Name

Class

Xl — MATHS

Sec:

School




INDEX

UNIT NO. CHAPTERS PAGE NO.

1. | SETS, RELATIONS AND FUNCTIONS 1-62

2. BASIC ALGEBRA 63-130

3. | TRIGONOMETRY 131-259
BINOMIAL THEOREM, SEQUENCES AND

5. | CERIES 260-316
TWO DIMENSIONAL ANALYTICAL

6. GEOMETRY 317-388
COMBINATORICS AND MATHEMATICAL

4. 389-454

INDUCTION.




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

EXERCISE : 1.1

Cartesian Product

Eg 1.1 : Find the number of subset of Aif A =
{x:x=4n+1,2<n>5neN}
A={x:x=4n+1,n=2,3,4,5}

x=4n+1

n=2x=42)+1=84+1 = x=9
n=3x=43)+1=12+1 = x =13

x =17

n=4x=44)+1=16+1 =
x =21

n=5x=405)+1=20+1 —
A={9,13,17,21} = n(4d) = 4

n[P(A)] = 2™ = wheren = 4
n[P(A)]=24=2x2x2x2 =16

Example 1.2 : In a survey of 5000 person in a town, it was found 45% of the

persons know language A, 25% know language B, 10% know language
C, 5% know languages A and B, 4% know language B and C, and 4% know
languages A and C. If 3% of the persons know all the three languages, find

the number of persons who knows only language A.
Given that : Number of personina town = 504050

Language A = 45% of the person = n(4) = 1—?0)( 5000 = 45 X 50

n(4) = 2250 = Language B = 25% of the person

25
n(B) = LT@’X SOM =25x50 = n(B)=1250
Language C = 10% of the person

10
C) =——=Xx5000=10%x50 = n(C) =500
n(C) = 755 % 5000 (©

Language A and B = 5% of the person
n(A N B) 21,0%6)(50% =5%x50 = n(AnB) =250
Language B and C = 4% of the person
n(BnC):l%a/XS0,0(T —4x50 = n(BnC)=200

Language C and A = 4% of the person

4
n(CnA)=LTﬁ/><50M=4x50 = n(CNA) =200
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All the three Language = 3% of the person

3
n(AﬂBﬂC)zT}.O,XSOM=3x50

n(AnBnNnC) =150
The number of persons who knows only A is
n(ANnB'NC) =n{An (BNC)'}
=n(4) —n{A n (BNC)}
=n(4) —n{(AnB) U(ANC)}
=n(4) —n(AnB)—n(AnC)+n(AnBnNnC)
=2250-250-200 + 150 = 1950

ANB' =A-B
AN (BNC) =4—-A4n(BNC)

Thus the required number of person is 1950

Example 1.2 : In a survey of 5000 person in a town, it was found 45% of the
persons know language A, 25% know language B, 10% know language C,

5% know languages A and B, 4% know language B and C, and 4% know
languages A and C. If 3% of the persons know all the three languages, find the

number of persons who knows only language A.

From figure, the percentage of personwho know only language A is 39.

Therefore, the required number of person is

39
—— X 5000 = 1950

100

Example 1.3
Prove that (AUB' UC)N(ANBNC))u((AUBUC)N(B'NC))=B'nC
wehave ANB'NC'€SASAUB' UC

andhence (AUB'UC)N(ANB'NnC)=AnB'NnC’
Also.B'nC'cC'cAuBuUC(

and hence AUBUC)NB'NnC'=B'nC'.

Nowas AUB'NnC'€B'nC'.

wehave ((AUB'UC)N(ANBNC))U((AuBUC)IN(B'NnC))=B"nC’

25
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Example 1.3
Provethat (AUB'UC)N(ANBNC))u((AUBUC)N(B'NC))=B'nC
(AUB'UC) u (AnBncC) [ @AUBUONANBNC)

7 % 7 u
C/ | c/ C/

(AUBUC) U (B'ncC") u
7 /|

a3
a3
a3

AN

C /
Example 1.4

If X={1,2,3..10}and A = {1, 2, 3,4, 5}, find the number of sets B € X
such that A — B = {4}

For every subset C of {6,7,8,9,10},

let B=Cu{1,2,3,5}. Then A— B = {4}.
In other words, for every subset C of {6,7,8,9,10},

we are a unique set B so that A — B = {4}. sonumber ofset B € X

such that A — B = {4} and the number of substes of {6,7,8,9,10}
are the same. So the number of sets B € X
Such that A — B = {4} is 2> = 32.
Example 1.5
if Aand B are two sets so that n(B — A) = 2n(A — B) = 4n(A n B)and if

n(A U B) = 14,then find n[p(A)]

To find n[p(A)].We need n(A).

A=((A-B)U(ANB)
Letn(ANB) =k.

n(B — A) = 2n(A — B) = 4n(AN B) n(4) =n(4d - B) +n(AnB)
n(B —A) = 2n(4 — B) = 4k n(B) =n(B—A)+n(ANB)
n(B — A) = 4k
2n(A — B) = 4k = n(A—B) = 2k
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n(AUB) =n(4) +n(B) —n(ANB)

n(AUB) = n(A - B) + n(4#B) + n(B — 4) + n(4 n B) — n(40-B)
n(AuB) =n(A—B)+n(B—A)+n(AnB)
n(AUB) = 2k + 4k + k

wheren(AU B) = 14

14=7k= k=2
n(AnNnB)=k =n(ANnB) =2
n(B—A) =4k = n(B—A)=4(2) = n(B—A4) =8
n(A—B) =2k = n(A—B)=2(2) = n(A—B) =4
n(A) =n(A-B)+n(AnB) = n(4) =4 + 2
n(4) = 6 and hence n[p(4)] = 2" = n[p(4)] =2°= n[p(4)] = 64.
Example 1.6

Two sets have m and k elements. If the total number of subsets of the
first setis 112

more than that of the second set, find the value of m and k.
Let A and B be the two sets withn (A) = mand n(B) = k.
n[P(4)] = 2m and n[P(B)] = 2¥
Since A contains more elements than B, we have m > k.

112
Dif ference between number of subset of Aand B = 112 2 5
2156
n[P(A)] —n[P(B)] = 112 5[ 28
m k
2m 2K =112 = Sk (2 _ 27\ |1y 5| 14
2k 2k 7

2k(2mx 27k —1) =112 = 22" -1) =2*x7
2k=24 a"’ldzrn_k_:].=7=> k=14
2mk=7+1=2mk=8= 2mF* =25 m—-k=3

m—4=3=m=7 subk =4
Example 1.7
Ifn(A) =10andn(AnB) = 3,findn[(ANn B)' n A]. [ANB =4 — B
(ANB)NA=A"UB)NA =(A''nA)U (B'nA)
=QU(B'NA) =B'NA =A-B [A—B=A-AnNB]|

n[(ANnB) NnA] =n(4A—B) =n(A—(AnB))=n(A)—n(AnB) =10—-3=7
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Example 1.8

IfA=1{1234}and B ={3,4,5,6} findn[(AUB) X (An B) X (AA B)]
AUB=1{1,23,4}u{3,4,56} > AuB={1,2345,6}
AnNB=1{1,23,4}n{3,4,56} > AnB={34}
AAB=(A—-B)U(B—-A)
A_B= {11213;4} _{3;4;516}: A_B = {17 2}=>B _A= {31 41 5; 6}_{1; 2; 3; 4}
B—A={56} =>AAB={1,2}u{56}= AAB={1,2,5,6}
n(AUB)=6,n(ANB)=2andn(AAB) =4
n[(AUB) X (ANB) X (AAB)] =n(AUB) xn(AnB) xn(AAB)
=6X2X4 =48

Example 1.9
If p(4)denotes the power set of A, then find n{p[p(p(2))|}

n[P(A)]=2"=A=0={}=n=0=n[P@)]=2° =1
Since p (@)contains 1 element.= n =1 For P[P(®)]
n{P[P(®)]} = 2! = 2= p(p(®) )contains 2 element=>n = 2 For plp(p(®))]

n{p[p(p(®))]} = 22 contains 4 elements.

1. Write the following in roster form.
(D{x € N: x> <121 and x is a prime}.

Let us check x is a prime and x? < 121

X2
xX=2=22=4
x=3 =32=9
x=5=5%2=25
x=7=7%>=49
x=11=11%?=121
A={2,3,57}

(ii) The set of positive roots of the equation (x — 1)(x + 1)(x2—1) =0
x—Dx+1Dx*-1)=0
x—1=0,x+1=0,x>—-1=0
x=1,x=-1,x2—-12=0
x—-1Dx+1)=0

x—1=0,x+1=0=>x=1,x=-1

A =1{1}
(iii) {x e N:4x+ 9 < 52}.

4x 4+ 9
x=1=4(1)+9=4+9=13
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x=2= 42)+9=8+9=17
x=3=43)+9=1249=21
Similiarly : 4x + 9

x=4 =25 ,x=8=41
x=5=29,x=9=45
x=6 = 33, x=10= 49
x=7 = 37,x=11= 53 > 52
{1,2,3,4,5,6,7,8,9,10}

'{x_4—3 €R 2}

()5 =3xeR- (-2}

g 4=3(x+2)
= - — =

X+ 2 x x

x—4=3x+6 = x—3x=6+14

—2x=10 = —x=5

x =—-5={-5}
2. Write the set {—1,1} in set builder form.
x=-1,x=1

x+1=0x-1=0=&+1(x-1)=0
x2-12=0= x*-1=0
A={xixisarootof x?—1=0}
3.State whether the following sets are finite or infinite
(i) {x € N : x is an even prime number}
Finite
(ii) {x € N: xis an odd prime number}.

Infinite.

(iii) {x € Z : xis even and less than 10}
Infinite

(iv){x e R : x is arational number}.
nfinite

(w){x EN: xis arational number}.

Infinite

4. By taking suitable sets A, B, C, verify the follwoing results.
(DAX(BNC)=(AxXxB)n(Ax0C).

To prove,AX (BNC) =(AXB)N(AxC)

LetA = {a},B={a,b},C={a b,c}
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L.HS=AX(BnC)
BnC={ab} =+-AxBNC) ={a}x{ab}
Ax (BnC)={aa),(ab)..(1)
R.HS=(AxB)N(AxC)
Ax B ={a} x{a,b} = AxB ={(a,a),(a,b)}
AxC={a}x{a,b,c}= Axc={(aa),(ab),(ac)}
(AxB)n (AxC) ={(a,a),(ab)}n{laa)(ab),(ac)}
(AxB)Nn(AxC) = {(a,a),(ab)}..(2)
From (1)and (2) - L.H.S = R.H.S
(i)AX (BUC) = (AXB)U (A XC)
To Prove: AX (BUC) = (AXB)U (AXC)
LetA = {a},B={a,b},C={a,b,c}
L.HS=Ax(BuUCQC)
BuC ={a,b}u{a,b,c}
BuC={ab,c}
AxBUO={a}x{abc} = Ax(BUC) ={(aa),(ab),(ac)}.(1)
R.HS=(AxXxB)UAxC(C)
Ax B ={a} x{a,b}= A x B ={(a,a),(a,b)}
AxC={a}x{a,b,c} = AxC={(a,a),(ab),(ac)}
(AxB)U (AxC)={(aa),(ab}uilaa),lab),(ac)}
(AXB)U(AxC) = {(a,a),(a,b),(ac)}..(2)
From (1)and (2)
AXx(BUC) =(AxB)U(AxC(C)
(iii) (AxB) N (BxA) = (AN B) x (BN A)
Toprove: (AXB)N(BxA)=(ANB) X (BNA)
LetA = {a,b},B={a,b,c}
AxB={ab}x{a,b,c}
AX B = {(a,a),(a,b),(ac),(b,a),(bb),(c)}
Bx A= {a,b,c}x{a b}
Bx A = {(a,a),(a,b),(ba),(bb),(ca),(cb)}
(AxB)n(BxA) ={(aa),(ab),(ba),(bb}. (1)
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AnB={ab}n{ab,c} = ANnB={a b}
BnA={ab,c}n{ab} = BnA={ab}
(ANB) x (BN A) ={a,b}x {a, b}
(ANB) x (BNA) ={(a,a),(a,b),(b,a),(b,b)}...(2)
From (1)and (2) ~ L.H.S=R.H.S
ivyC-(B—-A)=(CnA)u(CnB)
To prove: C— (B—A)=(CNnA)U(CNnB"
U= {4,8,12,16,20,24,28},A = {8,16,24} ,B = {4,16, 20,28} and
C= {12,24,28)
L.HS=C—(B-A)
B— A= {4,16,20,28} —{8,16,24} = B — A = {4,20,28}
C—(B—A)={12,24,28}—{4,20,28}
C—(B—A) ={12,24} ..(1)
RHS=(CNA)U(CNB")
CnA={12,24,28} N {8,16,24} = C N A = {24}
B'=U-B = {48,12,16,20,24, 28} — (4,16, 20,28}
B’ ={8,12,24} = (CnB’) ={12,24,28} n {8,12,24}
CNB' ={12,24}= (CNA) U (CNB’) = {24} U {12,24}
(CNA)U(CNB') ={12,24}..(2)

From (1)and (2) L.H.S=R.H.S
WV)(B-A)NC=(BNC)—A=Bn(C—A)

Toprove: B—A)NC=(BNC)—A=Bn(C—A)
(B—A)nC
B—A= {4,16,20,28} — {8,16,24} = B — A = {4,20,28}
(B—A)NnC ={4,20,28} N {12,24,28} = (B—A)NC = {28} ..(1)
(BNnC)—A
BNC ={4,16,20,28} N {12,24,28} = {28}
(BNC) —A = {28} — {8,16,24)}
(BNC)—A=1{28}..(2)
Bn(C—-A)
C—A={12,24,28}-{8,16,24} = C— A ={12,28}
BN (C—A) = {4,16,20,28} n {12, 24, 28}
Bn (C—=A) ={28}...(3)
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From (1), (2) and (3)
(B-—A)NC=BnNC)—A=Bn((C—-A)
(wi)(B—A)uC=(BUC)—(A—-C) bytaking suitable A, B, C.
To prove: (B—4A)UC=(BUC)—(A—-0)

LHS=(B-4)UuC
B—A= {4,16,20,28} — {8,16,24} = B — A = {4,20,28}

(B—A) U C = {4,20,28} U {12, 24,28}
(B—A)UC ={4,12,20,24,28} .. (1)
RHS=(BUC)—(A-0C)
BuC ={4,16,20,28} U {12,24,28} = BuU C = {4,12,16,20, 24, 28}
A—C = {8,16,24}— {12,24,28} = A—C = {8,16}
(BUC)—(A—C)={4,12,16,20,24,28} — (8,16}
(BUC)— (A—C) = {4,12,20,24,28)
From (1)and (2)
(B-AuC=MBUC)—(A-0)

5.Justify the trueness of the statement:
"An element of a set can never be a subset of itself".

LetS = {a,b,c}
P (S) ={ @ {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}}
For example if we take any elements from the given set
if we take a € Swill not be sub set of itself.it means a is an element of S.
But a is subset of S i.e {a} c S. Every set is a subset of itself.
6.1f n(P(A)) = 1024,n(A U B) = 15 and n(P(B)) = 32,Find n(A n B).
n[P(A)] =1024

n[P(4)] = 210 =
n[P(B)] =32 = n[PB)] =2° =

n(AUB) =n(A) +n(B) —n(AnB)
15=10+5—-n(AnB)= n(ANB) =0
7.if n(A N B) = 3 and n(A U B) = 10, then find n(P(A A B)).
Givenn(ANB) =3 andn(AUB) =10
AAB=(AUB)—(ANB)= n(AAB)=n(AUB) —n(ANnB)
n(AAB)=10-3= n(AAB)=7 = n[p(AAB)] =27
n[p(AAB)] =128
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8.For aset A,A X A contains 16 elements and two of its elements
are (1,3) and (0,2). Find the elements of A.

nAxA4) =16 = n(A) xn(d)=4x4 = n(4d) =4
AxA€e{(1,3),(0,2)}
A=1{0123)

9.Let A and B be two sets such that n(A) = 3 and n(B) = 2.1f(x,1)(y, 2)
(z,1)arein A X B, find A and B,where x,y,z are distinct elements.

n(4) = 3,n(B) =2 and {(x,1)(y,2)(z,1)} e AX B
~A={xy2z2},B={1,2}

10.If A X A has 16 elements,S = {(a,b) e AXA:a <b};(—1,2)and (0,1)
are two elements of S, then write the remaining elements of S.
LetA ={-1,0,1,2}

AxA={-1,01,2} x{-1,0,1,2}

AxA=(-1,-1)(-1,0),(-1,1),(-1,2),(0,-1),(0,0),(0,1),(0,2),(1,-1)

,(1,0),(1,1),(1,2),(2,-1),(2,0),(2,1),(2,2)}
S={(ab) € AxA;(a<b)}

= {(_1; 0) ’ (_1; 1) ’ (_1' 2)1 (01 1) ’ (0, 2)1 (11 2)}
Give that (—1,2),(0,1) are in S.

Other elements are (—1,0),(—1,1),(0,2),(1,2)
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Constant and variable:

A quantity, which retains the same value throughout a mathematical
process, is called a constant

A variable is a quantity which can have different values in a particular
mathematical process.

It is customary to represent constants by the letters q, b, ¢, ... and
variable by x, y, z.

Independent / dependent variables
V= §m'2h cubic units
A = nr? sq.units

S = 4mr?h cubic units

V, A and S are dependent variables the quantities,

rand h are independent variables




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

INTERVALS AND NEIGHBOURHOODS

The real numbers can be represented geometrically as points on a
number line called the real line

< \/Een- >
— -3 -2 -1 0 1 2 3 4

co

Any real number can be identified as a point on the line, We call the line as
the real line.

The value increase as we go right and decreases as we go left.

There are infinitely many Real number between any two real numbers.
Definition 1.1

A subset I of R is said to be an interval if
(i) I contains at least two elements and

(ii)a,b €elanda<c<bthenc €l

Geomerically, intervals correspond to rays and line segments on the real line.

Note that the set of all natural numbers,the set of all non —negative

integers, Set of all odd integers,set of all even integers, set of all
prime numbers are not intervals.
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Consider the following sets
(i)The set of all real numbers greater than 0
(ii) The set of all real numbers greater than 5 and less than 7

(iii)The set of all real numbers x suchthan1 < x < 3.
(iv)The set of all real numbers x such that1 < x < 2.

The above four sets are intervals.

(i) <€~ l l l l ( f f f f b
-5 -4 -3 -2 -1 0 1 2 3 4 5
(i) is an infinite interval
(ii) The set of all real numbers greater than 5 and less than 7
| | | | | | | | [ |
< | | | | | | | | \ | ) >
-3 -2 -1 0 1 2 3 4 5 6 7
(iii)The set of all real numbers x suchthan1 < x < 3.
| | | | I | 1 | | | |
< 1 1 1 1 '_ 1 J 1 1 1 1 >
-3 -2 -1 0 1 2 3 4 5 6 7
(iv)The set of all real numbers x suchthat 1 < x < 2.
| | | | L ] | | | | |
< 1 1 1 1 \ J 1 1 1 1 1 >
0 1 2 3 4 5 6 7

3 2 -1

(i), (iii)and (iv) are finite intervals
The term “finite interval” does not mean that the interval contains
Only finitely many real numbers, however both ends are finite numbers.

Both finite and Infinite intervals are infinite sets.
The intervals correspond to line segments are finite

Intervals whereas that correspond to rays and the entire real line

are infinite intervals.
A finite interval is said to be closed if it contains both of its end points

and open if it contains neither of its end points.
( ) parentheses indicate open interval

(0,0) and (1,3)

< L
. § ),
| | | | [ | A" | | | |
< | | | | [ | } | | | | )
3 4 5 6 7

-3 -2 -1 0 1 2
[ ] square brackets indicate closed interval.
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[5,7]

| | | | | | | | [ I

1 1 1 1 1 1 1 1 L [ ]
-3 -2 -1 0 1 2 3 4 5 6 7

(1 oneend open and other end closed
(1, 2]

ol | |
~ ] ! !

| L ~
| \ J | | | | | L
-3 -2 -1 O 1 2 3 4 5 6 7
In paricular [5,7] contains both 5 and 7 and in between real numbers.

The interval (1, 3). Does not contain 1 and 3 but contains all in between
the number.

The interval (1, 2]does not contain 1 but contains 2 and all in between
numbers.

Note that oo is not a number

The symbols — oo and oo are used to indicate the ends of Real line
Further, the intervals (a,b)and [a, b] are subsets of R
Neighbourhood of a point 'a’is any open interval containing 'a’.

If € is a positive number,usually very small,
then the € —neighbourhood of 'a’

[s the open interval (a— €,a +€).
The set (a —€,a +€) — {a} is called deleted Neighborhood of ‘a’
and it is denoted as 0 < |x —a| < €

—+— ¢ —
a— € a a—+ € a— € a a+e€e
Type of intervals
Notation Set Graph
Finite | (@) x/a<x<bh a 4 >
la,b) {x/ as<x<b S o >
(a, b] x/a<xshb S © >
[a,b] {x/as<x<h S °
(a: OO) {X/ X = a} &)
. [aroo) {JC/ xz (l} C\?
Infinite (=0, b) {x/ x< b ‘E?
(—o,b] x/ xsh b
b
(=, ) x| —0 <x <00} 14




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

write the following intervals in symbolic form
(D{x:x€ER-2<x<0} (iD{x:x€R0 <x<8}
((iD{x: x€eR,-8<x< -2} (iv){x:ixDR -5<x<9}

() [-2,0] (i) (0,8) (iii) (-8,—2] (iv) [-5,9]

15
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RELATION
EXERCISE : 1.2

Example 1.10 Check the relationR = {(1,1),(2,2),(3,3), ...,(n,n)}
defined onthe set S ={1,2,3,..n} for the three basic relations.
As (a,a) ER foralla € S,R isreflexive.

