 𝑎𝑛𝑑 3𝑥 − 4𝑦 + 2 = 0

, 𝑐1 = −6 𝑎𝑛𝑑 𝑐2 = 2𝑤ℎ𝑒𝑟𝑒 𝑎 = 3 , 𝑏 = −4

𝑙 = − 6, 𝑚 = 2

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠 =
𝑐1 − 𝑐2

𝑎2 + 𝑏2

=
−6 − 2

32 + (−4)2

=
−8

25

=
−8

9 + 16

=
8

5
𝑢𝑛𝑖𝑡𝑠

𝟏𝟓. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 4𝒙𝟐 + 𝟒𝒙𝒚 + 𝒚𝟐 − 𝟔𝒙 − 𝟑𝒚 − 𝟒 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇
𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒍𝒊𝒏𝒆𝒔 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎.

4𝑥2 + 4𝑥𝑦 + 1𝑦2 − 6𝑥 − 3𝑦 − 4 = 0

Comparing with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑎 = 4; 𝑏 = 1,2ℎ = 4, 2𝑔 = −6, 2𝑓 = −3, 𝑐 = −4

ℎ = 2 𝑔 = −3
𝑓 =

−3

2
ℎ2 − 𝑎𝑏 =22 − 4 1 = 4 − 4 = 0

ℎ2 − 𝑎𝑏 = 0 ∴ 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠.
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 4𝑥2 + 4𝑥𝑦 + 𝑦2

= 2𝑥 + 𝑦 2𝑥 + 𝑦
×
4

+
4

2 1𝑥𝑦 𝑥𝑦

4𝑥2 4𝑥2

𝑥 𝑥

1

2 2

2

2𝑥 + 𝑦 2𝑥 + 𝑦 = 4𝑥2 + 4𝑥𝑦 + 𝑦2

= 4𝑥2 + 4𝑥𝑦 + 1𝑦2 − 6𝑥 − 3𝑦 − 42𝑥 + 𝑦 + 𝑙 2𝑥 + 𝑦 + 𝑚

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥 ∶ 2𝑙 + 2𝑚 = −6

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑥 − 𝑡𝑒𝑟𝑚𝑠 ∶ 2𝑙𝑥 + 2𝑚𝑥 = −6𝑥

… 1
÷ 2

𝑙 + 𝑚 = −3

𝑙𝑚 = −4𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚 ∶

⟹

𝑚 = −
4

𝑙
𝑖𝑛 1 𝑙 + 𝑚 = −3 ⟹ 𝑙 −

4

𝑙
= −3 ⟹

𝑙2 − 4

𝑙
= −3

𝑙2 − 4 = −3𝑙 𝑙2 + 3𝑙 − 4 = 0⟹ ⟹ (𝑙 − 1)(𝑙 + 4) = 0

𝑙 − 1 = 0, 𝑙 + 4 = 0 ⟹ 𝑙 = 1 𝑎𝑛𝑑 𝑙 = −4

𝑚 =
−4

𝑙
𝑠𝑢𝑏 𝑙 = 1 𝑖𝑛 ⟹ 𝑚 =

−4

1
⟹ 𝑚 = −4

𝑙 = 1, 𝑚 = −4

𝑙 = −4, 𝑚 = 1

𝑚 =
−4

−4
𝑠𝑢𝑏 𝑙 = −4 𝑖𝑛 ⟹ 𝑚 = 1
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∴ 𝑇ℎ𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 2𝑥 − 𝑦 − 4 = 0 𝑎𝑛𝑑 2𝑥 − 𝑦 + 1 = 0

𝑐1 = −4 𝑎𝑛𝑑 𝑐2 = 1

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 =
𝑐1 − 𝑐2

𝑎2 + 𝑏2

𝑤ℎ𝑒𝑟𝑒 𝑎 = 2, 𝑏 = 1,

=
−4 − 1

22 + (1)2
=

−5

5
=

−5

4 + 1
=

5

5
=

5 × 5

5

= 5𝑢𝑛𝑖𝑡𝑠

𝟏𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 𝒘𝒊𝒍𝒍
𝒃𝒊𝒔𝒆𝒄𝒕 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒄𝒐 − 𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒊𝒇 𝒂 + 𝒃 𝟐 = 𝟒𝒉𝟐

𝑥

𝑦
𝐺𝑖𝑣𝑒𝑛 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒𝑠 ∶ 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0

𝐼𝑓 𝑤𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑦 = 𝑥 𝑤𝑒 𝑔𝑒𝑡

𝑎𝑥2 + 2ℎ𝑥 𝑥 + 𝑏𝑥2 = 0

𝑎𝑥2 + 2ℎ𝑥2 + 𝑏𝑥2 = 0

÷ 𝑥2

𝑎 + 2ℎ + 𝑏 = 0 ⟹ 𝑎 + 𝑏 = −2ℎ

(𝑎 + 𝑏)2= (−2ℎ)2 ⟹ (𝑎 + 𝑏)2= 4ℎ2

𝐼𝑓 𝑤𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑦 = −𝑥 𝑤𝑒 𝑔𝑒𝑡

𝑎𝑥2 + 2ℎ𝑥 −𝑥 + 𝑏 −𝑥 2 = 0

𝑎𝑥2 − 2ℎ𝑥2 + 𝑏𝑥2 = 0

÷ 𝑥2

𝑎 − 2ℎ + 𝑏 = 0 ⟹ 𝑎 + 𝑏 = 2ℎ

(𝑎 + 𝑏)2= (2ℎ)2 ⟹ (𝑎 + 𝑏)2= 4ℎ2

𝟏𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 𝒘𝒊𝒍𝒍
𝒃𝒊𝒔𝒆𝒄𝒕 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒄𝒐 − 𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒊𝒇 𝒂 + 𝒃 𝟐 = 𝟒𝒉𝟐

𝐺𝑖𝑣𝑒𝑛 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑠𝑡. 𝑙𝑖𝑛𝑒𝑠 ∶ 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0

𝑎 + 𝑏 2 = 4ℎ2 ⟹ 𝑎 + 𝑏 = 4ℎ2 ⟹ 𝑎 + 𝑏 = ± 2ℎ

𝐼𝑓 𝑎 + 𝑏 = 2ℎ

𝑎𝑥2 + 𝑎 + 𝑏 𝑥𝑦 + 𝑏𝑦2 = 0 ⟹ 𝑎𝑥2 + 𝑎𝑥𝑦 + 𝑏𝑥𝑦 + 𝑏𝑦2 = 0

𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑎𝑥𝑦 + 𝑏𝑦2 = 0

𝑎𝑥 + 𝑏𝑦 𝑥 + 𝑎𝑥 + 𝑏𝑦 𝑦 = 0
𝑎𝑥 + 𝑏𝑦 𝑥 + 𝑦 = 0 ⟹ 𝑥 + 𝑦 = 0

𝐼𝑓 𝑎 + 𝑏 = −2ℎ 𝑜𝑟 2ℎ = − 𝑎 + 𝑏

𝑎𝑥2 − 𝑎 + 𝑏 𝑥𝑦 + 𝑏𝑦2 = 0 ⟹ 𝑎𝑥2 − 𝑎𝑥𝑦 − 𝑏𝑥𝑦 + 𝑏𝑦2 = 0

𝑥

𝑦

𝑎𝑥2 − 𝑏𝑥𝑦 − 𝑎𝑥𝑦 + 𝑏𝑦2 = 0 ⟹ 𝑎𝑥 − 𝑏𝑦 𝑥 − 𝑦 𝑎𝑥 − 𝑏𝑦 = 0

𝑎𝑥 − 𝑏𝑦 𝑥 − 𝑦 = 0 ⟹ 𝑥 − 𝑦 = 0

𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑥 + 𝑦 = 0 𝑜𝑟 𝑥 − 𝑦 = 0 𝑏𝑖𝑠𝑒𝑐𝑡 𝑡ℎ𝑒 𝑐𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠 386
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𝟏𝟕. 𝑰𝒇 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙𝟐 − 𝟐𝒌𝒙𝒚 − 𝒚𝟐 = 𝟎 𝒃𝒊𝒔𝒆𝒄𝒕 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆
𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙𝟐 − 𝟐𝒍𝒙𝒚 − 𝒚𝟐 = 𝟎 , 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆
𝒍𝒂𝒕𝒆𝒓 𝒑𝒂𝒊𝒓 𝒂𝒍𝒔𝒐 𝒃𝒊𝒔𝒆𝒄𝒕𝒔𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎𝒆𝒓.

𝑥2 − 2𝑘𝑥𝑦 − 𝑦2 = 0

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠
𝑥2 − 𝑦2

𝑎 − 𝑏
=

𝑥𝑦

ℎ
𝑎 = 1, 𝑏 = −1 , 2ℎ = −2𝑘

ℎ = −𝑘
𝑥2 − 𝑦2

1 − (−1)
=

𝑥𝑦

−𝑘
⟹ 𝑥2 − 𝑦2

2
=

𝑥𝑦

−𝑘
−𝑘𝑥2 + 𝑘𝑦2 = 2𝑥𝑦 ⟹ −𝑘𝑥2 + 𝑘𝑦2 − 2𝑥𝑦 = 0

𝑘𝑥2 − 𝑘𝑦2 + 2𝑥𝑦 = 0 ⟹ 𝑘𝑥2 + 2𝑥𝑦 − 𝑘𝑦2 = 0… 1

𝑥2 − 2𝑙𝑥𝑦 − 𝑦2 = 0 … 2

1 & 2 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑎𝑟𝑒 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛𝑎𝑙

𝑘

1
=

2

−2𝑙
=

−𝑘

−1
⟹ 𝑘 =

1

−𝑙
=

𝑘

1
⟹ 𝑘 = −

1

𝑙

𝑙 = −
1

𝑘
𝐿𝑒𝑡 𝑢𝑠 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑥2 − 2𝑙𝑥𝑦 − 𝑦2 = 0

𝑎 = 1, 𝑏 = −1 , 2ℎ = −2𝑙
ℎ = −𝑙

𝑥2 − 𝑦2

𝑎 − 𝑏
=

𝑥𝑦

ℎ
⟹

𝑥2 − 𝑦2

2
=

𝑥𝑦

−𝑙
⟹ −𝑙𝑥2 + 𝑙𝑦2 = 2𝑥𝑦

−𝑙𝑥2 + 𝑙𝑦2 − 2𝑥𝑦 = 0 ⟹ 𝑙𝑥2 − 𝑙𝑦2 + 2𝑥𝑦 = 0

𝑠𝑢𝑏 𝑙 = −
1

𝑘

−
1

𝑘
𝑥2 +

1

𝑘
𝑦2 + 2𝑥𝑦 = 0 ⟹ −𝑥2 + 𝑦2 + 2𝑘𝑥𝑦 = 0

𝑥2 − 𝑦2 − 2𝑘𝑥𝑦 = 0 ⟹ 𝑥2 − 2𝑘𝑥𝑦 − 𝑦2 = 0

𝟏𝟖. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝟑𝒙𝟐 + 𝟓𝒙𝒚 − 𝟑𝒚𝟐 + 𝟐𝒙 + 𝟑𝒚 = 𝟎 𝒂𝒏𝒅 𝟑𝒙 − 𝟐𝒚 − 𝟏 = 𝟎 𝒂𝒓𝒆
𝒂𝒕 𝒓𝒊𝒈𝒉𝒕 𝒂𝒏𝒈𝒍𝒆𝒔

3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 = 0
3𝑥 − 2𝑦 − 1 = 0 ⟹ 3𝑥 − 2𝑦 = 1

… 1

3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 6𝑥2 − 4𝑥𝑦 + 9𝑥𝑦 − 6𝑦2 = 0

9𝑥2 + 10𝑥𝑦 − 9𝑦2 = 0

𝑇ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛
𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑖𝑠 𝑎 𝑠𝑒𝑐𝑜𝑛𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 1 = 0

3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 3𝑥 − 2𝑦 = 0
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𝑇ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓

3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 = 0 𝑎𝑛𝑑 3𝑥 − 2𝑦 − 1 = 0 𝑎𝑟𝑒 𝑎𝑡 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑠
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Example 4.1 : Suppose one girl or one boy has to be selected for a competition      
from a class comprising 17 boys and 29 girls. In how many different ways can this 
selection be made?

Here the teacher is to perform two jobs :

(i) Selecting a boy among 17 boys

(ii) Selecting a girl among 29 girls

∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏

𝒐𝒓

𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒘𝒂𝒚𝒔 𝒊𝒔 𝟐𝟗 + 𝟏𝟕 = 𝟒𝟔.

= 17 ways

= 29 ways

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟒. 𝟏

𝟒. 𝟐. 𝐂𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐭𝐡𝐞 𝟑 𝐜𝐢𝐭𝐢𝐞𝐬 𝐂𝐡𝐞𝐧𝐧𝐚𝐢, 𝐓𝐫𝐢𝐜𝐡𝐲 𝐚𝐧𝐝 𝐓𝐢𝐫𝐮𝐧𝐞𝐥𝐯𝐞𝐥𝐢. 𝐈𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨
𝐫𝐞𝐚𝐜𝐡 𝐓𝐢𝐫𝐮𝐧𝐞𝐥𝐯𝐞𝐥𝐢 𝐟𝐫𝐨𝐦 𝐂𝐡𝐞𝐧𝐧𝐚𝐢, 𝐨𝐧𝐞 𝐡𝐚𝐬 𝐭𝐨 𝐩𝐚𝐬𝐬 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐓𝐫𝐢𝐜𝐡𝐲.

𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟐 𝐫𝐨𝐚𝐝𝐬 𝐜𝐨𝐧𝐧𝐞𝐜𝐭𝐢𝐧𝐠 𝐂𝐡𝐞𝐧𝐧𝐚𝐢 𝐰𝐢𝐭𝐡 𝐓𝐫𝐢𝐜𝐡𝐲 𝐚𝐧𝐝 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟑
𝐫𝐨𝐚𝐝𝐬 𝐜𝐨𝐧𝐧𝐞𝐜𝐭𝐢𝐧𝐠 𝐓𝐫𝐢𝐜𝐡𝐲 𝐰𝐢𝐭𝐡 𝐓𝐢𝐫𝐮𝐧𝐞𝐥𝐯𝐞𝐥𝐢. 𝐖𝐡𝐚𝐭 𝐚𝐫𝐞 𝐭𝐡𝐞 𝐭𝐨𝐭𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫

𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐭𝐫𝐚𝐯𝐞𝐥𝐥𝐢𝐧𝐠 𝐟𝐫𝐨𝐦 𝐂𝐡𝐞𝐧𝐧𝐚𝐢 𝐭𝐨 𝐓𝐢𝐫𝐮𝐧𝐞𝐥𝐯𝐞𝐥𝐢?

CH TR TV

> >
>
>

𝑹𝟏

𝑹𝟐

>

𝑺𝟏

𝑺𝟐

𝑺𝟑

Let 𝑅1𝑎𝑛𝑑 𝑅2 be 2 roads connecting Chennai to Trichy.

Let 𝑆1, 𝑆2 𝑎𝑛𝑑 𝑆3. be 3 roads connecting Trichy to Tirunelveli.

A person chooses 𝑅1 𝑡𝑜 𝑡𝑟𝑎𝑣𝑒𝑙 𝑓𝑟𝑜𝑚 𝐶ℎ𝑒𝑛𝑛𝑎𝑖 𝑡𝑜 𝑇𝑟𝑖𝑐ℎ𝑦 𝑎𝑛𝑑 𝑚𝑎𝑦 𝑓𝑢𝑟𝑡ℎ𝑒𝑟
choose any of the 3 roads 𝑆1, 𝑆2 or 𝑆3 to travel from Trichy to Tirunelveli.

Thus the possible road choices are 𝑅1, 𝑆1 𝑅1, 𝑆2 𝑅1 , 𝑆3 .

Similarly, if the person chooses 𝑅2 to travel from Chennai to Trichy, the
choices 𝑅2, 𝑆1 , 𝑅2, 𝑆2 , 𝑅2, 𝑆3 .

∴ 𝑇ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑠 2 × 3 = 6. 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐶ℎ𝑒𝑛𝑛𝑎𝑖

𝑡𝑜 𝑇𝑖𝑟𝑢𝑛𝑒𝑙𝑣𝑒𝑙𝑖.
Example 4.3 ∶ 𝐀 𝑺𝒄𝒉𝒐𝒐𝒍 𝐥𝐢𝐛𝐫𝐚𝐫𝐲 𝐡𝐚𝐬 𝟕𝟓 𝐛𝐨𝐨𝐤𝐬 𝐨𝐧 𝐌𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬, 𝟑𝟓 𝐛𝐨𝐨𝐤𝐬 𝐨𝐧
𝐏𝐡𝐲𝐬𝐢𝐜𝐬. 𝐀 𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐜𝐚𝐧 𝐜𝐡𝐨𝐨𝐬𝐞 𝐨𝐧𝐥𝐲 𝐨𝐧𝐞 𝐛𝐨𝐨𝐤. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐚
𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐜𝐚𝐧 𝐜𝐡𝐨𝐨𝐬𝐞 𝐚 𝐛𝐨𝐨𝐤 𝐨𝐧 𝐌𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝐨𝐫 𝐏𝐡𝐲𝐬𝐢𝐜𝐬?
𝑖 𝐴 student can 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎 𝑀𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑠 𝑏𝑜𝑜𝑘 𝑖𝑛 " 75 " different ways

𝑖𝑖 𝐴 𝑠𝑡𝑢𝑑𝑒𝑛𝑡 𝑐𝑎𝑛 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎 𝑃ℎ𝑦𝑠𝑖𝑐𝑠 𝑏𝑜𝑜𝑘 𝑖𝑛 "35" 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑤𝑎𝑦𝑠.
∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏

𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒘𝒂𝒚𝒔 𝒊𝒔 𝟕𝟓 + 𝟑𝟓 = 𝟏𝟏𝟎.
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Example 4.4. 𝐈𝐟 𝐚𝐧 𝐞𝐥𝐞𝐜𝐭𝐫𝐢𝐜𝐢𝐭𝐲 𝐜𝐨𝐧𝐬𝐮𝐦𝐞𝐫 𝐡𝐚𝐬 𝐭𝐡𝐞 𝐜𝐨𝐧𝐬𝐮𝐦𝐞𝐫 𝐧𝐮𝐦𝐛𝐞𝐫 𝐬𝐚𝐲
𝟐𝟑𝟖: 𝟏𝟏𝟎: 𝟐𝟗, 𝐭𝐡𝐞𝐧 𝐝𝐞𝐬𝐜𝐫𝐢𝐛𝐞 𝐭𝐡𝐞 𝐥𝐢𝐧𝐤𝐢𝐧𝐠 𝐚𝐧𝐝 𝐜𝐨𝐮𝐧𝐭 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐡𝐨𝐮𝐬𝐞

𝐜𝐨𝐧𝐧𝐞𝐜𝐭𝐢𝐨𝐧𝐬 𝐮𝐩𝐭𝐨𝟐𝟗𝒕𝒉 𝒄𝒐𝒏𝒔𝒖𝒎𝒆𝒓 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒐𝒏 𝒍𝒊𝒏𝒌𝒆𝒅 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒂𝒓𝒈𝒆𝒓
𝒄𝒂𝒑𝒂𝒄𝒊𝒕𝒚 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒆𝒓 𝒏𝒖𝒎𝒃𝒆𝒓 𝟐𝟑𝟖 𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒕𝒉𝒂𝒕 𝒆𝒂𝒄𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒓 𝒄𝒂𝒑𝒂𝒄𝒊𝒕𝒚 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒆𝒓 𝒄𝒂𝒏 𝒉𝒂𝒗𝒆 𝒂 𝒎𝒂𝒙𝒊𝒎𝒂𝒍 𝒄𝒐𝒏𝒔𝒖𝒎𝒆𝒓 𝒍𝒊𝒏𝒌
𝒐𝒇 𝒔𝒂𝒚 𝟏𝟎𝟎.

There are 110 smaller capacity transformer attached to a larger capacity
transformer. As each smaller capacity transformer can be linked with only

100 consumers, we have for the 109 transformers, there will be 109 × 100
= 10900 𝑙𝑖𝑛𝑘𝑠.

For the 110𝑡ℎ transformer there are only 29 consumers linked. Hence, the total
number of consumer linked to the 238𝑡ℎ 𝑙𝑎𝑟𝑔𝑒𝑟 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑟 𝑖𝑠
10900 + 29 = 1029.

𝐄𝐠 𝟒. 𝟓: 𝐀 𝐩𝐞𝐫𝐬𝐨𝐧 𝐰𝐚𝐧𝐭𝐬 𝐭𝐨 𝐛𝐮𝐲 𝐚 𝐜𝐚𝐫. 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐭𝐰𝐨 𝐛𝐫𝐚𝐧𝐝𝐬 𝐨𝐟 𝐜𝐚𝐫 𝐚𝐯𝐚𝐢𝐥𝐚𝐛𝐥𝐞
𝐢𝐧 𝐭𝐡𝐞 𝐦𝐚𝐫𝐤𝐞𝐭 𝐚𝐧𝐝 𝐞𝐚𝐜𝐡 𝐛𝐫𝐚𝐧𝐝 𝐡𝐚𝐬 𝟑 𝐯𝐚𝐫𝐢𝐚𝐧𝐭 𝐦𝐨𝐝𝐞𝐥𝐬 𝐚𝐧𝐝 𝐞𝐚𝐜𝐡 𝐦𝐨𝐝𝐞𝐥

𝐜𝐨𝐦𝐞𝐬 𝐢𝐧 𝐟𝐢𝐯𝐞 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐜𝐨𝐥𝐨𝐮𝐫𝐬 𝐚𝐬 𝐢𝐧 𝐟𝐢𝐠𝐮𝐫𝐞. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐬𝐡𝐞 𝐜𝐚𝐧
𝐜𝐡𝐨𝐨𝐬𝐞 𝐚 𝐜𝐚𝐫 𝐭𝐨 𝐛𝐮𝐲?

A car can be brought by a brand, a variant model and a colour :

(i) A brand can be choosen
𝒂𝒏𝒅

= 2 ways

(ii) A model can be choosen = 3 ways

𝒂𝒏𝒅

(iii) A colour can be choosen = 5 ways

∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏
𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒘𝒂𝒚𝒔 𝒊𝒔2 × 𝟑 × 𝟓 = 𝟑𝟎 𝒘𝒂𝒚𝒔

𝟒. 𝟔. 𝐀 𝐖𝐨𝐦𝐚𝐧 𝐰𝐚𝐧𝐭𝐬 𝐭𝐨 𝐬𝐞𝐥𝐞𝐜𝐭 𝐨𝐧𝐞 𝐬𝐢𝐥𝐤 𝐬𝐚𝐫𝐞𝐞 𝐚𝐧𝐝 𝐨𝐧𝐞 𝐬𝐮𝐧𝐠𝐮𝐝𝐢 𝐬𝐚𝐫𝐞𝐞
𝐟𝐫𝐨𝐦 𝐚 𝐭𝐞𝐱𝐭𝐢𝐥𝐞 𝐬𝐡𝐨𝐩 𝐥𝐨𝐜𝐚𝐭𝐞𝐝 𝐚𝐭 𝐊𝐚𝐧𝐜𝐡𝐞𝐞𝐩𝐮𝐫𝐚𝐦. 𝐈𝐧 𝐭𝐡𝐚𝐭 𝐬𝐡𝐨𝐩, 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞

𝟐𝟎 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐯𝐚𝐫𝐢𝐞𝐭𝐢𝐞𝐬 𝐨𝐟 𝐬𝐢𝐥𝐤 𝐬𝐚𝐫𝐞𝐞𝐬 𝐚𝐧𝐝 𝟖 𝐝𝐢𝐟𝐟𝐞𝐫𝐫𝐞𝐧𝐭 𝐯𝐚𝐫𝐢𝐞𝐭𝐢𝐞𝐬 𝐨𝐟
𝐬𝐮𝐧𝐠𝐮𝐝𝐢 𝐬𝐚𝐫𝐞𝐞𝐬. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐬𝐡𝐞 𝐜𝐚𝐧 𝐬𝐞𝐥𝐞𝐜𝐭 𝐡𝐞𝐫 𝐬𝐚𝐫𝐞𝐞𝐬?

(i) Selecting a silk saree among 20 vareties = 20 ways
𝒂𝒏𝒅
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(ii) Selecting a sungudi saree 8 vareties = 8 ways

∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏

𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒘𝒂𝒚𝒔 𝒊𝒔 𝟐𝟎 × 𝟖 = 𝟏𝟔𝟎.

𝟒. 𝟕. 𝐈𝐧 𝐚 𝐯𝐢𝐥𝐥𝐚𝐠𝐞, 𝐨𝐮𝐭 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐨𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐩𝐞𝐨𝐩𝐥𝐞, 𝟖𝟎 𝐩𝐞𝐫𝐜𝐞𝐧𝐭𝐚𝐠𝐞 𝐨𝐟 𝐭𝐡𝐞
𝐩𝐞𝐨𝐩𝐥𝐞 𝐨𝐰𝐧 𝐂𝐨𝐜𝐨𝐧𝐮𝐭 𝐠𝐫𝐨𝐯𝐞𝐬 𝐚𝐧𝐝 𝟔𝟓 𝐩𝐞𝐫𝐜𝐞𝐧𝐭 𝐨𝐟 𝐭𝐡𝐞 𝐩𝐞𝐨𝐩𝐥𝐞 𝐨𝐰𝐧 𝐏𝐚𝐝𝐝𝐲
𝐟𝐢𝐞𝐥𝐝𝐬. 𝐖𝐡𝐚𝐭 𝐢𝐬 𝐭𝐡𝐞 𝐦𝐢𝐧𝐢𝐦𝐮𝐦 𝐩𝐞𝐫𝐜𝐞𝐧𝐭𝐚𝐠𝐞 𝐨𝐟 𝐩𝐞𝐨𝐩𝐥𝐞 𝐨𝐰𝐧 𝐛𝐨𝐭𝐡?

Let n 𝐶 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑜𝑓 𝑝𝑒𝑜𝑝𝑙𝑒 𝑤ℎ𝑜 𝑜𝑤𝑛 𝑡ℎ𝑒 𝐶𝑜𝑐𝑜𝑛𝑢𝑡 𝑔𝑟𝑜𝑣𝑒𝑠 𝑎𝑛𝑑

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑛 𝐶 = 80 𝑎𝑛𝑑 𝑛 𝑃 = 65

n 𝐶 ∩ 𝑃 = 𝑛 𝐶 + 𝑛 𝑃 − 𝑛 𝐶 ∪ 𝑃 .

n 𝐶 ∩ 𝑃 = 80 + 65 − 100

This is , the minimum percentage of the people who own both is 45.

n 𝑃 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑜𝑓 𝑝𝑒𝑜𝑝𝑙𝑒 𝑤ℎ𝑜 𝑜𝑤𝑛 𝑃𝑎𝑑𝑑𝑦 𝑓𝑖𝑒𝑙𝑑𝑠.

𝐵𝑦 𝑡ℎ𝑒 𝑟𝑢𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 − 𝑒𝑥𝑐𝑙𝑢𝑠𝑖𝑜𝑛.

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑜𝑝𝑙𝑒 𝑜𝑤𝑛 𝑐𝑜𝑐𝑜𝑛𝑢𝑡 𝑔𝑟𝑜𝑣𝑒𝑠 𝑜𝑟 𝑝𝑎𝑑𝑑𝑦 𝑔𝑟𝑜𝑣𝑒𝑠 𝑖𝑠 100%

𝑛 𝐶 ∪ 𝑃 = 100.

n 𝐶 ∩ 𝑃 = 45.

E𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟖: 𝐢 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝐥𝐞𝐧𝐠𝐭𝐡 𝟒, 𝐰𝐡𝐢𝐜𝐡 𝐜𝐚𝐧 𝐛𝐞
𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐁𝐈𝐑𝐃 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞
𝐥𝐞𝐭𝐭𝐞𝐫𝐬.

(i) repetition is not allowed
𝑈𝑠𝑖𝑛𝑔 ∶ 𝐵, 𝐼, 𝑅, 𝐷

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ
1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R, D = 4 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R,D = 3 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R,D = 2 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R,D = 1 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 × 2 × 1 = 24 𝑤𝑎𝑦𝑠
𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝐥𝐞𝐧𝐠𝐭𝐡 𝟓 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐨𝐮𝐭 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞
𝐰𝐨𝐫𝐝 𝐏𝐑𝐈𝐌𝐄 𝐭𝐚𝐤𝐢𝐧𝐠 𝐚𝐥𝐥 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐚𝐭 𝐚 𝐭𝐢𝐦𝐞 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧.

(ii) repetition is not allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 𝑃, 𝑅, 𝐼, 𝑀, 𝐸 1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑃, 𝑅, 𝐼, 𝑀, 𝐸 = 5 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑃, 𝑅, 𝐼, 𝑀, 𝐸 = 4 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠𝑃, 𝑅, 𝐼, 𝑀, 𝐸 = 3 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑃, 𝑅, 𝐼, 𝑀, 𝐸 = 2 𝑤𝑎𝑦𝑠
5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑃 = 1 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 4 × 3 × 2 × 1 = 120 𝑤𝑎𝑦𝑠
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𝐄𝐠. 𝟒. 𝟗: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝐥𝐞𝐧𝐠𝐭𝐡 𝟔 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞
𝐅𝐋𝐎𝐖𝐄𝐑 𝐢𝐟 𝐢 𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐅 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐑?
𝐢𝐢 𝐧𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐅 𝐧𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐑?

(i) 𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐅 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐑

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅

𝑆𝑡𝑟𝑖𝑛𝑔 𝑠𝑡𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ 𝐹 1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ 6𝑡ℎ

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝐹 = 1 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 5 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 4 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 3 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 2 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 1 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 4 × 3 × 2 × 1= 120 𝑤𝑎𝑦𝑠

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅

𝑆𝑡𝑟𝑖𝑛𝑔 𝑒𝑛𝑑𝑠 𝑤𝑖𝑡ℎ 𝑅

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ 6𝑡ℎ
1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸 = 5 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸 = 4 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸 = 3 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸 = 2 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸 = 1 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝑅 = 1 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 4 × 3 × 2 × 1= 120 𝑤𝑎𝑦𝑠
𝑈𝑠𝑖𝑛𝑔 ∶ 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅

𝑆𝑡𝑟𝑖𝑛𝑔 𝑠𝑡𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ 𝐹 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑒𝑛𝑑 𝑤𝑖𝑡ℎ 𝑅

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝐹 = 1 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸 = 4 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, = 3 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, = 2 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑊, 𝐸, = 1 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝑅 = 1 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 × 2 × 1 = 24 𝑤𝑎𝑦𝑠

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ 6𝑡ℎ

𝐵𝑦 𝑇ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 − 𝑒𝑥𝑐𝑙𝑢𝑠𝑖𝑜𝑛

The number of strings of length either starts with F or ends with R
= 120 + 120 − 24 = 240 − 24 = 216
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(ii) n𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐅 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐑

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 6 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 5 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 4 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 3 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 2 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐹, 𝐿, 𝑂, 𝑊, 𝐸, 𝑅 = 1 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 6 × 5 × 4 × 3 × 2 × 1 = 720 𝑤𝑎𝑦𝑠

The number of 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝐥𝐞𝐧𝐠𝐭𝐡 𝐧𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐅 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐑

= 720 − 216 = 504

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ 6𝑡ℎ

𝐄𝐠. 𝟒. 𝟏𝟎: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐥𝐢𝐜𝐞𝐧𝐜𝐞 𝐩𝐥𝐚𝐭𝐞𝐬 𝐦𝐚𝐲 𝐛𝐞 𝐦𝐚𝐝𝐞 𝐮𝐬𝐢𝐧𝐠 𝐞𝐢𝐭𝐡𝐞𝐫 𝐭𝐰𝐨 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭
𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐞𝐝 𝐛𝐲 𝐟𝐨𝐮𝐫 𝐝𝐢𝐠𝐢𝐭𝐬 𝐨𝐫 𝐭𝐰𝐨 𝐝𝐢𝐠𝐢𝐭𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐞𝐝 𝐛𝐲 𝟒 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭

𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐰𝐡𝐞𝐫𝐞 𝐚𝐥𝐥 𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐧𝐝 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐚𝐫𝐞 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭?