For every pair (a,b) € R (b,a) is also in R. Thus R is symmetric.
We cannot, find two pairs (a,b)and (b, c)in R, such that (a,c) & R.
hence R is Transitive. Since R is reflexive, symmetric and transitive
This relation is an equivalence relation.

Example 1.11 Let S = {1,2,3}and p = {(1,1),(1,2),(2,2),(1,3),(3,1)}

(i) Is preflexive ? If not, state the reason and write the minimum
set of ordered Pairs to be included to p so as to make it reflexive.
(ii) Is p symmetric? If not, state the reason, write minimum number
of orderedPairs to be included to p so as to make it symmetric
and write minimum number of Ordered pairs to be deleted from

p so as to make it symmetric.

(iii) Is p transwitive? If not, state the reason, write minimum number
of ordered Pairs to be included to p so as to make it transitive
and write minimum number of Ordered pairs to be deleted from
p so as to make it transitive.

(iv) Is p an equivalence relation? If not, write the mininmum ordered
pairs to be Included to pso as to make it an equivalence relation

(i) Is p reflexive ? If not, state the reason and write the minimum set of
ordered Pairs to be included to p so as to make it reflexive.
p=1{(1,1),(1,2),(22),(1,3),(3 1}

p is not reflexive because (3,3) isnot in p. As (1,1) and (2,2)are in p, it
is enough to include the pair (3,3) to p so as to make it reflexive.

p= {(1' 1)) (1' 2)) (2' 2)) (1' 3)' (3! 1)' (3! 3)} is RefleXive.

(ii) Is p symmetric? If not, state the reason, write minimum number of
ordered Pairs to be included to p so as to make it symmetric and write
minimum number of Ordered pairs to be deleted from p so as to make
it symmetric.

(iii) p is not symmetric because (1,2) is in p, but (2,1)is not in p.

It is enough to included the pair (2,1) to p so as to make it symmetric.
p=1{01,1),(1,2),(2,2),(1,3),(3,1),(2,1)} It is enough to remove the pair
(1,2) to p so as to make it symmetric. p = {(1,1),(2,2),(1,3),(3,1)}

(iii) Is p transitive? I f not, state the reason, write minimum number of

ordered Pairs to be included to p so as to make it transitive and write

minimum number of Ordered pairs to be deleted from p so as to make
it transitive.
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p=1{(1,1),(1,2),(22),(1,3),3, 1D}
(1L,1) €ERand(1,2) eR=(1,2)ER
b b ¢ ac
(1,1) €Rand(1,3) e R=(1,3)ER
a’p b c ac
(1,2) ERand(2,2) e R=(1,2)ER
b b ¢ a C
(al,3)ERand(3,1)€R:>(1,1)ER
b b ¢ a C
(§,2§)ERand(1,3)6R=>(3,3)$R
b ¢ a ¢C
(3,%)ERand(1,2)€R=>(3,2)€R
a b ¢ a C

So (3,3)and (3,2) are to be included into so as to make p transitive.
p={1,1),(1,2),(272),(1,3),(3,1),(33),(32)}

p=1{(1,1),(1,2),(22),(13),31D}
But if we remove (3,1) from p,then it becomes transitive.
(iv) Is p an equivalence relation? I f not, write the mininmum ordered
pairs to be Included to pso as to make it an equivalence relation

p=1{1,1),(1,2),(22),(1,3),B 1D}
(iv) » To make p reflexive, we have to include (3, 3)

» To make p symmetric, we have to include (2,1)

» And to make p transitive, we have to include (3, 2).
To make p as an equivalence relation we have to include all these pairs.
It becomes {(1,1),(2,2),(3,3),(1,2),(2,1),(1,3),(3,1),(3,2)}
But this relation is not symmetric because (3,2) is in the relation and
(2,3) is not in the relation.So we have to include (2, 3) also.

Now the new relation becomes

{(1,1),(2,2),(3,3),(1,2),(2,1)(1,3),(3,1),(3,2),(2,3)}
Now this relation is reflexive, symmetric and transitive, and hence

its an equivalence relation.

Example 1.12
on A of the following tyLet A = {0, 1,2, 3}. Construct relationspes;

(i) Not reflexive,not symmetric, not transitive,

(ii) Not reflexive,not symmertric, transitive.
(iti) Not reflexive, symmetric,not transitive.
(iv) Not reflexive, symmetric,transitive.

(v) reflexive, not symmetric,not transitive.

(vi) reflexive, not symmetric, transitive.
(vii) reflexive, symmetric,not transitive.
(viii) reflexive, symmetric, transitive.
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A={0,1,2,3}
(i) Not reflexive, not symmetric, not transitive,

(i) Let us use the pair(1,2) to make the relation "not symmetric"

Consider the Relation {(1,2)}.1t is transitive.

If we include (2,3) then the relation is not Transitive.

So the relation {(1, 2),(2, 3)} is not reflexive, not symmetric and not

transitive.

(ii) Not reflexive,not symmertric, transitive. {(1,2)} is transitive,
not reflexive and not Symmetric.

(iii) Not reflexive, symmetric, not transitive.

Let us start with the pair (1,2).to make the relation "symmetric"

we have to include .The pair (2,1)

{(1,2),(2,1)} is not reflexive; it is symmetric; and it is not transitive.

A=1{0,1,2,3}
(iv) Not reflexive, symmetric, transitive.
Let us take the relation {(1,2) is symmetric
To make transitive ,(2,1)

(1,2) ERand(2,1) e R=(1,1)&R
b b ¢ ac

Relation {(1,2),(2,1),(1,1)} is transitive.
(2,1)€eRand(1,1) e R=>(2,1)ER
a’p b ¢ ac

(21) €ERand(1,2) ER=(2,2)€ R
b b c ac

Relation {(1,2),(2,1),(1,1),(2,2)} is transitive.
Thus {(1,2),(2,1),(1,1),(2,2)} is not reflexive; it is symmetric
and it is transitive.
(v) reflexive, not symmetric, not transitive.

For a relation on {0,1,2,3} to be reflexive, it must have the pairs
(0,0),(1,1)(2,2),(3,3)

Fortunately, it becomes symmetric and transitive
if weinsert (1,2)
Relation {(0,0), (1,1)(2,2),(3,3), (1,2)} it becomes not symmetric

4. 2) € Rand (%, 2)eR= (% 2)€ R Fortunately, it becomes transitive

Now we insert (2,3) Thus {(0,0), (1,1),(2,2),(3,3),(1,2),(2,3)}
(4,2) €R and (%, 3)eR=(1,3)¢ R is not transitive.
a

Hence it is reflexive, it is not symmetric gnd it is not transitive.

(vi) reflexive,not symmetric, transitive.
The relation {(0,0), (1,1),(2,2),(3,3),(1,2)}
That is reflexive, transitive and not symmetric. 18
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(vii) reflexive, symmetric, not transitive.
Thus {(0,0),(1,1),(2,2),(3,3),(1,2),(2,3)}
(1,2) € Rand(2,3) € R =(1,3)€ R is not transitive.
b b ¢ a C

Fortunately, it becomes not symmetric
To make it symmetric. It is enough to included the pair (2,1) and (3,2)

The relation {(0,0), (1,1),(2,2),(3,3),(1,2),(2,3),(2,1), (3,2)} that
Is reflexive, symmetric and not transitive.

(viii) reflexive, symmetric, transitive.

The relation {(0,0),(1,1),(2,2), (3,3)}which is reflexive, symmetric and
transitive.

Example 1.13 : Inthe set Z of integers,definemRnif m—nisa
multiple of 12. Prove That R is an equivalence relation.

mRn= m—-n=12k
when ,k =0
m—n=0ien=m
mRn= mRm hence m R m proving that R is reflexive
mRn=m-—n=12k
—(n—m) =12k
n—m=-—12k
n—m=12(—-k) = nRm.

mRn= nRm  This shows that R is symmetric.
LetmRnandnR p implies mRp

LetmRn = m —n=12k . (1)
and
LetnRp = n—p=12L..(2)

Adding (1) and (2)
m —n =12k
n—p=121
m —p =12k + 121
m—p=12(k+1)
Som —p = 12(k + l) and hence m R p. This shows that R is transitive
mRnandnRp = mRp

Thus R is an equivalence relation.

19
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Theorem 1.1

The number of relations from a set containing m elements to a set

Containing n elements is 2™". In particular the number of relations
on a set containing N elements is 2n? .

Proof.Let A and B be sets containing m an n elements respectively.
n(A) =mand n(B) =n .ThenA X B
n(A x B) = n(4) x n(B) = n(AxB) =mn
A X B Contains mn elements and A X B has 2™"subsets.
Since every subset of A X B isarelation from Ato B,

The number of relations from a set containing m elements.
to a set containing n elements = 2"

Taking A=B

The number of relations on a set containing n elements = 2n°
Note:

(i) The number of reflexive relations on a set containing n elements is2n’~n

n“+n
(ii) The number of symmetric relations on a set containing n elements is 2° 2

Definition 1.5

If R is a relation from A to B, then the relation R™! defined from B and A
by R™t={(b,a): a,b € R} is called the inverse of the relation R.For
example,if R = {(1,a),(2,b),(3,a)},then R~ = {(a, 1), (b, 2),(c,2),(a,3)}

It is easy to see that the domain of R becomes the range of R™! and the
range of R becomes the domain of R™!

An equivalence relation on a set decomposes it into a disjoint union of its
subsets ("equivalence classes).Such a decomposition is called a partition.
This is explained in the following example.

Fora,b € Z,aRb if and only if a—b = 3k, k € Z is an equivalence
relation on Z.

Zy = {x € Z:xR0} = {..,—6,—3,0,3,6,...}
Z, ={x € Z:xR1} = {..,—5,-2,14,7,..}
Z,={x €Z:xR2} = {..,—4,—1,2,58, ..}

ThusZ =7, U Z,U Z, and all are disjoint subsets.

For a given partition S; US, U .....US,, of as set S into disjoint subsets,

one Can construct an equivalence relation R on S by xRy if
x,y € S, for some .
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1. Discuss the following relation for reflexivity, symmetricity and
transitivity

2.(i) The relation R defined on the set of all positive integers by mRn
if mdivides n.

(ii) Let P denote the set of all straight lines in a plane.The relation R
defined by IRmif lis perpendicular to m”.

(iii) Let A be the set consisting of all the members of a family.

The relation R defined by aRb if a is not a sister of b.
(iv) Let A be the set consisting of all the female members of a family.

The relation R defined by a R b if a is not a sister of b.

(v) On the set of natural numbers the relation R defined by x Ry if
x+2y=1.

(i) The relation R defined on the set of all positive integers by mRn
if mdivides n.
If m Rm = mdivides m

which is true every integer divides itself = Reflexive.

For example: a divides a, b divides b etc.

(b) if m divides n then it is not true for n divides m

m R n # n R m = not symmetric

For example: 3 divides 9 = 9 does not divide 3.

(c)If mRnandnRp = mRp
if mdivides nand n divides p = m divides p

For example:3 divides 15and 15 divides 45 = 3 divides 45

(ii) Let P denote the set of all straight lines in a plane.The relation R
defined by IRm if lis perpendicular to m”.

R is defined by l R mif lis perpendicular to m.
(a) A line cannot be perpendicular to itself

[ R lisnot true = not reflexive.
(b) If aline l is perpendicular to a line m then m is perpendicular to .

if IRm = mR | = symmetric.
(c) If lis perpendicular to m and m is perpendicular to n.
It is not true that | is perpendicular to n.

[Rmand mRn = LRn isnot transitive.

21
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(iii) Let A be the set consisting of all the members of a family.
The relation R defined by a R b if a is not a sister of b.

Ais the set of all members of a family.
Risdefined by aR b if ais not a sister of b

(a) Amember of a family cannot be sister of herself a R a is true
is Reflexive.

(b) If aisnotasister of b, = b isnot a sister of a

(OR) is not symmetric.
b is a sister of a

& |

; ”

ng is not a sister of m = R LsnotaSLsterof !
b

‘J

L =Y

a

5D

' (s not a sister of N =

0
&
: R

(c) Suppose in a family if we take mother b and two daughters a and ¢

it is true that a is not a sister of b = aR b
b is not a sister of c = bR c.

But a and c are sisters = a & c is not transitive

2 &

is not a sister of % = K is a sister of 4 '
ks o »

Ao

ﬁ is not a sister of

a a

(iv) Let A be the set consisting of all the female members of a family.
The relation R defined by a R b if a is not a sister of b.
Ais the set of all female members of a family.

a R b= aisnotasister of b
(a) A female member of the family cannot be sister of herself aR a
is Reflexive.

(b) if a is not a sister of b then b is not a sister of a
aRb = bR a is Symmetric.

(c) Take for example mother b and two daughters a and c it is true that
a is not a sister of b and b is not a sister of ¢

But a and c are sisters = a K c is not transitive
aRb andbRc = aFRc

22
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(v) On the set of natural numbers the relation R defined by x R y
if x+2y=1.

(a) Risdefinedbyx Ryifx+2y=1
xRy=x+2y=1

xRx=x+2x=1
3Ix=1= x=3 & N -~ Not reflexive.

(b) xRy = x+ 2y = 1is an empty set
Empty set is symmetric and transitive

Let X ={a,b,c,d}and R = {(a,a), (b,b), (a,c)}. Write down the minimum
number of ordered pairs to be included to R to make it
(Dreflexive (ii)symmetric (iii) transitive (iv) equivalence.

R = {(a,a),(b,b),(a,c)}

(i) reflexive

we have to include (c,c),(d,d) for reflexive.
R ={(a,a),(b,b),(a,c),(crc),(d d)}isreflexive.
(ii) symmetric

we have to include (c,a)for symmetric.

R ={(a,a),(b,b),(a,c),(c,a)} issymmetric

(iii) transitive
(iii) we have to include (c,a)for transitive

R ={(a,a),(b,b),(a,c),(c,a)} istransitive

R = {(a,a),(b,b),(a,c)}

(iv) equivalence.

we have to include (c,c), (d,d), (c,a) for equivalence relation.

R ={(a,a),(b,b),(a,c),(cc)(dd),(c,a)} isequivalance

3.Let A={a,b,c}and R = {(a,a),(b,b), (a,c)}. Write down the minimum
number of ordered pairs to be included to R to make it

(Dreflexive (ii)symmetric (iii)transitive (iv) equivalence.
Let A={a,b,c} and R = {(a,a), (b,b)(a,c)}

(i) reflexive

we have to include (c,c)for reflexive.

R ={(a,a),(b,b),(a,c),(c,c)} isreflexive.
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(ii) symmetric

we have to include (c,a)for symmetric.

R ={(a,a),(b,b),(a,c),(c,a)} is symmetric

(iii) transitive

(iii) we have to include(c, c), (¢, a) for transitive
R ={(a,a),(b,b),(a,c),(c,a),(cc)}istransitive
R ={(a,a),(b,b),(a,c)}

(iv) equivalence.
we have to include (c,c), (c,a) for equivalence relation.
R ={(a,a),(b,b),(c,c), (c,a)(a,c)}isequivalance

4.Let P be the set of all triangles in a plane and R be the relation
defined on P asaRDb if a similar to b. Prove thatR is an

equivalence relation.
P = Set of all triangles in a plane

aRbif aissimilar to b.
(i) Every triangle is similar to itself
a R a = Reflexive.
if atriangle'a’is similar to triangle 'b' then'b'is similar to'a’
If aR bthenitimpliesbRa
aRb = bRa is Symmetric
(iii)ifaRband bR c = aR c is transitive

(iv) Since R is reflexive, symmetric and transitive it is an equivalence
relation.
5.0n the set of natural number let R be the relation defined by aRb
if 2a + 3b = 30. Write down the relation by listing all the pairs.
Check Whether it is(i)reflexive (ii)symmetric (iii)transitive

(iv)equivalence.
aRb= 2a+ 3b=30wherea,b €N
N ={123,...}
2a+3b=30= 3b=30-—2a
b_30—2a
3
30—2(3) 30—6 24
a=3;b=——FF—7 ="F7" =3
3 3 3
b=28

— 30 —12
3 3 3
b=6
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— 30—-18
a=9;b=30—2(9) = —_ =E
3 3 3
b=4
30 —2(12) 30— 24

a=12;p = 3 = 3

6
"3
b=2
R =1{(3,8),(6,6),(9,4),(12,2)}
(i) Not reflexive
(ii) Not symmetric.
(iii) transitive.
(iv) Not equivalence relation.
6. Prove that the relation friendship is not an equivalence relation
on the set of all people in Chennai.
Every people in chennai is not a friend of itself
"ais a friend of a""= aRa isnotreflexive

If ais a friend of band b is a friend of a

) () 0 é
is a friend of is a friend of
fpicsmmaorf = ioereer §

aRb= bRa is symmetric.
If ais a friend of b and bis afrlend of cthena need not be a friend of c

Py 64 L
? is a friend of “ and ?;i‘ is a friend of * 915 not a friend of #
g_ ) .;- 1:‘1;-:‘

- o

aR band b R c does not imply a R c is not transz,twe
Hence it is not equivalent.

7. On the set of natural number let R be the relation defined by aRb
if a+ b < 6. Writedown the relation by listing all the pairs.Check
whether itis (i)reflexive (ii)symmetric (iii)transitive
(iv)equivalence.

Risdefined byaRbif a+b <6.

R={1,5),(1,4),(1,3),(1,2),(1,1),(2,1),(2,2),(2,3),(2,4),(3,1,(3,2)
3,3) .41, 42,651}

(i) Not reflexive as (4,4) and (5,5) € R.
(ii) Symmetric.
(iii) Not transitive.

(iv) Not equivalence because it is not reflexive, transitive.

25
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8. Let A = {a,b,c}.What is the equivalence relation of smallest
cardinality on A? What is the equivalence relation of larger

cardinality on A?

A={a,b,c}

AXA={ab,c}x{ab,c}

Ax A =1{(a,a),(ab)(ac)(b,a),(bb),(b,c),/(ca) (cb)(cc)}

Let Ry = {(a,a),(a,b),(a,c),(b,a),(b,b),(b,c), (c,a)(cb),(cc)}
Riis equivalence relation. - n(R;) = 9. This is the largest cardinality.
Let R, = {(a,a),(b,b), (c,c)} R, is equivalence relation. - n(R,) = 3

This is the smallest cardinality.

9.Inthe set Z of integers,define mRn if m —nis divisible by 7.
Prove that R is an equivalence relation.
mRn = (m — n) is divisible by 7
mRn=>m-n=7k
when k=0
m—-n=20
n=m
mRn= mRm hence m R m proving that R is reflexive
mRn=m-n="7k
—(n—m) =7k
n—m= -7k
n—m=7(—k) = nRm.
mRn= nRm  This shows that R is symmetric.
LetmRnandnRp implies mRp

LetmRn = m —n="7k..(1)
and
LetnRp = n—p=71..(2)
Adding (1) and (2)
m —11="7k
A—p =7l
m—p="7k+7l
m—p=7k+1)
Som—p=7(k+1) and hence m R p. This shows that R is transitive

mRnandnRp = mRp

Thus R is.an equivalence relation.




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

EXERCISE : 1.3
Example 1.14

Check whether the following functions are one-to-one and onto.
(i)f:N->Ndefined by f(n) =n+2. (ii) f:NU{—1,0}—>N defined by f(n) = n+2.

(D) If f(n)= f(m),then n+2 = m+2 and hence m = n.

f f(n) =n+2.
n=1f1=1+2=3
n=2f2)=2+2=4

n=3:f(3)=3+2=5

D9994s
!

S
N

— ./
(i) Thus f is one—to—one. As 1 & 2 has no pre—image, this function is not onto.
(ii) f:NU{—1,0}>N defined by f(n) = n+2.

— N
N/ﬁu ¢ - L0} ] R f(n) =n+2

_1 »
=-1:f(-1)=-1+2=1
G- >2 n 1 ](r() )
n=0:f0)=0+2=2
— —3 !
n=1f1)=1+2=3
2 % n=2:f(2)=2+2=4
— . — .
(ii) As above, this function is one-to-one.
fn)=m

m=n+2=—n=m-—2
fm—2)=m—-2+2
f(m —2) =m thus m has a pre — image and hence this function is onto

27
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Example 1.15

Check the following functions for one-to-one and ontoness.
(i) f: N—N defined by f(n) = 72 (ii) f: R- R defined by f(n) = n?

N N .
i) f(n)=f(m
e OF@=fm
8 n’=m? = n=m
2 ¥ since m, n € N. Thus f is one—to—one
3 »9 But, non-perfect square elements in the co-don|
y 16 not have pre-images and hence not onto.
— —

(ii) f: R— R defined by f(n) = n?

R f
)
AN
—1—
<

/

Vo N,

v

2/

- /.

(ii) Two different elements in the domain have same images and hence
f is not one-to-one. Clearly the range of f is a proper subset of R . Thus
it is not onto.

Example 1.16
Check whether the following for one — to — oneness and ontones

(D)f: R—> Rdefined by f(x) =% (i))f: R-{0} - Rdefined by f(x) =%

(i) This is not at all a function because f(x) is not defined for x = 0.

(ii) This function is one — to one (verify) but not onto because 0

has no pre — image.

n1ain dc

28
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Example 1.17
If f: R—{-1,1} - Rdefined by f(x) =
one—to—one or not.

We start with the assumption f(x) = f(y).Then,
X

y
i g = 0D =y - 1)

21" verify whether f is

xy? —x=yx?—y
xy?—x—yx’+y=0=y—x+xy*—yx*=0
y—x+xy(y—x)=0 =@—-—x)1+xy)=0
y—x=0and 1+xy=0= xy=-1

x =
So, if we select two numbyers X aild 4 so that xy = -1, then f(x) = f(y).
y=—=
1 "
when x = 2 =>y=—E <2’_E>
1 1
whenx =7 =>y=—7 <7,_7>
1 1
whenx = -2 = y=3 <—2,§>

1 1 1
<2, - E) , <7, - 7) , <—2 E) are some among the infinitely many possible pdirs

x%2—1
2) = 2 2
f T 22-1 3
Yy
21 211
2 1,2 1 |~ _3 7327373
(3) - ;

1 2
f@)=f<—§>=§

i.e.f(x) = f(y)doesnotimply x y.Hence it is not one — to — one.

29
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Example 1.18
If f: R— R is defined by f(x) = 2x2 -1, find pre—image of 17, 4 and —2.
To find the pre—image of 17i.e f(x) = 17
2x2-1=17 = 2x*=17+1
2x2=18 = x*=9
x=+9
x =23
3 and -3 are the pre—images of 17 under f.
To find the pre—image of 4i.€ f(x) = 4
2x2-1=4 = 2x?=4+1
5
2 = —r 2 = =
2x*=5 X >
5
— + —

x_
5 q 5
Ean - Earet

To find the pre—image of — 2 i.e f(x) = —2
2x2-1=—2 = 2x2=—-2+1
1

2:— — 2=——
2x 1 X 5

x? negative and x will be imaginary which has no solution in R

2
he pre—images of 4 under f.

and hence — 2 has no pre—image under f.
Example 1.19
If f: [-2, 2]—-B s given by f(x) = 2x3, then find B so that f is onto. f(x) = 2x>
x=-2 = f(-2)=2(=2)°
f(=2)=2(=8)
f(=2)=-16
x=2 = f(2)=2(2)3
f(2)=2(8)
f(2)=16
when x = —2 ,minimum value is f (-2) = —16
when x = 2 maximum value is f(2) = 16

So B, is [-16, 16].
30
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Example 1.19
If f: [-2, 2]-B is given by f(x) = 2x3, then find B so that f is onto. f(%) = 2x3
x=-2=f(-2)=2(-2)°
f(=2)=2(=8)
f(=2)=-
x=2 = f(2)=2(2)°
f(2)=12(8)
f(2)=16
when x = =2 ,minimum value is f (-2) = —16
when x = 2 maximum value is f(2) = 16

So B, is [-16, 16].

Example 1.20
Check whether the function f(x) = x |«|, defined on [-2, 2] is one—to—one
or not. Ifitis one—to—one, find a suitable co—domain so that the function
becomes a bijection.

Let x,y € [—2,2] suchthat f(x) = f(y). If y=0,thenx =0

let y # 0 and hence x # 0

since f(x) = f(y)
54 x_y

x| = ylyl = = - since X5 0,55 0
X|X| = _=— - == T y
Yy Xl vy x x|~y

x and y are either both positive or both negative and hence x? =y
soif f(x) = f(y) we must have x? = y?
Vaz =y = fx=1ty
.Also x and y are either both negative or both positive
.This is possible only if x =y
Thus f is one — to — one.

fE)=xIx] = f(x)=x(xx)

When x < 0,f(x)= x(—x) => x<0,f(x)=-

When x > 0, f(x)= x(x) :x f(x) =

x =—2: f(x) =—x?

f(=2)=-(=2)*=f(-2)= -4
x=2:f(x) = x*

f@)=@P=f2)=4
So the range is [-4,4]. So f becomes a bijection from [-2,2] to [- 4, 4]

2
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Example 1.21

Find the largest possible domain for the real valued function f defined by

f(x) =+x?2—-5x+6

x? —5x+ 6 >0 for all x in the Domain

x—=2)(x—3)=0
Equating the linear factors to zero.
(x=2)(x—3)=0
x—2=0,x—3=0

x=2,x=3
(+) (=) (+)
o, o o
—o0 2 3 oo

We have three intervals (—,2),(2,3) and(3, ).
Since the sign of (x — 2)(x — 3)is positive

select the intervals in which(x — 2)(x — 3)is positive
. x € (=00,2]U[3,0)

(i) Take any point in (=, 2),say x = 1.Clearly x*> — 5x + 6 is positive
(ii) Take any point in (2,3), say x = 2.5 Clearly x?> — 5x + 6 is negative
(iii) Take any point in(3,0),say x = 4 Clearly x*> — 5x + 6 is positive
For all, x in the intervals(—o, 2) and(3, ), x%? — 5x + 6 is positive
At x = 2,3 the value of x*> — 5x + 6 is zero .

Vx2 —5x+ 6isdefined for x € (—oo,2] U [3, )
Example:1.25
Letf ={(1,2),(3,4),(2,2)} g ={(2,1),(3,1),(4,2)}Find go fand f - g.
f=112),34),(2,2)}
Domainof f = {1,2,3}
Range of f = {2,4}
g9 ={(21),(31),(42)}
Domain of g = {2,3,4}
Range of g ={1,2}
Range of f is contained in the domain of g To find g o f
gefM=yglfD]=92)=1
geof(2) =glf@] =9@)=1
gofB)=glf)]=9@)=2
gef={11,210,62}
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Tofindfog
feg) = flg(2]
=f1) =2
fegB) = flg(3)]
= f(1) = 2
feg() = flg(4)]
=f(2)=2

feg =1{22),32),(42)}

Example:1.26 : Letf = {(1,4),(2,5),(3,5)}
and g ={(4,1),(5,2),(6,4)} Find g fcan you find f - g.
f=1{(1,4),(2,5),(3,5)}
Domain of f ={1,2,3}
Range of f = {4,5}
g ={(41),(52), (64))
Domainof g = {4,5,6}
Range of g = {1,2,4}
Range of f contained in the domain of g
Tofindgof
gef(1) = glf(D]=9g@ = 1
gof(2)=glf]=9(5) =2
gef@B) =glf@3)] =906) =2
g ° f - {(11 1)! (21 2), (3; 2)}

But f o g is not defined because the Range of g is not contained in
Domain of f.

Example:1.27
Let f and g be the two function from R to R defined by
f(x)=3x—4and g(x) =x*> +3.Findgo fand fog
Tofindgof
gof(x) = glf(x)]
—gBx—4)= Bx—4)*+ 3
33
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=(3x)2-23x)(4)+ 4* + 3

To find f o g =9x%2— 24x+19
feg() = flg)]
= f(x?*+3) =3(x*+3)— 4
= 3x2+9—-4 = 3x2+5
“fog# gof
In general composition of function is not commutative

Theorem 1.2:
f:A— Bandg: B — C be two functions.If f and g are

one —to—onethengof

proof:
Let x # yin A since f is one to one, f(x) # f(y)

Since g is one to one g[f (x)] # glf ()]
Thatif x #y = geof(x) =fog(y)
Hence g o f is one to one

Example:1.29
Letf,g: R — Rbedefined as f(x) = 2x — |x| and g(x) = 2x + |x|
Findfog.

—xifx<0
x| = .
xif x>0

f(x) =2x — |x]|
3xif x<0

2x — (—x) if x <0 )
= = x)= ]
2 2x — (x) if x>0 Xifx>0

g(x) = 2x + |x|
B 2x+ (—x)if x <0 ﬁg(x)z{Xifxso
g(x) = {2x+(x) x>0 3xif x>0
Letx<0 gof(x) = glf(x)] =9(Bx)=3x

Letx >0 geof(x)=g[f(x)] = g(x)
= 3x
~gof(x)= 3x forallx

54
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Example: 1.30

If f:R — Risdefined by f(x) = 2x — 3 prove that f is a bijection
and find its inverse.

Method 1: ., F(x) = f(y)
2x—3=2y—3
2x =2y = x=Yy
~ f(x)=f(y) = x=y Thus f is one — one

onto:Lety € R Yy =2x—3

+ 3
y+3=2x=>x=yT
f(x)=2x-3
+3
=2<yT>—3 —y+3-3

=Y Thus f is onto.

To find inverse:lety = 2x — 3

y+3=2x = x=yT+3 [f(x)=y J
_ -1
fiy = 23 2
2
By replasingyasx f~1(x) = x+3
Method 2: 2
Lety =2x—3
y+3=2x == x:yT-l_g
Letg(y)=yT+3
goflx)=glf(x)]=g2x-3)
=2x—3+3:2_x —
2 2
¢+ 90 = 1190 =1 (25 FO0 =23
+ 3
= <312L3>—3=y+3—3 =y g(y)=yT
gef=1I,and fog=I,
+ 3
Fr0) = 232 Replacing ybyxf() = =

35
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Example:1.22 : Find the domain of f(x) =

1-—2cosx’
The function is defined for all x € R
Except: 1 — 2cosx = 0. cosf = cosa
—2cosx = —1= 2cosx =1 =2nmta,n€l
1
cosx =
s
cosx = c0s60° = cosx = cos§

s
i.e Except x = Znnig,ne Z

s
Hence the domainis R — {Znn + §} netz

E le:1.23 : Find th th tion ————
xample in erange of the fucntion 1~ 3cosx

Range of cosineis —1 < cosx <1
—1<cosx<1
Multipying throughout by 3
—3<3cosx<3
3>—-3cosx =-3
3+1>1—-3cosx=-3+1
4>1-—3cosx = —2

Taking reciprocal

1 1 1
4 1— 3cosx 2
R is ( . U . )
—00, — — —, 00
ange is "3 T
7.Find the largest possible domain of the real valued function
foy = A2
X) = ——
Vxz -9
, V4 — x?
Given: f(x) =
x?>-9
4—x*20=—x? > —4
x2<4 > x<V4
x<+2=>=>x<L20rx=—2
& 3
—% 5t 5 -

So x must lie on the interval [—2, 2].

36
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x2—-9>0= x?>>9
x >1/9 = x> 13
x>3o0rx<-3

x lies x lies
oy o
s

—00 -3 3 o
That is,x must lie on (—oo, —3) U (3, o).
[_21 2] n {(—OO, _3) U (31 OO)} = { }

For no real value of x,to define f(x).

Example:1.24 : Find the largest possible domain for the real valued

) ) V9 — x2
function given by f(x) = N
x —
_ V9 — x?
Given : f(x) =
x2 -1
9—x2>0= —x2>-9
x2<9 = x<+9
x<+4+3 = x<3o0rx=-3
$ 3
So x must lie on the interval [-3, 3].
x2-1>0= x*>1
x>Vl = x> +1
x>1orx<-1
x lies - . x lies
—o0 ~1 1 oo

That is, x must lie on (—oo0, —1) U (1, o).
Combining these two conditions, the largest possible domain for f is
Thatis, [-3,—1) U (1, 3]
Suppose that 120 students are studying in 4 sections of eleventh
standard in a school. Let A denote the set of students and B denote
the set of the sections.Define arelation from Ato B as " xrelated
toy" if the student x belongs to the section"y.Is this relation a

function? What can you say about the inverse relation?
Explain your answer.

ALet A = Set of all 120 students:{1,2,3,...120}
B = Set of sections: {A,B,C,D}
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R:x Ry = x is any one of the 120 students belongs to any one of the

sections y.

(i) Since every student will belong to any one of the 4 classes, all the
elements of A will have a unique image in B

[A student will not belong to more than 1 section], this relation is a

function.
(ii) All the 4 sections will have students.

In other words all the elements of B will have per image in A.

therefore it is onto function.

(iii) It is not one — one because the number of elements in A is not equal

to number of elements in B.

(iv) The inverse relation from B to A is not a fucntion, since element in B

will not have a unique image in A.

2.Write the values of f at —4,1,-2,7,0

(—x+4if —o<x<-3
x+4if-3<x<-2

iffx)=1{ x* —xif —2<x<1
x—x%if 1<x<7

L 0 otherwise

x=—-4€(—00,-3] ~f(x)=—-x+4

f(-4)=4+4=8

x=1€[L7) ~ f(x) = x — x?
f)=1-1*=0
x=-2€[-2,1Df(x)=x% —x

f(=2)=(-2)*-(-2)
=4+2=6

x = 7 cannot belongs to any intervals . f(7) =0

x=0€[-2,1) f(x)=x? —x
f(0)=02—0=0
3.Write the values of f at —3,5,2,—-1,0
x*+x—-5 ifx€ (—x,0)
ifpe0 = ¥ PR e

x% —3  otherwise

38
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x=-3€(—0,0)~ f(x) =x*+x—-5

f(=3)=(-3)>-3-5
=9-3-5=9-8=1
x=5€(3,0) - f(x)=x%2+3x—2

f(5)=52+3(5)—2=25+15—-2=38
x=2in f(x)=x%2-3
f(2)=(2)? —3=4—-3=1
x=-1€(-0,0)~ f(x) =x*+x—5
f(-1) = (=12 +(-1)~5=1-1-5=—5
x=0in f(x)=x?>-3
£(0)=02—3=-3

4.State whether the following relations are functions or not.If it
is a function check for one — to — oneness and ontoness.If it is
not a function, state why?

(D)IfA={a,b,c}and f = {(a,c),(b,c),(c,b)};(f:A - A).
() IfX={x,y,z}and f = {(x,y),(x,2),(z,x)}; (f: X - X).

(i) Let A = {a, b, c}
f:A - Adefined by f:{(a,c),(b,c),(c,b)}

A A
Every elementsin A hasaimageinA.
a Hence it is a function
t40) (i) Different elements of A does not have
——| different image in A .Thus, fis not one-one
“c function

It is not onto fuction because a € A does not have pre — image in A.
(iLet X ={x,y,z} fiX—>Xdefined by f :{(x,y)(x,2)(z x)}

X f X
R )
9\ /vc
y %\-y
pd S
N— N—

It is not a fuction since x has more than one image, and y
has no image in B 39
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5.Let A={1,2,3,4}and B = {a, b, c,d}. Give a function from A - B
for each of the followung :

(i) neither one — to — one and nor onto,

(ii) not one — to — one but onto
(iii) one — to — one but not onto, (iv)one — to — one and onto.

Let A={1,2,3,4} B={a,b,c,d}

(l) fl :A—->B deflned by fl : {(1r C)(Zr a)(3) b)(4l C)}
Every element in A has only One image in B .
Hence it is a function.
The element d in B has no pre-image in A.
Thus, it is not onto Function.

The elements 1 and 4 in A have same
image c in B. Hence it is not one-one.

~

I

(REVa;

[J/M -

f is neither one — to — one and nor onto

(ii) not one — to — one but onto

A B
0\ )
T /'a
2 /’ b
3—p —
4/ d
) ____

(ii) Not possible,to define function which is not one — to — one but onto.

since n(A) = n(B)
(iii) one — to — one but not onto

A B
N )
T —»el
>— ")
3— —
4— —d
) \____

(ii) Not possible,to define function which is one — to — one but not onto.
sincen(A) =n(B) 40
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(iv) one — to — one and onto.
Different elements of A into different elements of B.

A B Hence, it is one-one function
TN " A
1 )
2 b Each element in B pre-image in A.
3 c Thus, it is onto. Hence, it is a
4 —d bijective function.
N \___
(iv) f,: A
— B defined by (1,a)(2,b)(3,c)(4,d).It is one — to — one and onto.
1
6.Find the d ] ——
in e domain of 1 Zsinx
1
Let =—
et f(x) 1—-2sinx

The function is defined for all x € R

Except:1 —2sinx=0 = 1= 2sinx , ,
sinf = sina

1
sinx = > = sinx = sin30° 0=nt+(-D"q,nez
. . T[
sinx = sin—

/[
Except: x =nm + (—=1)" e

T
inis R — 1" —
Domainis R {nn +(—1) 6}

8.Find th th tion ———
in erange of the fucntion 2 cosx—1

Range of cosineis —1 < cosx <1
—1<cosx<1
Multipying throughout by 2
—2<2cosx <2
—2—-—1<2cosx—-1<2-1

—3<2cosx—1<1

—2>1
2cosx —1

v

1
Taking reciprocal — 3

1
Range is (—oo, 3 U [1, )
41
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9.Show that the relation xy = —2 is a function for a suitable domain.
Find the domain and the range of the function.

Given : Relationis xy = —2

2 2
y=-—=f0=-7

FO=f) = —2=-2
y X
1 1
—== = x=y
y X

f is a one — one function

f(x) isnot defined for x =0
Domain = R — {0} and Range = R — {0}
y=f(x)=2x+4 Domain Range
x=2:f(2)=22)+4=4+14
f(2)=8
x=3:f(3)=23)+4=6+4
f(3)=10
x=4: f(4) =2(4)+4 =8+4

f(4) =12
y=2x+4

y—4=2x

42
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— glf ()]
g
£ (¥)
X — f

10.I1f f,g:R —» R are defined by f(x) = |x| + x and g(x) = |x| — x,
findgofandfog.
f@) =Ixl+xand g(x) = |x| —x

—xifx<0
IXI={ .

xif x>0
f(x) = x| +x

—x+xifx<0 0 ifx<0
f(x) = = f(x)= .

x+x  ifx>0
gx) = x| —x

—Xx—x ifx<0 —2x ifx<0
g(x) = = gx) =

Letx <0,then(ge f)x = g(f(x))= g(0)=0
Next,Let x < 0,then (f o g)x = f(g(x)) = f(—2x) =0
Let x > 0,then (g o f)x = g(f(x))= 9(2x)=0

x> 0,then (f e g)x = f(g(x)) = f(0)=0

11.If f, g, h are real valued functions defined on R, then prove that

(f+g)ech=foh+ goh What can you say about f o (g + h)?
Justify your answer.
Toprove (f+g)oeh=foh+goh

[(f +9) o h](x) = (f + g)[h(x)]
= f[h(x)]+ glh(x)]
= (feh)x+(geh)x

(f+g)oh=foh+geoh
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felg+m()=fl(g+h)(x)]
= flg() + h()] = flgI] + flh(x)]
=(feg)x+ (feoh)(x)
fe(g+h)=(feg)+(foh)
(f+geoh#felg+h

12.If f:R —» Ris defined by f(x) = 3x — 5,prove that f is a bijection
and find its inverse.

fiR - Rbedefined as f(x) =3x—5 y+5=3x
+5
Lety=3x—5.Thenx=yT 3’+5=x
3
y+5
Letg(y)=T

feg)) = flg()]

=f<yT+5>=3<y—;5>—5=y+5—5

=y
Now (g o f)(x) = glf(x)]

=g(3x—5):3x_5+5=

3

X

Thusgof =1, feg=1,

f and g are bijection and inverses to each other. f is bijective.

_y+5 _1 _y+5
x—T = f (}’)——3 )
x+5

=2

13.The weight of the muscles of aman is a function of his body
weight x and can be expressed as W(x) = 0.35x. Determine the
domain of this function.

W(x) = 0.35x (Note that x is positive real number)
Domain:x > 0

14.The distance of an object falling is a function of time t and can
be expressed as S(t) = —16t>. Graph the function and determine
if itis one — to — one.
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S(t) = —16t?
Suppose S(t;) = S(t,)

—16t,% = —16t,2
t, = t, .Hence it is one — one.

S(t) = —16t?

[When t=—2 = S(-2) = —16(-2)?

S(1) =-16
S(=2) = —16(4) = —64

} [whenr = 1= S(1) = —-16(1)2 ]

} [whent =-1=5(1) = —-16(-1)? }

S(1) = -16

whent = 0= S(0) = —16 (0)?
S(0) = 0

whent = 2= S(2) = —16(2)?
S5(2) =-16 x4=—64

S —-16 | —64 0 —-16 | —64

aEEnnn
: ]

SA

—144

15.The total cost of airfare on a given route is comprised of the
base cost C and the fuel surcharge S in rupee.Both C and S are
functions of the mileage m, C(m) = 0.4m + 50 and S(m) = 0.03m.
Determine a function for the total cost of a ticket in terms of the
mileage and find the airfare for flying 1600 miles.

C(m) = 0.4m + 50 and S(m) = 0.03m
Total Cost T(m) = C(m) + s(m)
= 0.4m + 50 + 0.03m
T(m) = 0.43m + 50
Where m = 1600

T(m) = (0.43)(1600) + 50 .
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(x is American dollars) Y is Singapore dollar. g()is Indian rupee.

T(m) =43 x 16 + 50
= 688 + 50
T(m) = Rs.738

16.A salesperson whose annual earnings can be represented by the
function A(x) = 30,000 + 0.04x,where x is the rupee value of the
merchandise he sells. His son is also in sales and his earnings are
represented by the function S(x) = 25000 + 0.05x. Find (A + S)(x)
and determine the total family income if they each sell Rupees
1,50,00,000 worth of merchandise.

A (x) = 30,000 + 0.04x and S(x) = 25,000+ 0.05x

A+ S)x=Ax)+Sx)

= 30,000 + 0.04x + 25,000 + 0.05x

= 55,000 + 0.09x
If x =1,50,00,000 then
(A + S)x = 55,000+ 0.09(1,50,00,000)

= 55,000 + 1350000

= 1405000
17.The function for exchanging American dollars for Sinapore
Dollar on a given day is f(x) = 1.23x,where x represents the
number of American dollars. on the same day the function for
exchanging Singapore Dollar to Indian Rupee is g(y) = 50.50y,
where y represent the number of Singapore dollars. Write

a function which will give the exchange rate of American
dollars in terms of Indian rupee

f(x) =1.23x (xis number of American dollars)

f(x) is Singapore dollar.g(y) = 50.50y
y is the Singapore dollar. g(y)is Indian rupee.

f(x) =1.23x g(y) =50.50y
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Exchaning rate of American dollar in terms of Indian rupee is
(g fx=glf(0]
= g(1.23x)= 50.50(1.23x)
— 62.115x (x is American dollar)

(g ° f)x is Indian rupees.

18.The owner of a small restaurant can prepare a particular meal
at a cost of Rupees 100. He estimates that if the menu price of
the mealis x rupees, then the number of customers who will
order that meal at that price in an evening is given by the

function D(x) = 200 — x. Express his day revenue, total cost and

profit on this meal as function of x.