𝐶𝑎𝑠𝑒 1: 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑖𝑐𝑒𝑛𝑠𝑒 𝑝𝑙𝑎𝑡𝑒𝑠 ℎ𝑎𝑣𝑖𝑛𝑔 𝑡𝑤𝑜 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑒𝑑 𝑏𝑦 𝑓𝑜𝑢𝑟
𝑑𝑖𝑔𝑖𝑡𝑠 𝑖𝑠

1000′𝑠 100′𝑠 10′𝑠 𝑢𝑛𝑖𝑡′𝑠

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 26 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 25 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 8 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 9 𝑤𝑎𝑦𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 7 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 26 × 25 × 10 × 9 × 8 × 7 = 32,76,000

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 10 𝑤𝑎𝑦𝑠

𝐶𝑎𝑠𝑒 2: 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑖𝑐𝑒𝑛𝑠𝑒 𝑝𝑙𝑎𝑡𝑒𝑠 ℎ𝑎𝑣𝑖𝑛𝑔 𝑡𝑤𝑜 𝑑𝑖𝑔𝑖𝑡𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑒𝑑 𝑏𝑦 𝑓𝑜𝑢𝑟
𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑖𝑠

10′𝑠 𝑢𝑛𝑖𝑡′𝑠
10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 10 𝑤𝑎𝑦𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 9 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 26 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 25 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 24 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 − 𝑍 𝑖𝑛 23 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 10 × 9 × 26 × 25 × 24 × 23 = 3,22,92,000
𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑖𝑐𝑒𝑛𝑠𝑒 𝑝𝑙𝑎𝑡𝑒𝑠 = 32,76,000 + 3,22,92,000

= 3,55,68,000
393
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟏𝟏: 𝐂𝐨𝐮𝐧𝐭 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐢𝐧𝐭𝐞𝐠𝐞𝐫𝐬 𝐠𝐫𝐞𝐚𝐭𝐞𝐫 𝐭𝐡𝐚𝐧
𝟕𝟎𝟎𝟎 𝐚𝐧𝐝 𝐥𝐞𝐬𝐬 𝐭𝐡𝐚𝐧 𝟖𝟎𝟎𝟎 𝐰𝐡𝐢𝐜𝐡 𝐚𝐫𝐞 𝐝𝐢𝐯𝐢𝐬𝐢𝐛𝐥𝐞 𝐛𝐲 𝟓, 𝐩𝐫𝐨𝐯𝐢𝐝𝐞𝐝 𝐭𝐡𝐚𝐭 𝐧𝐨
𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐫𝐞 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝.

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠: 0, 1, 2, 3, 4, 5, 6, 8, 9
𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠1000′𝑠

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 1 𝑤𝑎𝑦

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 2 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0, 1, 2, 3, 4, 5, 6, 8, 9 = 8 𝑤𝑎𝑦𝑠
10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0, 1, 2, 3, 4, 5, 6, 8, 9 = 7𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 1 × 2 × 7 × 8 = 112 𝑤𝑎𝑦𝑠

𝐄𝐠. 𝟒. 𝟏𝟐: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝟒 − 𝐝𝐢𝐠𝐢𝐭 𝐞𝐯𝐞𝐧 𝐧𝐮𝐦𝐛𝐞𝐫 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞
𝐝𝐢𝐠𝐢𝐭𝐬 𝟎, 𝟏, 𝟐, 𝟑 𝐚𝐧𝐝 𝟒, 𝐢𝐟 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐫𝐞 𝐧𝐨𝐭 𝐩𝐞𝐫𝐦𝐢𝐭𝐭𝐞𝐝 ?

1000′𝑠 100′𝑠 10′𝑠 𝑢𝑛𝑖𝑡′𝑠

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1,2,3,4 = 4𝑤𝑎𝑦𝑠

100′𝑠𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1,2,3,4 = 3𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1,2,3,4 = 2𝑤𝑎𝑦𝑠

𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑑𝑖𝑔𝑖𝑡 0 = 1𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 × 2 × 1 = 24

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠: 0, 1, 2, 3, 4
𝐶𝑎𝑠𝑒 1: 𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 0

1000′𝑠 100′𝑠 10′𝑠 𝑢𝑛𝑖𝑡′𝑠

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1,2,3 = 3 𝑤𝑎𝑦𝑠

100′𝑠𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0, 1,2 = 3𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1= 2𝑤𝑎𝑦𝑠

𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑑𝑖𝑔𝑖𝑡 2 𝑜𝑟 4 = 2 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 3 × 3 × 2 × 2 = 36

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠: 0, 1, 2, 3, 4

𝐶𝑎𝑠𝑒 2: 𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 2 𝑜𝑟 4

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 4 − 𝑑𝑖𝑔𝑖𝑡𝑠 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = 24 + 36 = 60

𝐄𝐠 ∶ 𝟒. 𝟏𝟑. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐭𝐨𝐭𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐨𝐮𝐭𝐜𝐨𝐦𝐞 𝐰𝐡𝐞𝐧 𝟓 𝐜𝐨𝐢𝐧𝐬 𝐚𝐫𝐞 𝐭𝐨𝐬𝐬𝐞𝐝
𝐨𝐧𝐜𝐞.
When a coin is tossed, the outcomes are in two ways which are Head, Tail .

The number of outcomes when 5 coins are tossed is

∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏

25 = 2 × 2 × 2 × 2 × 2 = 32.

𝟒. 𝟏𝟒. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲 𝐢 𝟓 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐛𝐚𝐥𝐥𝐬 𝐛𝐞 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐞𝐝 𝐚𝐦𝐨𝐧𝐠
𝟑 𝐛𝐨𝐱𝐞𝐬? 𝐢𝐢 𝟑 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐛𝐚𝐥𝐥𝐬 𝐡𝐞 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐞𝐝 𝐚𝐦𝐨𝐧𝐠 𝟓 𝐛𝐨𝐱𝐞𝐬?
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𝑖 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 𝑏𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑎𝑚𝑜𝑛𝑔 3 𝑏𝑜𝑥𝑒𝑠.

1𝑠𝑡 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 5𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 5𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 5𝑤𝑎𝑦𝑠

∴ 𝑇ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

The number of ways of distributing 5 different balls among three boxes

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 5 × 5 = 125 𝑤𝑎𝑦𝑠

𝑖𝑖 3 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑎𝑚𝑜𝑛𝑔 5 𝑏𝑜𝑥𝑒𝑠

3𝑤𝑎𝑦𝑠 3𝑤𝑎𝑦𝑠 3𝑤𝑎𝑦𝑠 3𝑤𝑎𝑦𝑠 3𝑤𝑎𝑦𝑠

1𝑠𝑡 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 3𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 3𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 3𝑤𝑎𝑦𝑠
4𝑡ℎ 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 3𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑏𝑜𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑏𝑎𝑙𝑙𝑠 = 3𝑤𝑎𝑦𝑠

∴ 𝑇ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

The number of ways of distributing 3different balls among five boxes

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 3 × 3 × 3 × 3 × 3 = 35 𝑤𝑎𝑦𝑠

𝟒. 𝟏𝟓. 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟏𝟎 𝐛𝐮𝐥𝐛𝐬 𝐢𝐧 𝐚 𝐫𝐨𝐨𝐦 𝐄𝐚𝐜𝐡 𝐨𝐧𝐞 𝐨𝐟 𝐭𝐡𝐞𝐦 𝐜𝐚𝐧 𝐛𝐞 𝐨𝐩𝐞𝐫𝐚𝐭𝐞𝐝
𝐢𝐧𝐝𝐞𝐩𝐞𝐧𝐝𝐞𝐧𝐭𝐥𝐲. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐢𝐧 𝐰𝐡𝐢𝐜𝐡 𝐭𝐡𝐞 𝐫𝐨𝐨𝐦 𝐜𝐚𝐧 𝐛𝐞
𝐢𝐥𝐥𝐮𝐦𝐢𝐧𝐚𝐭𝐞𝐝.

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

𝑂𝑁 𝑜𝑟 𝑂𝐹𝐹
2 𝑤𝑎𝑦𝑠

Each of the 10 bulbs are operated independently means that each buld can be
operated in two ways. That is in off mode or on mode.

The total number of doing this = 210

which includes the case in which 10 bulbs are off.

Keeping all 10 bulbs in ′off ′ mode, the room cannot be illuminated
Hence, the total number of ways = 210 − 1 = 1024 − 1 = 1023.
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𝟏. 𝒊 𝑨 𝒑𝒆𝒓𝒔𝒐𝒏 𝒘𝒆𝒏𝒕 𝒕𝒐 𝒂 𝒓𝒆𝒔𝒕𝒂𝒖𝒓𝒂𝒏𝒕 𝒇𝒐𝒓 𝒅𝒊𝒏𝒏𝒆𝒓. 𝑰𝒏 𝒕𝒉𝒆 𝒎𝒆𝒏𝒖 𝒄𝒂𝒓𝒅, 𝒕𝒉𝒆
𝒑𝒆𝒓𝒔𝒐𝒏 𝒔𝒂𝒘 𝟏𝟎 𝑰𝒏𝒅𝒊𝒂𝒏 𝒂𝒏𝒅 𝟕 𝑪𝒉𝒊𝒏𝒆𝒔𝒆 𝒇𝒐𝒐𝒅 𝒊𝒕𝒆𝒎𝒔. 𝑰𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒘𝒂𝒚𝒔
𝒕𝒉𝒆 𝒑𝒆𝒓𝒔𝒐𝒏 𝒄𝒂𝒏 𝒔𝒆𝒍𝒆𝒄𝒕 𝒆𝒊𝒕𝒉𝒆𝒓 𝒂𝒏 𝑰𝒏𝒅𝒊𝒂𝒏 𝒐𝒓 𝒂 𝑪𝒉𝒊𝒏𝒆𝒔𝒆 𝒇𝒐𝒐𝒅?

Here the person is to perform two jobs :

(i) Selecting a indian food among 10 items

(ii) Selecting a chinese food among 7 items

∴ 𝑻𝒉𝒆 𝒇𝒖𝒏𝒅𝒂𝒎𝒆𝒏𝒕𝒂𝒍 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏

𝒐𝒓

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑠

= 10 ways

= 7 ways

10 + 7 = 17

𝒊𝒊 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟑 𝐭𝐲𝐩𝐞𝐬 𝐨𝐟 𝐭𝐨𝐲 𝐜𝐚𝐫 𝐚𝐧𝐝 𝟐 𝐭𝐲𝐩𝐞𝐬 𝐨𝐟 𝐭𝐨𝐲 𝐭𝐫𝐚𝐢𝐧 𝐚𝐯𝐚𝐢𝐥𝐚𝐛𝐥𝐞 𝐢𝐧 𝐚
𝐬𝐡𝐨𝐩. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐚 𝐛𝐚𝐛𝐲 𝐜𝐚𝐧 𝐛𝐮𝐲 𝐚 𝐭𝐨𝐲 𝐜𝐚𝐫 𝐚𝐧𝐝 𝐚 𝐭𝐨𝐲 𝐭𝐫𝐚𝐢𝐧?

(i) Selecting a toy car among 3 types

(ii) Selecting a toy train among 2 types
𝒂𝒏𝒅

= 3 ways

= 2 ways

∴ 𝑇ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑠 3 × 2 = 6

𝒊𝒊𝒊 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐭𝐰𝐨 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝟏, 𝟐, 𝟑, 𝟒, 𝟓
𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬?

𝑇𝑤𝑜 𝑑𝑖𝑔𝑖𝑡𝑠 𝑛𝑢𝑚𝑏𝑒𝑟 𝑢𝑠𝑖𝑛𝑔 1, 2, 3, 4, 5 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑔𝑖𝑡𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠1,2 3,4,5

= 4 𝑤𝑎𝑦𝑠10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑏𝑦 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 4 𝑑𝑖𝑔𝑖𝑡𝑠

= 5 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 4 = 20 𝑤𝑎𝑦𝑠

𝒊𝒗 𝐓𝐡𝐫𝐞𝐞 𝐩𝐞𝐫𝐬𝐨𝐧𝐬 𝐞𝐧𝐭𝐞𝐫 𝐢𝐧 𝐭𝐨 𝐚 𝐜𝐨𝐧𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝐡𝐚𝐥𝐥 𝐢𝐧 𝐰𝐡𝐢𝐜𝐡 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟏𝟎
𝐬𝐞𝐚𝐭𝐬. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐭𝐡𝐞𝐲 𝐜𝐚𝐧 𝐭𝐚𝐤𝐞 𝐭𝐡𝐞𝐢𝐫 𝐬𝐞𝐚𝐭𝐬?

𝑇ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑝𝑒𝑟𝑠𝑜𝑛 𝑐𝑎𝑛 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 9 𝑠𝑒𝑎𝑡𝑠 𝑖𝑛 9 𝑤𝑎𝑦𝑠.
𝑇ℎ𝑖𝑠 𝑓𝑖𝑟𝑠𝑡 𝑝𝑒𝑟𝑠𝑜𝑛 𝑐𝑎𝑛 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 10 𝑠𝑒𝑎𝑡𝑠 𝑖𝑛 10 𝑤𝑎𝑦𝑠

𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑝𝑒𝑟𝑠𝑜𝑛 𝑐𝑎𝑛 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 8 𝑠𝑒𝑎𝑡𝑠 𝑖𝑛 8 𝑤𝑎𝑦𝑠.

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 10 × 9 × 8 = 720.

𝒗 𝑰𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒘𝒂𝒚𝒔 𝟓 𝒑𝒆𝒓𝒔𝒐𝒏𝒔 𝒄𝒂𝒏 𝒃𝒆 𝒔𝒆𝒂𝒕𝒆𝒅 𝒊𝒏 𝒂 𝒓𝒐𝒘?

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 5 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 = 5𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 4 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 = 4𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 3 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 = 3 𝑤𝑎𝑦𝑠
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𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟏𝟔: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐢 𝟓! 𝐢𝐢 𝟔! − 𝟓! 𝐢𝐢𝐢
𝟖!

𝟓! × 𝟐!
= 5 × 4 × 3 × 2 × 1𝒊 𝟓! = 120

𝒊𝒊 𝟔! − 𝟓!= 6 × 5!

= 5! (6 − 1) = (5 × 4 × 3 × 2 × 1)

− 5!

= 120 = 600

=
8 × 7 × 6 × 5!

5! × 2!
𝒊𝒊𝒊

𝟖!

𝟓! × 𝟐! =
8 × 7 × 6

2 × 1

4

= 168

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟏𝟕: 𝐒𝐢𝐦𝐩𝐥𝐢𝐟𝐲
𝟕!

𝟐!

=
7 × 6 × 5 × 4 × 3 × 2!

2!

𝟕!

𝟐!
= 7 × 6 × 5 × 4 × 3 = 2520

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟏𝟖: 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆
𝒏!

𝒓! 𝒏 − 𝒓 !
𝒘𝒉𝒆𝒏 𝒊 𝒏 = 𝟕, 𝒓 = 𝟓

𝒊𝒊 𝒏 = 𝟓𝟎, 𝒓 = 𝟒𝟕, 𝒊𝒊𝒊 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒘𝒊𝒕𝒉 𝒓 = 𝟑.

𝑛!

𝑟! 𝑛 − 𝑟 !

𝒊 𝒏 = 𝟕, 𝒓 = 𝟓

=
7!

5! 7 − 5 !
=

7!

5! × 2!
=

7 × 6 × 5!

5! × 2!
=

7 × 6

2 × 1

3

= 21

𝑛!

𝑟! 𝑛 − 𝑟 !

𝒊𝒊 𝒏 = 𝟓𝟎, 𝒓 = 𝟒𝟕

=
50!

47! 50 − 47 !

=
50!

47! × 3!
=

50 × 49 × 48 × 47!

47! × 3!
=

50 × 49 × 48

3 × 2 × 1

24

8

= 19600

𝒊𝒊𝒊 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒏 𝒘𝒊𝒕𝒉 𝒓 = 𝟑

𝑛!

𝑟! 𝑛 − 𝑟 !
=

n!

3! n − 3 !
=

n n − 1 n − 2 (𝑛 − 3)!

3 × 2 × 1 n − 3 !

=
n n − 1 (𝑛 − 2)

6
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟏𝟗: 𝐋𝐞𝐭 𝐍 𝐝𝐞𝐧𝐨𝐭𝐞 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐝𝐚𝐲𝐬. 𝐈𝐟 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐍!
𝐢𝐬 𝐞𝐪𝐮𝐚𝐥 𝐭𝐨 𝐭𝐡𝐞 𝐭𝐨𝐚𝐭𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐡𝐨𝐮𝐫𝐬 𝐢𝐧 𝐍 𝐝𝐚𝐲𝐬 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐍

We need to solve the equation N! = 24 × N.

N 𝑁 − 1 ! = 24 × N 𝑁 − 1 ! = 1 × 2 × 3 × 4

𝑁 − 1 ! = 4! N − 1 = 4
N = 4 + 1 N = 5

⟹

⟹
⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟐𝟎: 𝑰𝒇
𝟔!

𝒏!
= 𝟔, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒏.

6!

𝑛!
= 6 ⟹

6!

6
= 𝑛!
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6 × 5!

6
= 𝑛!

𝑛! = 5! ⟹ 𝑛 = 5

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟏: 𝐈𝐟 𝐧! + 𝐧 − 𝟏 ! = 𝟑𝟎, 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐧.

𝑛! + 𝑛 − 1 ! = 30

𝑛 𝑛 − 1 ! + 𝑛 − 1 ! = 30

𝑛 − 1 ! 𝑛 + 1 = 30 𝑛 − 1 ! 𝑛 + 1 = 5 × 3!

𝑛 − 1 ! = 3! 𝑜𝑟 𝑛 + 1 = 5
𝑛 − 1 = 3, 𝑛 = 4

⟹

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟐: 𝐖𝐡𝐚𝐭 𝐢𝐬 𝐭𝐡𝐞 𝐮𝐧𝐢𝐭 𝐝𝐢𝐠𝐢𝐭 𝐨𝐟 𝐭𝐡𝐞 𝐬𝐮𝐦 𝟐! + 𝟑! + 𝟒! + ⋯ . +𝟐𝟐!?

2! + 3! + 4! + ⋯ + 22!

𝐹𝑟𝑜𝑚 5! 𝑜𝑛𝑤𝑎𝑟𝑑𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛! 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑑𝑖𝑔𝑖𝑡 𝑖𝑠 𝑧𝑒𝑟𝑜

2! + 3! + 4! = 2 + 6 + 24 = 32

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑢𝑛𝑖𝑡 𝑑𝑖𝑔𝑖𝑡 𝑖𝑠 2.

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟑: 𝐈𝐟
𝟏

𝟕!
+

𝟏

𝟖!
=

𝑨

𝟗!
𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑨.

1

7!
+

1

8!
=

𝐴

9!

1

7!
+

1

8 × 7!
=

𝐴

9 × 8 × 7!
1

7!
1 +

1

8
=

1

7!
×

𝐴

9 × 8
8 + 1

8
=

𝐴

72
9

8
=

𝐴

72 = 𝐴
9

8
× 72

9
𝐴 = 81

⟹

⟹

⟹ ⟹

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟒: 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝟐𝒏 !

𝒏!
= 𝟐𝒏 𝟏. 𝟑. 𝟓 … 𝟐𝒏 − 𝟏

2𝑛!

𝑛!
=

2𝑛 (2𝑛 − 1)(2𝑛 − 2) … … … 4 × 3 × 2 × 1

𝑛!

𝐺𝑟𝑜𝑢𝑝𝑖𝑛𝑔 𝑜𝑑𝑑 𝑎𝑛𝑑 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑙𝑦

=
1 × 3 × 5 … … (2𝑛 − 1) 2 × 4 … … 2𝑛

𝑛!

=
1 × 3 × 5 … … (2𝑛 − 1) 2𝑛

𝑛!

1 × 2 × 3 … … 𝑛

=
1 × 3 × 5 … … (2𝑛 − 1) 2𝑛

𝑛!

𝑛!
= 2𝑛 1 × 3 × 5 … … (2𝑛 − 1)
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4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 2 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 = 2 𝑤𝑎𝑦𝑠
5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 1 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 = 1𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 5 × 4 × 3 × 2 × 1 = 120 𝑤𝑎𝑦𝑠

𝟐. 𝒊 𝑨 𝒎𝒐𝒃𝒊𝒍𝒆 𝒑𝒉𝒐𝒏𝒆 𝒉𝒂𝒔 𝒂 𝒑𝒂𝒔𝒔𝒄𝒐𝒅𝒆 𝒐𝒇 𝟔 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒅𝒊𝒈𝒊𝒕𝒔. 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆
𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒂𝒕𝒕𝒆𝒎𝒑𝒕𝒔 𝒐𝒏𝒆 𝒎𝒂𝒌𝒆𝒔 𝒕𝒐 𝒓𝒆𝒕𝒓𝒊𝒆𝒗𝒆 𝒕𝒉𝒆 𝒑𝒂𝒔𝒔𝒄𝒐𝒅𝒆?

1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ 6𝑡ℎ

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠: 1, 2, 3, 4,5, 6, 7,8,9, 0

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 10 𝑤𝑎𝑦𝑠
2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 9 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 8 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 7 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 6 𝑤𝑎𝑦𝑠

6𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑢𝑝 𝑖𝑛 = 5 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 10 × 9 × 8 × 7 × 6 × 5 = 1, 51, 200

𝒊𝒊 𝑮𝒊𝒗𝒆𝒏 𝒇𝒐𝒖𝒓 𝒇𝒍𝒂𝒈𝒔 𝒐𝒇 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒄𝒐𝒍𝒐𝒖𝒓𝒔, 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕
𝒔𝒊𝒈𝒏𝒂𝒍𝒔 𝒄𝒂𝒏 𝒃𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒆𝒅 𝒊𝒇 𝒆𝒂𝒄𝒉 𝒔𝒊𝒈𝒏𝒂𝒍 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒔 𝒕𝒉𝒆 𝒖𝒔𝒆 𝒐𝒇 𝒕𝒉𝒓𝒆𝒆
𝒇𝒍𝒂𝒈𝒔, 𝒐𝒏𝒆 𝒃𝒆𝒍𝒐𝒘 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓?

(i) Selecting 1 flag among 4 flags= 4 ways

(ii) Selecting anthor flag among 3 flags

𝑎𝑛𝑑

= 3 ways

𝑎𝑛𝑑

(ii) Selecting anthor flag among 2 flags = 2 ways

∴ 𝑇ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓different signals 𝑖𝑠 4 × 3 × 2 = 24

𝟑. 𝑭𝒐𝒖𝒓 𝒄𝒉𝒊𝒍𝒅𝒓𝒆𝒏 𝒂𝒓𝒆 𝒓𝒖𝒏𝒏𝒊𝒏𝒈 𝒂 𝒓𝒂𝒄𝒆.

𝒊 𝑰𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒘𝒂𝒚𝒔 𝒄𝒂𝒏 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒘𝒐 𝒑𝒍𝒂𝒄𝒆𝒔 𝒃𝒆 𝒇𝒊𝒍𝒍𝒆𝒅?

𝒊𝒊 𝑰𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒘𝒂𝒚𝒔 𝒄𝒐𝒖𝒍𝒅 𝒕𝒉𝒆𝒚 𝒇𝒊𝒏𝒊𝒔𝒉 𝒕𝒉𝒆 𝒓𝒂𝒄𝒆?

𝑖 𝐹𝑖𝑟𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑜 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 4 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛 𝑖𝑛 4 𝑤𝑎𝑦𝑠.

The second place can be given to any one of the remaining 3 children in 3 ways.

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 = 12.

𝑖𝑖 𝑇ℎ𝑒 winner 𝑚𝑎𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 4 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛

𝑇ℎ𝑒 𝑟𝑢𝑛𝑛𝑒𝑟 𝑐𝑢𝑝 𝑚𝑎𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑓 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 3 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛
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𝟒. 𝐂𝐨𝐮𝐧𝐭 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐭𝐡𝐫𝐞𝐞 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐰𝐡𝐢𝐜𝐡 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝
𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝟐, 𝟒, 𝟔, 𝟖 𝐢𝐟 𝐢 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐚𝐥𝐥𝐨𝐰𝐞𝐝.
𝐢𝐢 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐧𝐨𝐭 𝐚𝐥𝐥𝐨𝐰𝐞𝐝.

(i) repetition is allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 2, 4, 6, 8

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8 = 4 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8= 4 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8 = 4 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 4 × 4 = 64 𝑤𝑎𝑦𝑠

(ii) repetition is not allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 2, 4, 6, 8
1𝑠𝑡 2𝑛𝑑 3𝑟𝑑

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8 = 4 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8 = 3 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 2, 4, 6, 8 = 2 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 × 2 = 24 𝑤𝑎𝑦𝑠

𝟓. 𝑯𝒐𝒘 𝒎𝒂𝒏𝒚 𝒕𝒉𝒓𝒆𝒆 − 𝒅𝒊𝒈𝒊𝒕 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒂𝒓𝒆 𝒕𝒉𝒆𝒓𝒆 𝒘𝒊𝒕𝒉 𝟑 𝒊𝒏 𝒕𝒉𝒆 𝒖𝒏𝒊𝒕 𝒑𝒍𝒂𝒄𝒆?
𝒊 𝒘𝒊𝒕𝒉 𝒓𝒆𝒑𝒆𝒕𝒊𝒕𝒊𝒐𝒏 𝒊𝒊 𝒘𝒊𝒕𝒉𝒐𝒖𝒕 𝒓𝒆𝒑𝒆𝒕𝒊𝒕𝒊𝒐𝒏.

(i) repetition is allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9
𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 1 𝑤𝑎𝑦

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5, 6, 7, 8, 9 = 10 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4, 5, 6, 7, 8, 9 = 9 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 10 × 9 × 1 = 90 𝑤𝑎𝑦𝑠

(ii) without repetition

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 1 𝑤𝑎𝑦

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4, 5, 6, 7, 8, 9 = 8 𝑤𝑎𝑦𝑠
10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0, 1, 2, 4, 5, 6, 7, 8, 9 = 8 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 8 × 8 × 1= 64 𝑤𝑎𝑦𝑠

𝟔. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝟏𝟎𝟎 𝐚𝐧𝐝 𝟓𝟎𝟎 𝐰𝐢𝐡 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬
𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓? 𝐢𝐟 𝐢 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐥𝐥𝐨𝐰𝐞𝐝
𝐢𝐢 𝐭𝐡𝐞 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐧𝐨𝐭 𝐚𝐥𝐥𝐨𝐰𝐞𝐝.

(i) repetition is allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5

𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 6 𝑤𝑎𝑦
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10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5 = 6 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4 = 4 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 6 × 6 × 4 = 144 𝑤𝑎𝑦𝑠

(ii) without repetition

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5

𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5 = 4 𝑤𝑎𝑦

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5 = 5 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4 = 4 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 5 × 4 = 80 𝑤𝑎𝑦𝑠

𝟕. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐭𝐡𝐫𝐞𝐞 − 𝐝𝐢𝐠𝐢𝐭 𝐨𝐝𝐝 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞
𝐝𝐢𝐠𝐢𝐭𝐬 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓? 𝐈𝐟 𝐢 𝐭𝐡𝐞 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐧𝐨𝐭 𝐚𝐥𝐥𝐨𝐰𝐞𝐝
𝐢𝐢 𝐭𝐡𝐞 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐚𝐥𝐥𝐨𝐰𝐞𝐝.

(i) without repetition

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5

𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 3, 5 = 3 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4, 5 = 4 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5 = 4 𝑤𝑎𝑦𝑠
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 3 × 4 × 4 = 48 𝑤𝑎𝑦𝑠

(ii) repetition is allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 = 3 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4, 5 = 6 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4 = 5 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 3 × 6 × 5 = 90 𝑤𝑎𝑦𝑠

𝑖 𝑛𝑜 𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑖𝑜𝑛
1000′𝑠 100′𝑠 10′𝑠 𝑢𝑛𝑖𝑡′𝑠

𝟖. 𝐂𝐨𝐮𝐧𝐭 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝟗𝟗𝟗 𝐚𝐧𝐝 𝟏𝟎𝟎𝟎𝟎 𝐬𝐮𝐛𝐣𝐞𝐜𝐭 𝐭𝐨 𝐭𝐡𝐞 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧
𝐭𝐡𝐚𝐭 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐢 𝐧𝐨 𝐫𝐞𝐬𝐭𝐫𝐢𝐜𝐭𝐢𝐨𝐧, 𝐢𝐢 𝐧𝐨 𝐝𝐢𝐠𝐢𝐭 𝐢𝐬 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝,
𝐢𝐢𝐢 𝐚𝐭 𝐥𝐞𝐚𝐬𝐭 𝐨𝐧𝐞 𝐨𝐟 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐫𝐞𝐩𝐞𝐚𝐭𝐞𝐝.

𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 10 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 10 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 10 𝑤𝑎𝑦𝑠

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 9 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 10 × 10 × 10 × 9 = 9000 𝑤𝑎𝑦𝑠
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𝒊𝒊 𝒏𝒐 𝒅𝒊𝒈𝒊𝒕 𝒊𝒔 𝒓𝒆𝒑𝒆𝒂𝒕𝒆𝒅
𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 7 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 8 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 9 𝑤𝑎𝑦𝑠

1000′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 9 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 9 × 9 × 8 × 7 = 4536 𝑤𝑎𝑦𝑠

𝒊𝒊𝒊 𝒂𝒕𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒅𝒊𝒈𝒊𝒕 𝒊𝒔 𝒓𝒆𝒑𝒆𝒂𝒕𝒆𝒅

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 9000 − 4536
= 4464

𝟗. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐭𝐡𝐫𝐞𝐞 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬, 𝐰𝐡𝐢𝐜𝐡 𝐚𝐫𝐞 𝐝𝐢𝐯𝐢𝐬𝐢𝐛𝐥𝐞 𝐛𝐲 𝟓, 𝐜𝐚𝐧 𝐛𝐞
𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓 𝐢𝐟 𝐢 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐫𝐞 𝐧𝐨𝐭
𝐚𝐥𝐥𝐨𝐰𝐞𝐝? 𝐢𝐢 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐝𝐢𝐠𝐢𝐭𝐬 𝐚𝐫𝐞 𝐚𝐥𝐥𝐨𝐰𝐞𝐝?