Number of customers = 200 — x

Cost of one meal = 100
Total cost = 100(200 — x)

Revenue on one meal = x
Total revenue = x(200 — x)

Profit = Revenue — cost
= x(200 —x) — 100(200 — x)
= (200 —x)(x —100)

19.The formula for converting from Fahrenheit to Celsius

temperaturesis y = % — 12—0. Find the inverse of this function
and determine whether the inverse is also a function.
1f £ = 22200 find £ ()
x) =————to fin X
: ?60 y=fk)
X — _
Lety=T fry) =x
9y =5x —160= 5x — 160 =9y
5x =9y + 160
‘= 9y "‘5160 = fl(y) = 9% "'5160 Replacing y by x
1 9x + 160
[ ==
1 9x + 160
[ = ———

f2@)= )
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f)=fO)
5x —160 5y — 160
g e

S5x—160=5y—160 = x=y
hence it is one — one function

hence inverse function is also a function

5x 160
y=9"g
5x — 160
Y=g

Suppose f(x) = f(y)

5x —160 5y —160
-4 9
S5x—160=5y—-160 = x=y

It is one — one function

20.A simple cipher takes a number and codes it,using thefunction
f(x) =3x—4. Find the inverse of this function,determine
whether the inverse is also a function and verify the

symmetrical property about the line y = x(by drawingthe lines)

f(x)=3x—4
o _ fx)=y
Lety=3x—4 = y+4=3x x=f"1(y)

y+4 y+4

- = e =

3 ¥=73
fio) = L1
3

x+4

By replasingyasx f~1(x) =

1@ =)
6 = FO)

3x —4=3y—4 = x =y - inverseisalsoa function

48
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feo =

x+ 4
3

-1

y=3x—4
X -1 0 1
y -7 —4 -1
Iky

1

"
"
-

-

vy

49
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EXERCISE : 1.4

Transformation of Functions
1.Translations 2.Reflections

3.Dilations (expands) or compresses

1. Translations
The graph of y = f(x) + c vertical shift up c units

The graph of y = f(x) — c vertical shift down c units
The graph of y = f(x + ¢) horizontal shift left c units

The graph of y = f(x — ¢) horizontal shift right c units
2.Reflections
Reflections [Negative]
y =—f(x) — Reflections about x — axis
y = f(—=x) — Reflections about y — axis
Negative multiple of y — reflect over x
Negative multiple of x — reflect over y

3. Dilations (Expands) or Compresses
y = a f(x) — vertical stretch or shink

a>1 — Vertical shink
0<a<1 > Vertical stretch
y = f(bx) — Horizontal stretch or shink

b > 1 —» Horizontal shink
0< b < 1 - Horizontal stretch

1.For the curve y = x3 given in figure draw, (i) y = —x3(ii) y = 23 + 1
(iii) y = x3 — 1 (iv)y = (x + 1)3 with the same scale.
Yy = x3 w
0 B
y=—x°
y = —f(x) — Reflections about x — axis

50
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Negative multiple of y — reflect over x

|
N
|
w
|
N
[
)Tl
‘\
[=F
w
NN
w1
=V

(i) y=x%+1.
Vertical Translation
The graph of y = x3 + 1 is the graph of y = f(x) shifted up 1 units
yA

_____

N
w
N
vl
23 4

(iii) y = x3 — 1.
Vertical Translation
The graph of v = x3 — 1 is the graph of y = f(x) shifted down 1 units

3,1
=V
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(iv)y=(x+1)3
Horizontal Translation
The graphof y = f(x + 1)is the graph of y = f(x) shifted left 1 units

=y

2.For the curvey = x3

y4
4

3
2
1

-4 -3 -2 -1 00’&)2 3 4 5

=V

Pl =

y=—X°
y = —f(x) — Reflections about x — axis

Negative multiple of y — reflect over x

yA

b33 4
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1

y=x3+1

Vertical Translation
The graph of y = x3 + 1is the graph of y = f(x) shifted up 1 units
yﬂ

b33 4

Vertical T ranslatlion
The graph of y = x3 — 1 is the graph of y = f(x) shifted down 1 units

v
=

y=(x+1)3
Horizontal Translati?n

The graph of y = (x + 1)3 is the graph of y = f(x) shifted left 1 units
yA

b33 4
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3.Graph the functions f(x) = x3 and g(x) = }/x on the same co —
ordinate plane. Find fog and graph it on the plane as well.
Explain your results.

Given functions aref(x) = x3 and g(x) = /x.

1 A

g(x) = x3

flx) = x2 ¥

£

2 3 4 5

=y

4.Write the steps to obtain the graph of the function
y=3(x—1)2+5 fromthe graphy = x*.

Stepl: Draw the Graph of y = x?
Step 2: Draw the Graph of y = (x — 1)? is the graph of y = x?
shifted right 1 units

Step 3: Draw the Graph of y = 3(x — 1)? vertical shink
Step 4: Draw the Graph of y = 3(x — 1)? + 5 vertical shift up 5 units
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y

fx) = x?
(24)

1,1)

Xy

y=3x—-1)?%+5

vertical shink

y= +i

shift 5 units up
shift 1 units right
A

\

1

1

1

1

1

1

1

1

1

X
6.Fromtheliney = x,draw (i) y=—x (ii))y=2x (ii)y=x+1
(iv)y=Ex+1(v) 2x+y+3=0.

Graphof y =x

yA
* +
3 V4
g
2
1
=T 7 X
4 -3 -2 -1 (0'&) 3 4 5 X
-1
-2
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Dy=—x

yA

4
3
2
1

S
A
N
w
N
3,1
b33 4

(i) y = 2x
y = a f(x) — vertical shink ,since a > 1
yﬂ
4l
/
SR
2
1

=V

. — T T i 2
4 -3 -2 1 oh? 3 %5
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(liy=x+1
The graph of y = x + 1, vertical shift up 1 units
V4 X\, g
4‘ o
4
3 ’% ’/",
2 Ak
01
(1.0 f )
-4 -3-246 12 3 4 5 X
Il_l
-2
1 . . .
(ivyy==x+1 vertical shift up 1 units
2 vertical expand
X
(v) 2x+y+3=0.
Yy =r2x—
Reflections vertical shift 3 units down
about y — axis
vertical shink
A
— 4 X
(0’01) 3 5 X
—XO,%)
57
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7.From the curve y = |x|,draw (i) y=|x—1|+1(i)) y=[x—-1| -1
(fi)y =|x+ 2| — 3.

y = |x| y

b 4

@Dy= + 1—> Vertical shifts to the up for one unit

Horizontal shifts to the right for one unit

1

‘0’.(1;1)
1 2 3 4 5 X

(i) y =|lx + 1|)- 1—> Vertical shifts to the down for one unit

Horizontal shifts to the left for one unit

yﬂ

tad) 4

—4—3—2\1/?12 3 4 5
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(ii)) y =(|x + 2|}~ 3—>Vertical shifts to the down for 3 unit

Horizontal shifts to the left for 2 unit

A

8. From the curve y = sinx,draw y = sin|x| (Hint : sin(—x) = —sinx.)
xif x=0
x| = :
—xif x <0
y = sin|x|=sinx if x>0
y = sin|x| = sin(—x) = —sinx if x < 0.
y

A

: . y = sin|x|
y = sin|x| = sin(—x) _ _
y=sinx if x=0
y=—sinxif x <O0.

AR

!

vY
5.From the curve y = sinx, graph the functions.

. , ‘e . w
(D) y = sin(—x) (ii) y = — sin(—x), (iii) y = sin (E + x) which is cosx

T
(iv) y = sin (E — x) which is also cosx. (refer trigonometry)
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y = sinx

4

60
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(D) y = sin(—x)
y = —sinx

(ii) y = — sin(—x)

y = sinx

RVV

61
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T
(iv) y = sin (E — x) which is also cosx.

62
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BASIC ALGEBRA
EXERCISE : 2.1

2.2 REAL NUMBER SYSTEM
Rational Numbers

N ={1,2,3,...} isenough for counting objects.
In order to deal with loss or debts,we enlarged N to the set of all integers

Z={..,—4,-3,-2,—-1,0,1,2, ..}, which consists of the natural numbers
,zero and the negatives of natural numbers.

W = {0,1,2,3,...} as the set of whole numbers

It dif fers from N by just one element,namely, zero

Imagine dividing a cake into five equal parts, which is equivalent to
5x = 1. But this equation cannot be solved within Z.
Hence we have enlarged Z to the set

Q:

m
{x = lm,n € Z,n # O},x € Q as arational number.

-7 22
Some example of rational numbers are —5,?, 0,7, 7,12.

Rational numbers are precisely the set of terminating or infinite
periodic decimals.

25
For example, — 5.0, —2.333 39
= 0.252525 ...,

2
3= 0.66666 ...,

7.14527836231231231231 ... gre rational numbers.

/ Real Numbers \

Rationals
(fractions, decimals)

/ Integers \

(.0;—=1,-2,0,1,2,...)
Whol Irrationals
ote no fractions)
(0,1,2,..) V2p,ie
Natural
(1

///

2

‘NCWCZCQC]R. |
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2.2.3 Irrational Numbers

Theorem 2.1: V2 is not a rational number.

Proof: Suppose that 2 is a rational number.

m
Let V2 = —, where m and n are positive integers
n

with no common factors greater than 1.

m
V2=—= V2n=m = 2n? =m?
squaring on both sides

m? = 2n? which implies that m?is even and hence m is even.
Letm =2k — 9242 = 4k2
2
7n? =4k? which gives n? = 2k? Thus,n is also even.

It follows, that m and n are even numbers having a common factor 2.

Thus,we arrived at a contradiction. Hence, \/2 is an irrational number.

2.3 Absolute Value

2.3.1 Definition and Properties

x| = x if x>0,
| —x if x<O.

(i) Forany x € R, we have x| =[—x|and thus,|x| = |y| if and only
X=yor x=-y.
(i) [x—al=r ifandonlyif x—a=r or x —a = —r.

) 1 22
1. Classify each element of {\/7 -2,0,3.14, 4, —} , as amember of N, Q, R

4 7
— Q or Z.
V7 is an irrational number
V7ER-Q,
1

. . . 1
~2 s a negative rational number, — 2 EQ

0 is an integers,0 € Z,
3.14 is an rational number,3.14 € Q

4€N,Z0Q,

22 , 22
- is an rational number, - EQ
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2. Prove that v/3 is an irrational number.

m
Suppose that v/3 is rational, then it can be written as —
n

where m and n are natural numbers with no common factor other than 1.

m
V3i=— = V3n=m = m?=3n?
n squaring on both sides

Since m? is divisible by 3 it follows that, m = 3k for some natural number k.
Hence 3n? = (3k)? = 312 =92
3

n? = 3k?

Since n? is divisible by 3, it follows that n = 3k for some natural number k.

Thus both m and n have a common factor 3 is a contradiction.

Hence v/3 cannot be a rational number.

3.Are there two distinct irrational numbers such that their
dif ference is a rational number? Justify.

If a,b,c€Q
Let a + Vb and ¢ + Vb are two distinct irrational number

(a+Vb) - (c+Vb)=a+b—c—b
= a — ¢ isrational number.

4. Find two irrational numbers such that their sum a rational number. Can you
find two irrational numbers whose productis a rational number.

Let g + b and a — Vb are two irrational number

Sum of two irrational : = q + /b + a — Vb

=a+a =2a isrational number.
Product of two irrational : (a — \/E) (a2 + \/E)
=a?— (\/E) = a? — b isrational number.

1
5.Find a positive number smaller than 51000 Justify.

1

Given : 21000 L > 1 > 1
1 1 L2t 22 27
1000 < 1001 = 51000 > 21001
1 1
1001 U less thanm
1 1

Hence a positive number smaller than

21000 15 21001'
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EXERCISE : 2.2
2.3.2 Equations Involving Absolute Value

Example 2.1: Solve |2x— 17| = 3 for x.
|2x —17| =3 = 2x—17=+3
2x=123+17 = 2x=3+17, 2x = -3+ 17
2x=20,2x=14 = x=10,x=7
Example 2.2: Solve 3 |x — 2|+ 7 =19 for x.
3lx=2[+7=19 = 3|x—-2|=19-7
Blx—2=124 = |x-2|=4
xX—2=4=x-2=4,x—-2=—-4

x=4+2,x=—4+2
X=6x=-2

Therefore the solutions are x = —2 and x = 6.

Example 2.3: Solve |2x — 3| = |x —5]|.

|2x — 3| = |x — 5| lul = |v|
2x—3=x-5 or 2x—3=—(x—5) uU=vor u=-v
2x—x=-5+3 0r 2x—3=—-x+5

X =-2 or 2x+x=5+3

3x =8
8
=3
Hence, x = —2and x = g are solutions.

2.2.3 Some Results For Absolute Value

(i) If x,yER,|y+x| =|x—y|, thenxy=0.
(ii) For anyx,y € R, |xy| = |x||y|.

(iii)

X
=%,forall x,y €ER and y # 0.

(iv) Forany x,y € R, |[x + y| < |x| + |y].

X
y

2.3.4 Inequalities Involving Absolute Value

lx| < r
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Case (1): If x>0, |x|<r = x <.
Case (2): Ifx <0, |x|<r = —x<Tiex>-r.
|x| <7 if and only if —r < x < r. thatis x € (—r,7).
x| >r
consider |x| > r.if r < 0 then every x € R satisfies the inequality
There are two possibilities forr = 0
Case(1): Ifx=0, |x|>r= x>r.
Case (2): Ifx<0,|x|>r = —-x>riex<-r,
thatis x € (—oo0,—1r) U (1, ).
lx—a|<r
There are two possibilities
Case (1): Ifx=0,|[x—a|<r=x—-a<r.
Case (2): Ifx<0lx—al<r=-(-a)<rie(x—a)z-r

lx —al|<rifandonlyif —-r<x—a<r
—r<x—acsr
—-rt+as<x—a+a<r+a

—-rtas<x<r+a m a—-r<xs<a+r
x€la—r,a+r].
when the Absolute Value has no solution
|x| = —r
x| < —r = x| < —-r
consider |x| > —r.then every x € R satisfies the inequality
x| >-r,x€R
|x—al>r
There are two possibilities

Case (1): Ifx=0,|x—al|=2r=x—-a=>r.

Case (2): Ifx<O0lx—alzr=-(G-a)=zriex—a<-r
lx —al|=rifandonlyif x—a< -rorx—az=r.
x—ata<-r+aorx—a+az=r+a

x<a—rorx=a+r

67
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if and only ifx € (—oo,a —7r] U [a + 1, 0).

Example 2.4: Solve |x — 9| < 2 for x.
|x —9| < 2
x—9<2 0or —(x—9)<2
x—9> -2
—2<x—-9<?2

Adding 9 through out the inequality,
—24+9<x—-94+9<2+9

7<x<11

2 ‘>1 * 4
I X .

Example 2.5 : Solve |x —

2 2
|x—4‘>1:> |x—4|}}
2>x—4] = |x—-4| <2
x—4<2 or —(x—4)<?2
x—4<2 0or x—4>-2

—2<x—-4<?2
Adding 4 through out the inequality,

24+4<x—44+4<2+4
2<x<6 Where x # 4.

x € (2,4) U (4,6) or (2,6) — {4}
1.Solve for x: (i) |3 — x| < 7, (ii)) |4x — 5| = —2 (iii) ‘3 —Zx‘ <
(iv) |x| — 10 < —3
(i) [3—x|<7

_lx
Iyl

y

1
4

B-xI<7 = 3_x<7 or -B-x)<7
3—x>-7
—7<3—-x<7
7>x—3>-7

Adding 3 through out the inequality,
7+3>x—-3+3>-7+3

10>x> 4= —-4<x<10
(i) |4x—-5| = -2

consider |x| > —r.then every x € R satisfies the inequality

68
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|x| > -r,x € R
|4x — 5| >—-2 = Xx€ER

3
Zx
3

|3 ‘1’“\ =

(iii)|3 - ‘ <

NN

. 3 _1
——x <= or
12X =7

w
I

|
/=
w
|
= -P}Lw
VvV ~—
| IA
e i Y

IS

1o 3, .t
4~ 4= T 4
Adding — 3 through out the inequality,
—1—3<3—§x—3<1—3
4 - 4 4

-13 3 -11
< <

multiply by 4

13>3x>11 _, 13_3x_11
+3 3

13 11 11

—2x=2— = <
3 3 3

(iv) |x|—10< -3
x| —10< -3 = |x| <=3+ 10

x| < 7= x<7o0or—x<7
x<T70rx>-7T = -7<x<7

1
2. Solve —— < 6 and express the solution using the interval

|2x — 1]
notation.
1 <6 1
2% — 1] = |2X—1|>€

1 1
— —or —2x—1)>—
2x 1>6 (2x ) 6

2 1>1 1
X 60T2x—1<—g




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

1 1
2x>—-—4+1 ——
X 6+ or 2x < 6+1

x> L oor ox <>
X% *S%

7

> or x < > = — —5 —
S —
X 12 12 X E 00,12 U 12,00)

3.Solve — 3|x| + 5 < —2 and graph the solution set in a number line.

—3lx|+5< -2 = -3[x| <-5-2

< 9 o >
=3lx|< -7 = 3|x|>7 —co 7 ; >
7 7 7 3 3
|x|2§=>x2§07” X 27
>7or < 7
X2 X< -3
e _qu7 )
—00, — —, 00
x !3 3'
4.Solve 2|x + 1| — 6 < 7 and graph the solution set in a number line
2k +1|—-6<7 o { 4 > oo
—15 11
2lx+1|<7+6 = 2|x+1| <13 — -
13 13 1
x+1|<—=x+1<—or—(x+1) <—
2 2 2
13 13 —13 13
+1<—or 1>2—-—— = —< < —
X > x+12= > > <x+1< 5
13 1<x+1 1<13 1
7 =7
—-13 -2 13 -2 —15 11 15 11
- = — L X€E|——,—
;  S¥sT3 y Sxs5 0 [ 212

1
5.Solve: §|10x— 2| <1

1
§|10x—2|<1 = |10x—2|] <5

10x—2<50r —(10x—2)<5
3<10x<7 = _3 oL
=10 10 10
6. Solve|5x — 12| < —2.
The Absolute value has no solution |x — a| < —r

|5x — 12| < —2 has no solution 70
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EXERCISE : 2.3

2.4 Linear Ienqualities
f(x) =ax+b,a,b €R are constants,is called a linear function
its graph is a straight line
f(x)=ax+b=0.
—b
a
For example to describe a statement like “A tower is not taller fifty feet.

X =

”

If x denotes the height of the tower in feet, then the above
statement can be expressed asx < 50.

Example 2.6: Our monthly electricity bill contains a basic charge,
which does not change with number of units used, and a charge that
depends only on how many units we use. Let us say Electricity Board
charges Rs.110 as basic charge and charges Rs.4 for each unit

we use.If a person wants to keep his electricity bill below Rs.250,
then what should be his electricity usage?

Let x denote the number of units used. Note that x = 0.

Then, his electricity bill is Rs.110 + 4x.
[he person wants his bill to below Rs.250. Let us solve the inequality
110 + 4x < 250.

110 + 4x < 250 = 4x <250 —-110

Ax < 1403° = x <35

~0<x<35
The person should keep his usage below 35 units in order to keep his bill
below Rs.250.

Example 2.7: Solve3x—5 < x+ 1 forx.
3x—5<x+1 = 3x—x<5+1
2x<6=>x<3
3

The solution set is(—, 3].

P | | | | | | | j | | »
N | | ! ! ! ! ! J ! !

5 4 3 -2 -1 0 1 2 3 4 5

Example 2.8: Solve the linear inequalities 3x —9 > 0,4x—-10< 6
for x.

3x—9>0
z&zﬂg x =3
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X € [3,00)
| | | | | r | |

AlSO T T T T 1 L : : >

4x —10<6 -2 -1 0 1 2 3 4 5
4x <10+ 6 = 4x <16

=+ 4
x <4 —t
_
x € (—o0,4]. -3 2 -1 0 1 2 3 4 5

so the solution set of 3x —9 = 0,4x — 10 < 6 is the intersection of

[31 OO) and (—OO, 4]

The intersection of [3,) and (—, 4] is [3,4]
Example 2.9: A girl Ais reading a book having 446 pages and she has
already finished reading 271 pages.She wants to finish reading

this book within a week.W hat is the minimum number of pages she
should read per day to complete reading the book within a week?

Let x denote the number of pages the girl should read per day.
A girl Ais reading a book having 446 pages and
7x + 271 = 446.
7x =446 — 271 = 7x > 175 = x = 25
Hence x = 25; which implies that she should read at least25 pages per day.
1. Represent the following inequalities in the interval notation:
(@AQx>—-1andx<4, (b)x<5andx=-3
(0)x<-1lorx<3, (d—-2x>0o0r3x—-4<11

(a)xe[-1,4) o {\ . } . o
-1 0 14
(b) x € [-3,5] P % ° ? > oo
-3 0 3
- <« S >
(c) x € (—,3) < ’ >
(d)-2x>0 <€ S S
—x>0= x<0 — 5 00

3x-4<11=>3x<114+44=3x < 15=x<5
5 X € (—,5)
2.Solve 23x < 100 when (i) xis a natural number, (ii) x is an integer.

23x < 100
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<1OO = 4.34
x 3 x < 4.

(i) When x is a natural number x = {1, 2, 3,4}

(ii) When x is an integer then x = {—,...—3,-2,—1,0,1,2,3,4}

3. Solve — 2x = 9 when (i) x is a real number, (ii) xis an integer,
(iii) x is a natural number.

—2x =9
-9
2x < -9 = X =—
-9
(i) Where x is areal number x € (—00,7

(i) Where x is an integer x = {—...,—7,—6,—5}
(iit) Where x is a natural number x = no solution

3(x—-2) 52-x) .. 5—-x «x
< Z_
5 =" 3 UD—3—<3
3(x—2) 5(2-—x)
] <
) ——=—7
9x — 18 < 50 — 25x = 9x + 25x <50+ 18

,3/4’xS/6§2=>xS2 <€

4. Solve: (i)

= 9(x—2) <252 —x)

—00 2 o
o X € (—o0,2]
5—x x
i <—-——4
(ii) 3 >
5—x «x 5—-x x-—8
Z_ < = 2(5—x)<3(x—8
<53 4 = — 5 ( ) < 3( )
10 —2x < 3x—24 = 10424 <3x+ 2x
34
34<5x=>5x>34=>x>?
. 34 < S %O
oo ?,OO —0C0 34
5

5. To secure A grade one must obtain an average of 90 marks or more in 5
subjects each of maximum 100 marks. If one scored 84,87,95,91 in first four

subjects, what is the minimum mark one scored in the fifth subject to get A
grade in the course?




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

Marks in four subjects are 84,87,95,91.

Let the minimum marks must obtain in the fifth subject be x.

84+4+87+954+91+x 357+x
5 E
357 +x
5
x =450 —-357 = x>93
~ Minimum marks to be scored to get a grade is 93.

6. A manufacturer has 600 liters of a 12 percent solution of acid. How many liters
ofa30 percentacid solution must be added to it so that the acid content in the
resulting mixture will be more then 15 percent but less than 18 percent?

Let x be the number of liters of 30% acid

(i) 30% of x liters+ 12% of 600 liters > 15% (600 + x) liters
30
— X
100

7200 15(600 + 1

30x S ( x) _, 30x+7200 o 15(600 +x)
100 100 100 160 160
30x + 7200 > 9000 + 15x = 30x — 15x > 9000 — 7200

1800
15x > 1800 =>x>? = x> 120

Average marks =

=90 = 357 +x =450

12
X + 55X 600> 15% X (600 + x)

(ii) 30% of x + 12% of 600 < 18% of (600 + x)

30 o 12 .

100 x+mx600<18/o><(600+x)

30x 7200 _ 18(600 + x) 30x + 7200 18(600 + x)
+ < = — < .

100 100 100 100 160

30x + 7200 < 18(600 +x) = 30x + 7200 < 10800 + 18x
30x — 18x < 10800 — 7200 = 12x > 3600

3600
x<?=> x <300 = 120 < x < 300

7. Find all pairs of consecutive odd natural numbers both of which are larger
than 10 and their sum is less than 40.
Let x and x + 2 be the two consecutive odd natural numbers.

It is given that both odd natural numbers greater than 10.
x>10 andx+ 2> 10

Given that their sum is less than 40
x+ (x+2)<40 = 2x-52<40
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x+1<20= x<19

x>10andx <19 = 10<x < 19
~ The numbers 11,13,15,17 ( - x is an odd number)

. The required pairs of odd natural numbers are (11,13),(13,15),
(15,17) and (17,19)

8. A model rocket is launched from the ground. The height h reached after ¢

seconds from lift off is given by h(t) = —5t? + 100t,0 < t < 20 At what time

the rocketis 495 feet above the ground?
To find time when the rocket is 495 feet above the ground

0 < h(t) < 495
0 < —5t2 4+ 100t < 495 = —5t2 + 100t = 495

—5t2 4+ 100t — 495 =0 = 5t2—-100t+495=0
Multiply both sides by — 1 Divide throughout by 5

t2—-20t+99=0 = (t—-9)(t—-11)=0
t—9=0t—11=0=t=9o0rt=11

~t = 9secor 11secthe rocket is 495 feet above the ground.

9. A plumber can be paid according to the following schemes: In the first scheme
he will be paid Rs. 500 plus Rs.70 per hour, and in the second scheme he will
paid Rs.120 per hour. If he works x hours, then for what of x does the first

scheme give better wages?
Number of hours = x

Under first scheme,wage of plumber = Rs. (500 + 70x)
Under second scheme wage of plumber= Rs.120x
Let 500 + 70x > 120x = 500 > 120x — 70x

500 > 50x
. = 10> x (or)x <10

~ Number of hours should be less than ten hours.
10. A and B are working on similar jobs but their monthly salaries differ by more
than Rs. 6000. If B earns Rs. 27000 per month, then what are the possibilities

of A’s salary per month?
Let monthly salary of Abe x . B’s monthly salary = 27,000

Dif ference of the monthly salary = Rs. 6000
A's salary = x + 6000
x + 6000 > 27000 = x > 27000—- 6000 = x > 21000

A's salary = x — 6000
x — 6000 < 27000 = x < 27000+ 6000 = x < 33000

A’s salary less than Rs.21, 000 or greater than Rs.33000
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EXERCISE : 2.4

2.5 QUADRATIC FUNCTIONS
A function of the form P(x) = ax? + bx + c where a,b,c € R
are constants, a # 0, is called a quadratic function.

let us solve for P(x) = 0.
ax’+bx+c=0

—p++p2 —
x = b+ Vvb® — 4ac which is called the quadratic formula.
2a
—b —Vb? — 4ac
—b ++Vb? —4ac and x =
X = 2a
2a
Note:
If « and B are roots of ax? + bx + c,
—b +Vb2? = 4ac —b —Vb? — 4ac th
o = and B = en
2a 2a
—b C
=— and =—
a+p " ap a

P(x) = 0 has two distinct real solutions if b®> — 4ac = 0 and b? — 4ac > 0.

It does not intersect x — axis at any point if b* —4ac < 0.

A = b? — 4ac is called the discriminant of thequadratic function
P(x) = ax? + bx + c.

A = b? — 4ac.
Discriminant Nature of roots Parabola
Positive real and distinct | intersects x — axis at two points
Zero real and equal | touches x — axis at one point
Negative no real roots does not meet x — axis

Example 2.10: If a and b are the roots of the equation x> —px+q =0
find the value of,1/a + 1/b.

Sumof theroots=p =a+b=p
Product of theroots =q = ab =q
1 1 _a+b p

q

a b ab
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Example 2.11: Find the complete set of values of a for which the
quadratic x* — ax + a + 2 = 0 has equal roots.

The quadratic equation x> —ax + a+ 2 =0 has equal roots.

So, its discriminant is zero i.e b> — 4ac = 0

x> —ax+a+2=0

Wherea=1, b=—a, c=a+ 2
b? —4ac=0= (—a)’—4(1)(a+2) =0

a?—4(a+2)=0
a’?—4a—-8=0

WhereA=1, B=—-4 C = -8
—B++B2—44C 4++/(—4)2—4(1)(-8)

o 24 2(1)
4 ++16 + 32 4+/48 4+V4x12
“T 2 -T2 T 2
a_4i2\/ﬁ _2(2i\/ﬁ)
2

2
a= 2++12 = a= 2 +12,2 —V12
Example 2.12: Find the number of solutions of x* + |[x — 1| = 1.
Case(1): Forx=>1,|x—1|=x—-1.
x2+|x—1=1=>x*+x—-1=1
2+ x—1-1=0=x2+x—-2=0
Factoring :(x +2)(x — 1) =0,
x+2=0x—1=0 =x=-2orlL
As x = 1, we obtain x = 1.

Case(2): Forx<1, lx—1]=—-(x-1)

x—1=1-x = x?+|x—-1] =1
x>+1—-x=1
x> —x+1-1=0= x2—x=0
x(x—1)=0 = x=0,x—1=0
x=0o0rx=1.
As x < 1, we have to choosex = 0.
Thus, the solution set is {0,1}.
Hence, the equation has two solutions.
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1. Construct a quadratic equation with roots 7 and —3.
Givenroots : x =7 and x = =3
Factorsarex—7=0andx+3 =0
Product of factors :(x —7)(x +3) =0
x2+3x—7x—21=0
The required equationis x2 —4x —21 =0
or
Sum of the roots = 7 4+ (=3)
=7-3=4
Product of the roots = (7)(—3) = —-21
Quadratic equation:
x* — (sum of the roots)x + products of the roots = 0
x2—4x—-21=0
2. A quadratic polynomial has one of its zeros 1 + v/5 and it satisfies p(1) = 2.
Find the quadratic polynomial.

Given one of its root is 1 + V5 .other root is 1 — V5
Sum of the roots =1 4+ 5+ 1 — /5
=2
Product of the roots = (1 + \/g)(l — \/E)
2
=12-(V5) =1-5
= —4

Quadratic polynomial.:
x? — (sum of the roots)x + products of the roots

p(x) =x*—-2x—4
Given: p(1) = 2
so we need p(x) = a(x* — 2x — 4)
p(1) =a(1?2 —2(1) — 4) :2 2=a(l—2-4)

—5 =2 = ——
a a 5

p(x) = —g(x2 —2x — 4)

3.If e and B are the roots of the quadratic equation x> + V2x+3 =10

11
form a quadratic polynomial with zeroes—,—

a p
let « and B be the roots of x* +2x + 3 = 0.

wherea=1,b=\/§andc=3
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b C
_——— d — —
a+p " ana af 7

—\2 3
a+pf=—=—2 and aff =+ =3
1 1 11
Toform a quadratic polynomial whose roots are EE
1 1 B+a 1 1 =2
a p af a B 3
1 1 1 1 1 1
X == = — = —
a f af 3 af 3

Quadratic equation :

x* — (sum of the roots )x + product of the roots = 0

YAV
The required equationis x? — <— ?> X + 3= 0
X 3

3x2 +V2x+1=0

4. If oneroot of k(x — 1)? = 5x — 7 is double the other root, show that
k = 2 or —25.

k(x—1)?=5x—7 = k(x*—-2x+1)=5x—-7
kx? —2kx+k=5x—7 = kx?—-2kx—-5x+k+7=0

kx? —x(k+5)+(k+7)=0

a=kb=—-QR2k+5),c=k+7

Let the roots be a and 2«

b
sumof theroots : a + 2a = ——
sgg2ktS . 2k+t5_ _ 2k+5
TR o T3k
c
productoftheroots:axzaza
k+7 2
202 =l = 5 2k +5 =k+7
k 3k I
2
2@k+S) _k*T L 2@ 2@ G5 k+7
3k k =
G S, -

79
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2(4k* + 20k +25)

9k -
8k2 + 40k + 50 = 9k% + 63k = 8k? + 40k + 50 —9k2 — 63k =0
—k?2—-23k+50=0= k?*+23k—-50=0= (k—2)(k+25)=0

+7 = 8k?+ 40k +50 =9k (k+7)

k = 2 (or) =25
5. If the difference of the roots of the equation 2x* — (a+ 1)x+a—-1=10
is equal to their product then prove that a = 2.

2x2—(a+1Dx+a—-1=0
a=2b=—(a+1),c=a-1

(a—B)? = (a+ B)? — 40P

Let the roots be « and S (a—B)% = o2 + B2 + 2af — 4ap

b a+1
atp=-2 = a+p="3 (a—B)? = a® + B2 — 2B
ﬁ_c _ _a-—1
P =0 @b ==
Given dif ference of the root = product of the roots
a—pF=af

(@=p)? =(ap)? = (a+p)?—4ap = (aB)?

a+1 2 4 a—1 _ a—1 2
2 2 )\ 2
a+1)? a—1)2 a+1)%2-8(a—-1 a—1)2
(@+1? oy _@-1’ | @+1D’-8@-1 (-1
4 4 A A
(a+1)2—8(a—1)=(a—1)2=>t(2+2a+/f—8a+8=/a4—2a+/f
2a—8a+8=—-2a= 2a—8a+8+2a=0
—4a4+8=0 = —4a+8=0
4g=8 = a =2

6. Find the condition that one of the roots of ax? + bx + ¢ maybe

(i) negative of the other, (ii) thrice the other,
(iii) reciprocal of the other.

Letax?+bx+c=0

(i) Let the roots be a and —«

b
Sum of the roots = — = a+(—a)= -

80
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0=—2=[b=0
a

(ii) Let the roots be a and 3«

b b b
Sumoftheroots=—a = a+3a=—a = 4q=——
b
“= 4a
2
¢ c
aX3a=—= 3ql=— = 3<——> = —
a 4a a
3b> ¢

16a? - a

(iii) Reciprocal of the other

C
= 3b% = 16a?* x A = 3b% = 16ac

1
Let the roots be a and —

<1> c c
al — :—ﬁl:—ﬁ a==¢c¢
a a a

7.1fthe equation x> — ax + b = 0 and x* — ex + f = 0 have one rootin

common and if the second equation has equal roots then prove that
ae =2(b+f).

Let a and B be the roots of x> — ax + b = 0 and a be the common root.
b

Sum 0ftheroots=—a =|~a+pf=a . (1)
c
Product of the roots =— =| aff = b 2
a -(2)
Let « and a be the roots of x> —ex+ f =0
ata=e = 2= = QIE
2 .03

c
Product of the roots =— = aXa=f
a

5 e
ac = f, Wherea=5
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From (2)af = b
e

ba=~-
Sun o 5

¢ =h= f=—
2%B= e
From2)a+ B =a
e+2b_ - ez+4b_
2 e - a 2e - a
e? + 4b = 2ae where e? = Af
Af + 4b = 2ae = 4(f + b) = 2ae
2(f +b) = ae
8. Discuss the nature of roots of
(i) —x% +3x+1, (ii) 4x* —x — 2 = 0, (iii) 9x*> + 5x = 0.

(i)—x%2+3x+1
a=-1,b=3,c=1
b2 —4ac =32 —4(=1)(1) = 9 + 4

=13 >0
~ The roots are real and distinct.

(ii)4x* —x—-2=0
a=4,b=-1,c=-2
b? — 4ac = (—1)? — 4(4)(=2)
=1+32=33>0
= The roots are real and distinct.
(iii) 9x* + 5x = 0.
a=9b=5:c=0

b? — 4ac = 5% — 4(9)0
=25-0=25>0

~ The roots are real and distinct.

9. Without sketching the graphs, find whether the graphs of the following
functions will intersect the x-axis and if so in how many points

Dy=x*+x+2,@(i)y=x*-3x—7(iii) y=x*> + 6x + 9.
Dy=x*+x+2
The funtion interset x — axisi.ey =0

X>4+x4+2=0
a=1,b=1,c=2
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b? — 4ac = 1%2 —4(1)(2)
=1-8=-7<0 . Theroots are imaginary
Since D is negative, the parabola does not meet the x-axis.
(i)y=x*-3x—-7
The funtion intersect x — axisi.ey =0
x2—=3x—-7=0
a=1,b=-3,c=-7

b? — 4ac = (—=3)? —4(1)(=7)
=94+28=237>0 -~ Theroots are real and distinct.
Since D is positive the parabola intersection x-axis at two points.
(li)y=x*+6x+9
The funtion intersect x — axisi.ey =0
x2+6x+9=0
a=1,b=6c=9
b? — 4ac = 6% — 4(1)(9)
=36 —36
=0 =~ The roots are real and equal.
Since D = 0 the parabola touches x-axis at a point

10. Write f(x) = x? + 5x + 4 in completed square form.
f(x) =x*>+5x+4

5\ /5\2 5\ 2 , c £\ 2
f(X)=x2+5x+<§>—<E>+4 (X+§> =X +2(X)<§>+ 2
2

’ 5
f(x)=<x+g> —%+4 :x2+5x+<z>
f) =[x+ 2+4—§ = f(x)=(x+= 16 — 25
= 5 2 ) =[x+ ;

83
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EXERCISE : 2.5 n
Example 2.13: Solve 3x*> + 5x — 2 < 0.

2 —-2<
3x +5x\??- 32 32
Let 3x> ¥5x—2=0 X X

(x+2)B3x—1)=0 =x+2=0,3x—1=0

1 —w 1 1 T T
= —2, —_ — =2 1
X X 3 . ) N A \JJ
The intervals are (—oo,—2), (-2 ,§> and <_ oo)
3 )
, _ Sign of
Interval | Signof (x+ 2)| Signof (x —1/3) 3x2 + 5x — 2
(=, =2) - - +
(=2,1/3) + - —
(1/3,0) + + +
The solution set is [—2,1/3].
Example 2.14 : Solve vx + 14 < x + 2.
The function x + 14 is defined for vx + 14 > 0.
Vx+14 <x+2
Squaring on both sides
(Vx+14)?2 < (x+2)* = x+14 < (x + 2)?
x+14<x*+4x+2%> = x4+14<x®+4x+4
0<x?+4x+4—-x—-14= x24+3x—10> 0.
Let x> +3x — 10 = 0.
Hence, (x + 5)(x — 2) = 0. | | | | |
x=-=5and x = 2. _Uvz\j
The intervals are ( —o,—5), (=5 ,2)and (2, »)
. : Sign of
Interval | Signof (x+5)| Sign of (x —2) 3x2 4 Sy — 2
(—0,=5)| - - +
(=5,2) + B B
(2,00) + + +

84
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The solution set is (—o,—5) U (2, )
x<-5o0rx>2

sinceVx + 14 > 0 hence the solution set is x > 2

Example 2.15 : Solve the equation V6 —4x — x? = x + 4

The given equation is equivalent to the systemx+4 >0 = x > —4

V6—4x—x2=x+4

Squaring on both sides
6—4x—x’=(x+4)> = 6—4x—x%>=x%+8x+16
x2+8x+16+x2+4x—6=0=2x*+12x+10=0

=2

x2+6x+5=0= (x+1) (x+5) =0
x+1=0,x+5=0>=>x=-1, x=-5
Thus, x = —1,-5.

But only x = —1 satisfies both the conditions.
Hence, x = —1.

1.Solve : 2x* + x — 15 < 0. +1/\>< _30
Let 2x2+x—15=0 6  —g
2x2+6x—5x—15=0 = 2x(x+3)—-5(x+3)=0
(x+3)2x-5)=0=>=>x+3=0,2x—5=0

x=-3,2x=5 L

i —w
X = — 2

2

The critical points are —3 and 5
2

The intervals are (—oo,—3), <—3,;> and (E oo)
2 )

Si
Interval Sign of (x + 3) Sign of (2x — 5) szlznxof .

(—o0,-3) - - +

5 —
<—3,E> + -
5
(E,OO> + + +

x? — 3x + 2 < 0is satisfied in [1,2].

85
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5
The solution set is \—3,5‘

2.Solve —x* +3x—-2>0.

—x243x—-2>0= x2-3x+2<0

x—1Dx—-2)<0

Let(x—1D)x—-2)=0=x—-1=0, x—2=0

The critical pointsare x = 1,x = 2

The intervals are (—,1),(1,2) and (2, )

-
~

Interval  [Sign of (x — 1)|Sign of (x — 2) (x2 S_igélxo_f'_ 2)
(=0, 1) ~ - +

(1,2) ~ —

(2, 00) + +

86
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EXERCISE : 2.6

Definition 2.1:
A real number a is said to be a zero of the polynomial f(x) iff(a) = 0.
If x =aisazeroof f(x),thenx — ais a factor f(x).
(i) A polynomial function of degree n can have at most n distinct real zeros.
(ii) Itis also possible that a polynomial function like P(x) = x? + 1

has no real zeros at all.
(iii) Suppose that P(x) is a polynomial function having rational coefficients.

(iv) Ifa + by/p where a,b € Q, p is a prime, is a zero of P(x), then its
Conjugate a — b,/p is also zero.
Two important problems relating to polynomial are

(i) Finding zeros of a given polynomial function; and hence factoring the
polynomial into linear factors and
(ii) Constructing polynomials with the given zeros and/or satisfying some
additional conditions.

1. Find the zeros of the polynomial function f(x) = 4x* — 25.
f(x) = 4x% — 25 = f(x) = (2x)* — 52
f(x) =(2x—-5)2x+5)
put f(x) =0 = 22x—-5)2x+5)=0
2x—5=0,2x+5=0

N 2 5 5
Here the zeros of the polynomial are x = 5 and x = -3

2.Ifx = —2 is oneroot of x3 — x* — 17x = 22,then find the other roots
of equation.
If x =—2isoneof theroots ofx3 —x?—17x—-22=10
To find other roots of the equation by synthetic division
1 -1 —17 =22
—2l 0 -2 6 22

1 -3 -11/ O

x?=3x—-11=0
a=1,b=—3,c=—11
b4 VF—da 3+ 9= 4DCID 3£V _3EVS3

X
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3++/53 3—+53

The other roots of the equation are ST

3. Find the real roots of x* = 16.
xt*=16 = x*—16=0
(x2)2-42=0= (> +4HE*-4)=0=> (x*-2)(x*+4) =0

(x+2)(x=2)x?2+4)=0
x+2=0,x—2=0andx*+4=0

x=-2,x=2 and x? = —4
x =V—4 (notreal)
~Therealrootsare x =2, x = —2

The other two roots are non real roots.

4. Solve 2x+1)> — (3x+2)?=0. +/\><
2x+1)2—(Bx+2)2=0 52( 15;
2 21 — 1 3
(20)2+ 2(20) (1) + 12~ [(30)? + 230 (D +2°] = 0 F T
4x2 +4x+1—(9x2+12x+4) =0 X X
4x2 +4x+1—-9x*>—-12x—4=0
—5x2—-8x—3=0= 5x>+8x+3=0
5x+3)(x+1)=0= 5x+3=0,x+1=0
5x =-3 ,x=-1
o 3
X = c

oy = _E and x = —1 aretheroots of the given equation.

4. Solve 2x+1)2—-(3x+2)%2=0.
2x+14+3x+2)[2x+1—-(Bx+2)]=0
(5x+3)[2x+1-3x—-2]=0

Gx+1)[—x—-1]=0 = —Gx+3)(x+1)=0
5x+3)(x+1)=0 =5x+3=0, x+1=0
Sx:_3 )x=_1
o 3
3
X = — andx = —1 are the roots of the given equation.

88
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EXERCISE : 2.7
Method of Undetermined Coefficients

Now let us focus on constructing polynomials with the given
information using the method of undetermined coef ficients.

That is,we shall determine coef ficients of the required polynomial
using the given conditions.

The main idea here is that two polynomials are equal if and only if
the coef ficients of same powers of the variables in the two
polynomials are equal.

2.6.1 Division Algorithm

Let f(x) and g(x) be two polynomials with g(x) # 0.
Then there exists g(x) and r(x) such that

f(x) =[g(x)q(x)] + r(x) « division algorithm.
if r(x) =0 then f(x) = q(x) r(x).
If g(x) = x — a then r(x) should be of degree zero that is a constant.

r(x) is called reminder and q(x) is called quotient.
f(x) = (x—1) q(x) + c, by putting x = q
fl@a)=0+c=c=f(a)
Remainder Theorem: If a polynomial f(x) is divided by (x — a)
then the remainder is f(a).
Note: If Suppose f(a) = 0 then it implies
fx)=(x—1)q)
(x — 1) is 1 factor of f(x).

Factor Theorem:

If f(a) = 0, then (x — a) is a factor of f(x).

x = a is called zero of the polynomial f(x).