(i) without repetition 𝑈𝑠𝑖𝑛𝑔 ∶ 0, 1, 2, 3, 4, 5
𝑢𝑛𝑖𝑡′𝑠10′𝑠100′𝑠

𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0 = 1 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4, 5 = 5 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4, 5 = 4 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 =1 × 4 × 5 = 20 𝑤𝑎𝑦𝑠

𝑜𝑟
𝑢𝑛𝑖𝑡′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 5 = 1 𝑤𝑎𝑦𝑠

100′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 1, 2, 3, 4 = 4 𝑤𝑎𝑦𝑠

10′𝑠 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 0,1, 2, 3, 4 = 4 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 =1 × 4 × 4 = 16 𝑤𝑎𝑦𝑠

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 20 + 16 = 36 𝑤𝑎𝑦𝑠
𝟏𝟎. 𝐓𝐨 𝐭𝐫𝐚𝐯𝐞𝐥 𝐟𝐫𝐨𝐦 𝐚 𝐩𝐥𝐚𝐜𝐞 𝐀 𝐭𝐨 𝐩𝐥𝐚𝐜𝐞 𝐁, , 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐭𝐰𝐨 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐛𝐮𝐬
𝐫𝐨𝐮𝐭𝐞𝐬 𝐁𝟏, 𝐁𝟐, 𝐭𝐰𝐨 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐭𝐫𝐚𝐢𝐧 𝐫𝐨𝐮𝐭𝐞𝐬 𝐓𝟏, 𝐓𝟐, 𝐚𝐧𝐝 𝐨𝐧𝐞 𝐚𝐢𝐫 𝐫𝐨𝐮𝐭𝐞 𝐀𝟏.
𝐅𝐫𝐨𝐦 𝐩𝐥𝐚𝐜𝐞 𝐁 𝐭𝐨 𝐩𝐥𝐚𝐜𝐞 𝐂 𝐭𝐡𝐞𝐫𝐞 𝐢𝐬 𝐨𝐧𝐞 𝐛𝐮𝐬 𝐫𝐨𝐮𝐭𝐞 𝐬𝐚𝐲 𝐁′𝟏, 𝐭𝐰𝐨 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭
𝐭𝐫𝐚𝐢𝐧 𝐫𝐨𝐮𝐭𝐞𝐬 𝐬𝐚𝐲 𝐓′𝟏. 𝐓′𝟐 𝐚𝐧𝐝 𝐨𝐧𝐞 𝐚𝐢𝐫 𝐫𝐨𝐮𝐭𝐞 𝐀′𝟏. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐫𝐨𝐮𝐭𝐞𝐬
𝐨𝐟 𝐜𝐨𝐦𝐦𝐮𝐭𝐢𝐧𝐠 𝐟𝐫𝐨𝐦 𝐩𝐥𝐚𝐜𝐞 𝐀 𝐭𝐨 𝐩𝐥𝐚𝐜𝐞 𝐂 𝐯𝐢𝐚 𝐩𝐥𝐚𝐜𝐞 𝐁 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐮𝐬𝐢𝐧𝐠 𝐬𝐢𝐦𝐢𝐥𝐚𝐫
𝐦𝐨𝐫𝐞 𝐨𝐟 𝐭𝐫𝐚𝐧𝐬𝐩𝐨𝐫𝐭𝐚𝐭𝐨𝐧.
From A to B

𝑛𝑜. 𝑜𝑓 𝑏𝑢𝑠 𝑟𝑜𝑢𝑡𝑒𝑠 = 2 𝑛𝑜. 𝑜𝑓 𝑡𝑟𝑎𝑖𝑛 𝑟𝑜𝑢𝑡𝑒𝑠 = 2 𝑛𝑜. 𝑜𝑓 𝑎𝑖𝑟 𝑟𝑜𝑢𝑡𝑒 = 1

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 𝑜𝑓 𝑐𝑜𝑚𝑚𝑢𝑛𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐴 𝑡𝑜 𝐵 = 2 + 2 + 1= 5

From B to C
𝑛𝑜. 𝑜𝑓 𝑏𝑢𝑠 𝑟𝑜𝑢𝑡𝑒𝑠 = 1 𝑛𝑜. 𝑜𝑓 𝑡𝑟𝑎𝑖𝑛 𝑟𝑜𝑢𝑡𝑒𝑠 = 2 𝑛𝑜. 𝑜𝑓 𝑎𝑖𝑟 𝑟𝑜𝑢𝑡𝑒 = 1

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 𝑜𝑓 𝑐𝑜𝑚𝑚𝑢𝑛𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐵 𝑡𝑜 𝐶 = 1 + 2 + 1= 4

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 𝑜𝑓 𝑐𝑜𝑚𝑚𝑢𝑛𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐴 𝑡𝑜 𝐶 = 5 × 4 = 20
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From A to C through B
𝑈𝑠𝑖𝑛𝑔 𝑏𝑢𝑠 = 2 × 1 = 2

𝑈𝑠𝑖𝑛𝑔 𝑡𝑟𝑎𝑖𝑛 = 2 × 2 = 4

𝑈𝑠𝑖𝑛𝑔 𝑎𝑖𝑟 = 1 × 1 = 1
𝑇𝑜𝑡𝑎𝑙 = 2 + 4+ 1 = 7

∴ 𝑁𝑜. 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 = 20 − 7= 13

𝟏𝟏. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐛𝐞𝐭𝐰𝐞𝐞𝐧 𝟏 𝐚𝐧𝐝 𝟏𝟎𝟎𝟎 𝐛𝐨𝐭𝐡 𝐢𝐧𝐜𝐥𝐮𝐬𝐢𝐯𝐞
𝐰𝐡𝐢𝐜𝐡 𝐚𝐫𝐞 𝐝𝐢𝐯𝐢𝐬𝐢𝐛𝐥𝐞 𝐧𝐞𝐢𝐭𝐡𝐞𝐫 𝐛𝐲 𝟐 𝐧𝐨𝐫 𝐛𝐲 𝟓?

no. of numbers divisible by 2 𝑛 𝐴 =

no. of numbers divisible by 5

500

1000

2

5
= 500

𝑛 𝐵 =

1000

5

2
= 200

200

no. of numbers divisible by 10 𝑛 𝐴 ∩ 𝐵 =

1000

10

1
= 100

100

no. of numbers divisible either by 2 or by 5

𝑛 𝐴 ∪ 𝐵 = 𝑛 𝐴 + 𝑛 𝐵 − 𝑛(𝐴 ∩ 𝐵)

= 500 + 200 − 100

= 700 − 100 = 600
∴ No. of numbers divisible neither by 2 nor by 5

= 1000 − 600= 400
𝟏𝟐. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐋𝐎𝐓𝐔𝐒
𝐢𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐢 𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐋 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐒? 𝐢𝐢 𝐧𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬

𝐰𝐢𝐭𝐡 𝐋 𝐧𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐒?

(i) 𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐋 𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐒

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐿, 𝑂, 𝑇, 𝑈, 𝑆

𝐿𝑒𝑡 𝐴 = 𝑠𝑡𝑟𝑖𝑛𝑔 𝑠𝑡𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ 𝐿
1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝐿 = 1 𝑤𝑎𝑦𝑠
2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈, 𝑆 = 4 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈, 𝑆 = 3 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈, 𝑆 = 2 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈, 𝑆 = 1 𝑤𝑎𝑦𝑠

𝑛(𝐴) = 1 × 4 × 3 × 2 × 1= 24

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐿, 𝑂, 𝑇, 𝑈, 𝑆

𝐿𝑒𝑡 𝐵: 𝑆𝑡𝑟𝑖𝑛𝑔 𝑒𝑛𝑑𝑠 𝑤𝑖𝑡ℎ 𝑆

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑇, 𝑈 = 4 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑇, 𝑈 = 3 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑇, 𝑈 = 2 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝐿, 𝑂, 𝑇, 𝑈 = 1 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝑆 = 1 𝑤𝑎𝑦𝑠

𝑛(𝐵) = 4 × 3 × 2 × 1 = 24
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𝑈𝑠𝑖𝑛𝑔 ∶ 𝐿, 𝑂, 𝑇, 𝑈, 𝑆

𝐿𝑒𝑡 𝐴 ∩ 𝐵 = 𝑆𝑡𝑟𝑖𝑛𝑔 𝑠𝑡𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ 𝐿

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝐿 = 1 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈 = 3 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈 = 2 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂, 𝑇, 𝑈 = 1 𝑤𝑎𝑦𝑠

5𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑙𝑒𝑡𝑡𝑒𝑟 𝑆 = 1 𝑤𝑎𝑦𝑠

𝑛(𝐴 ∩ 𝐵) = 3 × 2 × 1= 6

either starts with L or ends with S

𝑛 𝐴 ∪ 𝐵 = 𝑛 𝐴 + 𝑛 𝐵 − 𝑛(𝐴 ∩ 𝐵)

= 24 + 24 − 6 = 48 − 6
= 42

(i) 𝐧𝐞𝐢𝐭𝐡𝐞𝐫 𝐬𝐭𝐚𝐫𝐭𝐬 𝐰𝐢𝐭𝐡 𝐋 𝐧𝐨𝐫 𝐞𝐧𝐝𝐬 𝐰𝐢𝐭𝐡 𝐒

= 5! − 42 = 120 − 42 = 78

𝟏𝟑. 𝐢 𝐂𝐨𝐮𝐧𝐭 𝐭𝐡𝐞 𝐭𝐨𝐭𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐚𝐧𝐬𝐰𝐞𝐫𝐢𝐧𝐠 𝟔 𝐨𝐛𝐣𝐞𝐜𝐭𝐢𝐯𝐞 𝐭𝐲𝐩𝐞
𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬, 𝐞𝐚𝐜𝐡 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧 𝐡𝐚𝐯𝐢𝐧𝐠 𝟒 𝐜𝐡𝐨𝐢𝐜𝐞𝐬. 𝐢𝐢 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬

𝟏𝟎 𝐩𝐢𝐠𝐞𝐨𝐧𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐩𝐥𝐚𝐜𝐞𝐝 𝐢𝐧 𝟑 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐩𝐢𝐠𝐞𝐨𝐧 𝐡𝐨𝐥𝐞𝐬? 𝐢𝐢𝐢 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞
𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐢𝐧𝐠 𝟏𝟐 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭 𝐩𝐫𝐢𝐳𝐞𝐬 𝐭𝐨 𝟏𝟎 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬?

The no. of ways of answering 6 objective type questions, each question
having 4 choices = 46

= 310

The no. of ways of distributing 12 distinct prizes to 10 students = 1012

The no. of ways 10 pigeons can be placed in 3 different pigeon holes

𝟏𝟒. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐢 𝟔!, 𝐢𝐢 𝟒! + 𝟓!, 𝐢𝐢𝐢 𝟑! − 𝟐!, 𝐢𝐯 𝟑! × 𝟒!, 𝐯
𝟏𝟐!

𝟗! × 𝟑!
,

𝐯𝐢
𝐧 + 𝟑 !

𝐧 + 𝟏 !
.

= 6 × 5 × 4 × 3 × 2 × 1𝒊 𝟔! = 720

𝒊𝒊 𝟒! + 𝟓!= (4 × 3 × 2 × 1) + (5 × 4 × 3 × 2 × 1)

= 24 + 120= 144

𝒊𝒊𝒊 𝟑! − 𝟐! = (3 × 2 × 1) − (2 × 1) = 6 − 2 = 4

𝒊𝒗 𝟑! × 𝟒! = (3 × 2 × 1)× (4 × 3 × 2 × 1) = 6 × 24

=
12 × 11 × 10 × 9!

9! × 3 × 2 × 1

𝒗
𝟏𝟐!

𝟗! × 𝟑!
4 5

= 4 × 11 × 5 = 220

𝒗𝒊
(𝒏 + 𝟑)!

(𝒏 + 𝟏)!
=

𝑛 + 3 𝑛 + 2 𝑛 + 1 !

𝑛 + 1 !
= 𝑛 + 3 𝑛 + 2
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𝟏𝟓. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆
𝒏!

𝒓! 𝒏 − 𝒓 !
𝒘𝒉𝒆𝒏 𝒊 𝒏 = 𝟔, 𝒓 = 𝟐, 𝒊𝒊 𝒏 = 𝟏𝟎, 𝒓 = 𝟑,

𝒊𝒊𝒊 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒏 𝒘𝒊𝒕𝒉 𝒓 = 𝟐.

𝑛!

𝑟! 𝑛 − 𝑟 !

𝒊 𝒏 = 𝟔, 𝒓 = 𝟐

=
6!

2! 6 − 2 !
=

6!

2! × 4!
=

6 × 5 × 4!

2 × 1 × 4!

3

= 15

𝑛!

𝑟! 𝑛 − 𝑟 !

𝒊𝒊 𝒏 = 𝟏𝟎, 𝒓 = 𝟑

=
10!

3! 10 − 3 !
=

10!

3! × 7!
=

10 × 9 × 8 × 7!

3 × 2 × 1 × 7!

43

= 120

𝒊𝒊𝒊 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒏 𝒘𝒊𝒕𝒉 𝒓 = 𝟐

𝑛!

𝑟! 𝑛 − 𝑟 !
=

𝑛!

2! 𝑛 − 2 !
=

n n − 1 n − 2 !

2 n − 2 !
=

n n − 1

2

𝟏𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒏 𝒊𝒇 𝒊 𝒏 + 𝟏 ! = 𝟐𝟎 𝒏 − 𝟏 ! 𝒊𝒊
𝟏

𝟖!
+

𝟏

𝟗!
=

𝒏

𝟏𝟎!
.

𝑖 n + 1 ! = 20 n − 1 !

𝑛 + 1 𝑛 𝑛 − 1 !

𝑛 𝑛 + 1 𝑛2

𝑛 + 5 𝑛 + 5 = 0 , 𝑛 − 4 = 0

= 20 𝑛 − 1 !

= 20 + 𝑛 − 20 = 0

− 20

5 −4
𝑛 − 4 = 0

𝑛 = −5 𝑛𝑜𝑡 𝑣𝑎𝑙𝑖𝑑

𝑛 = 4

⟹

⟹

𝒊𝒊
𝟏

𝟖!
+

𝟏

𝟗!
=

𝒏

𝟏𝟎!

1

8!
+

1

9 × 8!
=

n

10 × 9 × 8!
1

8!
1 +

1

9
=

n

10 × 9 × 8!

10

9
=

n

90
10

9
× 90 = 𝑛

10
𝑛 = 100

⟹

⟹ ⟹
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18

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟒. 𝟐
E𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟖: 𝐢 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝐥𝐞𝐧𝐠𝐭𝐡 𝟒, 𝐰𝐡𝐢𝐜𝐡 𝐜𝐚𝐧 𝐛𝐞
𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐁𝐈𝐑𝐃 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞
𝐥𝐞𝐭𝐭𝐞𝐫𝐬.

(i) repetition is not allowed

𝑈𝑠𝑖𝑛𝑔 ∶ 𝐵, 𝐼, 𝑅, 𝐷

1𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R, D = 4 𝑤𝑎𝑦𝑠

2𝑛𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R, D = 3 𝑤𝑎𝑦𝑠

3𝑟𝑑 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R, D = 2 𝑤𝑎𝑦𝑠

4𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑎𝑛𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 B, I, R, D = 1 𝑤𝑎𝑦𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 = 4 × 3 × 2 × 1 = 24 𝑤𝑎𝑦𝑠

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟓: 𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞: 𝐢 𝟒𝑷𝟒. 𝐢𝐢 𝟓𝑷𝟑, 𝐢𝐢𝐢 𝟖𝑷𝟒, 𝐢𝐯 𝟔𝑷𝟓,

𝒊 𝟒𝑷𝟒 = 4 × 3 × 2 × 1

𝒊𝒊 𝟓𝑷𝟑 = 5 × 4 × 3

𝒊𝒊𝒊 𝟖𝑷𝟒 = 8 × 7 × 6 × 5

𝒊𝒗 𝟔𝑷𝟓 = 6 × 5 × 4 × 3 × 2

= 4! = 24

= 60

= 1680

= 6!= 720

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟐𝟔: 𝑰𝒇 𝒏 + 𝟐 𝑷𝟒 = 𝟒𝟐 × 𝒏𝑷𝟐𝒇𝒊𝒏𝒅 𝒏.

𝑛 + 2 𝑃4 = 42 × 𝑃2
𝑛

𝑛 + 2 𝑃4

𝑛𝑃2

= 42
𝑛 + 2 𝑛 + 1 𝑛 𝑛 − 1

𝑛 𝑛 − 1
= 42

𝑛 + 2 𝑛 + 1

𝑛 + 2

= 42 𝑛 + 2 𝑛 + 1 = 7 × 6

𝑛 == 7 7 − 2

𝑛 = 5

⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟐𝟕: 𝑰𝒇 𝟏𝟎𝑷𝒓 = 𝟕𝑷𝒓+𝟐 𝒇𝒊𝒏𝒅 𝒓.

10𝑃𝑟 = 7𝑃𝑟+2

10!

10 − 𝑟 !
=

7!

5 − 𝑟 !

10 × 9 × 8 × 7!

10 − 𝑟 × 9 − 𝑟 × 8 − 𝑟 × 7 − 𝑟 × 6 − 𝑟 × 5 − 𝑟 !
=

7!

5 − 𝑟 !

10 − 𝑟 × 9 − 𝑟 × 8 − 𝑟 × 7 − 𝑟 × 6 − 𝑟

10 × 9 × 8

10 − 𝑟 × 9 − 𝑟 × 8 − 𝑟 × 7 − 𝑟 × 6 − 𝑟
= 1

= 10 × 9 × 8

406



BLUE STARS HR.SEC SCHOOL
B

L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

B
L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

= 5 × 2 × 3 × 3 × 4 × 210 − 𝑟 × 9 − 𝑟 × 8 − 𝑟 × 7 − 𝑟 × 6 − 𝑟

10 − 𝑟 = 6 ⟹ 10 − 6 = 𝑟 ⟹ 𝑟 = 4

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟖: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 ′𝐥𝐞𝐭𝐭𝐞𝐫 𝐬𝐭𝐫𝐢𝐧𝐠𝐬′ 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐰𝐢𝐭𝐡
𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 VOWELS" 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐢 𝐭𝐡𝐞 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐛𝐞𝐠𝐢𝐧 𝐰𝐢𝐭𝐡 𝐄,
𝐢𝐢 𝐭𝐡𝐞 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐛𝐞𝐠𝐢𝐧 𝐰𝐢𝐭𝐡 𝐄 𝐚𝐧𝐝 𝐞𝐧𝐝 𝐰𝐢𝐭𝐡 𝐖.

i Since all strings must begin with E,

The given strings contains 6 letters V, O, W, E, L, S .

5𝑃5 𝑤𝑎𝑦𝑠

𝐸 5 4 3 2 1
1

Therefore the total number of strings with E as the starting letter is

we have the remaining 5 letters which can be arranged in

5𝑃5 = 5! ways

5! = 5 × 4 × 3 × 2 × 1 = 120

𝑖𝑖 𝑆𝑖𝑛𝑐𝑒 𝑎𝑙𝑙 𝑠𝑡𝑟𝑖𝑛𝑔𝑠 𝑚𝑢𝑠𝑡 𝑏𝑒𝑔𝑖𝑛 𝑤𝑖𝑡ℎ 𝐸, 𝑎𝑛𝑑 𝑒𝑛𝑑 𝑤𝑖𝑡ℎ 𝑊,

4𝑃4𝑤𝑎𝑦𝑠

∴ 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑜. 𝑜𝑓 𝑠𝑡𝑟𝑖𝑛𝑔𝑠 𝑤𝑖𝑡ℎ 𝐸 𝑎𝑠 𝑡ℎ𝑒 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑙𝑒𝑡𝑡𝑒𝑟 𝑎𝑛𝑑 𝑊 𝑎𝑠 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙
𝑙𝑒𝑡𝑡𝑒𝑟 𝑖𝑠

𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑓𝑖𝑥 𝐸 𝑎𝑛𝑑 𝑊.

𝑇ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 4 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 4𝑃4 = 4! 𝑊𝑎𝑦𝑠

𝐸 𝑊

4! = 4 × 3 × 2 × 1

4 3 2 1

= 24
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟐𝟗: 𝐀 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐟𝐨𝐮𝐫 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐝𝐢𝐠𝐢𝐭𝐬 𝐢𝐬 𝐟𝐨𝐫𝐦𝐞𝐝 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐮𝐬𝐞
𝐨𝐟 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝟏, 𝟐, 𝟑, 𝟒 𝐚𝐧𝐝 𝟓 𝐢𝐧 𝐚𝐥𝐥 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 𝐰𝐚𝐲𝐬. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠

𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐮𝐜𝐡 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝? 𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞 𝐚𝐫𝐞
𝐞𝐯𝐞𝐧? 𝐢𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞 𝐚𝐫𝐞 𝐞𝐱𝐚𝐜𝐭𝐥𝐲 𝐝𝐢𝐯𝐢𝐬𝐢𝐛𝐥𝐞 𝐛𝐲 𝟒 ?

𝑖 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑎𝑘𝑖𝑛𝑔
𝑓𝑜𝑢𝑟 − 𝑑𝑖𝑔𝑖𝑡𝑠 𝑜𝑢𝑡 𝑜𝑓 5 𝑑𝑖𝑔𝑖𝑡𝑠 𝑖𝑠

5𝑃4𝑤𝑎𝑦𝑠

5𝑃4 =

5𝑃4𝑤𝑎𝑦𝑠

5 𝑤𝑎𝑦𝑠 4 𝑤𝑎𝑦𝑠 3 𝑤𝑎𝑦𝑠 2 𝑤𝑎𝑦𝑠

5 × 4 × 3 × 2 = 120
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𝐹𝑜𝑟 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑙𝑎𝑠𝑡 𝑑𝑖𝑔𝑖𝑡𝑠 𝑚𝑢𝑠𝑡 𝑏𝑒 2 𝑜𝑟 4 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑓𝑖𝑙𝑙𝑒𝑑 𝑖𝑛 2𝑃1𝑤𝑎𝑦𝑠

𝑎𝑛𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 3 𝑝𝑙𝑎𝑐𝑒𝑠𝑠 𝑓𝑖𝑙𝑙𝑒𝑑 𝑓𝑟𝑜𝑚 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 4 𝑑𝑖𝑔𝑖𝑡𝑠 𝑖𝑛 4𝑃3𝑤𝑎𝑦𝑠

4𝑃3𝑤𝑎𝑦𝑠

2/4
2𝑃1𝑤𝑎𝑦𝑠

2𝑃1 × 4𝑃3 = 2 ×

𝒊𝒊 4 𝑤𝑎𝑦𝑠 3 𝑤𝑎𝑦𝑠 2 𝑤𝑎𝑦𝑠

∴ 𝑇ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑠 48

4 × 3 × 2 = 48

𝑖𝑖𝑖 𝑆𝑖𝑛𝑐𝑒 𝑙𝑎𝑠𝑡 𝑡𝑤𝑜 𝑑𝑖𝑔𝑖𝑡 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 4.

The Last two digits become

The remaining first two places filled from remaining 3 digits in

The required number of numbers which are divisible by 4 is

3𝑃2ways.

3𝑃2𝑤𝑎𝑦𝑠

4𝑃1𝑤𝑎𝑦𝑠

12/24/32/52

4𝑃1 × 3𝑃2 = 4

12,

3 𝑤𝑎𝑦𝑠 2 𝑤𝑎𝑦𝑠

× 3 × 2 = 24

use of the digits 1,2,3,4 and 5

24, 32,52 4 ways .

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟎: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫
𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 "EQUATION" so that 𝐢 𝐭𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐥𝐰𝐚𝐲𝐬
𝐜𝐨𝐦𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫? 𝐢𝐢 𝐭𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐧𝐞𝐯𝐞𝐫 𝐜𝐨𝐦𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫?

𝑖 𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 8 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑤𝑜𝑟𝑑 "EQUATION"

which includes 5 vowels E, U, A, I, O 𝑎𝑛𝑑 3 𝑐𝑜𝑛𝑠𝑜𝑛𝑎𝑛𝑡𝑠 𝑄, 𝑇, 𝑁 .

i 𝑇ℎ𝑒 𝑣𝑜𝑤𝑒𝑙𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑐𝑜𝑚𝑒 𝑡𝑜𝑔𝑒𝑡ℎ𝑒𝑟?

𝑸, 𝑻, 𝑵 Considering 5 vowels 𝐄, 𝐔, 𝐀, 𝐈, 𝑶 as one letter,

𝑤𝑒 ℎ𝑎𝑣𝑒 4 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛 4𝑃4 = 4! ways

Now the vowels E, U, A, I, O can be arrangements by itself

5𝑃5 = 5! ways

Hence, by the rule of product required number of words is

4! × 5! = (4 × 3 × 2 × 1) ×(5 × 4 × 3 × 2 × 1)

= 24 × 120 = 2880

𝒊𝒊 𝒕𝒉𝒆 𝒗𝒐𝒘𝒆𝒍𝒔 𝒏𝒆𝒗𝒆𝒓 𝒄𝒐𝒎𝒆 𝒕𝒐𝒈𝒆𝒕𝒉𝒆𝒓?

The total number of strings formed by using all the eight letters of the word
"EQUATION"

8𝑃8 = 8!
= 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1 = 40320
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So, the total number of strings in which vowels are never together is
= the total no. of strings − the no. of strings in which vowels are together

= 40320 − 2880 = 37440

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟏: 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟏𝟓 𝐜𝐚𝐧𝐝𝐢𝐝𝐚𝐭𝐞𝐬 𝐟𝐨𝐫 𝐚𝐧 𝐞𝐱𝐚𝐦𝐢𝐧𝐚𝐭𝐢𝐨𝐧. 𝟕 𝐜𝐚𝐧𝐝𝐢𝐝𝐚𝐭𝐞𝐬
𝐚𝐫𝐞 𝐚𝐩𝐩𝐞𝐚𝐫𝐢𝐧𝐠 𝐟𝐨𝐫 𝐦𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝐞𝐱𝐚𝐦𝐢𝐧𝐚𝐭𝐢𝐨𝐧 𝐰𝐡𝐢𝐥𝐞 𝐭𝐡𝐞 𝐫𝐞𝐦𝐚𝐢𝐧𝐢𝐧𝐠 𝟖 𝐚𝐫𝐞
𝐚𝐩𝐩𝐞𝐚𝐫𝐢𝐧𝐠 𝐟𝐨𝐫 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐬𝐮𝐛𝐣𝐞𝐜𝐭𝐬. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞𝐲 𝐛𝐞 𝐬𝐞𝐚𝐭𝐞𝐝 𝐢𝐧
𝐚 𝐫𝐨𝐰 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐧𝐨 𝐭𝐰𝐨 𝐦𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝐜𝐚𝐧𝐝𝐢𝐝𝐚𝐭𝐞𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫?

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑎𝑛𝑑𝑖𝑡𝑎𝑡𝑒 = 15

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐦𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝑐𝑎𝑛𝑑𝑖𝑡𝑎𝑡𝑒 = 7

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐧𝐨𝐧 − 𝐦𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝑐𝑎𝑛𝑑𝑖𝑡𝑎𝑡𝑒 = 8

Let us arrange the 8 non − mathematics candidates in 8𝑃8 = 8! ways

𝑵𝒐 𝒕𝒘𝒐 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒔 𝒄𝒂𝒏𝒅𝒊𝒅𝒂𝒕𝒆𝒔 𝒂𝒓𝒆 𝒕𝒐𝒈𝒆𝒕𝒉𝒆𝒓

O1 O2 O3 O4 O5 O6 O7 O8

Each of these arrangements create 9 gaps.

Therefore, the 7 mathematics candidates can be placed
in these 9 gaps in 9𝑃7ways

By the rule of product, the required number of arrangements is

= 8! ×8! × 9𝑃7

9!

(9 − 7)!

=
8! × 9!

2!
= 8! ×

9!

2!
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟐: 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝟓 𝐛𝐨𝐲𝐬 𝐚𝐧𝐝 𝟒 𝐠𝐢𝐫𝐥𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐬𝐞𝐚𝐭𝐞𝐝 𝐢𝐧 𝐚
𝐫𝐨𝐰 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐧𝐨 𝐭𝐰𝐨 𝐠𝐢𝐫𝐥𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫.

𝑇ℎ𝑒 5 𝑏𝑜𝑦𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑎𝑡𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑜𝑤 𝑖𝑛 5𝑃5 =5! 𝑤𝑎𝑦𝑠

𝑵𝒐 𝒕𝒘𝒐 𝑮𝑰𝑹𝑳𝑺 𝒂𝒓𝒆 𝒔𝒆𝒂𝒕𝒆𝒅 𝒕𝒐𝒈𝒆𝒕𝒉𝒆𝒓

B1 B2 B3 B4 B5

In each of these arrangements 6 gaps are created.

Since no two girls are to sit together,we any arrange 4 girls in this 6 gaps.
This can be done in 6𝑃4ways.

5! × 6𝑃4 =

Hence, the total number of seating arrangements is

(5 × 4 × 3 × 2 × 1) × (6 × 5 × 4 × 3)

= 120 × 360 = 43200
𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟑: 𝟒 𝐛𝐨𝐲𝐬 𝐚𝐧𝐝 𝟒 𝐠𝐢𝐫𝐥𝐬 𝐟𝐨𝐫𝐦 𝐚 𝐥𝐢𝐧𝐞 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐛𝐨𝐲𝐬 𝐚𝐧𝐝 𝐠𝐢𝐫𝐥𝐬
𝐚𝐥𝐭𝐞𝐫𝐧𝐚𝐭𝐢𝐧𝐠. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐦𝐚𝐤𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐥𝐢𝐧𝐞.

4 boys can be arranged in a line in 4𝑃4 = 4! ways

By keeping boys as first in each of these arrangements,

B1 B2 B3 B4 4 gaps are created.
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In these 4 gaps, 4 girls can be arranged in 4𝑃4 = 4! ways.

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 𝑎𝑟𝑒 = 4! × 4!

𝑂𝑅

Similarly, keeping girls as first,

G1 G2 G3 G4 4 gaps are created.

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 𝑎𝑟𝑒 = 4! × 4!

4! × 4!

𝐻𝑒𝑛𝑐𝑒, 𝑏𝑦 𝑡ℎ𝑒 𝑟𝑢𝑙𝑒 𝑜𝑓 𝑠𝑢𝑚 𝑘𝑒𝑒𝑝𝑖𝑛𝑔 𝑒𝑖𝑡ℎ𝑒𝑟 𝑎 𝑏𝑜𝑦 𝑜𝑟 𝑎 𝑔𝑖𝑟𝑙 𝑓𝑖𝑟𝑠𝑡,

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑟 𝑜𝑓 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒

+ 4! × 4! = 2 (4!)2 = 2

= 2

(4 × 3 × 2 × 1)2

(24)2 = 2 × 576 = 1152

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟒: 𝐀 𝐯𝐚𝐧 𝐡𝐚𝐬 𝟖 𝐬𝐞𝐚𝐭𝐬. 𝐈𝐭 𝐡𝐚𝐬 𝐭𝐰𝐨 𝐬𝐞𝐚𝐭𝐬 𝐢𝐧 𝐭𝐡𝐞 𝐟𝐫𝐨𝐧𝐭 𝐰𝐢𝐭𝐡 𝐭𝐰𝐨
𝐫𝐨𝐰𝐬 𝐨𝐟 𝐭𝐡𝐫𝐞𝐞 𝐬𝐞𝐚𝐭𝐬 𝐛𝐞𝐡𝐢𝐧𝐝. 𝐓𝐡𝐞 𝐯𝐚𝐧 𝐛𝐞𝐥𝐨𝐧𝐠𝐬 𝐭𝐨 𝐚 𝐟𝐚𝐦𝐢𝐥𝐲, 𝐜𝐨𝐧𝐬𝐢𝐬𝐭𝐢𝐧𝐠 𝐨𝐟
𝐬𝐞𝐯𝐞𝐧 𝐦𝐞𝐦𝐛𝐞𝐫𝐬, 𝐅, 𝐌, 𝑺𝟏, 𝑺𝟐, 𝑺𝟑, 𝑫𝟏, 𝑫𝟐. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞 𝐟𝐚𝐦𝐢𝐥𝐲 𝐬𝐢𝐭
𝐢𝐧 𝐭𝐡𝐞 𝐯𝐚𝐧 𝐢𝐟 𝒊 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐧𝐨 𝐫𝐞𝐬𝐭𝐫𝐢𝐜𝐭𝐢𝐨𝐧, 𝒊𝒊 𝐄𝐢𝐭𝐡𝐞𝐫 𝐅 𝐨𝐫 𝐌 𝐝𝐫𝐢𝐯𝐞𝐬 𝐭𝐡𝐞 𝐯𝐚𝐧,
𝒊𝒊𝒊 𝑫𝟏, 𝑫𝟐 𝐬𝐢𝐭𝐬 𝐧𝐞𝐱𝐭 𝐭𝐨 𝐚 𝐰𝐢𝐧𝐝𝐨𝐰 𝐚𝐧𝐝 𝐅 𝐢𝐬 𝐝𝐫𝐢𝐯𝐢𝐧𝐠?

𝑖 There are no restrictions any one can drive the van.
Hence the number of ways of occupying the driver seat is 7𝑃1 = 7 ways.

The number of ways of occuping the remaining 7 seats by the remaining
6 people is 7𝑃6 = 7 × 6 × 5 × 4 × 3 × 2 = 5040

Hence the total number of ways the family can be seated
in the car is 7 × 5040 = 35280
ii Either F or M drives the van,

The driver seat can be occupied by only F or M, Hence there are 2 ways

The number of ways of occuping the remaining 7 seats by the remaining
6 people is 7𝑃6 = 7 × 6 × 5 × 4 × 3 × 2 = 5040
Hence the total number of ways the family can be seated in the car is

2 × 5040 = 10080

iii D1, D2 sits next to a window and F is driving

5 window seats avialable for D1 & D2

5𝑃2 = 5 × 4 = 20

As the driver seat is occupied by F,− 1 way

The remaining 4 people can be seated in the available 5 seats in

5𝑃4 = 5 × 4 × 3 × 2 = 120

Hence the total number of ways the family can be seated in the car is

20 × 1 × 120 = 2400
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟑𝟓: 𝑰𝒇 𝒕𝒉𝒆 𝒍𝒆𝒕𝒕𝒆𝒓𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒘𝒐𝒓𝒅 𝑻𝑨𝑩𝑳𝑬 𝒂𝒓𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒆𝒅 𝒊𝒏 𝒂𝒍𝒍
𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒘𝒂𝒚𝒔 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒘𝒐𝒓𝒅𝒔 𝒕𝒉𝒖𝒔 𝒇𝒐𝒓𝒎𝒆𝒅 𝒂𝒓𝒆 𝒂𝒓𝒓𝒂𝒏𝒈𝒆𝒅 𝒊𝒏 𝒕𝒉𝒆

𝒅𝒊𝒄𝒕𝒊𝒐𝒏𝒂𝒓𝒚 𝒐𝒓𝒅𝒆𝒓 𝒂𝒍𝒑𝒉𝒂𝒃𝒆𝒕𝒊𝒄𝒂𝒍 𝒐𝒓𝒅𝒆𝒓 , 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒘𝒐𝒓𝒅𝒔
𝒊 𝑻𝑨𝑩𝑳𝑬, 𝒊𝒊 𝑩𝑳𝑬𝑨𝑻.

The dictionary order of the letters of given word is, A, B, E, L, T.

In the dictionary order of the words which begin with A come first.

If we fill the first place with A,

remaining 4 letters B, E, L, T can be arranged in 4𝑃4 = 4! ways.

i The rank of the word TABLE

A − − − −

B − − − −

E − − − −

L − − − −
TABEL =

TABLE =
The rank of the word TABLE is 4 × 4! + 1 + 1

= 4 × 24 + 2 = 98= 96 + 2

= 4! = 24 ways

= 4! = 24 ways

= 4! = 24 ways

=
4!

= 1 ways1 way

1 way

ii The rank of the word BLEAT

A − − − −

BA − − −

BE − − −

BLA − −

BLEAT =

The rank of the word BLEAT is 24 + 6 + 6 + 2 + 1 = 39

= 4! = 24 ways

= 3! = 6 ways

= 3! = 6 ways

= 2! = 2 ways

1 way

𝐄𝐠 𝟒. 𝟑𝟔: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐚𝐫𝐫𝐚𝐧𝐠𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝
𝐁𝐀𝐍𝐀𝐍𝐀.
This word has 6 letters in which there are 3 A′S, 2N′s and one B.

The number of ways of arrangements is

6!

3! × 2!
=

6 × 5 × 4 × 3!

3! × 2 × 1

2

= 60

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟕 ∶ 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐚𝐫𝐫𝐚𝐧𝐠𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞
𝐰𝐨𝐫𝐝 𝐑𝐀𝐌𝐀𝐍𝐔𝐉𝐀𝐍 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐫𝐞𝐥𝐚𝐭𝐢𝐯𝐞 𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐧𝐝
𝐜𝐨𝐧𝐬𝐨𝐧𝐚𝐧𝐭𝐬 𝐚𝐫𝐞 𝐧𝐨𝐭 𝐜𝐡𝐚𝐧𝐠𝐞𝐝.

In the word RAMANUJAN there are 4 vowels A, A, U, A

in that 3 A′s, 1U and 5 consonants R, M, N, J, N

in that two N′s and rest are distinct

The 4 vowels A, A, A, U can be arranged themselves in
4!

3!
=

4 × 3!

3!
= 4 𝑤𝑎𝑦𝑠
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The consonants R, M, N, J, N can be arranged themselves in5!

2!
=

5 × 4 × 3 × 2!

2!
= 60 𝑤𝑎𝑦𝑠

Therefore the number of required arrangements are = 4 × 60 = 240

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟑𝟖: 𝐓𝐡𝐫𝐞𝐞 𝐭𝐰𝐢𝐧𝐬 𝐩𝐨𝐬𝐞 𝐟𝐨𝐫 𝐚 𝐩𝐡𝐨𝐭𝐨𝐠𝐠𝐫𝐚𝐩𝐡 𝐬𝐭𝐚𝐧𝐝𝐢𝐧𝐠 𝐢𝐧 𝐚 𝐥𝐢𝐧𝐞.
𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐦𝐞𝐧𝐭𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐢 𝐰𝐡𝐞𝐧 𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐧𝐨 𝐫𝐞𝐬𝐭𝐫𝐢𝐜𝐭𝐢𝐨𝐧𝐬.
𝐢𝐢 𝐰𝐡𝐞𝐧 𝐞𝐚𝐜𝐡 𝐩𝐞𝐫𝐬𝐨𝐧 𝐢𝐬 𝐬𝐭𝐚𝐧𝐝𝐢𝐧𝐠 𝐧𝐞𝐱𝐭 𝐭𝐨 𝐡𝐢𝐬 𝐨𝐫 𝐡𝐞𝐫 𝐭𝐨 𝐰𝐢𝐧?

i The six persons without any restriction may be arranged in

ii Let us consider three twins as T1, T2, T3.

6𝑃6 = 6! = 6 × 5 × 4 × 3 × 2 × 1 = 720 ways

Each twin is considered as a single unit and these three can be permuted in
3! ways.

Again each twin can be permuted between themselves in 2! ways.

Hence, the total number of arrangements is
3! × 2! × 2! × 2! = (3 × 2 × 1)

= 48 ways

(2 × 1)(2 × 1)(2 × 1)

= 6 × 2 × 2 × 2

𝐄𝐠 𝟒. 𝟒𝟏: 𝐈𝐟 𝐭𝐡𝐞 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐚𝐥𝐥 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝
𝐁𝐇𝐀𝐒𝐊𝐀𝐑𝐀 𝐚𝐫𝐞 𝐥𝐢𝐬𝐭𝐞𝐝 𝐚𝐬 𝐢𝐧 𝐚 𝐝𝐢𝐜𝐭𝐢𝐨𝐧𝐚𝐫𝐲, 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐢𝐧
𝐭𝐡𝐢𝐬 𝐥𝐢𝐬𝐭 𝐛𝐞𝐟𝐨𝐫𝐞 𝐭𝐡𝐞 𝐟𝐢𝐫𝐬𝐭 𝐰𝐨𝐫𝐝 𝐬𝐭𝐚𝐫𝐭𝐢𝐧𝐠 𝐰𝐢𝐭𝐡 𝐁?

The required number of strings is
the total number of strings starting with A and using the letters
A, A, B, H, K, R, S is

7!

2!
=

7 × 6 × 5 × 4 × 3 × 2!

2!
= 2520

𝐄𝐠 𝟒. 𝟒𝟐: 𝐈𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐈𝐈𝐓𝐉𝐄𝐄 𝐚𝐫𝐞 𝐩𝐞𝐫𝐦𝐮𝐭𝐞𝐝 𝐢𝐧 𝐚𝐥𝐥 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞
𝐰𝐚𝐲𝐬 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐭𝐡𝐮𝐬 𝐟𝐨𝐫𝐦𝐞𝐝 𝐚𝐫𝐞 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐥𝐞𝐱𝐢𝐜𝐨𝐠𝐫𝐚𝐩𝐡𝐢𝐜
𝐨𝐫𝐝𝐞𝐫, 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐫𝐚𝐧𝐤 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐈𝐈𝐓𝐉𝐄𝐄.
The lexicographic order of the letters of given word is E, E, I, I, J, T.

In the lexicographic order, the strings which begin with E come first.

If we fill the first place with E,

remaining 5 letters E, I, I, J, T can be arranged in
5!

2!
ways.

On proceeding like this we get,

𝐸 − − − − =
5!

2!
=

5 × 4 × 3 × 2!

2!
= 60 𝑤𝑎𝑦𝑠

𝐼𝐼𝐸 − − − = 3! = 3 × 2 × 1 = 6 𝑤𝑎𝑦𝑠

𝐼𝐼𝐽 − − − =
3!

2!
=

3 × 2!

2!
= 3 𝑤𝑎𝑦𝑠
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𝐼𝐼𝑇𝐸 − −

IITJEE =
𝑇ℎ𝑒 𝑟𝑎𝑛𝑘 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑜𝑟𝑑 𝐼𝐼𝑇𝐽𝐸𝐸 𝑖𝑠

= 2! = 2 × 1 = 2 𝑤𝑎𝑦𝑠

1 𝑤𝑎𝑦

60 + 6 + 3 + 2 + 1 = 72

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟒𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒂𝒍𝒍 𝟒 − 𝒅𝒊𝒈𝒊𝒕 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝒕𝒉𝒂𝒕 𝒄𝒂𝒏 𝒃𝒆
𝒇𝒐𝒓𝒎𝒆𝒅 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒅𝒊𝒈𝒊𝒕𝒔 𝟏, 𝟐, 𝟒, 𝟔, 𝟖.

The number of 4 − digitits numbers that can be formed using the given
5 digits is

5𝑃4 =
We first find the sum of the digits in the unit place of all these 120 numbers.

By filling the 1 in unit place,

the remaining three places can be filled with remaining 4 digits in

4𝑃3 =

This means, the number of 4 − digit numbers having 1 in units place is

4𝑃3 =

Similarly, each of the digits 2,4,6,8 appear 24 times in units place.

An addition of all these digits givens the sum of all the unit digits of all 120
numbers.

5 × 4 × 3 × 2 = 120

4 × 3 × 2= 24 𝑤𝑎𝑦𝑠

4 × 3 × 2= 24 𝑤𝑎𝑦𝑠

= 4𝑃3 × 1 + 2 + 4 + 6 + 8 = 4𝑃3 ×

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 𝑖𝑛 10𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 𝑎𝑠

4𝑃3 × 1 + 4𝑃3 × 2 + 4𝑃3 × 4 + 4𝑃3 × 6 + 4𝑃3 × 8

21

4𝑃3 × 21.

𝑆𝑖𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑖𝑛 10𝑡ℎ 𝑝𝑙𝑎𝑐𝑒, its value is 4𝑃3 × 21 × 10

Similarly, the values of the sum of the digits in 100th place and 1000th place

4𝑃3 × 21 × 100 and 4𝑃3 × 21 × 1000 respectively

Hence the sum of all the 4 digit numbers formed by using the digits 1, 2, 4, 6,8 is

4𝑃3 × 21 + 4𝑃3 × 21 × 10 + 4𝑃3 × 21 × 100 + 4𝑃3 × 21 × 1000

= 4𝑃3 21 × 1111

= 24 × 21 × 1111 = 5559944

𝟏. 𝐈𝐟 𝒏 − 𝟏 𝑷𝟑: 𝒏𝑷𝟒 = 𝟏: 𝟏𝟎, 𝐟𝐢𝐧𝐝 𝐧

𝑛 − 1 𝑃3: 𝑛𝑃4 = 1 ∶ 10

𝑛 − 1 𝑃3

𝑛𝑃4

=
1

10

=
1

10

𝑛 − 1 𝑛 − 2 𝑛 − 3

𝑛 𝑛 − 1 𝑛 − 2 𝑛 − 3

1

𝑛
=

1

10
⟹ 𝑛 = 10

𝑛𝑃𝑟 =
𝑛!

𝑛 − 𝑟 !

5𝑃3 = 5 × 4 × 3
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𝟐. 𝐈𝐟 𝟏𝟎𝑷𝒓−𝟏 = 𝟐 ×, 𝟔𝑷𝒓, 𝐟𝐢𝐧𝐝 𝐫.

10 𝑃𝑟−1 = 2 × 6 𝑃𝑟

10!

11 − 𝑟 !
= 2 ×

6!

6 − 𝑟 !

𝑛𝑃𝑟 =
𝑛!

𝑛 − 𝑟 !10!

10 − (𝑟 − 1)!
= 2 ×

6!

6 − 𝑟 !

10!

10 − 𝑟 + 1 !
= 2 ×

6!

6 − 𝑟 !

10 × 9 × 8 × 7

11 − 𝑟

× 6!

10 − 𝑟 9 − 𝑟 8 − 𝑟 7 − 𝑟 6 − 𝑟 !
=

2 × 6!

6 − 𝑟 !

10 × 9 × 8 × 7

11 − 𝑟 10 − 𝑟 9 − 𝑟 8 − 𝑟 7 − 𝑟
= 2

4

1

= 11 − 𝑟 10 − 𝑟 9 − 𝑟 8 − 𝑟 7 − 𝑟

11 − 𝑟 10 − 𝑟 9 − 𝑟 8 − 𝑟 7 − 𝑟

10 × 9 × 4 × 7

= 5 × 2× 3 × 3 × 4× 7

11 − 𝑟 10 − 𝑟 9 − 𝑟 8 − 𝑟 7 − 𝑟 = 7 × 6 × 5 × 4 × 3

11 − 𝑟 = 7 11 − 7 = 𝑟

𝑟 = 4

⟹

𝟑. 𝐢 𝐒𝐮𝐩𝐩𝐨𝐬𝐞 𝟖 𝐩𝐞𝐨𝐩𝐥𝐞 𝐞𝐧𝐭𝐞𝐫 𝐚𝐧 𝐞𝐯𝐞𝐧𝐭 𝐢𝐧 𝐚 𝐬𝐰𝐢𝐦𝐦𝐢𝐧𝐠 𝐦𝐞𝐞𝐭. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲
𝐰𝐚𝐲𝐬 𝐜𝐨𝐮𝐥𝐝 𝐭𝐡𝐞 𝐠𝐨𝐥𝐝, 𝐬𝐢𝐥𝐯𝐞𝐫, 𝐚𝐧𝐝 𝐛𝐫𝐨𝐧𝐳𝐞 𝐩𝐫𝐢𝐳𝐞𝐬 𝐛𝐞 𝐚𝐰𝐚𝐫𝐝𝐞𝐝?
𝐢𝐢 𝐓𝐡𝐫𝐞𝐞 𝐦𝐞𝐧 𝐡𝐚𝐯𝐞 𝟒 𝐜𝐨𝐚𝐭𝐬, 𝟓 𝐰𝐚𝐢𝐬𝐭 𝐜𝐨𝐚𝐭𝐬 𝐚𝐧𝐝 𝟔 𝐜𝐚𝐩𝐬. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬

𝐜𝐚𝐧 𝐭𝐡𝐞𝐲 𝐰𝐞𝐚𝐫 𝐭𝐡𝐞𝐦?

i 8 people, 3 prizes G, S, B Number of ways of awarding

ii Number of ways they can wear is

= (4 × 3 × 2)

= 24 ×

= 8𝑃3 = 8 × 7 × 6 = 336

= 172800

× (5 × 4 × 3) × (6 × 5 × 4)

= 4𝑃3 × 5𝑃3 × 6𝑃3

60 ×120

𝟒. 𝐃𝐞𝐭𝐞𝐫𝐦𝐢𝐧𝐞 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝
𝐒𝐈𝐌𝐏𝐋𝐄 𝐢𝐟 𝐚𝐥𝐥 𝐚𝐫𝐞 𝐭𝐚𝐤𝐞𝐧 𝐚𝐭 𝐚 𝐭𝐢𝐦𝐞?

SIMPLE
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑒𝑡𝑡𝑒𝑟𝑠

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠

= 6!

= 6

= 6𝑃6

= 6 × 5 × 4 × 3 × 2 × 1

= 720
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𝟓. 𝐀 𝐭𝐞𝐬𝐭 𝐜𝐨𝐧𝐬𝐢𝐬𝐭𝐬 𝐨𝐟 𝟏𝟎 𝐦𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐜𝐡𝐨𝐢𝐜𝐞 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧
𝐭𝐡𝐞 𝐭𝐞𝐬𝐭 𝐛𝐞 𝐚𝐧𝐬𝐰𝐞𝐫𝐞𝐝 𝐢𝐟 𝐢 𝐄𝐚𝐜𝐡 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧 𝐡𝐚𝐬 𝐟𝐨𝐮𝐫 𝐜𝐡𝐨𝐢𝐜𝐞𝐬? 𝐢𝐢 𝐓𝐡𝐞 𝐟𝐢𝐫𝐬𝐭
𝐟𝐨𝐮𝐫 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬 𝐡𝐚𝐯𝐞 𝐭𝐡𝐫𝐞𝐞 𝐜𝐡𝐨𝐢𝐜𝐞𝐬 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐫𝐞𝐦𝐚𝐢𝐧𝐢𝐧𝐠 𝐡𝐚𝐯𝐞 𝐟𝐢𝐯𝐞 𝐜𝐡𝐨𝐢𝐜𝐞𝐬?
𝒊𝒊𝒊 𝐐𝐮𝐞𝐬𝐭𝐢𝐨𝐧 𝒏𝒖𝒎𝒃𝒆𝒓 𝒏 𝒉𝒂𝒔 𝒏 + 𝟏 𝒄𝒉𝒐𝒊𝒄𝒆𝒔?

𝑖 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡ℎ𝑒 𝑡𝑒𝑠𝑡 𝑐𝑎𝑛 𝑏𝑒 answered 𝑖𝑠

ii The first four question have three choices and the remainder have five
choices,

= 410

then the number of ways the test can be answered is = 34 × 56.

𝑖𝑖𝑖 𝑄𝑢𝑒𝑠𝑡𝑖𝑜𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑛 ℎ𝑎𝑠 𝑛 + 1 𝑐ℎ𝑜𝑖𝑐𝑒𝑠

𝐹𝑖𝑟𝑠𝑡 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 2 𝑐ℎ𝑜𝑖𝑐𝑒𝑠
𝑆𝑒𝑐𝑜𝑛𝑑 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠 ℎ𝑎𝑠 3 𝑐ℎ𝑜𝑖𝑐𝑒𝑠

𝑇ℎ𝑖𝑟𝑑 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 4 𝑐ℎ𝑜𝑖𝑐𝑒𝑠 𝑒𝑡𝑐.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡ℎ𝑒 𝑡𝑒𝑠𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑛𝑠𝑤𝑒𝑟𝑒𝑑 𝑖𝑠

2 × 3 × 4 × ⋯ 11 = 11!
𝟔. 𝐀 𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐚𝐩𝐩𝐞𝐚𝐫𝐬 𝐢𝐧 𝐚𝐧 𝐨𝐛𝐣𝐞𝐜𝐭𝐢𝐯𝐞 𝐭𝐞𝐬𝐭 𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐧𝐭𝐚𝐢𝐧 𝟓 𝐦𝐮𝐥𝐭𝐢𝐩𝐥𝐞 𝐜𝐡𝐨𝐢𝐜𝐞
𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬. 𝐄𝐚𝐜𝐡 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧 𝐡𝐚𝐬 𝐟𝐨𝐮𝐫 𝐜𝐡𝐨𝐢𝐜𝐞𝐬 𝐨𝐮𝐭 𝐨𝐟 𝐰𝐡𝐢𝐜𝐡 𝐨𝐧𝐞 𝐜𝐨𝐫𝐫𝐞𝐜𝐭
𝐚𝐧𝐬𝐰𝐞𝐫 𝐢 𝐖𝐡𝐚𝐭 𝐢𝐬 𝐭𝐡𝐞 𝐦𝐚𝐱𝐢𝐦𝐮𝐦 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐚𝐧𝐬𝐰𝐞𝐫𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞
𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬 𝐠𝐢𝐯𝐞? 𝒊𝒊 𝐇𝐨𝐰 𝒘𝒊𝒍𝒍 𝒕𝒉𝒆 𝒂𝒏𝒔𝒘𝒆𝒓 𝒄𝒉𝒂𝒏𝒈𝒆 𝒊𝒇 𝒆𝒂𝒄𝒉 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏 𝒎𝒂𝒚
𝒉𝒂𝒗𝒆 𝒎𝒐𝒓𝒆 𝒕𝒉𝒂𝒏 𝒐𝒏𝒆𝒄𝒐𝒓𝒓𝒆𝒄𝒕 𝒂𝒏𝒔𝒘𝒆𝒓𝒔?

5 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑐ℎ𝑜𝑖𝑐𝑒 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠 𝑒𝑎𝑐ℎ ℎ𝑎𝑣𝑖𝑛𝑔 4 𝑐ℎ𝑜𝑖𝑐𝑒𝑠.

𝑖 𝑇ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 = 45,

𝑖𝑖 𝑇ℎ𝑒 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛 𝑚𝑎𝑦 ℎ𝑎𝑣𝑒 1 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑠𝑤𝑒𝑟, 𝑜𝑟 2 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑠𝑤𝑒𝑟𝑠
𝑜𝑟 3 𝑜𝑟 4 𝑜𝑟 5 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑠𝑤𝑒𝑟𝑠.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 =

∴ 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 =

1 + 2 + 3 + 4 + 5 = 15

155

𝟕. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝
𝐀𝐑𝐓𝐈𝐂𝐋𝐄, 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐯𝐨𝐰𝐞𝐥 𝐨𝐜𝐜𝐮𝐩𝐲 𝐭𝐡𝐞 𝐞𝐯𝐞𝐧 𝐩𝐥𝐚𝐜𝐞𝐬?

𝐴𝑅𝑇𝐼𝐶𝐿𝐸 = 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 = 7

Vowels = A E I

consonants = R T C L

Let the 3 vowels occupy 3 even places in

The remaining 4 letters will occupy the remaining 4 places in

∴ Number of strings =

3! ways.

4! ways.

3! × 4!

= (3 × 2 × 1)

= 6 ×

× (4 × 3 × 2 × 1)

24 = 144
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𝟖. 𝟖 𝐰𝐨𝐦𝐞𝐧 𝐚𝐧𝐝 𝟔 𝐦𝐞𝐧 𝐚𝐫𝐞 𝐬𝐭𝐚𝐧𝐝𝐢𝐧𝐠 𝐢𝐧 𝐚 𝐥𝐢𝐧𝐞.

𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐦𝐞𝐧𝐭𝐬 𝐚𝐫𝐞 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 𝐢𝐟 𝐚𝐧𝐲 𝐢𝐧𝐝𝐢𝐯𝐢𝐝𝐮𝐚𝐥 𝐜𝐚𝐧 𝐬𝐭𝐚𝐧𝐝 𝐢𝐧
𝐚𝐧𝐲 𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧?

𝐢𝐢 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐦𝐞𝐧𝐭𝐬 𝐰𝐢𝐥𝐥 𝐚𝐥𝐥 𝟔 𝐦𝐞𝐧 𝐛𝐞 𝐬𝐭𝐚𝐧𝐝𝐢𝐧𝐠 𝐧𝐞𝐱𝐭 𝐭𝐨 𝐨𝐧𝐞
𝐚𝐧𝐨𝐭𝐡𝐞𝐫?

𝐢𝐢𝐢 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐦𝐞𝐧𝐭𝐬 𝐰𝐢𝐥𝐥 𝐧𝐨 𝐭𝐰𝐨 𝐦𝐞𝐧 𝐛𝐞 𝐬𝐭𝐚𝐧𝐝𝐢𝐧𝐠 𝐧𝐞𝐱𝐭 𝐭𝐨 𝐨𝐧𝐞
𝐚𝐧𝐨𝐭𝐡𝐞𝐫?

8 women and 6 men.

i 14 persons can stand in a line in 14! persons.

Total 14 persons.

ii 𝑛 = 14, 𝑚 = 6

Number of arrangements =

= 6! × 14 − 6 + 1 !

𝑖𝑖𝑖 𝑛 = 14, 𝑘 = 6, 𝑚 = 𝑛 − 𝑘

m! × 𝑛 − 𝑚 + 1 !

= 6! × 9!

𝑚 = 14 − 6

𝑚 = 8

Number of arrangemets = m! 𝑚 + 1 𝑃𝑘

= 8! 8 + 1 𝑃6

= 8! 9𝑃6

𝟗. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐌𝐈𝐒𝐒𝐈𝐒𝐒𝐈𝐏𝐏𝐈?

MISSISSIPPI =

Number of S′s =
Number of I′s =

Number of P′s =

Required number of arrangements =

Number of letters = 11!

4!
4!

2!
11!

4! 4! 2!

=
11 × 10 × 9 × 8 × 7 × 6 × 5 × 4!

4! × (4 × 3 × 2 × 1) × (2 × 1)

= 34650

34

𝟏𝟎. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞 𝐩𝐫𝐨𝐝𝐮𝐜𝐭 𝐚𝟐 𝐛𝟑 𝐜𝟒 𝐛𝐞 𝐞𝐱𝐩𝐫𝐞𝐬𝐬𝐞𝐝 𝐰𝐢𝐭𝐡𝐨𝐮𝐭
𝐞𝐱𝐩𝐨𝐧𝐞𝐧𝐭𝐬?

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 = 9

𝑎 = 2, 𝑏 = 3,𝑐 = 4

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 =
9!

2! 3! 4!
=

9 × 8 × 7 × 6 × 5 × 4!

(2 × 1) × (3 × 2 × 1)4!

= 1260

34

𝟏𝟏. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝟒 𝐦𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝐛𝐨𝐨𝐤𝐬, 𝟑 𝐩𝐡𝐲𝐬𝐢𝐜𝐬 𝐛𝐨𝐨𝐤𝐬, 𝟐 𝐜𝐡𝐞𝐦𝐢𝐬𝐭𝐫𝐲
𝐛𝐨𝐨𝐤𝐬 𝐚𝐧𝐝 𝟏 𝐛𝐢𝐨𝐥𝐨𝐠𝐲 𝐛𝐨𝐨𝐤 𝐜𝐚𝐧 𝐛𝐞 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐝 𝐨𝐧 𝐚 𝐬𝐡𝐞𝐥𝐟 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐚𝐥𝐥 𝐛𝐨𝐨𝐤𝐬 𝐨𝐟
𝐭𝐡𝐞 𝐬𝐚𝐦𝐞 𝐬𝐮𝐛𝐣𝐞𝐜𝐭𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫.

416



BLUE STARS HR.SEC SCHOOL
B

L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

B
L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

𝑇𝑎𝑘𝑒 4 𝑀𝑎𝑡ℎ𝑠 𝑏𝑜𝑜𝑘𝑠 𝑎𝑠

3 𝑃ℎ𝑦𝑠𝑖𝑐𝑠 𝑏𝑜𝑜𝑘𝑠 𝑎𝑠

2 𝐶ℎ𝑒𝑚𝑖𝑠𝑡𝑟𝑦 𝑏𝑜𝑜𝑘 𝑎𝑠

1 𝐵𝑖𝑜𝑙𝑜𝑔𝑦 𝑏𝑜𝑜𝑘 𝑎𝑠

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 4 𝑢𝑛𝑖𝑡𝑠 𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛

1 𝑢𝑛𝑖𝑡

1 𝑢𝑛𝑖𝑡

1 𝑢𝑛𝑖𝑡

1 𝑢𝑛𝑖𝑡

4! 𝑤𝑎𝑦𝑠.
4 𝑀𝑎𝑡ℎ𝑠 𝑏𝑜𝑜𝑘𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛 = 4!

3 𝑃ℎ𝑦𝑠𝑖𝑐𝑠 𝑏𝑜𝑜𝑘𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛= 3!

2 𝐶ℎ𝑒𝑚𝑖𝑠𝑡𝑟𝑦 𝑏𝑜𝑜𝑘 𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛 = 2!

1 𝐵𝑖𝑜𝑙𝑜𝑔𝑦 𝑏𝑜𝑜𝑘𝑐𝑎𝑛 𝑏𝑒 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑑 𝑖𝑛= 1!