Remark:
(i) A polynomial function of degree n can have at most n distinct real zeros.

(ii) It is also possible that a polynomial function has no real zero at all.

Eg. 2.16 : Find a quadratic polynomial f(x) such that, f(0) = 1, f(—2) = 0 and
f(1) =o0.
Let f(x) = ax? + bx + c be the polynomial satisfying thegiven conditions.
f(x) =ax®*+bx+c

f0)=1
put x =0, f(0)=a(0)?>+b(0) +c
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l=c=>c=1
f(=2)=0
put x = =2, f(=2) = a(=2)*+b(-2) + ¢
0=4a—-2b+c =4a-2b+c=0 ..(1)
f()=0
put x =1,f(1) = a(1)?+b(1) + ¢
0O=a+b+c= a+b+c=0..(2)
sub ¢ =1in (1) and (2)
4a—2b+c=0= 4a—-2b+1=0= 4a—-2b=-1 ..(3)
a+b+c=0=a+b+1=0=a+b=-1..(4)
solve (3) and (4)
B)= 4a-2p=-1
() x2= 2a+20=—-2
6a = —3
-3 1

a=g =a=-3

1
sub a=-3 in(4)a+b=-1

1+b— 1 = b= 1+1=>b— 1
2 B B 2 2

f(x) =ax®*+bx+c
1

a=—§,b=—§andc=1

(x) = . +1
fx—zx >x+1

Eg. 2.16 : Find a quadratic polynomial f(x) such that, f(0) =1,f(—-2) =0
and f(1) = 0.
x =—-2,x =1 are zero of f(x).
f(x)=d(x+2)(x—1) for some constant d.
f0=1
f(0)=d(0+2)(0-1)
1=2d(-1) = -2d=1=d=-

N =

1 1 2
f@=-56+D-1 = fG) = =5 [x* —x+2x - 2]

f(x) =—%[x2+x—2] = f(x)=—%x2—%x+1
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Example 2.17: Construct a cubic polynomial function having zeros at

x = % 1+ V3 such that f(0) = —8
Given that% and 1 + /3 are zeros of f(x). 1 —+/3 is also a zero of f(x).
f00=a(x=3) k= 1+ 3] e~ (1= 3)
fx) = a<x—§>[x—1—\/§] [x — 1+ 3]
fo0=a(x )l - 1 - (37
2

=a<x—§>[x2—2x+1—3]

f(x)-a(x—z> (x2=2x —2)

f(0) =-8

putx =0, f(0) =a<0—§>(02—2(0) - 2)

2a 4
-8 =—?(—2) = -8 :?a = —40 =4a

—40
4a = —-40 = a=T=> a=-10

flx) = —10<x—z> (x? —2x—2)

f(x)—< 10x+20> (x2—-2x—-2)= f(x) =(—10x + 4)(x* — 2x — 2)

f(x) = —10x3 + 20x% + 20x + 4x2 —8x — 8
Thus the required polynomial is f(x) = —10x3 + 24x? + 12x — 8
Example 2.18 : Prove that ap + q = 0if f(x) = x3 — 3px + 2q is divisible
by g(x) = x*> + 2ax + a?
g(x) divides f(x) = 122 f( ) =x+b
g(x)
fx) =(x+b)g(x),b R
x3 —3px+2q = (x + b)(x? + 2ax + a?)
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x3 + 0x%2 — 3px + 2q = (x + b)(x? + 2ax + a?)
Equating like coef ficient of x2,x and constant
Equating x? terms: bx? + 2ax? = Qx?2
coefficient of x> :b+2a=0
Equating x terms: a®x + 2abx = —3px
coefficient of x : a®> + 2ab = —3p
constant term: a’b = 2q
b+2a=0= b=-2a
subb=—2a ina?+ 2ab = -3p
a’ + 2a(—2a) = —3p = a? —4a*> = -3p
—3a2 = —3p= p = a?
sub b = —2ain a?b = 2q
a’(-2a) =20 = -20® =24 = q=—ad3

g=—-axa’*=q=—-ap—=|ap+q=0

Example 2.19 Use the method of undetermined coefficients to find the sum of
1+2+3++(n—-1)+n

Let sn)=n+n—-1D+n—-2)+ ... +2+1

n n—-1 n-2 n (n—2> n (n—l)]
=n|-+ + o= — +——
n n n n n n n

[ n—-1 n-2 n—2 n— 1
Sy =n |1+ ==ttt 1= +1- ——)

n \ n_ n
=n[l+1+-+1] since " Lteq P24
St < n(n) " "
S(n) < n?

Let S(n) = a+ bn+ cn?> Where a, b, c,
smM=1+24+3+-4+n
sm+D)=1+2+--+n+Mn+1)
Sm+1)=SM)+(n+1)

S(n) = a+ bn + cn?
Sm+1)-Sn)=n+1
a+tbm+D+cn+1D?-[a+bn+cn?]l=n+1 92
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a+bm+1)+c(n>+2n+1)—a—bn—cn? =n+1

g4 bfi+b+c +2cn+c—g/—l}7{—c/r¢
b+2cn+c=n+1
2Zcn+b+c=n+1

Equating coef ficient of n and constant
2c=1,b+c=1

_1 b ! 1
C_ZJ +§—
=1

b
S(n)=a + bn + cn?

SM=a+b(D)+c(1)>? = SA)=a+b+c
since S(1) =1

1 , 1
__: [ —
2 2

1 1
a+b+c=1=>a+§+§=1
a+1=1=a=0
1 1
S(n) =a+bn+cn* = S(n)=0+§n+§n2
1 nn+1
S(Tl)z E(n+n2) :¥nEN

Eg. 2.20: Find the roots of the polynomial equation
(x — 1)3(x + 1)?(x + 5) = 0. state their multiplicity
(x—1)3(x+1)*(x+5) =0.
(x—13=0=>x—-1=0
x =1 Hence,the root of 1 with multiplicity 3
(x+1)?=0=>x+1=0
x = —1, Hence, the root of 1 with multiplicity 2
x+5=0, = x = -—5withmultiplicity 1.
Therootsx =1,—1,-5.
Note: When the root has multiplicity 1, it is called a simple root.
Example 2.21: Solve x = Vx + 20 for x € R.

Observe that Vx + 20 isdefined only if x+ 20 = 0.

By definition, \/x + 20 > 0 is positive.So, x is positive.
x=+vVx+ 20

squaring on both sides.
x2=x+20=x2—x—-20=0
x—5)x+4)=0= x—-5=0, x+4=0

93
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x=5x=—-4
Since, x is positive, the required solution is x = 5.

Eg. 2.22: The equations x* — 6x + a = 0 and x> — bx + 6 = 0 have one
root in common.The other root of the first and the second equations
are integers in the ratio 4 : 3. Find the common root.

Hence,the common root is a
Let a, 4p be the roots of x* —6x+a =0
c
Product of theroot =—=a
a

a><4ﬁ=a= 4aﬁ:a
Let a,3f be the roots ofx2 —bx+6=0.
Product of the root = 6
aX3f=a= 3af =6
2
3af =6 = af =2

4daf=a= 4(2)=a
sub a=8 in x>-6x+a=0

x?—6x+8=0=(x—2)(x—4)=0 4B
x—2=0x—4=0=>x=2,x=4 §=
Ifa=2,in3af =6

32)p=6= 6 =6

B=1
Ifa =4in 3aB =6
3(4)B =6

12=6 = B = B is not an integers

1 .
p = > .Hence, the common root is 2.

Example 2.23 : Find the values of p for which the dif ference between
the roots of the equation x> + px + 8 = 0 is 2.

Let a and B be the roots of the equation x*+px +8 =10

sumof the roots: a + f = —

a+,8=T S a+pf=-p

c
product of the roots: aff = -
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8
af = 1= aff =8
Given:a — =2
(@ =B = (a+B)? — 4ap
22 =(—p)?— 4(8) = p?>—32=4
1. Factorize: x* + 1. (Hint: Try completing the square.)
x* + 1= (x%)? + 1+ 2x* — 2x?
= (x?)? +2x* +1 — 2x?
2

= (x% + 1)%— (V2x)
= (22 + 1+ V2x)(x? + 1 — V2x)
= (x?2+V2x+1)(x? —V2x + 1)

2.If x* + x + 1 is a factor of the polynomial 3x3 + 8x% + 8x + a find the value
of a.

3x+5
x2+x+1) 3x3 +8x%+8x+a
) = &
3x° +3x%+ 3x

5x%2+5x+a
=)&)
5x%+5x+5

0

~a—5=0 = a=5

That means a should be 5,if the remainder is zero.
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EXERCISE : 2.8

2.7.1 Rational Inequalities

x +
Example 2.24: Solve < 3.
x+3
x+1
—-3<0
x+3
x+1-3(x+3) x+1—3x—9
<0 = <
x+3 x+ 3
—2x — 8
" <0 = -2(x+4) x+4
— <0 = 0 x+# -3
x+3 x+ 3 x+3> x

~ by — 2
So let us find out the signs of x + 3 andx + 4

x? — 3x + 2 < 0 is satisfied in [1,2].
x+4

13 = x4+4=0 X

RO A S

The intervals are ( —,—4), (—4,—3) and (—3, )

Intervals x+3 x+4 x+4
x+3
(—o0,—4) - - +
(=4,-3) —~ + —
(—3,00) + + +
x=—4 — 0 0

So the solution set is given by(—oo,—4) U (=3, o)

. X (x—1)
1. Find all values of x for which —_2 >0
3
-1
L)>0 , X F 2
x—2
3(x —
LetLl)=o = x3(x-1)=0
x—2

3 — — — © © ©
x>=0,x—1=0 >
x=0,x=1 W}\/‘

The intervals are (=, 0),(0,1),(1,2) and (2, )
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3 —
Intervals x3 x—1| x-=2 x(x—-1)
xX—2
(—OO’ 0) — — — -
0,1) + —~ — +
(1,2) + + — —
(2,) + + + +
The solution set is (0,1) U (2, )
2. Find all the values of x that satisfies the inequali -3
.Find a er_vg ues of x that satisfies the inequality CECEY)
0
(x—2)(x—4)< X F 2, X F4
, 2x—3 0
= — — =
e (x—2)(x —4) 2x—3 =0
2y = 30> 3 o o 0 o

x =

“Kjé\w

B

3
The intervals are <— > > > (2,4) and (4, )
Interval 2% — 3 2 4 2x —3
ntervals — — =
g * * G-2E—%
(~=3)
_(x),_ —_— —_— -_— -_—
2
5 5 + - - +
2)
(2,4) + + - —
(4, ) + + + +
3
The solution set is %5 U (2,4)
2 _
) <
3. Solve 2 _2r 15> 0
2 _ 92 2) (x — 2
X 2 <0 = (x+2)(x ) <0 ,x#-3,x+5
x2—2x—15 (x—=5 (x+3)
(x+2)(x—2)

X —5)x+3)

=0= (x+2)(x—2)=0
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o o o o

The intervals are (—o,—3), (=3,-2),(-2,2),(2,5) and (5, )

Intervals | (x+2)| (x—-2)| (x=5) | (x+3) Ei i g g ; g
(=0, -3) - ~ ~ — +
(-3,-2) - - - + -

(=2,2) + - - + *

(2,5) + + — + _

(5,%) + ¥ + * i

The solution set is (—3,—2] U [2,5)
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EXERCISE : 2.9
Example2.25. Resolve into partial fractions

X A B
Let = +
x+3)(x—4) x+3 x—-4

x
x+3)(x—4)

X A(x —4) + B(x + 3)
CEDE=H Ena-n X TANTOFEEEY)
Putx=4, 4=A(4—4) +B(4+3)

) x—4=0=>x=4
4=A0)+B(7) = 7B=4=|B ==

7 x+3=0=>x=-3
Putx =-3,-3=A(-3—-4)+B(—-3+3)

-3 =A(-7) + B(0) =>—7A=—3=>A=;

3 4

2 70 +3) 70—
2x

x—1Dx%2+1)

. x J—
T(x+3)x—-4) «x

+
3 x

+ I w
NN

Example 2.26. Resolve into partial fractions

2x A Bx +C
Let = + |x—1=0=>x=1|
(x—1Dx%2+1) x—-1 x%2+1
2x AP+ D+HBx+0) (x—1)
(x =D*+T1) (x = D>+ 1)

2x =A*+ 1)+ Bx+C) (x—1)
Put x=1,2(1) =A[(1)?+1]+(Bx1+C)(1-1)
2=A0+1D+B+C)(0)=2=24+0

2=2A=>A=1
2x=Ax*+ 1D+ Bx+C)(x—1)

put x =0,2(0) = A(02+ 1)+ (BX0+C) (0—1)

0=A)+(0+C)(~1) = 0=A—C whereA=1

0=1-Cc=[c=1]

Equating the Co — ef ficient of x? in (1) we get,

0=A+B =0=1+B = [B=-1

2x A Bx+C
= + whereA=1,B=-1,C=1
x-1Dx?*+1) x—1 x*+1 99
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2x 1 —1x+1

x—Dx*+1 =x—1+ X2+ 1

1 1—x

X1 xZ+1
Fxample: 2.27 Resolve into partial fractions :#11
x+1 A B C ¥(x—-1)

Crlee-D Txo1 Tt

L_ Ax*+ Bx(x — 1)+ C(x — 1) [x—1=0=x=1]

x2e—1 T _x2(x—1)
x+1=Ax*+Bx(x—1) +C(x — 1)
Putx=1,1+1=A1)*+B1HA-1D+C(1-1)
2=A+B(1)0)+C0) > 2=4A+4+0+0
2=A =>
Putx=0, x+1=Ax*+Bx(x—1)+C(x—1)
0+1=A4002+B(0)(0-1)+C(O0-1)=1=0+B(0)(-1) +C(-1)
1=040-C= 1=—-C=[C=—1]
putx=—-1,x+1=Ax>+Bx(x — 1)+ C(x — 1)
~1+1=A-1?+B(-D(-1-1)+C(-1-1)
0=A+B(-1)(-2)+C(-2) = 0=A+2B-2C
0=A+2B-2C
subA=2and C = -1
0=4+2B= —4=2B = 2B=—-4 = |B =2
x+1 A B C
xz(x—l)zx—l-l_;-l—F
whereA=2,B=-2,C =-1
x+1 2 -2 -1 x+1 2 2 1

= [ _— = —_—— o —
x%(x —1) x—1+x+x2 x’(x—1) x—1 x x?

= 0=24+2B—-2(-1) = 0=2+2B+2

1. Resolve into partial fractions ——
x —_—

1 1 1 A B
— = = 2 2 = +
x2 — q2 (x—a)(x+ a) X —a xX—a x+a
1 _A(x+a)+B(x—a) 1  Alx+ta)+Bx—a)
x2—a?  (x—a)(x+a) = x2=a? x>=a?
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1 =A(x+a)+B(x—a)..(1)

Putx =ain (1)

1=A(a+a)+B(a—a) = 1=2aA+B(0) = 2a4=1
1

A=—
2a

Putx = —ain (1)
1=A(-a+a)+B(—a—a) = 1= A4(0) + B(—2a)
1

1=B(—-2a) = _—1=B = |B =

2a _2a
1 1
.Y _ 2a __Za
x>?—a* x—a x+a

1 1 1

X2 _q? 2a(x —a) - 2a(x+ a)
. . . 3x+1

2.Resolve into partial fractions x—2x+ D

3x+1 A B 3x +1 _A(x+1)+B(x—2)

G-DG+D -2 G+D  G-DaFD DG T
3x+1=Ax+1)+B(x—2)..(1)

Putx=-1in(1) 3(-1)+ 1=A(-1+1)+B(-1-2)

—-3+1= A(0)+B(-3) = -3+1=B(-3)= —-2=-3B

B==
3

Putx=2in(1), 3(2)+1= A2+ 1)+B(2-2)
6+1=AQ2+1)+B(0)= 7=34

A—7
3
7 2
3x+ 1 3 3 3x +1 7 2
= + = = +
(x—2)(x+1) x—2 x+1 x—2)(x+1) 3(x—2) 3(x+1)
X

3. Resolve into partial fractions
p ! R+ D(x—1D(x+2)

X _Ax+B C D
CrDa-Dx+2) 2+D) -1 x+2)
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X
T DO—HE+2) -

(Ax+B)(x —1D(x+2)+C(x> + 1)(x+2)+D(x? + 1)(x — 1)

(2 +De—Dx+2)

x=[Ax+B)(x—Dx+2)+Cx*+D(x+2)+Dx*+ D(x—1) ...(1)

Putx =1in (1)
1=0+C(12+ DA +2)+0=>1=C1+ 1)

1=C2)3)=>1=6C = C ==

Putx = -2in (1)
—2=04+0+D[(-2)?+1](-2-1) = -2=DA + 1)(-3)

—2=D(5)(-3) = —-2=-15D

2

D = —
15

Putx =0in (1)
0=0+B)(-1D2)+CcO+1)(O0+2)+D(O+1)(0—-1)

0=0MB)(-DR)+Cc(M(@)+DM)(-1)
0=-2B+2C-D
Where(j—1 dD = 2

—g an —E

0=—ZB+2<1)—3=>23=3—3:> sp=l_2
6/ 15 6 15 3 15
2]-L3—5;2=>>ZB——=>2B—1
15 15 5
B—lx1=>3—i
5 2 10
0=A+C+D
Equating the Co — ef ficient of x3 in (1)
1 2 —5—4
Az tP=a= -5 =475
A=_—9=>A=__3
30 10

oo 2 _ =
D - D+ ) = 1 X +2 102
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—3x+1 1 2
__ 10 6 15
x2+1 x—1 x+2
—3x+1 1 2
= + +
10(x2+1) 6(x—1) 15(x+2)
_ X _ 1-—3x N 1 N 2
T2+ D —-Dx+2) 10(x2+1) 6(x—1) 15(x+2)
x
4. Resolve into partial fractions m
X A 4 B 4 C
(x—13 x—-1 (x-12 (x—1)3
X _ Ax—1)*+Bx+1+C

(x=1)° (x—1)°
x=A(x—-1)2+Bx-1D+C..(1)
Putting x = 1in (1)
1=A0-1*+B1-1+C
1=A4(0)+B0)+C
C=1
Puttingx =0in(1) 0 =A4(0-1)>+B(O—- D+
0=A(-1)>+B(-1)+C = 0=4—-B+C
0=4A-B+1= A—B =-1..(2)
Equating the Co — ef ficient of x* we get
A=0
SubstitutingA =0in(2) 0—B = -1

B=1
X 0 1 1
o 1? x—1 =12 =13
X 1 1

G-1° -12 x-1°

5. Resolve into partial fractions

xt—-1

1 1 1 1

-1 +DEP-1D T P o1 e DE+DE=1)
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1 _Ax+B+ C N D
1 x24+41 x+1 x-1

1
1 (Ax+BE+DE-D+ e+ DE-—D+DA2+ D(x+1)
XA =1 (2 +DxF D(x—1)

1=Ax+B)x+Dx-1D+Cx*+D(x—1)+Dx?+ 1D(x+ 1)...(1)

Putting x = 1 in we get,
1=0+0+D(1%*+1)1+1) =1=D12)(2) = 4D =1

D=Z

Putting x = —1in (1) we get,

1=0+C[(-D?+1](-1-1D)+0 =1=CA+1)(-2)

1=C2)(-2)=1=-4C

c=_1
4

Equating the Co — ef ficient of x3 we get

0=A+C+D = A=—C —D where C:Tand D:Z

1 1
=219 = E=0

4
Putting x = 0 in (1) we get,

1=BO0+10-1)+C0O+1)(0-1)+ D0+ 1)(0+ 1)
1=BOEDL+CDED+DMMD)=1=-B—-C+D

1
where =——and D =-
¢ 4 4

1= B+1+1=>1— B+2=>1— B+
- 4 4 B 4 - 2

1

2 2
1 1 1 1 1 1
R il S S S S SR
x¥*—1  x241 x+1 x-1 x2+1 x+1 x-1
1 1 1 1

= _ - +
x*—1 2(x?2+1) 4(x+1) 4(x-1)
104




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

. : o (x—1)?
6. Resolve into partial fractions —;
x3+x
(x—1?% (x—1)>2 (x — 1)? A+Bx+C
= - = —
x3+x x(x?2+1) x(x2+1) x x%2+1
(x — 1)? AR+ D)+ (Bx+ox

xGe*+1) xlx>+1)

(x—1)2 =A?2+ 1)+ (Bx+O)(x) ..(1)

Putting x = 0 in (1) we get, (0 — 1)2 = A(0> + 1) + (B x 0 + €)(0)

(-1)? = A(D) +0 =

Puttingx =1in(1) weget, (1-1)?=A1?+1)+(Bx1+C)x1
0=AR2)+(B+C)(1) = 24+B+C=0..(2)

Equating the Co — ef ficient of x? in (1)

1=A+B= 1=1+B =[B =0

Substituting A=1,B=0in(2)weget, 0=2+0+C =

LoD 1 0xm2 -1 1 2

Cadtx x xP41 B+x x x2+1
x*+x+1

x2—-5x+6

Since the degree of the numerator is equal to the degree of the
denominator, let us divide the numerator by the denominator.

7. Resolve into partial fractions

1
x2—-546| x24+x+1
=) ) )
x*—-5x+6
6x—5
x> +x+1 6x — 5

°.'x2—5x+6:1+m-"(1)

6x —5 6x —5 6x—-5 A N B
x2—5x+6 (x—3)(x—2)  x2-5x+6 (x—3) (x—2)
6x—-5  A(x—2)+B(x—3)

x2-5x+6  (x—3)(x-2)

6x —5=A(x—2)+B(x—3) ...(2)

Take
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Putting x = 2 in (2) we get,6(2) — 5 = A(0) + B(2 — 3)
12-5=B(-1) = 7 = B(-1)
7=-B =

Putting x = 3 in (2) we get,
6(3)-5=4(3-2)+B(3-3) = 18-5=A4(1)+0

13=4(1) = [A=13]

6x—5 13 7

'.'x2—5x+6=x—3 x—2

x> +x+1 6x — 5
Substituting this in (1) we get, - ——M— — -
g (Dweg N 1+x2_5x+6

X2 +x+1 13 7

- =1+ —

x4 —5x+6 x—3 x-—=2
B +2x+1
"x24+5x+6

Since the numerator’s degree is more than the denominator’s degree,
let us divide the numerator by the denominator.

X—15

x> +5x+6| x34+2x+1
= =) =
x3 4 5x% + 6x
—5x% —4x+1
+H ) B
—5x% — 25x — 30
21x + 31
2 21x + 31
X +2x+1=x— t ST ..(1)
21x + 31 21x + 31 A B

Consider

- = —_— _I_

x2+5x+6 (G+3)x+2) x+3 x+2

21x +31=A(x +2) + B(x + 3) ...(2)

Putting x = —2 in (2) we get, 21(=2)+31 = A(=2+2) + B(—-2 + 3)
—11=A4(0)+B(1) = —11=B(1)

—32=A(-1)+B(0) = -32=A4(-1) = -32=-4
A =232

Putting x = =3 in (2) we get, 21(—=3) + 31 = A(—=3+2) + B(—3 +3)
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' 21x + 31 _ 32 11
"x24+45x+6 x+3 x+2

Substituting this in (1) we get,

x2+2x+1=(x_5)+ 32 11
x2+5x+6 x+3 x+2
x+12

9. SOlve(x+1)2 x—2)

x+12 A B C
(x+1)?%(x—2) =x+1+(x+1)2+x—2

x+12 Alx+1D(x—2)+B(x—2) + C(x + 1)?
(x+1D2(x—-2) (x+1)?(x—2)

x+12=A(x+1D(x-2)+B(x—-2)+C(x+1)% ..(1
Putting x = —1in (1)
—1+12= A(-1+D(-1-2)+B(-1-2)+C(—1+ 1)
11 = A(0)(=3) + B(=3) + €(0)?

11
11=B(-3) = 3B=-11=B=——

Putting x = 2 in (1) we get,
2+12=40Q2+1)2-2)+B(2-2)+C (2+1)?

14 =AB)(0)+B(0)+C(3)?* = 14 = c(9)

14
9
Equating the Co — ef ficient of x? in (1) we get,
0=A+C = A=—C =>A=_§

—-14 11 14
' x+12 9 3 9
T+ D2 (x-2) =x+1_(x+1)2+x—2
14 11 14
=9+ 3x+1)Z 9x—2)
6x2—x+1
x3+xt+x+1

6x>—x+1 6x*>—x+1 6x>—x+1

B2 tx+1 2x+D+1x+1) 2+Dx+1)

9C =14 = |C

10.solve
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6x?—x+1 Ax + B C
ZtDx+D) 2+1 Tx+1
6x2—x+1= (Ax+B)x+1D+C(x*+1) ...()
Putting x = —1in (1) we get,
6(-1)2+1+1=ACD+B)(-1+1) +C((-1)?+1)
6+1+1=(-A+B)0)+C(1+1) = 8=C(2)= 8=2C

2C=8=C =4
Equation the Co — ef ficient of x? in (1) we get,
6=A+C > 6=A+4 = A=6—-4
A=2
Puttingx =0in (1) we get, 6(0) —0+1= (Ax0+B)(0+1)+C(0+1)
1=B+C =>1=B+4=1-4=8B

6x>—x+1 2x—3 4

= +
3+x2+x+1 x34+41 x+1

2x%2 +5x—11
x24+2x—-3

Since the numerator's degree is equal to the denominatorsdegree, let us
divide the numerator by the denominator.

2

x2+4+2x -3 2x% 4+ 5x —11
(-)
2x% +4x —6

x—5

11. Resolve into partial fractions

2x%2 4+ 5x — 11 x—75
— 24—

x2+2x—-3 x2+2x-3 ...(1)

x—05 B x—5 A N B
x2+2x—-3 (x+3)(x-1) x+3 x—-1
~x—5=Ax—-1)+Bx+3) ..(2)
Puttingx =1in(2Q)weget 1—-5=A1—-1)+B(1+3)

—4=PB(4) = 4B=-4 =[B=—1]

Put x = =3 in (2) we get, =3 —5 = A(-3—-1) + B(-=3 + 3)
—8=A(~4) + B(0) = —8 =—4A4 = 44 =38

Consider
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A=§ —[4=2]
x—5 2 1

:'x2+2x—3 _x+3_x—1
7+ x

(1+x)(1+ x2)

12. Resolve into partial fractions

7+x A Bx+C
(1+x)(1+x2) T 1+x * x*+1
7+x AP+ D+ Bx+o)(x+1)
) a+nar )

x+7 = Ax? + 1D+ Bx+C0O)(x+1)...(D)
Putx =-1in (1)
—1+7=A[(-1)? +1] +B(-D+C)(-1+1)
6=AR2)+(-B+C)(0) = 6=412) =24=6
a=3 =[i=3
Putx=0in(1), 0+7 =A[(0)2 +1]+ (B(O)+C)(0+ 1)
7=A1)+C(1)=> 7=A+C whereA=3

7=3+4+C =|C =4

Equating the Co — ef ficient of x? in (1) we get,
0=A+B =0=3+B =[B=—3]

. 7+ x _ A +Bx+C
“(1+x)(1+x2)_1+x x2+1

3 4 —3x+ 4
_1+x x2+1
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EXERCISE : 2.5

Example 2.28 Shade the region given by the inequality x > 2

y
3
2
N
1 A\
=
o -2 -1 0 1 ,. 3 4 5 Al
-1
2|
vy
Example 2.29 Shade the region given by the linear inequality x + 2y > 3
x+2y>3
Letx +2y =3

x — intercept
puty =0
x+2(0)=3= x=3

y — intercept

putx =0 3
0+2y=3 =>)’=§
y=15

ar
Ly 0

xl

!

y

Example 2.29 Shade the region given by the linear inequality
x+y=>32x—-—y<5-x+ 2y < 3.

x+y=3
Letx+y=3

X — intercept
puty =0
x+0=3=x=3

2x—y <5
Let 2x —y =5
X — intercept

puty =0 c
2x—0=5=>x=§

—x+2y<3
Let —x+2y =3
x — intercept

puty =10

-x+2(0)=3= x=-3
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y — intercept
put x =0
O+y=3 = y=3

y=3

y — intercept

put x =0

y — intercept

put x =
O+2y=3 =y
y=15

!

Ex:1 Shade the region given by the linear inequality x < 3y,x >y

x < 3y

Let x = 3y

X — intercept
puty =0

x=30)= x=0
y — intercept
putx =0
0=3y=>y=0

y=20

x=y
Letx =y
x — intercept
puty =0
x=20
y — intercept
putx =0
y=20
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Y
3
3 A
A
2
n ié%y
N
) 1 2 3 4 *
1
-2
yl’
Ex:2 Shade the region given by the linear inequality y > 2x,
—-2x+3y <6
y = 2x —2x+3y<6
Lety = 2x Let—2x+3y=6
x — intercept x — intercept
puty =0 puty =0
0=2x = x=0 —2x+3(0)=6
y — intercept —2x=6=>x=-3
put x = 0 y — intercept
y=2(0)=y=0 put x =0
y=0 —-2(0)+3y=6
Jy=6=y =2
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Ex:3 Shade the region given by the linear inequality 3x + 5y > 45,

x=>0,y=0
3x + 5y =45
Let 3x + 5y = 45
x — intercept y — intercept
puty =0 putx =0
3x +5(0) =45 3(0) + 5y =45

3x=45 =x=15 5y=45=y=9

0 3 6 9 12 1 18

Ex:4 Shade the region given by the linear inequality 2x + 3y < 35,
y=>2,x=5
2x + 3y = 35
Let 2x + 3y =35
Y = 2x+3(1)=35 = 2x+3=35
puty =1
2x =32= x =16
putx=1= 2(1)+3y=35=2+3y =35
3y=33= y=11

ﬂy
N (1,11) =5

10\

8

<%
6 *3,
\y

4

“ y=2 \.Ql)

Q -

k' 2 4 6 8 10 12 14 16 X
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Ex:4 Shade the region given by the linear inequality 2x + 3y < 35,
y=>2,x=>5
2x + 3y = 35
Let 2x + 3y = 35
etexm oy = 2x+3(1)=35 = 2x+3=35
puty =1
2x =32= x =16

putx=1= 2(1)+3y=35=2+3y =35
(1,1D)
10

-
Z

" Z Z 6 3 10 12 14 16 X

!
A

Ex:5 Shade the region given by the linear inequality 2x + 3y < 6,
x+4y <4,x=>20,y=>0

3y=6 = y=2

2x+3y<6 X+ 4y >4
Let2x +3y =6 Let x + 4y = 4
X — intercept x — intercept
puty =0 puty =0
2x +3(0) = 6 X+ 4(0) = 4
2x =6 = x=3 x =4
y — intercept y — intercept
putx =0 putx =0
2(0)+3y =6 Otdy=4

dy=4=>y=1
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Ex:6 Shade the region given by the linear inequality x — 2y > 0,
2x—-y <-2,x=20,y=20

x—2y=20 2x —y < =2
Letx—2y =0 Let2x —y=-2
X — intercept puty =4
2x —4 = -2
puty =0 2x = —2 + 4
x—20)=0 2x = 2
y — intercept putx =0
_ 0 200)—y=-2
put x = y=—2 S y=2
0—-2y=0
2y =0 =y=0
Ya
4
3 Q
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Ex:7 Shade the region given by the linear inequality
2x+y=>8,x+2y > 8 x+y<6.

2x+y =8
Let2x+y =28
x — intercept

puty =0

2x+0=8 = x=4

y — intercept

x+2y=8
Letx+2y =8
x — intercept

puty =10

x+0=8 =>x=8

y — intercept

x+y<6
Letx+y =26

x — intercept
puty =0
x+0=6= x=6

y — intercept

put x = 0 putx =0 putx =0
2(00+y=8 0+2y=28 0+y=6
y=38 y=4 y==6
lky
10
X T X
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EXERCISE : 2.11
1 .1
Example 2.31 (i) Simplify: (x2y=3)Z; where, x,y > 0.
(ii) Simplify: /x2 — 10x + 25.

(i) Sincex,y = 0,

1
1 1 % 2
5..—3\5 X =

(x2y 3)2 = (F)

()22 — 10x + 25 = \/x2 — 2(0)(5) + 57 =+/(x = 5)?

= |x = 5| V5
Example 2.32 Rationalize the denominator of —————.
(V6 ++2)

V5 V5 VE-y2
V6+v2) V6+v2 V6-+2
Multiplying both numerator and denominator by V6 — 2

_V5(/6-V2) V5W6-v2) _V30-V10
CWer-(2r T 6-2 4
Example 2.33 Find the square root of 7 — 4V/3.

’7 — 4+/3 = a + b3 where a, b are rational.

Squaring on both sides

7 —4y3 = (a+bV3)2 = 7 —4V3=a?+2a(bV3) + (bV3)?
7 —4V3 =a®+2abV3+3b2 =a?+3b2+2abV3 =7—-4V3

a? +3b% =7, 2gh = —4 °

2
a=—-—

< |><
NI ST

2 2\’ 4
Suba=—5ina2+3b2=7=> —E —|—3b2=7:) —+3b2:7

bz
4
413b =7 =44+3b*=7b2=3b*-7b*+4=0

b2
3(b2)2 — 7b% + 4 = 0
Let b? = x

3x2—7x+4=0.
A=3B=-7 c=4
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_B+ BZ—4AC:>x_—7i\/49_4(3)(4)_7iV49_48
- 2A 2(3) N 6
7i1=>x=7+1, 7_1$b2=§,9=>b2=
6 6 6 6 6

b? =1

W

4 2
b=’—, = =b=12—,b=+1

Since b is a rational, we have b = +1

2

a=-—

if b=—1thena = —

ifb=1thena=— _
a=?2

a=-2,

/7_4\/§=a+b\/§ Since /7—4\/§>0

hence the values of a=2and b = —1

/7—4\/§=2—\/§

1.Simplify(i) (12 5)%

b
2
1

2 2
(125)3 = (5°)3
2
= 53X§ = 52 =25
3
(ii) 16" 2
2 o
16 4 =(2%) 4
. 1\’ 1
_24-X4 —(2) —3= E _g

(iii) (— 1000) 3
(—=1000)" 3—( 103)
= (-103*3

1\*_ 1
=(-10)7% = (‘E) ~ 100
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2 =
(v) (27) _ (27)——+% . e
@3 @y e =@ni=6)73 =31
1
K]
2.Evaluate ( (256)_71] * ) (™) = gmn
3
<[(256)‘%]_) (256)“"‘ %3 = (256)8

_(28)8_ 23=18

3. If(xZ +x 2) E ,then find the value of(xZ - X 2) forx > 1.

1 132 9
2 2 = —
X2+ x > ;
1 1.1
(xf) +(x_5) +2x5x7=; = x+x 14 2x2 ZZE
1 9 1 9
x+ +2x=" =S x+—+2 ==
2 X 2
1 9 1 9-— 4=> x+1—5
—_—= - — e d = = —
x+x > 2 x+x > < 2

1

(xf - x_i) = (xi) + (x_i) — 2x2x 2

(xf—x_i) =x+x1-2 = (xi—x_i) =x+1—2

X
5 1 142 _
(XE—X_E) =——2 = (xf—x_f) =5—4
2 2
1 1\2 1 1 a1
(xf—x_f) =§=>x2—x 2 = E
1 1 — =+ 1 1 - _ 1 Si 1
X7 — x"2 _ﬁ == xz—xz—ﬁ lncex >
32n923—n
4. Simplify and hence find the value of n:T = 27.
2nqg23-n
Given: 523 "_ 27 a™ x q = gmt"
33n
3 X9, 3" X C 27 ar _ am " & (@a™)" =a™"
ByE 33n ar 114
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33N x(3%) =27 = 37" x 3% =27
3-2n+4 _ 33
Equating the powers both sides we get,
—2n+4=3 = —-2n=3-4
2n=-1=2n=1

n=-—

2
32w
5.Find the radius of the spherical tank whose volume is =3 units.

Let r be the radius of the spherical tank.

321
Volume of the spherical tank = 3
4 327
Zﬂ(r3=/3— — 41‘3232
r3:¥:r3:8 = r3=28
r=2
Radius of the spherical tank is 2 unit.
. Jrthe spher . 7+V6
6. Simplify by rationalising the denominator
3-v2
7+V6 7+\/€X3+\/7 V12=+4x3
3-v2 3-v2 3442 =2V3
_(7+V6)(3+V2)  21+7V2 +3V6 +V12
32 — (v2)° 9-2
21+ 7V2+3V6+2V3
B 7
7.Simplif 1 1 + 1 ! + !
Simpli - -
PUY 3-8 VB-V7 V1-V6 V6—5 V52
1 1 1 1 1
Given (D

3-V8 VB—V7 V-6 V65 V52

Multiplying each term by the conjugate of the denominator

1 _ 1 3+V8_ 3+V8 3+y8 _3+V8
3-v8 3-8 3+V8 32_(yg)° 9-8 1
1
3_\/§=3+\/§
1 1 VB+V7  VB+V7  VB+V7T V8+VT

-7 BT VBtV (B -(v7)} B8-7 1
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1
\8 —
1

=847

S

1 V7HVE  VT+46
V7—V6 V7-+6 V7+V6

1
7o \/_—\/7+\/—
1 1 V6+V5 _ V645  V6+V5  V6++5

Ve—v5 Y6-v5 V6+v5 (Vo) —(v5) 65 !
1

V65
1

_V7+V6 V746
(- 76

=6 +/5

1 V5+2 _ V5+2 _V5+2 V542
\/3—2 “V5-2 V5+2 (V) -2z 5-% 1

=V5+2

\/—_

Substituting all these values in (1) we get,
1 1 1 1 1
3-8 VB—V7 NT-V6 V65 52
=3+v8— (VB+V7) +V7 +v6 — (V6 +V5)+ V5 +2
=348 -8 VT+NT+V6 -6 -5 +VE+2=5
1 1 1 1 1
3-V8 VB—V7 VI-Y6 Vo—vE v5-2

x%+1
81fx—\/_+\/§fmd —

x=V2++3
x?= (VZ+3) = (vV2)" + (V3)" +2(v2)(V3) =2 +3 +2V6
x2=5+2V6

x24+1 5+42V6+1 6+2V6
"x2-2 542/6-2 3+2V6

_6+2V6 3-2V6 (6+2\/—)(3—2\/_) 18 —12v6 + 6V6— 4 (6)

3+2\/_ 3-2v6 (2\/_) 9 —4(6)
_18—6\/——24_—6—6\/6_ —6(1+v6) 2(1+6)
- 9-24 ~  -15 ~ -15 5§
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EXERCISE : 2.12

WHAT IS AN EXPONENT?

An exponent refers to the number of times a number is multiplied by itself.
For Example :3x 3 x 3 =33

AX4X4XAEX 4L =45
When an exponent is zero, as in a°, the expression is always equal to 1.

To prove: a® =1

aa
— =1= a% %=1
aa

a®=1

When an exponent is a negative number, the result is always a fraction.
Fractions consist of a numerator over a denominator. In this instance, the
numerator is always 1.

am
The exponential functionf(x) = a* with a base a # 1
Properties of Logarithm
(i) al°8a* = x forall x € (0,0) and log,(a”) =y forally € R.

Product Rule
loga(xy) = log, x +log, y .

Quotient Rule
X
(iii) log, <;> =log, x —log, .

Power Rule

(iv)log, x" =rlog,x, r € R

Change of base formula

) 21728
0gq X
(v) logp x = l Ya b with a and b as bases, %‘%
%8a 2 216
Example 2.34: Find the logarithm of 1728 to the base2V3. 2| 108
2| 54
Let log, 51728 = x NEeE
(2v3)* = 1728 = (2V3)¥ =26 x 33 3[ 9
2713 33
@V3)5=2%|(v3)'| ]

1

N

2
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(2V3)* = 26(v/3)6 = (2V3)* = (2V3)°
xX=6
log, 31728 = 6.

Example 2.35: If the logarithm of 324 to base a is 4,then find a.

log, 324 =4
a* =324 = a* =3%x2?

at = 3% x [(\/5)2]2 — a* =3*x (\/5)4
at = (3V2)* = a=3V2

E le 2.36: P 1 7> 21 5+l 32 = log 2
xample 2.36: Provelog —— 085 tlogo = =log2.
75 5 32
L.H.S = — - ==
log16 2 log9 + log243

=log75 —log16 — 2(log5 —10g9) + log32 — log 243

=log 75 —log 16 — 2log 5 + 2log 9 + log 32 — log 243

=log3 x25—1log16 —2log5+ 2log9 +1log2 x 16 —log81 x 3

= log3 +log25 —1log16 —2log5 + 21log9 + log2 + log 16 — (log 81 + log 3)
=log3+log25—2log5+2log9 +log?2—1log81—1log3

=log5% — 2log5 + 21log9 + log 2 — log 92
= 2log5 — 2log5 + 21og9 + log 2 — 2log9 = log 2
7
Example 2.37: Iflog, x + log, x + log6 x = E,find the value of x.

7
log, x +log, x + logg x = =

1 1 1 _72 5
log, 2 t log,, 4 + log, 16 2 (change of base rule) |logy4 =logy 2
1 1 1 7 log, 4 = 2log, 2
l0gx2  2logy2 @ 4logs2 2 log, 16 = log, 2*
where a = log, 2 log, 16 = 4log, 2
1+i+l=z=>—4+2+1=2= lzz = 4a =2
a 2a 4a 2 4a 2 4a 2

1 1
a = 1 = log, 2 = 5 which gives x2 = 2.
2

x=22=4 =>x=4
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Example 2.38: Solve x'°83% =9,
Letlogzx =y
x =37
3ylog3 3y —9g = 3y><y =9
3y2=9= y2=2 = y=v2, —V2
y=\/§, —V2inx=3Y

Hence,x = 3V2,37V2
Example 2.39: Computelogs 51og,s 27

log; 5% 3log,s 3

_ 3
logs 5l0gzs 27 = logz 510gzs 3 = 3log; 5 X log,s 3
= log3 5% 3 l0g25 3

=3 X log,s 5

= 3log,5 5
3 3 3

- logs 25 - 2logs5 2
Example 2.40: Given thatlogio2 = 0.30103, logo3 = 0.47712(app),
find the number of digits in 28.312,

N = 28.312 hasn + 1digits.
Taking logarithm to the base 10,
N =10" X b where 1 < b < 10.
log N =log(10™b)
=nlog10 + logb
logN =n +loghb
log N = log 28312 = log 28 + log3'?
=8log2+12log3
logN =8 x0.30130+ 12 x 0.47712
logN = 8.133368

n+logh = 8.13368. Since 1 < b <10

The numberof digits is 9.
2.Compute loge 27 —log,7 9
= logg 27 —log,, 9
=loge 3® —log,;3° = 3 logg3 — 21log,7 3
3 2 3 2
~logs9 B log; 27 - logs 32 B logs 33

[+ logz 3 = 1]

124




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

1.Letb > 0 and b # 1. Express y = b* in logarithmic form. Also state
the domain and range of the logarithmic function.