Number of arrangements = 4! × 4! × 3! × 2!

= 4 × 3 × 2 × 1 × 4 × 3 × 2 × 1 × 3 × 2 × 1 × 2

= 6912

𝟏𝟐. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐒𝐔𝐂𝐂𝐄𝐒𝐒 𝐛𝐞 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐝 𝐬𝐨
𝐭𝐡𝐚𝐭 𝐚𝐥𝐥 𝐒𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫?

SUCCESS,

∴ Number of arragemens =

Let all the 3 S′s be considered as1 unit.

There will be 5 units with 2 C′s.

5!

2!

=
5 × 4 × 3 × 2!

2!
= 60

𝟏𝟑. 𝐀 𝐜𝐨𝐢𝐧 𝐢𝐬 𝐭𝐨𝐬𝐬𝐞𝐝 𝟖 𝐭𝐢𝐦𝐞𝐬,
𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞𝐬 𝐨𝐟 𝐡𝐞𝐚𝐝𝐬 𝐚𝐧𝐝 𝐭𝐚𝐢𝐥𝐬 𝐚𝐫𝐞 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞?

𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞𝐬 𝐜𝐨𝐧𝐭𝐚𝐢𝐧𝐢𝐧𝐠 𝐬𝐢𝐱𝐡𝐞𝐚𝐝𝐬 𝐚𝐧𝐝 𝐭𝐰𝐨 𝐭𝐚𝐢𝐥𝐬 𝐚𝐫𝐞
𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞?

i Total Possible ways

ii Number of ways

= 28

=
8!

6! 2!

=
8 × 7 × 6!

6! × 2 × 1

4

= 28

𝟏𝟒. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝
𝐈𝐍𝐓𝐄𝐑𝐌𝐄𝐃𝐈𝐀𝐓𝐄, 𝐢𝐟 𝐢 𝐓𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐧𝐝 𝐜𝐨𝐧𝐬𝐨𝐧𝐚𝐧𝐭𝐬 𝐚𝐫𝐞 𝐚𝐥𝐭𝐞𝐫𝐧𝐚𝐭𝐢𝐯𝐞
𝐢𝐢 𝐀𝐥𝐥 𝐭𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫 𝐢𝐢𝐢 𝐕𝐨𝐰𝐞𝐥𝐬 𝐚𝐫𝐞 𝐧𝐞𝐯𝐞𝐫 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫
𝐢𝐯 𝐍𝐨 𝐭𝐰𝐨 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫.

INTERMEDIATE
Number of letters =

Number of I′s =

Number of T′s =

Number of E′s =

12

2

2

3
417
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The vowels are

𝐴 = 1

𝐼 = 2

𝐸 = 3

No. of vowels = 1 + 2 + 3 = 6

The consonants are
𝑁 = 1

𝑇 = 2

𝑅 = 1
𝑀 = 1

𝐷 = 1

𝐢 𝐓𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐧𝐝 𝐜𝐨𝐧𝐬𝐨𝐧𝐚𝐧𝐭𝐬 𝐚𝐫𝐞 𝐚𝐥𝐭𝐞𝐫𝐧𝐚𝐭𝐢𝐯𝐞

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑝𝑙𝑎𝑐𝑒 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑜 𝑎 𝑣𝑜𝑤𝑒𝑙.

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑠𝑖𝑥 𝑝𝑙𝑎𝑐𝑒𝑠 𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 6 𝑣𝑜𝑤𝑒𝑙𝑠

∴ 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 =

𝐴𝑛𝑑 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 6 𝑝𝑙𝑎𝑐𝑒𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑜 𝑐𝑜𝑛𝑠𝑜𝑛𝑎𝑛𝑡𝑠.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 =

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 =

6!

2! 3!

6!

2!

6!

2! 3!
×

6!

2!

Let the second place be given to a vowel.

First place consonants and second place vowels are

∴ Required number of ways =

6!

2!
×

6!

2! 3!

= 2 ×
6!

2! 3!
×

6!

2!

= 2 ×
6 × 5 × 4 × 3!

2 × 3!
×

6 × 5 × 4 × 3 × 2!

2!

2

= 2 × 60 × 360 = 43200

6!

2! 3!
×

6!

2! +
6!

2!
×

6!

2! 3!

𝐢𝐢 𝐀𝐥𝐥 𝐭𝐡𝐞 𝐯𝐨𝐰𝐞𝐥𝐬 𝐚𝐫𝐞 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫

Number of arrangements =

Take all the vowels as 1 unit.

Therefore there will be 7 units available for arrangemet.
7!

2!
There are 2 T′s

=
7 × 6 × 5 × 4 × 3 × 2!

2!
= 2520

418
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Among the vowels the number of arrangements =

∴ Required number of permutation =

6!

2! 3!

=
6 × 5 × 4 × 3!

2 × 3!

2

= 60

2520 × 60

= 151200
𝐢𝐢𝐢 𝐕𝐨𝐰𝐞𝐥𝐬 𝐚𝐫𝐞 𝐧𝐞𝐯𝐞𝐫 𝐭𝐨𝐠𝐞𝐭𝐡𝐞𝐫

Total number of arrangements =

Number of arrangements where all vowels are together is

Number of arrangements where all vowels are never together

= 19958400 − 151200

12!

2! 2! 3!

=
12 × 11 × 10 × 9 × 8 × 7 × 6 × 5 × 4 × 3!

2 × 2 × 3!

2

= 19958400

= 151200

= 19807200

iv No two vowels are together

𝑛 = 12, 𝑘 = 6, 𝑚 = 𝑛 − 𝑘

𝑚 = 12 − 6

𝑚 = 6

No two vowels are together = m! 𝑚 + 1 𝑃𝑘

= 6! 6 + 1 𝑃6

= 6! × 7𝑃6

Number of arrangemets =
6! × 7𝑃6

3! × 2! × 2!

=
6 × 5 × 4 × 3 × 2 × 1 × 7 × 6 × 5 × 4 × 3 × 2

6 × 2 × 2
= 151200

𝟏𝟓. 𝐄𝐚𝐜𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝟏, 𝟏, 𝟐, 𝟑, 𝟑 𝐚𝐧𝐝 𝟒 𝐢𝐬 𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐨𝐧 𝐚 𝐬𝐞𝐩𝐚𝐫𝐚𝐭𝐞 𝐜𝐚𝐫𝐝.
𝐓𝐡𝐞 𝐬𝐢𝐱 𝐜𝐚𝐫𝐝𝐬 𝐭𝐡𝐞𝐧 𝐥𝐚𝐢𝐝 𝐨𝐮𝐭 𝐢𝐧 𝐚 𝐫𝐨𝐰 𝐭𝐨 𝐟𝐨𝐫𝐦 𝐚 𝟔 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫.
𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐬𝐭𝐢𝐧𝐜𝐭 𝟔 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬? 𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞
𝟔 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐚𝐫𝐞 𝐞𝐯𝐞𝐧? 𝐢𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞 𝟔 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬

𝐚𝐫𝐞 𝐝𝐢𝐯𝐢𝐬𝐢𝐛𝐥𝐞 𝐛𝐲𝟒?

The digits are 1, 1, 2, 3, 3 and 4

i Number of distinct 6 digit numbers =
6!

2! 2!
=

6 × 5 × 4 × 3 × 2!

2 × 2!
= 180

2

419



BLUE STARS HR.SEC SCHOOL
B

L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

B
L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

𝑖𝑖 𝐼𝑓 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛, 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑖𝑡ℎ𝑒𝑟 2 𝑜𝑟 4.

Number of cards =

=
5!

2! 2!

Total number of cards =

5!

2! 2!
𝑖𝑓 2 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒

𝑖𝑓 4 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑝𝑙𝑎𝑐𝑒

= 60

5!

2! 2!
+

5!

2! 2!
=

5! + 5!

2! 2!

=
2(5!)

2 × 2
=

5 × 4 × 3 × 2

2
iii If a number is divisible by 4,

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑙𝑎𝑠𝑡 𝑡𝑤𝑜 𝑑𝑖𝑔𝑖𝑡𝑠 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 24 𝑜𝑟 32 𝑜𝑟 12.

then the last two digits as a number mus be divisible by 4.

Number of cards =
4!

2! 2!

Number of cards with 24 in last two digits =
4!

2! 2!

Number of cards with 12 in last two digits =
4!

2!

Number of cards with 32 in last two digits =
4!

2!

The digits are 1, 1, 2, 3, 3 and 4

+
4!

2!
+

4!

2!

=
4 × 3 × 2!

2 × 2!
+

4 × 3 × 2!

2!

2

+
4 × 3 × 2!

2!
= 6 + 12 + 12 = 30

𝟏𝟔. 𝐈𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐆𝐀𝐑𝐃𝐄𝐍 𝐚𝐫𝐞 𝐩𝐞𝐫𝐦𝐮𝐭𝐞𝐝 𝐢𝐧 𝐚𝐥𝐥 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 𝐰𝐚𝐲𝐬
𝐚𝐧𝐝 𝐭𝐡𝐞 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐭𝐡𝐮𝐬 𝐟𝐨𝐫𝐦𝐞𝐝 𝐚𝐫𝐞 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐝𝐢𝐜𝐭𝐢𝐨𝐧𝐚𝐫𝐲 𝐨𝐫𝐝𝐞𝐫,
𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐫𝐚𝐧𝐤𝐬 𝐨𝐟 𝐡𝐞 𝐰𝐨𝐫𝐝𝐬 𝐢 𝐆𝐀𝐑𝐃𝐄𝐍 𝐢𝐢 𝐃𝐀𝐍𝐆𝐄𝐑.

(𝑖) 𝐺𝐴𝑅𝐷𝐸𝑁 ⟶ 𝐴, 𝐷, 𝐸, 𝐺, 𝑁, 𝑅

𝐴 − − − − −

𝐷 − − − − −

𝐸 − − − − −

𝐺 𝑠𝑡𝑎𝑟𝑡𝑠

𝐺𝐴 𝑠𝑡𝑎𝑟𝑡𝑠

GAD − − −

= 5! = 120

= 5! = 120

= 5! = 120

= 3! = 6

GAE − − −
GAN − − −

= 3! = 6

= 3! = 6

𝐺𝐴𝑅 𝑠𝑡𝑎𝑟𝑡𝑠

𝐺𝐴𝑅𝐷 𝑠𝑡𝑎𝑟𝑡𝑠

𝐺𝐴𝑅𝐷𝐸 𝑠𝑡𝑎𝑟𝑡𝑠

𝐺𝐴𝑅𝐷𝐸𝑁 = 1

𝑇𝑜𝑡𝑎𝑙 = 379
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𝐷𝐴𝑁𝐺𝐸𝑅 → 𝐴, 𝐷, 𝐸, 𝐺, 𝑁, 𝑅

𝐴 − − − − − = 120

D starts

DA starts

DAE − − − = 6

DAG − − − = 6

DAN starts

DANE − − = 2

DANG starts

DANGE starts

DANGER = 1

Total = 135

𝟏𝟕. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐭𝐡𝐚𝐭 𝐜𝐚𝐧 𝐛𝐞 𝐦𝐚𝐝𝐞 𝐮𝐬𝐢𝐧𝐠 𝐚𝐥𝐥 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞
𝐰𝐨𝐫𝐝 𝐓𝐇𝐈𝐍𝐆. 𝐈𝐟 𝐭𝐡𝐞𝐬𝐞 𝐰𝐨𝐫𝐝𝐬 𝐚𝐫𝐞 𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐢𝐧 𝐚 𝐝𝐢𝐜𝐭𝐢𝐨𝐧𝐚𝐫𝐲, 𝐰𝐡𝐚𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞
𝐭𝐡𝐞 𝟖𝟓𝐭𝐡 𝐬𝐭𝐫𝐢𝐧𝐠?

𝑇𝐻𝐼𝑁𝐺 ⇒ 𝐺𝐻𝐼𝑁𝑇

𝐺 −−− − ⇒ 4! = 24

𝐻 −−− − ⇒ 4! = 24

𝐼 −− − ⇒ 4! = 24
N starts

NG −− − ⇒ 3! = 6

NH −− − ⇒ 3! = 6

NI starts

NIG starts

NIGH starts

NIGHT = 1

Total = 85 ∴ 85𝑡ℎ 𝑤𝑜𝑟𝑑 𝑖𝑠 𝑁𝐼𝐺𝐻𝑇.

𝟏𝟖. 𝐈𝐟 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐅𝐔𝐍𝐍𝐘 𝐚𝐫𝐞 𝐩𝐞𝐫𝐦𝐮𝐭𝐞𝐝 𝐢𝐧 𝐚𝐥𝐥 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 𝐰𝐚𝐲𝐬
𝐚𝐧𝐝 𝐭𝐡𝐞 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐭𝐡𝐮𝐬 𝐟𝐨𝐫𝐦𝐞𝐝 𝐚𝐫𝐞 𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐝𝐢𝐜𝐭𝐢𝐨𝐧𝐚𝐫𝐲 𝐨𝐫𝐝𝐞𝐫, 𝐟𝐢𝐧𝐝
𝐭𝐡𝐞 𝐫𝐚𝐧𝐤 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐅𝐔𝐍𝐍𝐘.

𝐹𝑈𝑁𝑁𝑌 = 𝐹𝑁𝑁𝑈𝑌

𝐹 𝑠𝑡𝑎𝑟𝑡𝑠

𝐹𝑁 −−−⇒ 3! = 6

𝐹𝑈 𝑠𝑡𝑎𝑟𝑡𝑠

𝐹𝑈𝑁 𝑠𝑡𝑎𝑟𝑡𝑠
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𝐹𝑈𝑁𝑁 𝑠𝑡𝑎𝑟𝑡𝑠

𝐹𝑈𝑁𝑁𝑌 = 1

𝑅𝑎𝑛𝑘 = 7

𝟏𝟗. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐬𝐮𝐦 𝐨𝐟 𝐚𝐥𝐥 𝟒 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐭𝐡𝐚𝐭 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐝𝐢𝐠𝐢𝐭𝐬
𝟏, 𝟐, 𝟑, 𝟒, 𝐚𝐧𝐝 𝟓 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧𝐬 𝐧𝐨𝐭 𝐚𝐥𝐥𝐨𝐰𝐞𝐝?

𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟 − 𝑑𝑖𝑔𝑖𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑜𝑟𝑚𝑒𝑑 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑛
𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑑𝑖𝑔𝑖𝑡𝑠

𝑛 − 1 𝑃 𝑟−1 × 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 × 111 … … … 1(r times)

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 1 + 2 + 3 + 4 + 5

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 15

𝑛 = 5 , 𝑟 = 4
𝑆𝑢𝑚 = 4𝑃3 × 15 × 1111

= 4 × 3 × 2 × 15 × 1111 = 399960

𝟐𝟎. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐬𝐮𝐦 𝐨𝐟 𝐚𝐥𝐥 𝟒 − 𝐝𝐢𝐠𝐢𝐭 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐭𝐡𝐚𝐭 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐝𝐢𝐠𝐢𝐭𝐬
𝟎, 𝟐, 𝟓, 𝟕, 𝟖 𝐰𝐢𝐭𝐡𝐨𝐮𝐭 𝐫𝐞𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧?

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 0 + 2 + 5 + 7 + 8

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 = 22
𝑛 = 5 , 𝑟 = 4

𝑆𝑢𝑚 = 𝑛 − 1 𝑃 𝑟−1 × 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 × 111 … … … (𝑟 𝑡𝑖𝑚𝑒𝑠)

− 𝑛 − 2 𝑃 𝑟−2 × 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑔𝑖𝑡𝑠 × 111 … … … (𝑟 − 1) 𝑡𝑖𝑚𝑒𝑠

= 4𝑃3 × 22 × 1111 − 3𝑃2 × 22 × 111

= 4 × 3 × 2 × 22 × 1111 − 3 × 2 × 22 × 111

= 586608 − 14652

= 571956
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𝟒𝟒. 𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠: 𝐢 𝟏𝟎𝐂𝟑, 𝐢𝐢 𝟏𝟓𝐂𝟏𝟑, 𝐢𝐢𝐢 𝟏𝟎𝟎𝐂𝟗𝟗 , 𝐢𝐯 𝟓𝟎 𝐂𝟓𝟎.

𝐢 𝟏𝟎𝒄𝟑 =
10!

7! × 3!
=

10 × 9 × 8 × 7!

7! × 3 × 2 × 1

43

= 120

𝒊𝒊 𝟒𝟓𝑪𝟏𝟑 =
15!

2! × 3!
=

15 × 14 × 13!

2 × 1 × 13!

7

= 105

𝒊𝒊𝒊 𝟏𝟎𝟎𝑪𝟗𝟗 =
100 × 99!

99!
= 100

𝒊𝒗 𝟓𝟎𝑪𝟓𝟎 =
50!

50!
= 1

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟒. 𝟑

𝟒𝟓. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝟓𝐂𝟐 𝐚𝐧𝐝 𝟕𝐂𝟑 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲 𝟓.

𝑛𝐶𝑟 =
𝑛

𝑟
× 𝑛 − 1𝐶𝑟−1

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔

5𝐶2 =
5

2

𝑛 = 5 𝑎𝑛𝑑 𝑟 = 2, 𝑤𝑒 𝑔𝑒𝑡

×(5 − 1)𝐶2−1 =
5

2
× 4𝐶1 =

5

2
×

4

1

2

= 10

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑛 = 7 𝑎𝑛𝑑 𝑟 = 3, 𝑤𝑒 𝑔𝑒𝑡

7𝐶3 =
7

3
×(7 − 1)𝐶3−1 =

7

3
× 6𝐶2 =

7

3
×

6 × 5

2

2

= 35

𝟒𝟔. 𝐈𝐟 𝐧𝐂𝟒 = 𝟒𝟗𝟓. 𝐖𝐡𝐚𝐭 𝐢𝐬 𝐧?

𝑛𝐶4 = 495

𝑛 × 𝑛 − 1 × 𝑛 − 2 × 𝑛 − 3

4 × 3 × 2 × 1

𝑛 × 𝑛 − 1 × 𝑛 − 2 × 𝑛 − 3 =

𝐹𝑎𝑐𝑡𝑜𝑟𝑖𝑛𝑔

= 495

495 × 4 × 3 × 2 × 1

495 =

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑛 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟,

3 × 3 × 5 × 11,

𝑎𝑛𝑑 𝑤𝑟𝑖𝑡𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑎𝑠 𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 4 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑛
𝑡ℎ𝑒 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟
𝑤𝑒 𝑔𝑒𝑡, 𝑛 𝑛 − 1 𝑛 − 2 𝑛 − 3 = 12 × 11 × 10 × 9

𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛

𝑛 = 12

𝟒𝟕. 𝐈𝐟 𝐧𝐏𝐫 = 𝟏𝟏𝟖𝟖𝟎 𝐚𝐧𝐝 𝐧𝐂𝐫 = 𝟒𝟗𝟓, 𝐅𝐢𝐧𝐝 𝐧 𝐚𝐧𝐝 𝐫.

𝑛𝑃𝑟

𝑛𝐶𝑟
= 𝑟!
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𝑟! =
11880

495
99

2376

33

79 2

1

24

= 24= 4!

Using this r = 4,

r! = 4! ⟹ r = 4

nC4 = 495,in

n = 12.

𝑛 × 𝑛 − 1 × 𝑛 − 2 × 𝑛 − 3

4 × 3 × 2 × 1
= 495

𝑛 × 𝑛 − 1 × 𝑛 − 2 × 𝑛 − 3 =

𝐹𝑎𝑐𝑡𝑜𝑟𝑖𝑛𝑔

495 × 4 × 3 × 2 × 1

495 = 3 × 3 × 5 × 11,

𝑛 𝑛 − 1 𝑛 − 2 𝑛 − 3 = 12 × 11 × 10 × 9

𝟒𝟖. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝟐𝟒𝐂𝟒 + ෍

𝐫=𝟎

𝟒

𝟐𝟖 − 𝐫 𝐂𝟑 = 𝟐𝟗𝐂𝟒.

24C4 + ෍

r=0

4

28 − r C3

= 24C4 +

= 24C4 +

= 25C4

= 26C4 = 27C4

= 28C4

𝐿. 𝐻. 𝑆 =

28C3 + 27C3 + 26C3 + 25C3 + 24C3

24C3 + 25C3 + 26C3 + 27C3 + 28C3

+ 25C3 + 26C3 + 27C3 + 28C3

+ 26C3 + 27C3 + 28C3 + 27C3 + 28C3

+ 28C3 = 29𝐶4 = 𝑅. 𝐻. 𝑆

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟒𝟗: 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝟏𝟎𝐂𝟐 + 𝟐 × 𝟏𝟎𝐂𝟑 + 𝟏𝟎𝐂𝟒 = 𝟏𝟐𝐂𝟒.

= 10𝐶2 +

= 10𝐶2 + 10𝐶3 = 11𝐶3

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟎: 𝐈𝐟 𝐧 + 𝟐 𝐂𝟕: 𝐧 − 𝟏 𝐏𝟒 = 𝟏𝟑: 𝟐𝟒 𝐟𝐢𝐧𝐝 𝐧.

𝑛 + 2 𝐶7: 𝑛 − 1 𝑃4 = 13: 24

𝑛 + 2 𝐶7

𝑛 − 1 𝑃4

𝐿. H. S = 10𝐶2 + 2 × 10𝐶3 + 10𝐶4

10𝐶3 + 10𝐶3 + 10𝐶4

+ 10𝐶3 + 10𝐶4 + 11𝐶4

=
13

24
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n + 2 !

n − 5 ! 7!
n + 2 n + 1 n n − 1 !

n − 1 ! ∙ 7!

n + 2 n + 1 n

n + 2 n + 1 n = n + 2 =

𝑛 = 13

×
n − 5 !

n − 1 !
=

13

24 =
13

24

=
13

24
× 7!

=
13

24
×n + 2 n + 1 n 7 × 6 × 5 × 4 × 3 × 2 × 1

6

13 ×14 × 15 15

n = 15 − 2

⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟓𝟏: 𝑨 𝒔𝒂𝒍𝒂𝒅 𝒂𝒕 𝒂 𝒄𝒆𝒓𝒕𝒂𝒊𝒏 𝒓𝒆𝒔𝒕𝒂𝒖𝒓𝒂𝒏𝒕 𝒄𝒐𝒏𝒔𝒊𝒔𝒕𝒔 𝒐𝒇 𝟒 𝒐𝒇 𝒕𝒉𝒆
𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇𝒓𝒖𝒊𝒕𝒔: 𝒂𝒑𝒑𝒍𝒆, 𝒃𝒂𝒏𝒏𝒂𝒏𝒂, 𝒈𝒖𝒂𝒗𝒂, 𝒑𝒐𝒎𝒆𝒈𝒓𝒂𝒏𝒂𝒕𝒆, 𝒈𝒓𝒂𝒑𝒆𝒔,

𝒑𝒂𝒑𝒂𝒚𝒂 𝒂𝒏𝒅 𝒑𝒊𝒏𝒆𝒂𝒑𝒑𝒍𝒆. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒇𝒓𝒖𝒊𝒕 𝒔𝒂𝒍𝒂𝒅𝒔.

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑠𝑒𝑣𝑒𝑛 𝑓𝑟𝑢𝑖𝑡𝑠 𝑎𝑛𝑑 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠𝑒𝑙𝑒𝑐𝑡 𝑓𝑜𝑢𝑟 𝑓𝑟𝑢𝑖𝑡𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑓𝑟𝑢𝑖𝑡 𝑠𝑎𝑙𝑎𝑑.

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑚𝑎𝑘𝑖𝑛𝑔 𝑎 𝑓𝑟𝑢𝑖𝑡 𝑠𝑎𝑙𝑎𝑑 𝑖𝑠

7𝐶4 = 7𝐶7−4

= 7𝐶3 𝑛𝐶𝑟 =
𝑛!

𝑟! 𝑛 − 𝑟 !
𝑤ℎ𝑒𝑟𝑒 𝑛 = 7, 𝑟 = 3

7𝐶3 =
7!

3! 7 − 3 !
=

7!

3! 4!
=

7 × 6 × 5 × 4!

3 × 2 × 1 × 4!

2

= 35

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟓𝟐: 𝐀 𝐌𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐬 𝐜𝐥𝐮𝐛 𝐡𝐚𝐬 𝟏𝟓 𝐦𝐞𝐦𝐛𝐞𝐫𝐬. 𝐈𝐧 𝐭𝐡𝐚𝐭 𝟖 𝐚𝐫𝐞 𝐠𝐢𝐫𝐥𝐬.
𝟔 𝐨𝐟 𝐭𝐡𝐞 𝐦𝐞𝐦𝐛𝐞𝐫𝐬 𝐚𝐫𝐞 𝐭𝐨 𝐛𝐞 𝐬𝐞𝐥𝐞𝐜𝐭𝐞𝐝 𝐟𝐨𝐫 𝐚 𝐜𝐨𝐦𝐩𝐞𝐭𝐢𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐡𝐚𝐥𝐟 𝐨𝐟
𝐭𝐡𝐞𝐦 𝐬𝐡𝐨𝐮𝐥𝐝 𝐛𝐞 𝐠𝐢𝐫𝐥𝐬. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞 𝐬𝐞𝐥𝐞𝐜𝐭𝐢𝐨𝐧𝐬 𝐚𝐫𝐞 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞?

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 8 𝑔𝑖𝑟𝑙𝑠 𝑎𝑛𝑑 7 𝑏𝑜𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑠 𝑐𝑙𝑢𝑏.

8𝐶3 × 7𝐶3 =

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑛𝑔 6 𝑚𝑒𝑚𝑏𝑒𝑟𝑠 𝑖𝑛 𝑡ℎ𝑎𝑡 ℎ𝑎𝑙𝑓 𝑜𝑓 𝑡ℎ𝑒𝑚 𝑔𝑖𝑟𝑙𝑠

3 𝑔𝑖𝑟𝑙𝑠 𝑎𝑛𝑑 3 𝑜𝑡ℎ𝑒𝑟𝑠 𝑖𝑠

8!

3! 8 − 3 !
×

7!

3! 7 − 3 !

=
8!

3! 5!
×

7!

3! 4!
=

8 × 7 × 6 × 5!

3 × 2 × 5!
×

7 × 6 × 5 × 4!

3 × 2 × 1 × 4!

3 3

= 56 × 35 = 1960

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟑: 𝐈𝐧 𝐫𝐚𝐭𝐢𝐧𝐠 𝟐𝟎 𝐛𝐫𝐚𝐧𝐝𝐬 𝐨𝐟 𝐜𝐚𝐫𝐬, 𝐚 𝐜𝐚𝐫 𝐦𝐚𝐠𝐚𝐳𝐢𝐧𝐞 𝐩𝐢𝐜𝐤𝐬 𝐚 𝐟𝐢𝐫𝐬𝐭,
𝐬𝐞𝐜𝐨𝐧𝐝, 𝐭𝐡𝐢𝐫𝐝, 𝐟𝐨𝐮𝐫𝐭𝐡 𝐚𝐧𝐝 𝐟𝐢𝐟𝐭𝐡 𝐛𝐞𝐬𝐭 𝐛𝐫𝐚𝐧𝐝 𝐚𝐧𝐝 𝐭𝐡𝐞 𝟕 𝐦𝐨𝐫𝐞 𝐚𝐬 𝐚𝐜𝐜𝐞𝐩𝐭𝐚𝐛𝐥𝐞.
𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐢𝐭 𝐛𝐞 𝐝𝐨𝐧𝐞?

The picking of 5 brands for a first, second, third, fourth and fifth best brand
from 20 brands in 20P5 ways.
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From the remaining 15 we need to select 7 acceptable in

By the rule of product it can be done in 20P5 × 15P7 ways.

15C7 ways.

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟒: 𝐅𝐫𝐨𝐦 𝐚 𝐜𝐥𝐚𝐬𝐬 𝐨𝐟 𝟐𝟓 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬, 𝟏𝟎 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬 𝐚𝐫𝐞 𝐭𝐨 𝐛𝐞 𝐜𝐡𝐨𝐬𝐞𝐧
𝐟𝐨𝐫 𝐚𝐧 𝐞𝐱𝐜𝐮𝐫𝐬𝐢𝐨𝐧 𝐩𝐚𝐫𝐭𝐲. 𝐓𝐡𝐞𝐫𝐞 𝐰𝐚𝐬𝟒 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬 𝐰𝐡𝐨 𝐝𝐞𝐜𝐢𝐝𝐞 𝐭𝐡𝐚𝐭 𝐞𝐢𝐭𝐡𝐞𝐫 𝐚𝐥𝐥
𝐨𝐟 𝐭𝐡𝐞𝐦 𝐰𝐢𝐥𝐥 𝐣𝐨𝐢𝐧 𝐨𝐫 𝐧𝐨𝐧𝐞 𝐨𝐟 𝐭𝐡𝐞𝐦 𝐰𝐢𝐥𝐥 𝐣𝐨𝐢𝐧. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞
𝐞𝐱𝐜𝐮𝐫𝐬𝐢𝐨𝐧 𝐩𝐚𝐫𝐭𝐲 𝐛𝐞 𝐜𝐡𝐨𝐬𝐞𝐧?

There are two possibilities.

i All the 4 students will got to the excursion party then,

It can be done in 21C6 =
21!

6! × (21 − 6)!

ii All the 4 students will not go to the excursion party then,

Hence, the total number of ways is

we need to select 6 students out of 21 students.

=
21!

6! × 15!
ways.

we need to select 10 students out of 21 students.

It can be done in 21C10 =
21!

10! × (21 − 10)!
=

21!

10! × 11!
.

21C6 + 21C10 =
21!

6! × 15!
+

21!

10! × 11!

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟓: 𝐀 𝐛𝐨𝐱 𝐨𝐟 𝐨𝐧𝐞 𝐝𝐨𝐳𝐞𝐧 𝐚𝐩𝐩𝐥𝐞 𝐜𝐨𝐧𝐭𝐚𝐢𝐧𝐬 𝐚 𝐫𝐨𝐭𝐭𝐞𝐧 𝐚𝐩𝐩𝐥𝐞. 𝐈𝐟 𝐰𝐞
𝐚𝐫𝐞 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝟑 𝐚𝐩𝐩𝐥𝐞𝐬 𝐬𝐢𝐦𝐮𝐥𝐭𝐚𝐧𝐞𝐨𝐮𝐬𝐥𝐲, 𝐢𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬, 𝐨𝐧𝐞 𝐜𝐚𝐧 𝐠𝐞𝐭
𝐨𝐧𝐥𝐲 𝐠𝐨𝐨𝐝 𝐚𝐩𝐩𝐥𝐞𝐬.

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑛𝑔 3 𝑎𝑝𝑝𝑙𝑒𝑠 𝑓𝑟𝑜𝑚 12 𝑎𝑝𝑝𝑙𝑒𝑠 𝑖𝑠

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑔𝑒𝑡𝑡𝑖𝑛𝑔 𝑎 𝑟𝑜𝑡𝑡𝑒𝑛 𝑎𝑝𝑝𝑙𝑒 𝑤ℎ𝑒𝑛 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑛𝑔
3 𝑎𝑝𝑝𝑙𝑒𝑠 𝑓𝑟𝑜𝑚 12 𝑎𝑝𝑝𝑙𝑒𝑠 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑔𝑒𝑡𝑡𝑖𝑛𝑔 𝑜𝑛𝑙𝑦 𝑔𝑜𝑜𝑑 𝑎𝑝𝑝𝑙𝑒 𝑖𝑠

12𝐶3 − 11𝐶2 = 220 − 55

= 220.

= 55.

= 165

12𝐶3

=
12!

3! × (12 − 3)!
=

12!

3! × 9!

𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑛𝑔 1 𝑟𝑜𝑡𝑡𝑒𝑛 𝑎𝑝𝑝𝑙𝑒 𝑎𝑛𝑑 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 2 𝑎𝑝𝑝𝑙𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑓𝑟𝑜𝑚
11 𝑎𝑝𝑝𝑙𝑒𝑠 𝑖𝑠

11𝐶2 =
11!

2! × (11 − 2)!
=

11!

2! × 9!
=

11 × 10 × 9!

2 × 9!

=
12 × 11 × 10 × 9!

3 × 2 × 9!

54

5

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟔: 𝑨𝒏 𝒆𝒙𝒂𝒎 𝒑𝒂𝒑𝒆𝒓 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒔 𝟖 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏𝒔, 𝟒 𝒊𝒏 𝑷𝒂𝒓𝒕 𝑨
𝒂𝒏𝒅 𝟒 𝒊𝒏 𝑷𝒂𝒓𝒕 𝑩. 𝑬𝒙𝒂𝒎𝒊𝒏𝒆𝒓𝒔 𝒂𝒓𝒆 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒕𝒐 𝒂𝒏𝒔𝒘𝒆𝒓 𝟓 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏𝒔.
𝑰𝒏 𝒉𝒐𝒘 𝒎𝒂𝒏𝒚 𝒘𝒂𝒚𝒔 𝒄𝒂𝒏 𝒕𝒉𝒊𝒔 𝒃𝒆 𝒅𝒐𝒏𝒆 𝒊𝒇

𝐢 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐧𝐨 𝐫𝐞𝐬𝐭𝐫𝐢𝐜𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐚 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬 𝐢𝐧
𝐞𝐢𝐭𝐡𝐞𝐫 𝐩𝐚𝐫𝐭𝐬.
𝐢𝐢 𝐀𝐭 𝐥𝐞𝐚𝐬𝐭 𝐭𝐰𝐨 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬 𝐟𝐫𝐨𝐦 𝐏𝐚𝐫𝐭 𝐀 𝐦𝐮𝐬𝐭 𝐛𝐞 𝐚𝐧𝐬𝐰𝐞𝐫𝐞𝐝.
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𝐢 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝐧𝐨 𝐫𝐞𝐬𝐭𝐫𝐢𝐜𝐭𝐢𝐨𝐧𝐬.

𝑇𝑜𝑡𝑎𝑙𝑙𝑦 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 8 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑏𝑜𝑡ℎ 𝑃𝑎𝑟𝑡 𝐴 𝑎𝑛𝑑 𝑃𝑎𝑟𝑡 𝐵.

𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑎𝑡𝑡𝑒𝑚𝑝𝑡𝑖𝑛𝑔 5 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠 𝑖𝑠

8𝐶5 = 8𝐶8−5 = 8𝐶3

=
8!

3! × (8 − 3)!
=

8!

3! × 5!
=

8 × 7 × 6 × 5!

3 × 2 × 5!

3

= 56

𝐢𝐢 𝐀𝐭𝐥𝐞𝐚𝐬𝐭 𝐭𝐰𝐨 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬 𝐟𝐫𝐨𝐦 𝐏𝐚𝐫𝐭 𝐀 𝐧𝐞𝐞𝐝𝐬 𝐭𝐨 𝐛𝐞 𝐚𝐧𝐬𝐰𝐞𝐫𝐞𝐝.

𝐴𝑐𝑐𝑜𝑟𝑑𝑖𝑛𝑔𝑙𝑦, 𝑣𝑎𝑟𝑖𝑜𝑢𝑠 𝑐ℎ𝑜𝑖𝑐𝑒𝑠 𝑎𝑟𝑒 𝑡𝑎𝑏𝑢𝑙𝑎𝑡𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠.

𝑃𝑎𝑟𝑡 𝐴 𝑃𝑎𝑟𝑡 𝐵 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠

2

3

4

3

2

1

4C2 × 4C3

4C3 × 4C2

4C4 × 4C1

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑎𝑛𝑠𝑤𝑒𝑟𝑖𝑛𝑔 𝑖𝑠

= 4𝐶2 × 4𝐶3 + 4𝐶3 × 4𝐶2 + 4𝐶4 × 4𝐶1

= 4𝐶2 × 4𝐶3 + 1 × 4(1 + 1)

= 4𝐶2 × 4𝐶1(2) + 4

= 48

=
4!

2! 4 − 2 !
× 4 × 2 + 4

=
4 × 3 × 2!

2 × 2!
× 8 + 4 + 4 = 52

2

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟕: 𝐎𝐮𝐭 𝐨𝐟 𝟕 𝐜𝐨𝐧𝐬𝐨𝐧𝐚𝐧𝐭𝐬 𝐚𝐧𝐝 𝟒 𝐯𝐨𝐰𝐞𝐥𝐬, 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝟑
𝐜𝐨𝐧𝐬𝐨𝐧𝐚𝐧𝐭𝐬 𝐚𝐧𝐝 𝟐 𝐯𝐨𝐰𝐞𝐥𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝?

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑛𝑔

7𝐶3 × 4𝐶2

𝐸𝑎𝑐ℎ 𝑠𝑡𝑟𝑖𝑛𝑔 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 5 𝑙𝑒𝑡𝑡𝑒𝑟𝑠.

𝐻𝑒𝑛𝑐𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑠,

7𝐶3 × 4𝐶2

3 𝑐𝑜𝑛𝑠𝑜𝑛𝑎𝑛𝑡𝑠 𝑜𝑢𝑡 𝑜𝑓 7 𝑎𝑛𝑑 2 𝑣𝑜𝑤𝑒𝑙𝑠 𝑜𝑢𝑡 𝑜𝑓 4 𝑖𝑠

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑎𝑟𝑟𝑎𝑛𝑔𝑖𝑛𝑔 5 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑎𝑚𝑜𝑛𝑔 𝑡ℎ𝑒𝑚𝑠𝑒𝑙𝑣𝑒𝑠 𝑖𝑠

5! = 5 × 4 × 3 × 2 × 1 = 120

× 5! =
7!

3! 7 − 3 !
×

4!

2! 4 − 2 !
× 5!

=
7!

3! 4!
×

4!

2! 2!
× 120 =

7 × 6 × 5 × 4!

3 × 2 × 1 × 4!
×

4 × 3 × 2!

2 × 1 × 2!
× 120

3 2
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= 35 × 6 × 120 = 25200

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟖: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐭𝐫𝐢𝐧𝐠𝐬 𝐨𝐟 𝟓 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐭𝐡𝐚𝐭 𝐜𝐚𝐧 𝐛𝐞
𝐟𝐨𝐫𝐦𝐞𝐝 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐥𝐞𝐭𝐭𝐞𝐫𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐨𝐫𝐝 𝐏𝐑𝐎𝐏𝐎𝐒𝐈𝐓𝐈𝐎𝐍.

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 11 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑤𝑜𝑟𝑑,
𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑙𝑒𝑡𝑡𝑒𝑟𝑠

𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 4 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑅, 𝑆, 𝑇, 𝑁 ,2 𝑠𝑒𝑡𝑠 𝑜𝑓 𝑡𝑤𝑜 𝑎𝑙𝑖𝑘𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑃𝑃, 𝐼𝐼 ,

1 𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑟𝑒𝑒 𝑎𝑙𝑖𝑘𝑒 𝑙𝑒𝑡𝑡𝑒𝑟𝑠 𝑂𝑂𝑂 .
𝑇ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑡𝑎𝑏𝑙𝑒 𝑤𝑖𝑙𝑙 𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑒 𝑡ℎ𝑒 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 𝑠𝑒𝑡𝑠 𝑎𝑛𝑑

𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑜𝑟𝑑𝑠

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑟𝑖𝑔𝑠 𝑎𝑟𝑒 2520 + 20 + 300 + 450 + 3600
= 6890.

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟓𝟗: 𝐈𝐟 𝐚 𝐬𝐞𝐭 𝐨𝐟 𝐦 𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥 𝐥𝐢𝐧𝐞 𝐢𝐧𝐭𝐞𝐫𝐞𝐬𝐞𝐜𝐭 𝐚𝐧𝐨𝐭𝐡𝐞𝐫𝐫 𝐬𝐞𝐭 𝐨𝐟 𝐧
𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥 𝐥𝐢𝐧𝐞𝐬 𝐧𝐨𝐭 𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥 𝐭𝐨 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞𝐬 𝐢𝐧 𝐭𝐡𝐞 𝐟𝐢𝐫𝐬𝐭 𝐬𝐞𝐭 , 𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞
𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥𝐨𝐠𝐫𝐚𝐦𝐬 𝐟𝐨𝐫𝐦𝐞𝐝 𝐢𝐧 𝐭𝐡𝐢𝐬 𝐥𝐚𝐭𝐭𝐢𝐜 𝐬𝐭𝐫𝐮𝐜𝐭𝐮𝐫𝐞.
𝑊ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑤𝑒 𝑠𝑒𝑙𝑒𝑐𝑡 2 𝑙𝑖𝑛𝑒𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑠𝑒𝑡 𝑜𝑓 𝑚 𝑙𝑖𝑛𝑒𝑠

𝑎𝑛𝑑 2 𝑙𝑖𝑛𝑒𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑠𝑒𝑡 𝑜𝑓 𝑛 𝑙𝑖𝑛𝑒𝑠, 𝑜𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 𝑖𝑠 𝑓𝑜𝑟𝑚𝑒𝑑.

𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚𝑠 𝑓𝑜𝑟𝑚𝑒𝑑 𝑖𝑠 𝑚𝐶2 × 𝑛𝐶2.

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒. 𝟔𝟎: 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐚𝐠𝐨𝐧𝐚𝐥𝐬 𝐚𝐫𝐞 𝐭𝐡𝐞𝐫𝐞 𝐢𝐧 𝐚 𝐩𝐨𝐥𝐲𝐠𝐨𝐧 𝐰𝐢𝐭𝐡 𝐧 𝐬𝐢𝐝𝐞𝐬?
A polygon of n sides has n vertices.

By joining any two vertices of a polygon,
we obtain either a side or a diagonal of the polygon.
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Out of these lines, there are n sides of polygon.
n n − 1

2
− n

number of diagonals for pentagon

Number of line segments obtained by joining

the vertices of a n sided polygon taken two at a time is nC2 =
n n − 1

2

Therefore, number of diagonals of the polygon is

=
n n − 1 − 2𝑛

2
=

n n − 1 − 2

2
=

n n − 3

2

=
5 5 − 3

2

number of diagonals for heptagon Septagon =
7 7 − 3

2

=
5 2

2
= 5

=
7 4

2

2

= 14

𝟏. 𝐈𝐟 𝐧𝐂𝟏𝟐 = 𝐧𝐂𝟗 𝐟𝐢𝐧𝐝 𝟐𝟏𝐂𝐧.

𝑛𝐶12 =

∴ 12 =

∴ 21𝐶𝑛 =

𝟐. 𝐈𝐟 𝟏𝟓𝐂𝟐𝐫−𝟏 = 𝟏𝟓𝐂𝟐𝐫+𝟒 𝐟𝐢𝐧𝐝 𝐫.

15𝐶2𝑟−1 = 15𝐶2𝑟+4

= 15𝐶15−2𝑟−4

2𝑟 − 1

4𝑟 =12

𝑟 =

𝑛𝐶𝑛−9

nCr = nCn−r

𝑛 − 9 ⟹ 𝑛 =12 + 9 ⟹ 𝑛 = 21

21𝐶21 = 1

nCr = nCn−r

= 15 − 2𝑟 − 4

2𝑟 + 2𝑟 = 15 − 4 + 1

⟹
12

4
𝑟 = 3

𝟑. 𝐈𝐟 𝐧𝐏𝟒 = 𝟕𝟐𝟎, 𝐚𝐧𝐝 𝐧𝐂𝐫 = 𝟏𝟐𝟎, 𝐟𝐢𝐧𝐝 𝐧, 𝐫.

nCr = 120,

nPr = nCr × r!

720 =

r! =

nPr = 720

120 × r!

720

120

6

⟹ r! = 6 ⟹ r = 3

𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝟏𝟓𝐂𝟑 + 𝟐 × 𝟏𝟓𝐂𝟒 + 𝟏𝟓𝐂𝟓 = 𝟏𝟕𝐂𝟓.

LHS =
15 × 14 × 13

1 × 2 × 3
+ 2 ×

15 × 14 × 13 × 12

1 × 2 × 3 × 4
+

15 × 14 × 13 × 12 × 11

1 × 2 × 3 × 4 × 5
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=
15 × 14 × 13

1 × 2 × 3
1 +

24

4
+

132

20

=
15 × 14 × 13

1 × 2 × 3
=

15 × 14 × 13 × 272

1 × 2 × 3 × 4 × 5

=
17 × 16 × 15 × 14 × 13

1 × 2 × 3 × 4 × 5
= 17𝐶5 = 𝑅𝐻𝑆

20 + 120 + 132

20

𝟓. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝟑𝟓𝐂𝟓 + σ𝟒=𝟎
𝟒 𝟑𝟗 − 𝐫 𝐂𝟒 = 𝟒𝟎𝐂𝟓.

𝐿𝐻𝑆 = 35𝐶5 + ෍

4=0

4

39 − 𝑟 𝐶4

= 35𝐶5 +

= 36𝐶5

= 37C5

= 35𝐶5 + + (39 − 1)𝐶4(39 − 0)𝐶4 + (39 − 2)𝐶4 + (39 − 3)𝐶4 + (39 − 4)𝐶4

39𝐶4+ 38𝐶4+ 37𝐶4+ 36𝐶4+ 35𝐶4

= 35𝐶5 + 35𝐶4 + 36𝐶4 + 37𝐶4 + 38𝐶4 + 39𝐶4

+ 36𝐶4 + 37𝐶4 + 38𝐶4 + 39𝐶4

+ 37C4 + 38C4 + 39C4

= 38C5 = 39C5 = 40C3+ 38C4 + 39C4 + 39C4 = RHS

nCr + nCr−1 = n + 1Cr

𝟔. 𝐈𝐟 𝐧 + 𝟏 𝐂𝐧: 𝐧 − 𝟑 𝐏𝟒 = 𝟓𝟕: 𝟏𝟔, 𝐟𝐢𝐧𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐧.

n + 1 C8

n − 3 P4
=

57

16
16 n + 1 C8 = 57 n − 3 P4

16 57

n + 1 n n − 1 n − 2 n − 3 !

n − 7 ! 8!
=

57

16

n + 1 !

n + 1 − 8 ! 8!
=

n − 3 !

n − 3 − 4 !

n − 3 !

n − 7 !

n + 1 n n − 1 n − 2 =
57 × 8!

16

n + 1 n n − 1 n − 2 =
57 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1

16 4

2

⟹

= 19 × 3 × 7 × 6 × 5 × 4 × 3

= 21 × 20 × 19 × 18n + 1 n n − 1 n − 2

n + 1 =Equating corresponding value

n =
n is not an integer.

21
21 −1 = 20
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𝟕. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝟐𝐧𝐂𝐧 =
𝟐𝐧 × 𝟏 × 𝟑 × ⋯ 𝟐𝐧 − 𝟏

𝐧!

=
2n!

2n − n ! n!

=
2n 2n − 1 2n − 2 … 4 × 3 × 2 × 1

1 × 2 × 3 … n × n!

=
2n ∙ 2n − 2 2n − 4 … … . . 2 ∙ 2n − 1 2n − 3 … … 3 ∙ 1

n! n!

=
2 n 2 n − 1 2 n − 2 … 2 1 2n − 1 2n − 3 … 3.1

n! n!

=
2n n n − 1 … 1 2n − 1 2n − 3 … 3.1

n! n!

𝐿. 𝐻. 𝑆 = 2Cn

=
2n × 1 × 3 ×. . 2n − 1

n!
= RHS

𝟖. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐢𝐟 𝟏 ≤ 𝐫 ≤ 𝐧 𝐭𝐡𝐞𝐧 𝐧 × 𝐧 − 𝟏 𝐂 𝐫−𝟏 = 𝐧 − 𝐫 + 𝟏 𝐧𝐂𝐫−𝟏.

LHS = n × n − 1Cr−1

= n =
n!

n − r ! r − 1 !

=
n! n − r + 1

𝑛 − r + 1 ! 𝑟 − 1 !
= n − r + 1 ∙ nCr−1

𝑛 − 1 !

n − 1 − r + 1 ! r − 1 !

= RHS

𝟗. 𝐢 𝐀 𝐊𝐚𝐛𝐚𝐝𝐝𝐢 𝐜𝐨𝐚𝐜𝐡 𝐡𝐚𝐬 𝟏𝟒 𝐩𝐥𝐚𝐲𝐞𝐫𝐬 𝐫𝐞𝐚𝐝𝐲 𝐭𝐨 𝐩𝐥𝐚𝐲. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭
𝐭𝐞𝐚𝐦𝐬 𝐨𝐟 𝟕 𝐩𝐥𝐚𝐲𝐞𝐫𝐬 𝐜𝐨𝐮𝐥𝐝 𝐭𝐡𝐞 𝐜𝐨𝐚𝐜𝐡 𝐩𝐮𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐜𝐨𝐮𝐫𝐭?

𝐢𝐢 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟏𝟓 𝐩𝐞𝐫𝐬𝐨𝐧𝐬 𝐢𝐧 𝐚 𝐩𝐚𝐫𝐭 𝐚𝐧𝐝 𝐢𝐟 𝐞𝐚𝐜𝐡 𝟐 𝐨𝐟 𝐭𝐡𝐞𝐦 𝐬𝐡𝐚𝐤𝐞𝐬 𝐡𝐚𝐧𝐝𝐬
𝐰𝐢𝐭𝐡 𝐞𝐚𝐜𝐡 𝐨𝐭𝐡𝐞𝐫, 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐡𝐚𝐧𝐝𝐬𝐡𝐚𝐤𝐞𝐬 𝐡𝐚𝐩𝐩𝐞𝐧 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐚𝐫𝐭𝐲?

𝐢𝐢𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐜𝐡𝐨𝐫𝐝𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐝𝐫𝐚𝐰𝐧 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝟐𝟎 𝐩𝐨𝐢𝐧𝐭𝐬 𝐨𝐧 𝐚 𝐜𝐢𝐫𝐜𝐥𝐞?
𝒊𝒗 𝑰𝒏 𝒂 𝒑𝒂𝒓𝒌𝒊𝒏𝒈 𝒍𝒐𝒕 𝒐𝒏𝒆 𝒉𝒖𝒏𝒅𝒓𝒆𝒅, 𝒐𝒏𝒆 𝒚𝒆𝒂𝒓 𝒐𝒍𝒅 𝒄𝒂𝒓𝒔, 𝒂𝒓𝒆 𝒑𝒂𝒓𝒌𝒆𝒅.

𝑶𝒖𝒕 𝒐𝒇 𝒕𝒉𝒆𝒎 𝒇𝒊𝒗𝒆 𝒂𝒓𝒆 𝒕𝒐 𝒃𝒆 𝒄𝒉𝒐𝒔𝒆𝒏𝒂𝒕 𝒓𝒂𝒏𝒅𝒐𝒎 𝒇𝒐𝒓 𝒕𝒐 𝒄𝒉𝒆𝒄𝒌 𝒊𝒕𝒔
𝒑𝒐𝒍𝒍𝒖𝒕𝒊𝒐𝒏 𝒅𝒆𝒗𝒊𝒄𝒆𝒔. 𝑯𝒐𝒘 𝒎𝒂𝒏𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒔𝒆𝒕 𝒐𝒇 𝒇𝒊𝒗𝒆 𝒄𝒂𝒓𝒔 𝒄𝒂𝒏 𝒃𝒆
𝒄𝒉𝒐𝒔𝒆𝒏?

𝒗 𝑯𝒐𝒘 𝒎𝒂𝒏𝒚 𝒘𝒂𝒚𝒔 𝒄𝒂𝒏 𝒂 𝒕𝒆𝒂𝒎 𝒐𝒇 𝟑 𝒃𝒐𝒚𝒔, 𝟐 𝒈𝒊𝒓𝒍𝒔 𝒂𝒏𝒅 𝟏 𝒕𝒓𝒂𝒏𝒔𝒈𝒆𝒏𝒅𝒆𝒓
𝒃𝒆 𝒔𝒆𝒍𝒆𝒄𝒕 𝒇𝒓𝒐𝒎 𝟓 𝒃𝒐𝒚𝒔, 𝟒 𝒈𝒊𝒓𝒍𝒔𝒂𝒏𝒅 𝟐 𝒕𝒓𝒂𝒏𝒔𝒈𝒆𝒏𝒅𝒆𝒓𝒔?

14𝐶7𝒊 =
14 × 13 × 12 × 11 × 10 × 9 × 8

1 × 2 × 3 × 4 × 5 × 6 × 7

7 4 2

3

3

= 3432
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𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 ℎ𝑎𝑛𝑑𝑠ℎ𝑎𝑘𝑒𝑠𝑖𝑖

𝑖𝑖𝑖 To draw a chord use need two points

= 15𝐶2 =
15 × 14

2

7

= 105

∴ Number of chord = 20C2 =
20 × 19

2

10

= 190

iv Number of selections = 100C5 =
100 × 99 × 98 × 97 × 96

1 × 2 × 3 × 4 × 5

20 5 33 49

= 75287520

v Required number of selection = 5C3 × 4C2 × 2C1

=
5 × 4 × 3

1 × 2 × 3
×

4 × 3

1 × 2
× 2

2

= 120

𝟏𝟎. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐭𝐨𝐭𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐬𝐮𝐛𝐬𝐞𝐭𝐬 𝐨𝐟 𝐚 𝐬𝐞𝐭 𝐰𝐢𝐭𝐡
𝐇𝐢𝐧𝐭: 𝐧𝐂𝟎 + 𝐧𝐂𝟏 + 𝐧𝐂𝟐 + ⋯ 𝐧𝐂𝐧 = 𝟐𝐧

𝐢 𝟒 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬 𝐢𝐢 𝟓 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬 𝐢𝐢𝐢 𝐧 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬.

𝐢 𝟒 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬

24 = 2 × 2 × 2 × 2 = 16

𝐢𝐢 𝟓 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬

25 = 2 × 2 × 2 × 2 × 2 = 32

𝐢𝐢𝐢 𝐧 𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝐬 = 2n

𝟏𝟏. 𝐀 𝐭𝐫𝐮𝐬𝐭 𝐡𝐚𝐬 𝟐𝟓 𝐦𝐞𝐦𝐛𝐞𝐫𝐬.

𝐢 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝟑 𝐨𝐟𝐟𝐢𝐜𝐞𝐫𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐬𝐞𝐥𝐞𝐜𝐭𝐞𝐝?

𝐢𝐢 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐚 𝐏𝐫𝐞𝐬𝐢𝐝𝐞𝐧𝐭, 𝐕𝐢𝐜𝐞 𝐏𝐫𝐞𝐬𝐢𝐝𝐞𝐧𝐭 𝐚𝐧𝐝 𝐚 𝐒𝐞𝐜𝐫𝐞𝐭𝐚𝐫𝐲
𝐭𝐨 𝐛𝐞 𝐬𝐞𝐥𝐞𝐜𝐭𝐞𝐝?

𝑖 25𝐶3

𝑖𝑖 25𝑃3

𝟏𝟐. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐚 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞 𝐨𝐟 𝐬𝐢𝐱 𝐩𝐞𝐫𝐬𝐨𝐧𝐬 𝐟𝐫𝐨𝐦 𝟏𝟎 𝐩𝐞𝐫𝐬𝐨𝐧𝐬 𝐜𝐚𝐧
𝐛𝐞 𝐜𝐡𝐨𝐬𝐞𝐧 𝐚𝐥𝐨𝐧𝐠 𝐰𝐢𝐭𝐡 𝐚 𝐜𝐡𝐚𝐢𝐫 𝐩𝐞𝐫𝐬𝐨𝐧 𝐚𝐧𝐝 𝐚 𝐬𝐞𝐜𝐫𝐞𝐭𝐚𝐫𝐲?

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛 =

=

10𝐶1 × 9𝐶1× 8𝐶6

10 × 9 × 8𝐶8−6

= 90 × 8𝐶2

= 90 ×
8 × 7

1 × 2

4
= 2520

432
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𝟏𝟑. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐬𝐞𝐥𝐞𝐜𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝟓 𝐛𝐨𝐨𝐤𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐦𝐚𝐝𝐞 𝐟𝐫𝐨𝐦 𝟏𝟐
𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐛𝐨𝐨𝐤𝐬 𝐢𝐟,

𝐢 𝐓𝐰𝐨 𝐩𝐚𝐫𝐭𝐢𝐜𝐮𝐥𝐚𝐫 𝐛𝐨𝐨𝐤𝐬 𝐚𝐫𝐞 𝐚𝐥𝐰𝐚𝐲𝐬 𝐬𝐞𝐥𝐞𝐜𝐭𝐞𝐝?

𝐢𝐢 𝐓𝐰𝐨 𝐩𝐚𝐫𝐭𝐢𝐜𝐮𝐥𝐚𝐫 𝐛𝐨𝐨𝐤𝐬 𝐚𝐫𝐞 𝐧𝐞𝐯𝐞𝐫 𝐬𝐞𝐥𝐞𝐜𝐭?

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 12 𝑏𝑜𝑜𝑘𝑠.
𝑖 𝑇𝑤𝑜 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑜𝑜𝑘𝑠 𝑏𝑒 𝑡𝑎𝑘𝑒𝑛 𝑎𝑤𝑎𝑦 𝑎𝑛𝑑 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑.

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 =

𝑖𝑖 𝑇𝑤𝑜 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑜𝑜𝑘𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑎𝑘𝑒𝑛 𝑎𝑤𝑎𝑦 𝑎𝑛𝑑 𝑒𝑥𝑐𝑙𝑢𝑑𝑒𝑑.

𝑊𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠𝑒𝑙𝑒𝑐𝑡 5 𝑏𝑜𝑜𝑘𝑠.

𝐼𝑡 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑖𝑓 𝑤𝑒 𝑠𝑒𝑙𝑒𝑐𝑡 3 𝑏𝑜𝑜𝑘𝑠 𝑜𝑢𝑡 𝑜𝑓 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 10 𝑏𝑜𝑜𝑘𝑠.

10𝐶3 =
10 × 9 × 8

1 × 2 × 3

43

= 120

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠𝑒𝑙𝑒𝑐𝑡 5 𝑏𝑜𝑜𝑘𝑠 𝑜𝑢𝑡 𝑜𝑓 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 10 𝑏𝑜𝑜𝑘𝑠 𝑖𝑛

10𝐶5 =
10 × 9 × 8 × 7 × 6

1 × 2 × 3 × 4 × 5

4 22

= 252

𝟏𝟒. 𝐓𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟓 𝐭𝐞𝐚𝐜𝐡𝐞𝐫𝐬 𝐚𝐧𝐝 𝟐𝟎 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬. 𝐎𝐮𝐭 𝐨𝐟 𝐭𝐡𝐞𝐦 𝐚 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞𝐞 𝐨𝐟
𝟐 𝐭𝐞𝐚𝐜𝐡𝐞𝐫𝐬 𝐚𝐧𝐝 𝟑 𝐬𝐭𝐮𝐝𝐞𝐧𝐭𝐬 𝐢𝐬 𝐭𝐨 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐢𝐧

𝐰𝐡𝐢𝐜𝐡 𝐭𝐡𝐢𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐝𝐨𝐧𝐞. 𝐅𝐮𝐫𝐭𝐡𝐞𝐫 𝐟𝐢𝐧𝐝 𝐢𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐨𝐟 𝐭𝐡𝐞𝐬𝐞 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞𝐬.

𝐢 𝐚 𝐩𝐚𝐫𝐭𝐢𝐜𝐮𝐥𝐚𝐫 𝐭𝐞𝐚𝐜𝐡𝐞𝐫 𝐢𝐬 𝐢𝐧𝐜𝐥𝐮𝐝𝐞𝐝? 𝐢𝐢 𝐚 𝐩𝐚𝐫𝐭𝐢𝐜𝐮𝐥𝐚𝐫 𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐢𝐬 𝐞𝐱𝐜𝐥𝐮𝐝𝐞𝐝?

The no. of selection of 2 teachers and 3 students from 5 teachers and
20 students is

5C2

𝐢 𝐋𝐞𝐭 𝐭𝐡𝐞 𝐩𝐚𝐫𝐭𝐢𝐜𝐮𝐥𝐚𝐫 𝐭𝐞𝐚𝐜𝐡𝐞𝐫 𝐛𝐞 𝐢𝐧𝐜𝐥𝐮𝐝𝐞𝐝:

The number of selections =

= 4 ×

𝒊𝒊 𝑳𝒆𝒕 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝒔𝒕𝒖𝒅𝒆𝒏𝒕 𝒃𝒆 𝒆𝒙𝒄𝒍𝒖𝒅𝒆𝒅:

Number of selection = =
5 × 4

1 × 2
×

× 20C3 =
5 × 4

1 × 2
×

20 × 19 × 18

1 × 2 × 3

2 10 6

= 11400

4C1 × 20C3

20 × 19 × 18

1 × 2 × 3

10 6

= 4560

5C2 ×19C3

19 × 18 × 17

1 × 2 × 3

2 9 3

= 9690

𝟏𝟓. 𝐈𝐧 𝐚𝐧 𝐞𝐱𝐚𝐦𝐢𝐧𝐚𝐭𝐢𝐨𝐧 𝐚 𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐡𝐚𝐬 𝐭𝐨 𝐚𝐧𝐬𝐰𝐞𝐫 𝟓 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬, 𝐨𝐮𝐭 𝐨𝐟 𝟗
𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬 𝐢𝐧 𝐰𝐡𝐢𝐜𝐡 𝟐 𝐚𝐫𝐞 𝐜𝐨𝐦𝐩𝐮𝐥𝐬𝐨𝐫𝐲. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐚 𝐬𝐭𝐮𝐝𝐞𝐧𝐭 𝐜𝐚𝐧
𝐚𝐧𝐬𝐰𝐞𝐫 𝐭𝐡𝐞 𝐪𝐮𝐞𝐬𝐭𝐢𝐨𝐧𝐬?

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 = 7𝐶3 =
7 × 6 × 5

1 × 2 × 3

3

= 35
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𝟏𝟔. 𝐃𝐞𝐭𝐞𝐫𝐦𝐢𝐧𝐞 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝟓 𝐜𝐚𝐫𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐮𝐭 𝐨𝐟 𝐚 𝐝𝐞𝐜𝐤 𝐨𝐟
𝟓𝟐 𝐜𝐚𝐫𝐝𝐬 𝐢𝐟 𝐭𝐡𝐞𝐫𝐞 𝐢𝐬 𝐞𝐱𝐚𝐜𝐭𝐥𝐲 𝐭𝐡𝐫𝐞𝐞 𝐚𝐜𝐞𝐬 𝐢𝐧 𝐞𝐚𝐜𝐡 𝐜𝐨𝐦𝐛𝐢𝐧𝐚𝐭𝐢𝐨𝐧.

Number of selections of 5 card combination from 52 cards with 3 aces in each
combination is

48𝐶2

𝑁𝑜. 𝑜𝑓 𝑐𝑎𝑟𝑑𝑠 = 52
𝑁𝑜. 𝑜𝑓 𝑎𝑐𝑒𝑠 = 4

𝑁𝑜. 𝑜𝑓 𝑛𝑜𝑛 − 𝑎𝑐𝑒𝑠 𝑐𝑎𝑟𝑑𝑠 = 48

× 4𝐶3 =
48 × 47

2
× 4

2
= 4512

𝟏𝟕. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐰𝐚𝐲𝐬 𝐨𝐟 𝐟𝐨𝐫𝐦𝐢𝐧𝐠 𝐚 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞 𝐨𝐟 𝟓 𝐦𝐞𝐦𝐛𝐞𝐫𝐬
𝐨𝐮𝐭 𝐨𝐟 𝟕 𝐈𝐧𝐝𝐢𝐚𝐧𝐬 𝐚𝐧𝐝 𝟓 𝐀𝐦𝐞𝐫𝐢𝐜𝐚𝐧𝐬, 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐚𝐥𝐰𝐚𝐲𝐬 𝐈𝐧𝐝𝐢𝐚𝐧𝐬 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐭𝐡𝐞
𝐦𝐚𝐣𝐨𝐫𝐢𝐭𝐲 𝐢𝐧 𝐭𝐡𝐞 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞.

Committee = 5

Total = 21 + 175 + 350 = 546

𝟏𝟖. 𝐀 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞 𝐨𝐟 𝟕 𝐩𝐞𝐨𝐩𝐥𝐞𝐬 𝐡𝐚𝐬 𝐭𝐨 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐟𝐫𝐨𝐦 𝟖 𝐦𝐞𝐧 𝐚𝐧𝐝 𝟒 𝐰𝐨𝐦𝐞𝐧.
𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐢𝐬 𝐛𝐞 𝐝𝐨𝐧𝐞 𝐰𝐡𝐞𝐧 𝐭𝐡𝐞 𝐜𝐨𝐦𝐦𝐢𝐭𝐭𝐞𝐞 𝐜𝐨𝐧𝐬𝐢𝐬𝐭𝐬 𝐨𝐟

𝐢 𝐞𝐱𝐚𝐜𝐭𝐥𝐲 𝟑 𝐰𝐨𝐦𝐞𝐧? 𝐢𝐢 𝐚𝐭 𝐥𝐞𝐚𝐬𝐭 𝟑 𝐰𝐨𝐦𝐞𝐧? 𝐢𝐢𝐢 𝐚𝐭 𝐦𝐨𝐬𝐭 𝟑 𝐰𝐨𝐦𝐞𝐧?

𝒊 𝑬𝒙𝒂𝒄𝒕𝒍𝒚 𝟑 𝒘𝒐𝒎𝒆𝒏:

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 =

𝒊𝒊 𝑨𝒕 𝒍𝒆𝒂𝒔𝒕 𝟑 𝒘𝒐𝒎𝒆𝒏

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 =

= 280 +

𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 4 𝑚𝑒𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑖𝑡𝑡𝑒𝑒

8𝐶4 × 4𝐶3

=
8 × 7 × 6 × 5

1 × 2 × 3 × 4
× 4

∵ 4𝐶3 = 4𝐶1

2

= 280

𝑚𝑒𝑎𝑛𝑠 4 𝑚𝑒𝑛 + 3 𝑤𝑜𝑚𝑒𝑛 𝑜𝑟 3 𝑚𝑒𝑛 + 4 𝑤𝑜𝑚𝑒𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑖𝑡𝑡𝑒𝑒.

8𝐶4 × 4𝐶3 + 8𝐶3 × 4𝐶4

8 × 7 × 6

1 × 2 × 3
× 1
2

= 280 + 56 = 336
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𝒊𝒊𝒊 𝑨𝒕 𝒎𝒐𝒔𝒕 𝟑 𝒘𝒐𝒎𝒆𝒏

𝑚𝑒𝑎𝑛𝑠 7 𝑚𝑒𝑛 + 0 𝑤𝑜𝑚𝑒𝑛 ; 6 𝑚𝑒𝑛 + 1 𝑤𝑜𝑚𝑒𝑛 , 5 𝑚𝑒𝑛 + 2 𝑤𝑜𝑚𝑒𝑛 ;

4 𝑚𝑒𝑛 + 3 𝑤𝑜𝑚𝑒𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑚𝑚𝑖𝑡𝑡𝑒𝑒

Number of combinations

= 8𝐶7 × 4𝐶0 + 8𝐶6 × 4𝐶1 + 8𝐶5 × 4𝐶2 + 8C4 × 4C3

= 8𝐶1 × 1 + 8𝐶2 × 4𝐶1 + 8𝐶3 × 4𝐶2 + 280

= 8 × 1 +
8 × 7

1 × 2
× 4 +

8 × 7 × 6

1 × 2 × 3
×

4 × 3

1 × 2
+ 280

2 3 2

= 8 + 112 + 336 + 280 = 736

𝟏𝟗. 𝟕 𝐫𝐞𝐥𝐚𝐭𝐢𝐯𝐞𝐬 𝐨𝐟 𝐚 𝐦𝐚𝐧 𝐜𝐨𝐦𝐩𝐫𝐢𝐬𝐞𝐬 𝟒 𝐥𝐚𝐝𝐢𝐞𝐬 𝐚𝐧𝐝 𝟑 𝐠𝐞𝐧𝐭𝐥𝐞𝐦𝐞𝐧, 𝐡𝐢𝐬 𝐰𝐢𝐟𝐞
𝐚𝐥𝐬𝐨 𝐡𝐚𝐬 𝟕 𝐫𝐞𝐥𝐚𝐢𝐯𝐞𝐬, 𝟑 𝐨𝐟 𝐭𝐡𝐞𝐦 𝐚𝐫𝐞 𝐥𝐚𝐝𝐢𝐞𝐬 𝐚𝐧𝐝 𝟒 𝐠𝐞𝐧𝐭𝐥𝐞𝐦𝐞𝐧. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲
𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐞𝐲 𝐢𝐧𝐯𝐢𝐭 𝐚 𝐝𝐢𝐧𝐧𝐞𝐫 𝐩𝐚𝐭𝐲 𝐨𝐟 𝟑 𝐥𝐚𝐝𝐢𝐞𝐬 𝐚𝐧𝐝 𝟑 𝐠𝐞𝐧𝐭𝐥𝐞𝐦𝐞𝐧 𝐬𝐨 𝐭𝐡𝐚𝐭
𝐭𝐡𝐞𝐫𝐞 𝐚𝐫𝐞 𝟑 𝐨𝐟 𝐦𝐞𝐧′𝐬 𝐫𝐞𝐥𝐚𝐭𝐢𝐯𝐞 𝐚𝐧𝐝 𝟑 𝐨𝐟 𝐭𝐡𝐞 𝐰𝐢𝐟𝐞′𝐬 𝐫𝐞𝐥𝐚𝐭𝐢𝐯𝐞?

Possibilities
Man Woman

Combinations3 Gents 4 Ladies 4 Gents 3 Ladies

1

2

3

4

3

2 1 1 2

3

221 1

33

− −

−−

𝑇𝑜𝑡𝑎𝑙

3𝐶3 × 3𝐶3 = 1

3𝐶2 × 4𝐶1 × 4𝐶1

× 3𝐶2 = 144
3𝐶1 × 4𝐶2 × 4𝐶2

× 3𝐶1 = 324

4𝐶3 × 4𝐶3 = 16

485

𝟐𝟎. 𝑨 𝒃𝒐𝒙 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒔 𝒕𝒘𝒐 𝒘𝒉𝒊𝒕𝒆 𝒃𝒂𝒍𝒍𝒔, 𝒕𝒉𝒓𝒆𝒆 𝒃𝒍𝒂𝒄𝒌 𝒃𝒂𝒍𝒍𝒔 𝒂𝒏𝒅 𝒇𝒐𝒖𝒓 𝒓𝒆𝒅
𝒃𝒂𝒍𝒍𝒔. 𝐈𝐧 𝐡𝐨𝐰 𝐦𝐚𝐧𝐲 𝐰𝐚𝐲𝐬 𝐜𝐚𝐧 𝐭𝐡𝐫𝐞𝐞 𝐛𝐚𝐥𝐥𝐬 𝐛𝐞 𝐝𝐫𝐚𝐰𝐧 𝐟𝐫𝐨𝐦 𝐭𝐡𝐞 𝐛𝐨𝐱, 𝐢𝐟 𝐚𝐭
𝐥𝐚𝐬𝐭 𝐨𝐧𝐞 𝐛𝐥𝐚𝐜𝐤 𝐛𝐚𝐥𝐥 𝐢𝐬 𝐭𝐨 𝐛𝐞 𝐢𝐧𝐜𝐥𝐮𝐝𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐝𝐫𝐚𝐰?

𝑃𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠 2𝑊 3𝐵 4𝑅 𝐶𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠

1

2

3

4

5

6

2 1 −

1 1 1

− 1 2

1 2 −

−

−

2 1

3 −

2𝐶2 × 3𝐶1 = 3

2𝐶1 × 3𝐶1 × 4𝐶1

3𝐶1 × 4𝐶2 = 18

2𝐶1 × 3𝐶2 = 6

3𝐶2 × 4𝐶1 = 12

3𝐶3 = 1

𝑇𝑜𝑡𝑎𝑙 = 64

= 1 × 3

= 2 × 3 × 4 = 24

= 3 × 6

= 2 × 3

= 3 × 4
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𝟐𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒔𝒕𝒓𝒊𝒏𝒈𝒔 𝒐𝒇 𝟒 𝒍𝒆𝒕𝒕𝒆𝒓𝒔 𝒕𝒉𝒂𝒕 𝒄𝒂𝒏 𝒃𝒆 𝒇𝒐𝒓𝒎𝒆𝒅 𝒘𝒊𝒕𝒉
𝒕𝒉𝒆 𝒍𝒆𝒕𝒕𝒆𝒓𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒘𝒐𝒓𝒅 𝑬𝑿𝑨𝑴𝑰𝑵𝑨𝑻𝑰𝑶𝑵.

𝑆𝐼. 𝑁𝑂. 𝐿𝑒𝑡𝑡𝑒𝑟 𝑜𝑝𝑡𝑖𝑜𝑛 𝑆𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝐴𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡𝑠

1

2

3

4 𝑑𝑖𝑠𝑡𝑖𝑐𝑡
𝐸, 𝑋, 𝑀, 𝑇, 𝑂, 𝐴, 𝐼, 𝑁 8𝐶4 8𝐶4 × 4! = 1680

1 𝑠𝑒𝑡 𝑜𝑓 2 𝑎𝑙𝑖𝑘𝑒
2 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 3𝐶1 × 7𝐶2 3𝐶1 × 7𝐶2 ×

4!

2!
= 756

2 𝑠𝑒𝑡 𝑜𝑓 2 𝑎𝑙𝑖𝑘𝑒 3𝐶2 3𝐶2 ×
4!

2! × 2! = 18

𝑇𝑜𝑡𝑎𝑙 = 2454

𝟐𝟐. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐛𝐲 𝐣𝐨𝐢𝐧𝐢𝐧𝐠 𝟏𝟓 𝐩𝐨𝐢𝐧𝐭𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐩𝐥𝐚𝐧𝐞,
𝐢𝐧 𝐰𝐡𝐢𝐜𝐡 𝐧𝐨 𝐥𝐢𝐧𝐞𝐣𝐨𝐢𝐧𝐢𝐧𝐠 𝐚𝐧𝐲 𝐭𝐡𝐫𝐞𝐞 𝐩𝐨𝐢𝐧𝐭𝐬?

To get a triangles we need 3 points

∴ Number of triangles = 15C3

𝟐𝟑. 𝐇𝐨𝐰 𝐦𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞𝐬 𝐜𝐚𝐧 𝐛𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐛𝐲 𝟏𝟓 𝐩𝐨𝐢𝐧𝐭𝐬, 𝐢𝐧 𝐰𝐡𝐢𝐜𝐡 𝟕 𝐨𝐟 𝐭𝐡𝐞𝐦
𝐥𝐢𝐞 𝐨𝐧 𝐨𝐧𝐞 𝐥𝐢𝐧𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐫𝐞𝐦𝐚𝐢𝐧𝐢𝐧𝐠 𝟖 𝐨𝐧 𝐚𝐧𝐨𝐭𝐡𝐞𝐫 𝐩𝐚𝐫𝐚𝐥𝐥𝐞𝐥 𝐥𝐢𝐧𝐞? ?

non collinear points

=
15 × 14 × 13

1 × 2 × 3

75

= 445

𝑖 𝑆𝑒𝑙𝑒𝑐𝑡 2 𝑝𝑜𝑖𝑛𝑡𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 7 𝑝𝑜𝑖𝑛𝑡𝑠 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑖𝑛 𝑓𝑖𝑟𝑠𝑡 𝑙𝑖𝑛𝑒

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠 = 7𝐶2 × 8𝐶1 =
7 × 6

1 × 2

𝑎𝑛𝑑 𝑠𝑒𝑙𝑒𝑐𝑡 1 𝑝𝑜𝑖𝑛𝑡 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 8 𝑝𝑜𝑖𝑛𝑡𝑠.

× 8

3

= 168
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𝟒. 𝟔𝟏. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝑴𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕, 𝒇𝒐𝒓 𝒂𝒍𝒍

𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒏 ≥ 𝟏, 𝟏 + 𝟐 + 𝟑 + ⋯ + 𝒏 =
𝒏 𝒏 + 𝟏

𝟐

Let P n : 1 + 2 + 3 + ⋯ + 𝑛 =
𝑛 𝑛 + 1

2
Put 𝑛 = 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 𝑛 = 1

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛 𝑛 + 1

2
=

1 1 + 1

2
=

2

2
= 1

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 ∴ 𝑃 1 is true.

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

𝑃 𝑘 ∶ 1 + 2 + 3 + ⋯ + 𝑘 =
𝑘 𝑘 + 1

2
. . . . 1 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

We need to show that P(k + 1) is true

𝑃 𝑘 + 1 = 1 + 2 + 3 + ⋯ + 𝑘 + (𝑘 + 1)

= 𝑃 𝑘 + 𝑘 + 1

=
𝑘 𝑘 + 1

2
(𝑘 + 1)+

𝑃 𝑘 + 1 =
𝑘 𝑘 + 1 + 2(𝑘 + 1)

2
=

𝑘 + 1 (𝑘 + 2)

2

=
𝑘 + 1 (𝑘 + 1 + 1)

2

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .

Hence by mathematical induction, for all integers, 𝑛 ≥ 1

1 + 2 + 3 + ⋯ + 𝑛 =
𝑛 𝑛 + 1

2

𝟒. 𝟔𝟐. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒐𝒅𝒅 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒔 𝒏𝟐.

Let P n : 1 + 3 + 5 + ⋯ + 2𝑛 − 1 = 𝑛2 𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 2 1 − 1 = 1

We assume that 𝑃 𝑘 = 1 + 3 + 5 +… (2𝑘 − 1) is true for 𝑛 = 𝑘

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 = 𝑛2 = 12 = 1 𝑖𝑠 𝑡𝑟𝑢𝑒

𝑴𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝑰𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏
𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬: 𝟒. 𝟒
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𝑇ℎ𝑎𝑡 𝑖𝑠 𝑃 𝑘 = 𝑘2

We need to show that P(k + 1) = (k + 1)2

𝑃 𝑘 + 1 = 1 + 3 + 5 + 7 + ⋯ 2𝑘 − 1

= 𝑃 𝑘 + 2𝑘 + 1 = 𝑘2 + 2𝑘 + 1

= (𝑘 + 1)2
𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛,
𝑃(𝑛) 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.

2𝑘 − 1 + 2 = 2𝑘 + 1
+ 2𝑘 + 1

𝟒. 𝟔𝟑. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕, 𝒇𝒐𝒓 𝒂𝒍𝒍

𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒏 ≥ 𝟏, 𝟏𝟐 + 𝟐𝟐 + 𝟑𝟐 + ⋯ + 𝒏𝟐 =
𝒏 𝒏 + 𝟏 𝟐𝒏 + 𝟏

𝟔
.

Let 𝑃 𝑛 : 12 + 22 + 32 + ⋯ + 𝑛2 =
𝑛 𝑛 + 1 2𝑛 + 1

6

Put 𝑛 = 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 𝑛2 = 1

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛 𝑛 + 1 2𝑛 + 1

6

∴ 𝑃 1 is true.

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

𝑃 𝑘 ∶ 12 + 22 + 32 + ⋯ + 𝑘2 =
𝑘 𝑘 + 1 2𝑘 + 1

6

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

. . . . 1 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

Let P n 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠

=
1 1 + 1 2 × 1 + 1

6
=

2 × 3

6
= 1

P(k + 1) =

To prove P(k + 1) is true

= 𝑃 𝑘 + (𝑘 + 1)2

=
𝑘 𝑘 + 1 2𝑘 + 1

6
+ (𝑘 + 1)2

+ (𝑘 + 1)2

=
𝑘(𝑘+1)(2𝑘 +1) 6(𝑘 + 1)2

6

+

=
𝑘 + 1 𝑘 2𝑘 + 1 + 6(𝑘+1)

6

12 + 22 + 32 + ⋯ + 𝑘2

=
𝑘 + 1 2𝑘2 + 𝑘 + 6𝑘+ 6

6

=
𝑘 + 1 2𝑘2 + 7𝑘 + 6

6
=

𝑘 + 1 𝑘 + 2 2𝑘 + 3

6

P(k + 1) =
k + 1 k + 1 + 1 2 k + 1 + 1

6

if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all 𝑛 ∈ 𝑁
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𝟒. 𝟔𝟒. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍

𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒏,
𝟏

𝟏. 𝟐
+

𝟏

𝟐. 𝟑
+

𝟏

𝟑. 𝟒
+ ⋯ +

𝟏

𝒏 𝒏 + 𝟏
=

𝒏

𝒏 + 𝟏
.

Let 𝑃 𝑛 :
1

1.2
+

1

2.3
+

1

3.4
+ ⋯ +

1

𝑛 𝑛 + 1
=

𝑛

𝑛 + 1

Put 𝑛 = 1 𝑃 𝑛 : 𝐿. 𝐻. 𝑆 =
1

𝑛 𝑛 + 1
=

1

1 × 2
=

1

2

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛

𝑛 + 1 =
1

1 + 1
=

1

2

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

Let us assume that the statement is true for 𝑛 = 𝑘

𝑇ℎ𝑒𝑛, P 𝑘 :
1

1.2
+

1

2.3
+

1

3.4
+ ⋯ +

1

𝑘 𝑘 + 1
=

𝑘

𝑘 + 1

∴ 𝑃 1 is true.

. . . . 1 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

We need to show that P(k + 1) is true

𝑃 𝑘 + 1 =
1

1.2
+

1

2.3
+

1

3.4
+ ⋯ +

1

𝑘 𝑘 + 1

= 𝑃 𝑘 +
1

(𝑘 + 1)(𝑘 + 2)

=
𝑘

(𝑘 + 1)
+

1

(𝑘 + 1)(𝑘 + 2)

=
1

(𝑘 + 1)

𝑘

1
+

1

𝑘 + 2

+
1

(𝑘 + 1)(𝑘 + 2)
.

=
1

(𝑘 + 1)

𝑘 𝑘 + 2 + 1

𝑘 + 2

=
1

(𝑘 + 1)

𝑘2 + 2𝑘 + 1

𝑘 + 2
=

1

(𝑘 + 1)

(𝑘 + 1)2

𝑘 + 2
=

𝑘 + 1

𝑘 + 1 + 1

𝑃 𝑘 + 1 =
𝑘 + 1

𝑘 + 1 + 1

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .

𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑛,

1

1.2
+

1

2.3
+

1

3.4
+ ⋯ +

1

𝑛 𝑛 + 1
=

𝑛

𝑛 + 1
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𝟒. 𝟔𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒏, 𝒂𝒏 − 𝒃𝒏 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆
𝒃𝒚 𝒂 − 𝒃, 𝒘𝒉𝒆𝒓𝒆 𝒂 > 𝒃.

Let P n 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠

P n : 𝑎𝑛− 𝑏𝑛

Put 𝑛 = 1

𝑃 1 : 𝑎1− 𝑏1

∴ 𝑃 1 is true

is divisible by a − b for all 𝑛 ∈ 𝑁

= 𝑎 − 𝑏 is divisible by 𝑎 − 𝑏 for all 𝑛 ∈ 𝑁

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

P k : 𝑎𝑘− 𝑏𝑘 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒is divisible by a − b

𝑎𝑘− 𝑏𝑘

𝑎 − 𝑏
= 𝑐

𝑎𝑘− 𝑏𝑘 = 𝑐 𝑎 − 𝑏 ⟹ 𝑎𝑘 = 𝑏𝑘 + 𝑐 𝑎 − 𝑏

To prove P(k + 1) is true

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 ∶ 𝑃 𝑘 + 1 = 𝑎𝑘+1− 𝑏𝑘+1 is divisible by a − b

= 𝑎𝑘𝑎 − 𝑏𝑘𝑏

𝐏 𝒌 : 𝒂𝒌− 𝒃𝒌
𝑎𝑘= 𝑏𝑘 + 𝑐 𝑎 − 𝑏

= 𝑎𝑘+1− 𝑏𝑘+1

= 𝑏𝑘 + 𝑐 𝑎 − 𝑏 𝑎 − 𝑏𝑘𝑏

= 𝑎𝑏𝑘 + 𝑎𝑐 𝑎 − 𝑏 − 𝑏𝑘𝑏

= 𝑎𝑏𝑘− 𝑏𝑘𝑏 + 𝑎𝑐 𝑎 − 𝑏

= 𝑏𝑘 𝑎 − 𝑏 + 𝑎𝑐 𝑎 − 𝑏

= 𝑎 − 𝑏 (𝑏𝑘 + 𝑎𝑐) is divisible by a − b

∴ 𝑃 𝑘 + 1 is true.

if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all 𝑛 ∈ 𝑁

𝟒. 𝟔𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟑𝟐𝒏+𝟐 − 𝟖𝒏 − 𝟗 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟖 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒏 ≥ 𝟏.

Let P n : = 32𝑛+2 − 8𝑛 − 9, 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 8

Put 𝑛 = 1

𝑃 1 = 32+2 − 8 1 − 9
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 8 ∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

Let P k : 32𝑘+2 − 8𝑘 − 9, 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 8

= 34 − 8 − 9 = 81 − 17 = 64

32𝑘+2 − 8𝑘 − 9

8
= 𝑐 32𝑘+2 − 8𝑘 − 9 = 8𝑐⟹
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∴ 32𝑘+2 = 8𝑐 + 8𝑘 + 9

We need to show that P(k + 1) = 32 k + 1 + 2 − 8 k + 1 − 9 is divisible by 8

𝑃 𝑘 + 1 = 32 𝑘+1 + 2 − 8 𝑘 + 1 − 9

= 32 . 32𝑘+2 − 8𝑘 − 8 − 9

= 32

= 9 8𝑐 + 8𝑘 + 9 − 8𝑘 − 17

= 8(9𝑐 + 8𝑘 + 8) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 8

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .

Hence by mathematical induction, 32𝑛+2 − 8𝑛 − 9
𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 8 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 1.

8𝑐 + 8𝑘 + 9 − 8𝑘 − 17

= 72𝑐 + 72𝑘 + 81

= 72𝑐 + 64𝑘 + 64

− 8𝑘 − 17

32𝑘+2 = 8𝑐 + 8𝑘 + 9

𝟒. 𝟔𝟕. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓
𝒏 ≥ 𝟐, 𝟑𝒏𝟐 > (𝒏 + 𝟏)𝟐

Let 𝑃 𝑛 : 3𝑛2 > (𝑛 + 1)2 𝑤𝑖𝑡ℎ 𝑛 ≥ 2

Put 𝑛 = 2
𝑃 2 = 3 × 22 = 12

𝐴𝑠 12 > 9 ∴ 𝑃 2 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

𝑃 𝑘 + 1 = 3(𝑘 + 1)2

= 𝑃 𝑘

> (𝑘 + 1)2 + 6𝑘 + 3

𝑎𝑛𝑑 2 + 1 2 = 9

Let 𝑃 𝑘 : 3𝑘2 > (𝑘 + 1)2

= 3𝑘2 + 6𝑘 + 3= 3 𝑘2 + 2𝑘 + 1

+ 6𝑘 + 3

> 𝑘2 + 2𝑘 + 1 + 6𝑘 + 3

> 𝑘2 + 8𝑘 + 4

> 𝑘2 + 4𝑘 + 4𝑘 + 4

= (𝑘 + 2)2 + 4𝑘

> (𝑘 + 1 + 1)2 𝑠𝑖𝑛𝑐𝑒 𝑘 > 0

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑃 𝑘 + 1 .

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .

𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 2,3𝑛2 > (𝑛 + 1)2

= 𝑘2 + 4𝑘 + 4 + 4𝑘
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𝟒. 𝟔𝟖. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓
𝒏 ≥ 𝟐, 𝟑𝒏 > 𝒏𝟐.

Let 𝑃 𝑛 : 3𝑛 > 𝑛2 𝑤𝑖𝑡ℎ 𝑛 ≥ 2

Put 𝑛 = 2

𝑃 2 = 32 = 9

𝐴𝑠 9 > 4 ∴ 𝑃 2 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

𝑇ℎ𝑎𝑡 𝑖𝑠 P k > 𝑘2

𝑃 𝑘 + 1 = 3𝑘+1 = 3 × 3𝑘 = 3 × 𝑃(𝑘)

> 3𝑘2

> (𝑘 + 1)2

Hence by mathematical induction, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛 ≥ 2, 3𝑛 > 𝑛2

𝑎𝑛𝑑 22 = 4

𝟒. 𝟔𝟗. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒇𝒐𝒓 𝒏 ∈ 𝑵,
𝒄𝒐𝒔𝜶 + 𝒄𝒐𝒔(𝜶 + 𝜷) + 𝒄𝒐𝒔(𝜶 + 𝟐𝜷) + ⋯ + 𝒄𝒐𝒔(𝜶 + 𝒏 − 𝟏 𝜷)

= 𝒄𝒐𝒔 𝜶
(𝒏 − 𝟏)𝜷

𝟐
×

𝐬𝐢𝐧
𝒏𝜷
𝟐

𝐬𝐢𝐧
𝜷
𝟐

Let P n : = 𝑐𝑜𝑠𝛼 + cos 𝛼 + 𝛽 + cos(𝛼 + 2𝛽) + ⋯ + cos(𝛼 + 𝑛 − 1 𝛽)

Put 𝑛 = 1

𝑃 1 = cos(𝛼)
cos 𝛼 . sin

𝛽
2

sin
𝛽
2

∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

𝑐𝑜𝑠𝛼 + cos 𝛼 + 𝛽 + cos 𝛼 + 2𝛽 + ⋯ + cos 𝛼 + 𝑛 − 1 𝛽

= 𝑐𝑜𝑠 𝛼
(𝑘 − 1)𝛽

2
×

sin
𝑘𝛽
2

sin
𝛽
2We need to show that P(k + 1) is true.

𝑃 𝑘 + 1 = cos 𝛼 + cos 𝛼 + 𝛽 + cos 𝛼 + 2𝛽 + ⋯ + cos 𝛼 + 𝑛 − 1 𝛽

𝑃 𝑘 + 1 = 𝑃 𝑘 + cos(𝛼 + 𝑘𝛽)

=
𝑐𝑜𝑠 𝛼

(𝑘 − 1)𝛽
2

sin
𝑘𝛽
2

sin
𝛽
2

+ cos(𝛼 + 𝑘𝛽)

+ cos(𝛼 + 𝑘𝛽)
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=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
(𝑘 − 1)𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+cos 𝛼 + 𝑘𝛽 ቉𝑠𝑖𝑛

𝛽

2

=
1

𝑠𝑖𝑛
𝛽
2

൥𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
−

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+ cos 𝛼 + 𝑘𝛽 ቉𝑠𝑖𝑛

𝛽

2

=
1

𝑠𝑖𝑛
𝛽
2

ቈ 𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
+ sin 𝛼 +

𝑘𝛽

2
൱𝑠𝑖𝑛

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2

+ cos 𝛼 + 𝑘𝛽 ቉𝑠𝑖𝑛
𝛽

2

=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+ 𝑠𝑖𝑛

𝛽

2
𝑠𝑖𝑛 ൭𝛼 +

𝑘𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2

൧)+ cos(𝛼 + 𝑘𝛽)

=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+

sin
𝛽
2

2
2 𝑠𝑖𝑛 ൭𝛼 +

𝑘𝛽

2
𝑠𝑖𝑛 ൩ቇ

𝑘𝛽

2
+ 2cos(𝛼 + 𝑘𝛽)

=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+

sin
𝛽
2

2
൧𝑐𝑜𝑠𝛼 − cos 𝛼 + 𝑘𝛽 + 2 cos(𝛼 + 𝑘𝛽

=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+ ൩𝑠𝑖𝑛

𝛽
2

2
(𝑐𝑜𝑠𝛼 + cos(𝛼 + 𝑘𝛽))

=
1

𝑠𝑖𝑛
𝛽
2

ቈ𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝑘𝛽

2
+

቏
𝑠𝑖𝑛

𝛽
2

2
2 𝑐𝑜𝑠 𝛼 +

𝑘𝛽

2
𝑐𝑜𝑠

−𝑘𝛽

2

=
cos 𝛼 +

𝑘𝛽
2

𝑠𝑖𝑛
𝛽
2

ቈ𝑠𝑖𝑛
𝑘𝛽

2
𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝛽

2
𝑐𝑜𝑠 ቉

𝑘𝛽

2

443



BLUE STARS HR.SEC SCHOOL
B

L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

B
L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

=
cos 𝛼 +

𝑘𝛽
2

𝑠𝑖𝑛
(𝑘 + 1)𝛽

2

𝑠𝑖𝑛
𝛽
2

𝑇ℎ𝑎𝑡 𝑖𝑠 𝑐𝑜𝑠 𝛼 + 𝑐𝑜𝑠 𝛼 + 𝛽 + 𝑐𝑜𝑠 𝛼 + 2𝛽 + ⋯ + 𝑐𝑜𝑠 𝛼 + 𝑘 − 1 𝛽

+ 𝑐𝑜𝑠(𝛼 + 𝑘𝛽)

= 𝑐𝑜𝑠 𝛼 +
𝑘𝛽

2

𝑠𝑖𝑛
(𝑘 + 1)𝛽

2

𝑠𝑖𝑛
𝛽
2

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .

𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛,

𝑐𝑜𝑠𝛼 + cos(𝛼 + 𝛽) + cos(𝛼 + 2𝛽) + ⋯ + cos(𝛼 + 𝑛 − 1 𝛽)

= 𝑐𝑜𝑠 𝛼
(𝑛 − 1)𝛽

2
×

sin
𝑛𝛽
2

sin
𝛽
2

𝟔. 𝟕𝟎. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏;
𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒂𝒔𝒔𝒖𝒎𝒑𝒕𝒊𝒐𝒏 𝒊𝟐 = −𝟏, (𝒓(𝒄𝒐𝒔𝜽 + 𝒊 𝒔𝒊𝒏𝜽))𝒏 = 𝒓𝒏 𝐜𝐨𝐬 𝒏 𝜽 + 𝒊 𝐬𝐢𝐧 𝒏𝜽 .

Let 𝑃 𝑛 : [𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃)]𝑛 = 𝑟𝑛 𝑐𝑜𝑠 𝑛 𝜃 + 𝑖 𝑠𝑖𝑛 𝑛𝜃

Put 𝑛 = 1

𝑃 1 = (𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃))1 = 𝑟 𝑐𝑜𝑠𝜃 + 𝑖 sin 𝜃

∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

𝑇ℎ𝑒𝑛, (𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃))𝑘 = 𝑟𝑘 cos 𝑘 𝜃 + 𝑖 sin 𝑘 𝜃

We need to show that P(k + 1) is true.

𝑃 𝑘 + 1 = (𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃))𝑘+1

=(𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃))𝑘 × 𝑟 𝑐𝑜𝑠𝜃 + 𝑖 sin 𝜃

= 𝑟𝑘(cos 𝑘 𝜃 + 𝑖 sin 𝑘𝜃) × 𝑟 𝑐𝑜𝑠𝜃 + 𝑖 sin 𝜃

= 𝑟𝑘+1 × (𝑐𝑜𝑠 𝑘 𝜃𝑐𝑜𝑠𝜃 + 𝑖2 𝑠𝑖𝑛 𝑘𝜃 𝑠𝑖𝑛 𝜃) + 𝑖(sin 𝑘 𝜃𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠 𝑘𝜃 sin 𝜃)

= 𝑟𝑘+1 × (𝑐𝑜𝑠(𝑘 + 1) 𝜃 + 𝑖 𝑠𝑖𝑛(𝑘 + 1)𝜃)

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑇ℎ𝑒 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑃 𝑘 + 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃 𝑘 .
𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛,

(𝑟(𝑐𝑜𝑠𝜃 + 𝑖 𝑠𝑖𝑛𝜃))𝑛 = 𝑟𝑛 cos(𝑛 𝜃) + 𝑖 sin(𝑛𝜃 )
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𝟏. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕, 𝒇𝒐𝒓 𝒏 ≥ 𝟏,

𝟏𝟑 + 𝟐𝟑 + 𝟑𝟑 + ⋯ + 𝒏𝟑 =
𝒏(𝒏 + 𝟏)

𝟐

𝟐

Let 𝑃 𝑛 : 13 + 23 + 33 + ⋯ + 𝑛3 =
𝑛(𝑛 + 1)

2

2

Put 𝑛 = 1

𝑃 1 : 𝐿. 𝐻. 𝑆: 𝑛3 = 1

𝑅. 𝐻. 𝑆: =
𝑛(𝑛 + 1)

2

2

=
1(1 + 1)

2

2

=
1(2)

2

2

= 1

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 ∴ 𝑃 1 is true.

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

P k : 13 + 23 + 33 + ⋯ + 𝑘3 =
𝑘(𝑘 + 1)

2

2

. . . . 1 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

We need to show that P(k + 1) is true

𝑃 𝑘 + 1 = 13 + 23 + 33 + ⋯ + 𝑘3

=
𝑘(𝑘 + 1)

2

2

+ (𝑘 + 1)3

= (𝑘 + 1)2
𝑘2

4
+ 𝑘 + 1

= (𝑘 + 1)2
𝑘2 + 4𝑘 + 4

4

= 𝑃 𝑘 + 𝑘 + 1 3

=
𝑘2(𝑘 + 1)2

4
+ (𝑘 + 1)3

+ 𝑘 + 1 3

=
(𝑘 + 1)2(𝑘 + 2)2

4

=
(𝑘 + 1)(𝑘 + 2)

2

2

∴ 𝑃 𝑘 + 1 is true.

Hence by mathematical induction P(n) is true for all values of  n.

𝟐. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕, 𝒇𝒐𝒓 𝒏 ≥ 𝟏,

𝟏𝟐 + 𝟑𝟐 + 𝟓𝟐 + ⋯ + (𝟐𝒏 − 𝟏)𝟐=
𝒏 𝟐𝒏 − 𝟏 𝟐𝒏 + 𝟏

𝟑

Let P n : 12 + 32 + 52 + ⋯ + (2𝑛 − 1)2=
𝑛 2𝑛 − 1 2𝑛 + 1

3
Put 𝑛 = 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = (2𝑛 − 1)2= (2 × 1 − 1)2= 12 = 1

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
1 2 − 1 2 + 1

3
=

3

3
= 1
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Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

𝑃 𝑘 : 12 + 32 + 52 + ⋯ + (2𝑘 − 1)2=
𝑘 2𝑘 − 1 2𝑘 + 1

3
. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

∴ 𝑃 1 is true.𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

We need to show that P(k + 1) is true

𝑃 𝑘 + 1 = 12 + 32 + 52 + ⋯ + 2𝑘 − 1 2

= 𝑃 𝑘 + (2𝑘 + 1)2
=

𝑘 2𝑘 − 1 (2𝑘 + 1)

3
+ (2𝑘 + 1)2

= (2𝑘 + 1)
𝑘(2𝑘 − 1)

3
+ 2𝑘 + 1

(2𝑘 + 1)
2𝑘2 − 𝑘 + 6𝑘 + 3

3
=

+ 2𝑘 + 1 2

2𝑘 − 1 + 2 2 = 2𝑘 + 1 2

2𝑘 + 1 2𝑘2 + 5𝑘 + 3

3
=

=
2𝑘 + 1 𝑘 + 1)(2𝑘 + 3

3∴ 𝑃 𝑘 + 1 is true.

if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all values of  𝑛

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝟑. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒇𝒊𝒓𝒔𝒕 ′𝒏′𝒏𝒐𝒏 − 𝒛𝒆𝒓𝒐 𝒆𝒗𝒆𝒏 𝒏𝒖𝒎𝒃𝒆𝒓 𝒊𝒔 𝒏𝟐 + 𝒏.

Let 𝑃 𝑛 : 2 + 4 + 6 + ⋯ + 2𝑛 = 𝑛2 + 𝑛

Put 𝑛 = 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 2𝑛 = 2

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 = 𝑛2 + 𝑛 = 12 + 1 = 2

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 ∴ 𝑃 1 is true.
Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

P 𝑘 : 2 + 4 + 6 + ⋯ + 2𝑘 = 𝑘2 + 𝑘 . . . . 1 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

We need to show that P(k + 1) is true

P(k + 1): 2 + 4 + 6 + ⋯ + 2𝑘+ 2𝑘 + 2

= 𝑃 𝑘 + 2(𝑘 + 1)

= 𝑘2 + 𝑘 + 2𝑘 + 2

= 𝑘2 + 3𝑘 + 2 = 𝑘 + 2 𝑘 + 1
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𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all values of  𝑛

𝟒. 𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆 𝒐𝒇 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕, 𝒇𝒐𝒓 𝒏 ≥ 𝟏,

𝟏. 𝟐 + 𝟐. 𝟑 + 𝟑. 𝟒 + ⋯ + 𝒏(𝒏 + 𝟏) =
𝒏 𝒏 + 𝟏 𝒏 + 𝟐

𝟑
.

Let P n : 1.2 + 2.3 + 3.4 + ⋯ + 𝑛(𝑛 + 1) =
𝑛 𝑛 + 1 𝑛 + 2

3Put 𝑛 = 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 1(1 + 1) = 1(2) = 2

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛 𝑛 + 1 (𝑛 + 2)

3
=

1 1 + 1 (1 + 2)

3
=

2(3)

3
= 2

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆 ∴ 𝑃 1 is true.

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

𝑃 𝑘 ∶ 1.2 + 2.3 + 3.4 + ⋯ + 𝑘(𝑘 + 1) =
𝑘 𝑘 + 1 (𝑘 + 2)

3
. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

We need to show that P(k + 1) is true

𝑃 𝑘 + 1 = 1.2 + 2.3 + 3.4 + ⋯ + 𝑘 𝑘 + 1

= 𝑃 𝑘 + (𝑘 + 1)(𝑘 + 2) =
𝑘 𝑘 + 1 (𝑘 + 2)

3
+ 𝑘 + 1 𝑘 + 2

= 𝑘 + 1 𝑘 + 2
𝑘

3
+ 1

=
𝑘 + 1 (𝑘 + 2)(𝑘 + 3)

3
𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒. if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all values of  𝑛

+ (𝑘 + 1)(𝑘 + 2)

𝟓. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍
𝒏𝒖𝒎𝒃𝒆𝒓 𝒏 ≥ 𝟐,

𝟏 −
𝟏

𝟐𝟐
𝟏 −

𝟏

𝟑𝟐
𝟏 −

𝟏

𝟒𝟐
… 𝟏 −

𝟏

𝒏𝟐
=

𝒏 + 𝟏

𝟐𝒏

P n : 1 −
1

22
1 −

1

32
1 −

1

42
… 1 −

1

𝑛2
=

𝑛 + 1

2𝑛

Put 𝑛 = 2
𝐿. 𝐻. 𝑆 = 1 −

1

22 = 1 −
1

4
=

3

4
=

4 − 1

4

447



BLUE STARS HR.SEC SCHOOL
B

L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

B
L
U

E
 
S

T
A

R
S

H
R

.
S

E
C

 
S

C
H

O
O

L

𝑅. 𝐻. 𝑆 =
2 + 1

2 2

3

4
=

∴ 𝑃 1 is true.𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

𝑃 𝑘 ∶ 1 −
1

22
1 −

1

32
1 −

1

42
… 1 −

1

𝑘2
=

𝑘 + 1

2𝑘

. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒
We need to show that P(k + 1) is true.

P(k + 1)= 1 −
1

22
1 −

1

32
… 1 −

1

𝑘2

= 𝑃 𝑘 1 −
1

𝑘 + 1 2
=

𝑘 + 1

2𝑘
1 −

1

𝑘 + 1 2

1 −
1

𝑘 + 1 2

𝑘 + 1

2𝑘

(𝑘 + 1)2−1

𝑘 + 1 2
= =

𝑘 + 1

2𝑘

𝑘2 + 2𝑘 + 1 − 1

𝑘 + 1 2

=
𝑘 + 1

2𝑘

𝑘2 + 2𝑘

𝑘 + 1 2 =
𝑘 + 1

2𝑘
×

𝑘(𝑘 + 2)

(𝑘 + 1)2

𝑘 + 1

=
𝑘 + 2

2(𝑘 + 1)

∴ 𝑃 𝑘 + 1 is true.

Hence by mathematical induction P(n) is true for all values of  𝑛

𝟔. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍
𝒏𝒖𝒎𝒃𝒆𝒓 𝒏 ≥ 𝟐.

𝟏

𝟏 + 𝟐
+

𝟏

𝟏 + 𝟐 + 𝟑
+

𝟏

𝟏 + 𝟐 + 𝟑 + 𝟒
+ ⋯ +

𝟏

𝟏 + 𝟐 + 𝟑 + ⋯ + 𝒏
=

𝒏 − 𝟏

𝒏 + 𝟏

𝑃 𝑛 :
1

1 + 2
+

1

1 + 2 + 3
+ ⋯ +

1

1 + 2 + 3+. . +𝑛
=

𝑛 − 1

𝑛 + 1

Put 𝑛 = 2

=
2

2 3

𝑃 𝑛 :
1

1 + 2
+

1

1 + 2 + 3
+ ⋯ +

1

𝑛 𝑛 + 1
2

=
𝑛 − 1

𝑛 + 1

𝑃 𝑛 :
1

1 + 2
+

1

1 + 2 + 3
+ ⋯ +

2

𝑛 𝑛 + 1
=

𝑛 − 1

𝑛 + 1

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 =
2

𝑛 𝑛 + 1
=

2

2 2 + 1

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
2 − 1

2 + 1

=
1

3

=
1

3

∵ ෍ 𝑛 =
𝑛(𝑛 + 1)

2

∴ 𝑃 1 is true.𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆
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Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒We need to show that P(k + 1) is true.

𝑃 𝑘 + 1 :
1

1 + 2
+

1

1 + 2 + 3
+ ⋯ +

2

𝑘 𝑘 + 1

= 𝑃 𝑘 +
2

𝑘 + 1 𝑘 + 2
=

𝑘 − 1

𝑘 + 1

𝑃 𝑘 :
1

1 + 2
+

1

1 + 2 + 3
+ ⋯ +

2

𝑘 𝑘 + 1
=

𝑘 − 1

𝑘 + 1

+
2

𝑘 + 1 𝑘 + 2

+
2

𝑘 + 1 𝑘 + 2

=
1

𝑘 + 1
𝑘 − 1 +

2

𝑘 + 2
=

1

𝑘 + 1

𝑘 − 1 𝑘 + 2 + 2

𝑘 + 2

=
1

𝑘 + 1

𝑘2 + 2𝑘 − 𝑘 − 2 + 2

𝑘 + 2
=

1

𝑘 + 1

𝑘2 + 2𝑘 − 𝑘 − 2 + 2

𝑘 + 2

=
1

𝑘 + 1

𝑘2 + 𝑘

𝑘 + 2
=

𝑘

𝑘 + 1

𝑘 + 1

𝑘 + 2
=

𝑘

𝑘 + 2

∴ 𝑃 𝑘 + 1 is true.

Hence by mathematical induction P(n) is true for all values of  𝑛

𝟕. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍
𝒏𝒖𝒎𝒃𝒆𝒓 𝒏,

𝟏

𝟏 ∙ 𝟐 ∙ 𝟑
+

𝟏

𝟐 ∙ 𝟑 ∙ 𝟒
+

𝟏

𝟑 ∙ 𝟒 ∙ 𝟓
+ ⋯ +

𝟏

𝒏(𝒏 + 𝟏)(𝒏 + 𝟐)
=

𝒏(𝒏 + 𝟑)

𝟒(𝒏 + 𝟏)(𝒏 + 𝟐)

𝑃 𝑛 :
1

1 ∙ 2 ∙ 3
+

1

2 ∙ 3 ∙ 4
+ ⋯ +

1

𝑛 𝑛 + 1 𝑛 + 2
=

𝑛(𝑛 + 3)

4(𝑛 + 1)(𝑛 + 2)

Put 𝑛 = 1

=
1

1 × 2 × 3
=

=
1 1 + 3

4(1 + 1)(1 + 2)

4

4(2)(3)
=

1

6

= 1

6

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 =
1

𝑛 𝑛 + 1 𝑛 + 2
=

1

1 1 + 1 1 + 2

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛(𝑛 + 3)

4(𝑛 + 1)(𝑛 + 2)

∴ 𝑃 1 is true.𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒We need to show that P(k + 1) is true.

∵ 𝑃 𝑘 :
1

1 ∙ 2 ∙ 3
+

1

2 ∙ 3 ∙ 4
+ ⋯ +

1

𝑘(𝑘 + 1)(𝑘 + 2)
=

𝑘(𝑘 + 3)

4(𝑘 + 1)(𝑘 + 2)
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𝑃 𝑘 + 1 =
1

1 ∙ 2 ∙ 3
+

1

2 ∙ 3 ∙ 4
+ ⋯ +

1

𝑘 𝑘 + 1 𝑘 + 2

= 𝑃 𝑘 +
1

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)
=

𝑘(𝑘 + 3)

4(𝑘 + 1)(𝑘 + 2)
+

1

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)

=
1

(𝑘 + 2)(𝑘 + 1)

𝑘(𝑘 + 3)

4
+

1

(𝑘 + 3)

+
1

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)

=
1

(𝑘 + 2)(𝑘 + 1)
𝑘(𝑘 + 3)2+4

4(𝑘 + 3)

=
1

4(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)
[𝑘 𝑘2 + 6𝑘 + 9 + 4]

=
1

4(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)
[𝑘3 + 6𝑘2 + 9𝑘 + 4]

=
1

4(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)
[(𝑘 + 1)(𝑘 + 1)(𝑘 + 4)]

=
(𝑘 + 1)(𝑘 + 4)

4(𝑘 + 2)(𝑘 + 3)

Hence by mathematical induction P(n) is true for all values of  𝑛

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.

𝑈𝑠𝑖𝑛𝑔 𝑠𝑦𝑛𝑡ℎ𝑒𝑡𝑖𝑐 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑘3 + 6𝑘2 + 9𝑘 + 4

1 6 9 4−1

0

1

−1

5

−5

4

−4

0

𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 (𝑘 + 1)

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑘2 + 5𝑘 + 4 = (𝑘 + 1)(𝑘 + 4)

𝟖. 𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍
𝒏𝒖𝒎𝒃𝒆𝒓 𝒏,

𝟏

𝟐 ∙ 𝟓
+

𝟏

𝟓 ∙ 𝟖
+

𝟏

𝟖 ∙ 𝟏𝟏
+ ⋯ +

𝟏

(𝟑𝒏 − 𝟏)(𝟑𝒏 + 𝟐)
=

𝒏

𝟔𝒏 + 𝟒

P n :
1

2 ∙ 5
+

1

5 ∙ 8
+

1

8 ∙ 11
+ ⋯ +

1

(3𝑛 − 1)(3𝑛 + 2)
=

𝑛

6𝑛 + 4

Put 𝑛 = 1
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=
1

2 × 5

=
1

6 1 + 4

=
1

10

=
1

10

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

∵ 𝑃 𝑘 :
1

2 ∙ 5
+

1

5 ∙ 8
+ ⋯ +

1

(3𝑘 − 1)(3𝑘 + 2)
=

𝑘

6𝑘 + 4
. . . . 1

𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 =
1

(3𝑛 − 1)(3𝑛 + 2)
=

1

3 − 1 3 + 2

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 =
𝑛

6𝑛 + 4
∴ 𝑃 1 is true.𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

We need to show that P(k + 1) is true.

𝑃 𝑘 + 1 =
1

2 ∙ 5
+

1

5 ∙ 8
+ ⋯ +

1

3𝑘 − 1 3𝑘 + 2

= 𝑃 𝑘 +
1

(3𝑘 + 2)(3𝑘 + 5) =
𝑘

6𝑘 + 4
+

1

(3𝑘 + 2)(3𝑘 + 5)

=
𝑘

2(3𝑘 + 2)
+

1

(3𝑘 + 2)(3𝑘 + 5)

+
1

3𝑘 − 1 + 3 3𝑘 + 2 + 3

=

=

1

3𝑘 + 2

𝑘

2
+

1

3𝑘 + 5

1

3𝑘 + 2

𝑘 3𝑘 + 5 + 2

2(3𝑘 + 5)

if P(k) is true, then P(k + 1) is true
Hence by mathematical induction P(n) is true for all values of  𝑛

=

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 = 𝑖𝑠 𝑡𝑟𝑢𝑒.

1

3𝑘 + 2
3𝑘2 + 5𝑘 + 2

2(3𝑘 + 5)

=
1

2 3𝑘 + 2 3𝑘 + 5
(𝑘 + 1)(3𝑘 + 2)

=
𝑘 + 1

2 3𝑘 + 5
=

𝑘 + 1

6𝑘 + 10)

𝟗. 𝑷𝒓𝒐𝒗𝒆 𝒃𝒚 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒕𝒉𝒂𝒕
𝟏! + 𝟐 × 𝟐! + 𝟑 × 𝟑! +. . +(𝒏 × 𝒏!) = 𝒏 + 𝟏 ! − 𝟏

Let P n : = 1! + 2 × 2! + 3 × 3! +. . + 𝑛 × 𝑛! = 𝑛 + 1 ! − 1
Put 𝑛 = 1

= 1 × 1! 1

= 1 + 1! − 1

=

= 2 − 1

= 1 ∴ 𝑃 1 is true.

𝑃 𝑛 : 𝐿. 𝐻. 𝑆 = 𝑛 × 𝑛!

𝑃 𝑛 : 𝑅. 𝐻. 𝑆 = 𝑛 + 1 ! − 1

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

Let us assume that the statement 𝑃 𝑛 is true for 𝑛 = 𝑘

p (k): 1! + 2 × 2! + 3 × 3! +. . + 𝑘 × 𝑘! = 𝑘 + 1 ! − 1 . . . . 1
𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒We need to show that P(k + 1) is true.

𝑃 𝑘 + 1 : 1! + 2 × 2! + 3 × 3! +. . + 𝑘 × 𝑘! + 𝑘 + 1 𝑘 + 1 !
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= 𝑃 𝑘 + 𝑘 + 1 𝑘 + 1 !

= 𝑘 + 1 ! − 1 + 𝑘 + 1 (𝑘 + 1)!

= 𝑘 + 1 ! + 𝑘 + 1 𝑘 + 1 ! − 1

= 𝑘 + 1 ! 1 + 𝑘 + 1 − 1 = 𝑘 + 1 ! 𝑘 + 2 − 1

𝑘 + 2 ! − 1

∵ 𝑛 + 1 𝑛! = (𝑛 + 1)!

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.

Hence by mathematical induction P(n) is true for all values of  𝑛

𝟏𝟎. 𝑼𝒔𝒊𝒏𝒈 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏𝒂𝒕𝒖𝒓𝒂𝒍
𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒏, 𝒙𝟐𝒏 −𝒚𝟐𝒏 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝒙 + 𝒚.

Let P 𝑛 : = 𝑥2𝑛 − 𝑦2𝑛 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑥 + 𝑦.

Put 𝑛 = 1

P 1 : 𝑥2 − 𝑦2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑥 + 𝑦 ∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

Then, P k = 𝑥2𝑘 − 𝑦2𝑘 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑥 + 𝑦

𝑥2𝑘 = 𝑚 𝑥 + 𝑦 + 𝑦2𝑘

We need to show that P(k + 1)is true

𝑃 𝑘 + 1 = 𝑥2(𝑘+1) − 𝑦2(𝑘+1)

𝑖. 𝑒 𝑥2(𝑘+1) − 𝑦2 𝑘+1 𝑖s divisible by (𝑥 + 𝑦)

= (𝑥 + 𝑦)(𝑥 − 𝑦)

𝑥2𝑘 − 𝑦2𝑘

𝑥 + 𝑦
= 𝑚 ⟹ 𝑥2𝑘 − 𝑦2𝑘 = 𝑚 𝑥 + 𝑦

= 𝑥2(𝑘+1) − 𝑦2(𝑘+1)

= 𝑥2[𝑚(𝑥 + 𝑦) + 𝑦2𝑘]

= 𝑚 𝑥 + 𝑦 (𝑥2)

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 (𝑥 + 𝑦)

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠, 𝑃 𝑘 + 1 𝑖𝑠 𝑡𝑟𝑢𝑒.
∴ 𝑥2(𝑘+1) − 𝑦2 𝑘+2 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑥 + 𝑦

= 𝑥2 ∙ 𝑥2𝑘 − 𝑦2𝑘+2

− 𝑦2𝑘+2

−𝑦2𝑘 ∙ 𝑦2

= 𝑚 𝑥 + 𝑦 (𝑥2) + 𝑦2𝑘(𝑥2 − 𝑦2)

= 𝑚 𝑥 + 𝑦 𝑥2 + 𝑦2𝑘

= 𝑥 + 𝑦

Hence by mathematical induction P(n) is true for all values of  𝑛

𝑥2𝑘 = 𝑚 𝑥 + 𝑦 + 𝑦2𝑘

+ 𝑥2𝑦2𝑘

(𝑥 + 𝑦)(𝑥 − 𝑦)

[𝑚𝑥2+(𝑥 − 𝑦)𝑦2𝑘]

= 𝑥2𝑘 + 2 − 𝑦2𝑘 + 2

Let 𝑃 𝑛 : 𝑛3 − 7𝑛 + 3 is divisible by 3

Put 𝑛 = 1 𝑃 1 : 13 − 7 1 + 3 = −3 is divisible by 3
∴ 𝑃 1 is true.

= 1 − 7 + 3

𝟏𝟐. 𝑼𝒔𝒆 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒏𝟑 − 𝟕𝒏 + 𝟑 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑 𝒇𝒐𝒓 𝒂𝒍𝒍
𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒏.
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Let us assume that 𝑃 𝑛 is true for 𝑛 = 𝑘

P k : 𝑘3 − 7𝑘 + 3 𝐴𝑠𝑠𝑢𝑚𝑒 𝑏𝑒 𝑡𝑟𝑢𝑒is divisible by 3

𝑘3 − 7𝑘 + 3 = 3𝑚
𝑘3 − 7𝑘 + 3

3
= 𝑚 ⟹

To prove P(k + 1) is true

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 ∶ 𝑃 𝑘 + 1 = (𝑘 + 1)3−7 𝑘 + 1 + 3 is divisible by 3

𝑃 𝑘 + 1 = (𝑘 + 1)3−7 𝑘 + 1 + 3

= 𝑘3 + 3𝑘2 + 3𝑘 + 1 − 7𝑘 − 7 + 3

∵ (𝑎 + 𝑏)3= 𝑎3 + 3𝑎2𝑏 + 3𝑎𝑏2 + 𝑏3]

=

= (𝑘3 − 7𝑘 + 3)+(3𝑘2 + 3𝑘 − 6)

3𝑚 + 3(𝑘2 + 𝑘 − 2)

= 3(𝑚 + 𝑘2 + 𝑘 − 2) which is divisible by 3

𝑃 𝑘 + 1 is  true.

Hence by mathematical induction P(n) is true for all values of  𝑛

𝟏𝟑. 𝑼𝒔𝒆 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟓𝒏+𝟏 + 𝟒 × 𝟔𝒏𝒘𝒉𝒆𝒏 𝒅𝒊𝒗𝒊𝒅𝒆𝒅 𝒃𝒚 𝟐𝟎
𝒍𝒆𝒂𝒗𝒆𝒔 𝒂 𝒓𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓 𝟗 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒏.

Let P n : = 5𝑛+1 + 4 × 6𝑛 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 20 𝑙𝑒𝑎𝑣𝑒𝑠 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9

Put 𝑛 = 1

𝑃 1 = 52 + 4 × 61

ℎ𝑒𝑛𝑐𝑒 𝑙𝑒𝑎𝑣𝑒𝑠 𝑎 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9 𝑤ℎ𝑒𝑛 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9

∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

Let P k : = 5𝑘+1 + 4 × 6𝑘 𝑤ℎ𝑒𝑛 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 20 𝑙𝑒𝑎𝑣𝑒𝑠 𝑎 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9

5𝑘+1 + 4 × 6𝑘

5𝑘+1

We need to show that P(k + 1) is true.

= 25 + 24
= 2 20

= 49

= 20𝑚 + 9

= 20𝑚 + 9 − 4 6𝑘

+ 9

P k + 1 : 5𝑘+2 + 4 × 6𝑘+1

= 5𝑘+2 + 4 × 6𝑘+1

= 5𝑘+1 ∙ 51 + 4 ∙ 6𝑘 ∙ 61

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 P 𝑘 + 1 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 20 𝑙𝑒𝑎𝑣𝑒𝑠 𝑎 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9

= 5 20𝑚 + 9 − 4. 6𝑘 + 24 ∙ 6𝑘

5𝑘+1 = 20𝑚 + 9 − 4 6𝑘

= 100𝑚 + 45 − 20 ∙ 6𝑘 + 24 ∙ 6𝑘

= 100𝑚 + 45 − 20 ∙ 6𝑘 + 20 ∙ 6𝑘 + 4 ∙ 6𝑘

= 100𝑚 + 45 + 4 + 4 ∙ 6𝑘 − 4
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Hence by mathematical induction P(n) is true for all values of  𝑛

∴ 𝑃 𝑘 + 1 is  true.

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 20 𝑎𝑛𝑑 𝑙𝑒𝑎𝑣𝑒𝑠 𝑎 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9

= 100𝑚 + 49 + 4 ∙ 6𝑘 − 4 = 100𝑚 + 40 + 9 + 4 6𝑘 − 1

= 100𝑚 + 40 + 4 6𝑘 − 1 + 9

𝟏𝟒. 𝑼𝒔𝒆 𝒊𝒏𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟏𝟎𝒏 + 𝟑 × 𝟒𝒏+𝟐 + 𝟓, 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟗
𝒇𝒐𝒓 𝒂𝒍𝒍 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒏.
Let P n : 10𝑛 + 3 × 4𝑛+2 + 5, 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9

Put 𝑛 = 1

𝑃 1 = 101 + 3 × 41+2 + 5

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9 ∴ 𝑃 1 is true.

Let us assume that the statement is true for 𝑛 = 𝑘

Let P k : 10𝑘 + 3 × 4𝑘+2 + 5, 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9

10𝑘 + 3 × 4𝑘 + 2 + 5 = 9𝑚

10𝑘 = 9𝑚 − 5 − 3 × 4𝑘+2 We need to show that P(k + 1) is true.

= 10 + 3(43) + 5

= 15 + 3 64

= 207

= 15 + 192

10𝑘 + 3 × 4𝑘 + 2 + 5

9
= 𝑚

𝑃 𝑘 + 1 : 10𝑘+1 + 3 × 4𝑘+1+2 + 5, 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9

= 10𝑘+1 + 3 × 4𝑘+3 + 5

= 10𝑘 ∙ 10

10𝑘 = 9𝑚 − 5 − 3 × 4𝑘+2

+ 3 ∙ 4𝑘+2 ∙ 41 + 5

= 10 9𝑚 − 5 − 3 × 4𝑘+2

= 90𝑚 − 50 − 30 × 4𝑘+2

+12 ∙ 4𝑘+2 + 5

+12 ∙ 4𝑘+2 + 5

= 90𝑚 − 45 − 30 × 4𝑘+2 +12 ∙ 4𝑘+2

= 90𝑚 − 45 −18 ∙ 4𝑘+2

= 9 10𝑚 − 5 − 2 4𝑘+2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 9

Hence by mathematical induction P(n) is true for all values of  n

𝑃 𝑘 + 1 is  true.
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