Given Yy = b”*
Converting this into logarithmic form,we get
logyy = x, (0,0), (=00, 0)
2.Compute logg 27 —log,7 9
Given logg 27 —log,, 9
= log, 33 — log,, 32
= 3logg 3 — 2log,; 3 [By power rule]

3 2
= — By ch b [
logs9  log, 27 [By change of box rule]
3 z 3 2 [ logs 3 = 1]
“logz32  logz33® 2logz3  3logs3
3 2 9-4 5
2 3 6 6

3. Solve:logg x +log, x + log, x = 11.
Givenlogg x +log, x + log, x = 11
1 1 1

+ + _
log, 8 log, 4 log, 2 11
S P!
log, 23~ 2log, 22  log, 2 o
1 4 1 1 (1 1 )
+ — =11 = —+-+1)=11
3log,2 2log,?2 +10gx2 11 log,2\3 2
- <11) 1= b _q1x2
)= _1x 2
logx2 \ 6 log, 2 11
1
1ng2:6 — log,x =6 =26 =x
4.Solve:log, 28* = 210828
8xlog, 2 = 210822° = 8xlog,2 = 23
8x X
=8 = =1 = x=log, 4 log,2 =1

log, 4 log, 4
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x =log, 2?2 = x=2log,2
x=2
a+b
5. If a®> + b?> = 7ab.Show thatlog <T>
Given a®? + b? = 7ab

1
2 (loga +logb)

Adding 2ab both side we get,
a’+ b? + 2ab = 7ab + 2ab

a+ b)?
(a+b)2=9ab=%=ab
(a + b)? a+b a+b 1
— == =Vab = ——=(ab)2
a+b 1 a+b 1
log — )= log(ab)z = log 3 =§log(ab)

1

2
2

bc

[loga +logh] Hence proved.

(a + b)
log 3

6. Prove log

2
+ loga + log

CZ—O
ab

2
+ loga+ log

CZ

ab

aZ

bc

a® b2 (2 a2h2c2
log(— x — x — | = log [ ==
08 <bc % ca % ab) log <a2b262

= 0 = RHS Hence proved.

L.H.S = log

>=log1

25 81
+12 logﬂ + 7log% =1.

7.Prove that log2 + 16log

15
_ 16 25 81
LHS = log2 + 1610gﬁ + 1210gﬁ + 7]0g% (@™ = g™
16 12 7
16 25 81 a™
=log2 + log( — = °2 — ="
g og(15> + log<24> + 10g<80> ar ¢
—log2 (24)16 (52)12 (3%)7
(3x5)16 " (23 x3)12 " (24 x5)7
64 524 328
= log, 1 x 316 % 516 < 516 » 312 < 228 x 57
21464 3 £24 3 328 265 x 524 x 328

= log 316+12 % 516+7 x 236+28

= lOgBZ/S X 523 X 264

= 10g265 —64 X 524_23 = logz 1 X 51
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=log,0 10 =1 = RHS .Hence proved.
1
8. Prove log,2 alog, 2 blog.2c = 3

log,a=1
L.H.S= log,2a xlog,2b xlog.2c
1 1 1 1 1 1
~ log, a? % log,, b? % log,. c? - 2log, a % 2logy b % 2log. c
1 1 1 1
= 2(1) X2(1) X 2(1) —~g=RHS .Hence proved.
nn+1)
9. Prove loga +1log,2 +1log,3 + -+ log, n =Tloga
L.H.S= loga + log, 2log, 3 + -+ log, n
= loga + log, 2log, 3 + -+ nloga _nn+1)
=loga (1+2+3+--n) Z”_ 2
= loga(n)(r;—-l_l)z (n)(Z—-I_l)]oga =R.H.S

logx logy logz
y—z zZ—-X Xx-—Yy

,then prove that xyz = 1.

Lot 108X _ loBY _ B _
y—z Z—Xx X—Y
logx = k(y—2z)=ky—kz ..(1)
logy = k(z—x) =kz—kx ..(2)
logz = k(x —y) =kx—ky ...(3)
Adding (1), (2) and (3)
logx +logy +logz=ky—kz+kz—kx+kx—ky =20
logxyz = (
logxyz = log1

xyz=1
Hence proved.
11. Solve:log, x —3log1x =6
2

Given log, x — 3log1 x = 6 [using quotient rule]
2

1 3 6
log, 2 1°-
08« logx 7
1 3

s BLUE STAR. 6 [using quotient rule]
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1 3
+ =6= =
log, 2  log, 2 108x2(1+3) 6
W=6 1 6
log, 2 -0 log, 2 T4
1 1
logx2=§$ 2%=x:>(23)§=x = (8)2 =x

X =8=V2x2Xx2 = x=22
12. Solve log5 — x (x2 — 6x + 65) = 2.
Given:logs _ ,(x* — 6x + 65) = 2
(5 —x)% =x% — 6x+ 65 [Converting into exponential form]
25+ x% —10x = x%2 — 6x + 65
—6x+65—25+10x=0

4x +40 = 0= 4x = —40

x:—ﬂx:_lo
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3 2 3 2 9-4 5

~2logs3 3logs3 2 3 6 &6
3. Solve:logg x +10og, x + log, x = 11.

loggx +log, x + log, x = 11
1 1 1 1 1 1

+ + =11= + + =11
log,8  logy4 log,2 log, 23 * log, 22  log, 2
1 1 1 1 1 1
+ +—— =11 =
3log,2  2log,2 ' logy 2 3a e T=11
where a = log, 2
2+3+6 1= 11 11 1 1
_— = —_— = ﬁ—: = —
6a 6a 6a 1=a
1 1
logx2=€=>x€=2=> x =26

4.Solve:log, 28% = 2'082 8
1084 28x — 9log; 8
8xlog, 2 = 2!°222° = 8xlog, 2= 23 logp2=1
8x

log, 4 8 log, 4

x =log, 4 = x = log, 2>
x =2log, 2 x=2
2 ) g2 o = a+b 1
5. If a“ + b = 7ab.Show that log 3 )= E(laga + log b)
a’+ b% =7ab
Adding 2ab on both side
a® + b? + 2ab = 7ab+ 2ab = (a + b)?>= 9ab

—(a+b)2—ab=> (a+b)* _

9 BT g =ab
a+ b\’
( - >=ab=> atb_
3
1 a+b 1
a;b=(ab)§ =>log<T> = log(ab)?
a+b 1 a+b 1
log< 3 >:Elog(ab) = log<T> =§[loga+logb]
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2 bZ cZ

a
6.Prove log— + log— +log— = 0.
bc ab
a? b? c?
L.H.S = logb—+log—+logab

az bz C2 B l a2b2C2
log(EX—X%) = 09\ 2pz 2

=log1=0=R.H.S.Hence proved.
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TRIGONOMETRY

EXERCISE:3.1
tanO + sec — 1 _ 1+ sinf
tan® —sec0+1  cosO

tanf +sectl —1  tan6 + sech — (sec? § — tan? )
tan6 —secf +1 — tanf —secf + 1

tan @ + secO — (sec 0 +tan Q) (sec 8 — tan 0)
- tanf —secH + 1

(tan 6 + sech) [1 — (secO —tan 6)]
- tanfd —secH + 1

(tan 6 + sec§)(1 —secH+tanb)
- tan 0 —secf+1—

sinf 1 sin+1 1+ sin6
~ cosf T cos6  cos6 _ cosO

Example 3.1 Prove that

L.HS =

I* 1+ tan? 0 = sec? 6|

Isec? 6 — tan? 6 = 1|

=tan @ + sec@

Example 3.2 Prove that (sec A — cosecA)(1 + tan A + cot A)
= tanA sec A — cotAcosecA

L.H.S = (secA —cosecA)(1+ tanA + cotA) ; Sin 6
1 1 1_|_sir1A_|_cosA 0 — 1 tant = o
~ \cosAa  sinA cosA sinA SeCy = st ot = cos @
1 sinA 1 cosA 1 1  sind 1 sing
= + X ——+ —— X -—— + X ——
cosA cosA cosA sinA  cosA sinA cosA sind
Ccos A 1
in A % _sinA
_ sin
_ 1 N sin A N 1 B 1 B 1 B cosA B sin 4 cosA
cosA ~ cos?A sTnA sinA cosA sin?A T cos2A4  sinZA
sin A 1 cos A 1
= X — X =
coSA cosA sinA sinA cosec & sin 8

= tanA X secA — cotA X cosec A = tanA sec A — cotA cosec A
Example 3.2 Eliminate 8 from a cos@ = b and c sin@ = d wherea, b, c, d
are constants.

acosfd =b
Multiplying both side by c
a’c?cos?6 = b%c%.(1)

csin =d = ac sinf = ad
Multiplying both side by a squaring on both sides

a’c?sin?0 = a?d?...(2)

= ac cosf = bc
squaring on both sides
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Adding (1)and (2)

a’c?cos?6 + a?c?sin?0 = b?c? + a?d>?

a’c?(sin?0 + cos?0) = b%c? + a?d? = a’*c?= b%*c? 4 a%d>?
1.Identify the quadrant in which an angle of each given measure
lies (i) 25° (ii) 825° (iii) — 55° (iv) 328° (v) —230°

(ii) 25°

I

\

I

\
e

1
2 Initial

r 3

11

25°liesin

(ii) 825°

825°liesint
(iii) — 55°

Ii 11 ;
'A Initial
111 v

5o
j

the15t Quadrant

he 2™ Quadrant

B

I
Initial R
550 i
2
)"ip(. 1V
%?/

—55° lies in the 4" Quadrant

(iv) 328°

11

Initial

/A
fa"'_j

11

328° lies in the 4'" Quadrant

/ 360)

825 =

825 <2
720

105
2 X360+ 105

\360° + 360°+ 105° = 825°/
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(v) —230°

I
2“’)’“;
}2{/.}
B & Initial
11 /

—230° lies in the 2™ Quadrant

(~180°—50° = —230°]

(3) Determine the quadrants in which the following degrees lie.

(i) 380° (ii) — 140° (iii) 1100°
(i) 380°

f“‘mﬂ
1e
Inmal

380° lies in the15t Quadrant

(i) — 140°

Initial

—140° lies in the 3"* Quadrant

(iii) 1100°

11
1

1100° lies in thelSt Quadrant

[ 360° + 209

-90°— 50°= —1407)

/ 360) 1100( \

1080
20
1100= 3 x 360+ 20

360 + 360°+ 360°+20°

\_ = 1100 /
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2.For each given angle, find a coterminal angle with measure of
suchthat 0 < 0 < 360°
(i) 395° (ii) 525° (iii) 1150° (iv) —270° (v) —450°
(i) 395° e
395° = 360° + 35° 360) 525 (1
360
(ii) 525° 165
525° = 360°+ 165° 525°=1 % 360° + 165°
N /
(iii) 1150°
1150°= 3 X 360°+ 70° 360) 1150 (3

1089

70
(iv) — 270°
1150° = 3 X 360°+ 705
—270° = —(360° — 90°)

—360°+ 90°
(v) — 450°

— 450°= —(720° — 270°)
—720°+ 270°

0 =270°

3)If acos @ — bsin® = c,show that asin 0 + b cos@ = +/ a? + b? — c2

acosd —bsinf =c

squaring on both sides
(acos@ — bsin0)? = ¢?
(acos8)? + (b sinB)? — 2 (acosB)(bsinf) = c?
a?cos?0 + b?sin*6 —2ab sinb cosO = c2
a’cos?6 + b?sin’6 — c¢? = 2ab sind coso
(asin® + b cosf)? = (asin8)? + (b cosh)? + 2 (asinB) (b cos )
— a?sin%0 + b?cos*6+ 2ab sinb cosb
— a?sin?0 + b%cos?0+ a*cos?0 + b%sin’6 — c?
= a?sin?0 + a®cos?0 + b?cos?0 + b?sin?0 — c?
= a?(sin%0 + cos?0)+ b?(cos?6 + sin?0) — c?
(asin@ + b cos)? = a?(1) + b%(1) — ¢?
(asin@ +b cos8)%=a?+b%*=c2 = asinf+bcosd = ++a?+ b2 —£§4
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4-3(m?-1)"

4.1f sin@ + cos@® = m show that cos®0 + sin®0 =
wherem? < 2

sinf + cos@ =m s (sing SO
squaring on both sides (sinf + cost)* =m

3 3 — 3 _
sin20 + cos?0+ 2 sin6 cosd = m? a® + b3 = (a+b)°> —3ab(a+ b)
1+ 2 sinf cosd = m?> = 2sinb cosd =m? — 1

mz—l}

[sin@ cosf =

L.H.S= cos®0 + sin®d = (cos?0)3 + (sin?%0 )3
= (cos26 + sin?0)3— 3cos?Hsin?0(cos* + sin?H)

= 13 — 3c0s%0sin?0(1) = 13 — 3 sin%0 cos?6

m? — 1)2

=1 — 3(sinb cosh)? = 1—3( 5

3(m* - 1)*> 4-3(m*-1)?
4 B 4
4 ;4
5.1f cosza 4 Sl_nza — 1Prove that (i) sin*a + sin*p = 2 sin*a sin*p
cos-f3 sin-p
.. cos*B sin*B

=1

ii - =1

(id) cos’a sin’a
cos*a N sin*a B cos*a sin?f+ sin*a cos?*p _,
cos?B  sin?f cos?p sin?p

cos*a sin?f + sin*a cos?p = cos?p sin?f

(cos?a)? sin?p + sin*a cos?B = cos?p sin?p
(1 — sin?a)?sin?p + sin*a (1 — sin?B) = (1 — sin2p) sin?p
[1% + (sin?a)?—2(1) (sin%a)] sin?B + sint*a — sin*a sin?f = sinf — sin*p
(1 + sin*a — 2sin*a)sin®p + sin*a — sin*a sin?f = sin*p — sin*p
s + sintasin?f — 2sin’a sin?f + sin*a — sin*asin®p = sin®f — sin*p
sin*a — 2 sin*a sin*f = — sin*p = sin*a + sin*B = 2 sina sin?p

costa sinta

cos?f * sin?f -

Intercharge a and 8

1—cosa+sina

6. 1 sine that

) = en prove tha =

Iy 1+ cosa + sina p 1+ sina y

135
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2sina
Y= 1+ cosa + sina
2sina
Y= 1+ sina + cosa
_ 2sina (1 + sina — cosa)
Y= (1 + sina + cosa) (1 + sina — cosa)
a b a b
2sina (1 + sina — cosa)
Y= (1 + sina)? — cos?a
B 2sina (1 + sina — cosa) = 2sina (1 + sina — cosa)
Y= 12 + 2(1)sina+ sina — cos®a 1+ 2sina + sina — cos?a
_ 2sina (1 + sina — cosa)
Y =1 cos?a + sinta + 2sina
y= 2sina (1 + sina — cosa) 2sina (1 + sina — cosa)

sin?a + sin?a + 2sina 2sin?a + 2sina

_ Zsina (1 + sina — cosa)

1 —cosa + sina

= y= ,
2Zsina (sina + 1) Y 1+ sina
T
7.1f x = Z cos*"0;y = Z sin*"0and z = Z cos®™ 0sin?"0,0 < 0 < >
n=0 n=0 n=0
= 1
therzoshowthatxyz xt+y+z 1+x+x2+-~-=1_x
x = z cos2™g =cos°0 + cos?0 + cos*O+ -+
1
n=0 — 29_|_ COSZQ 2+=—
o 1+ cos ( ) 1— cos?6
2 1 1
— ng— ——— —
X = z cos“™"0 sin?g — % <im0
n=0
y = Z sin?"g =sin0 + sin?0 + sin*0 + -
1
=1+ sin%0 + (sin?0)?+...= ——
T st ( ) 1 —sin?0

y:

cos?6
[ole]

_ 2 .2 . . .
z= Z cos“™ 0sin“"0 — cos%sin®6 + cos?0sin?6 + cos*Osin*0 + ---

n=0 = 1+ cos?0sin?0 + cos*@sin*0+ ---

=1+ cos?0sin?6 + (cos?0sin?6)? +
1

1 —sin208cos?0

7 =
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1 1

sin20 + cos26 + 1 — sin%6cos?0

c0s20(1 — sin%0cos?0) + sin*0(1 — sin*6cos?0)+ sin*Ocos?6

sin?0 cos?0(1 — sin?6cos?0)

X+ty+tz=

. . . -2 2
c0s%60 — sin?0cos*0 + sin%0 — sin*Bcos?0 + sin“Ocos-0

sin?6 cos?6(1 — sin*6cos?6)

cos20 + sin?0— sin?0cos*0 — sin*6cos?0 + sin*Ocos?6

sin?6 cos?0(1 — sin®*0Bcos?0)
1— sin?0cos?6(cos?0 + sin?0) + sin%6cos?0

sin?6 cos?0(1 — sin’Hcos?0)

11— sin?6cos20 (1)+ sin?cos?0 _ 1— sin?0cos? + sin*Ocos*6
sin?6 cos?0(1 — sin®Ocos?0) sin?@ cos?0(1 — sin®Hcos?0)
1 1 1 1

~ sin?0 cos?20(1 — sin26cos?0)  sin?6 % cos?0 8 1 — sin?6cos?0
=XXy Xz = = Xyz
8.1f tan’6 = 1 — k* . show that secO + tan®0cosecd = (2 — kz)2 Also,
find the values of k which this result holds
tan?0 = 1 — k?
Adding 1 on both sides
Sec?9 =2 — k2 = sech = (2— k2)2

= 1+tan29—1—k2+1

|- 1 4 tan? 0 = sec? 6|

L.H.S = secB + tan36 cosect . sin 0
ng =
1 . sM@Sinzel a coqu)
= X
cos®  cos30  sind secO = p—"
1 sin?9  cos?6 + sin?6 1
—_— _I_ —_— —_—
cos® cos30 cos36 cos36

113 3
= sec30 = [(2 — kz)f] = (2 -k?)z

tan?0 =1 — k?
When 6 =0, tan?0 =1—-k?= 0% =1 — k?

0=1-k? = k2=1 (when 6 = 60", tan?60° = 1 — k2 )
k=vI = k==+1 (V3) =1-k2
when @ = 45’ tan®45" = 1 — k? 3-1_}2 = k2=1-3

(1)2 1—k? = 1=1—k? 7 k2=—2=>k=\/—2‘3/
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k2=1-1 = k?=0
k=0
When 6 = 90", tan6 is undefined

When 6 > 45°, k? will be negative and k will be imaginary
since k lies between — 1 and 1

9.If secO + tanO = p,obtain the values of secO,tan@ and sinf in
termsof p

secd +tanf =p..(1)
1+ tan?0 = sec?0

sec?0 — tan?0 = 1 = (sech + tand) (sechd — tand) = 1

1
p(secd —tanf) =1 = secH — tanb = —

p - (2)
Adding (1)and (2)
= sin 6
secl + tant ? tan g = =
secl — ta/n@ = — 1
P secO =
1 p2 1 cos@
2secd = p + ; = 2secl =
2+1
secl = P
2p
Subracting (1) and (2)
secl +tanf = p
- & )y
secf — tand = —
1 2 _
2tan9=p—5 ﬁZtanQ:p 1
2
pc—1
tanf =
an 2
p>—1
tan6 _ 2P
secd p%+1
sinf ) >
s Pl P
1 p?+1 p?+1
cosB
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10. If cotO (1 + sinB) = 4m and cot6 (1 — sin@) = 4n,then prove that
(m? —n?)? = mn. — .
. (14 sin0)“ = 1° + sin“0+ 2(1)sind
_ cotf(1 + sinb) , . .
4m = cotf (1 + sinf) = m = (1 + sin0)? = 1 + sin® 0 + 2sinf

4 . (1 —sinB)? = 1 + sin? 6 — 2sind
square on both sides

cot?0 (1 + sinf)?
16

2:

m
cotd(1 — sinf)
4

square on both sides

4n = cotf (1 —sinf) = n=

, _ cot?8 (1 — sinf)?

n

16
, o cot?6 (1+sinB)* cot?6 (1 — sind)?
meen= 16 16
cot?6
m? —n? = T [(1 + sinB)? — (1 — sinB)?]
cot?6
ST [1+ sin? 0 + 2sinf — (1 + sin? 6 — 2sinB)]
) cotZG ;5
m? —n? [/1/+sy/9+25m9—/1/—}{{9+25m0]
cot29
m? —n? = X 4sinf
4
2o siné cot?0
4
L.H.S = (m? —n?)?
n?f0cot*0
m? —n2)2 _ sin-gcot 'O
( ) 16 . (1)
R.H.S =mn
_ cotf(1 + sinh) y cotf(1 —sinf)  cot?6(1% — sin?6)
B 4 4 B 16
cot?0(1%2 — sin?@) _ cot?8(1 — sin®h)
mn = 16 B 16 cot?0 x sin?0 = cos?0

2
1 7]
cot?0cos?0 cot?0 X cot?0 x sin?6 cot20 x sin20= 2% « s/wrz/
16 16 }_”é

t*0 sin®6
&7 .2 From(1)and (2) L.H.S=R.H.S

mn = 16
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11.1f cosecO — sinB = a3 and secO — cos0 = b3,then prove that

a’b?(a® + b?) = 1.

Given : a3= cosec8 — sinf

1 1 — sin?0
= ———5in = ——-—
sinf sinf
1
, C0s*6 cos26\3
a’ = —; =la =
sin6 sin@
b3 = secH — cos6
1 1= cos?60
cosf cos® cos0
1
b3 sin%0 | sin%0\3
"~ cosH ~ \ cos@

112 2 %9\
2n9\3 2p9\3 cos
cos<6 cos“6
az = = aZ = = az - 2
sinf sinf sin3f

1 )
2 NT ) sin36
bzzlsme3]:>b2=<sm9>=>b2: -
\ cos@ cosf cos30 /
4
cos39 sm39 cos39 sin36

2
sm30 60539 sm39 cos36

2
39 Sm30 .

[9/3/][ ][cos39+sm39]
/m}/ Smée cosée
9@/{ }(2/ [coszf+ sin?6 ] _1q

530

12. Eliminate 0 from the equations a secO — c tanf = b,

b secO + d tanf = c.
asecd —ctan6 —b =0

bsecO +dtanf —c =0
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Using cross multiplication method

secO

tan6 1

secl tanf 1
2 — (=bd)  —b*—(—ac)  ad —(=bhc)
secO _ tan@ _ 1
c2+bd —b%2+4+ac ad+bc
secO 1 tanb 1
= and —
c2+4+bd ad+ bc ac —b? ad + bc
9_bd+cz " G_ac—bz
sec _ad+bcan an " ad + bc

sec?0 — tan?0 =1

bd +c*) fac—b?]"_
ad + bc ad + bc|
(bd +c*)?  (ac-b2)? (bd + c*)? = (ac = b*)* _

(ad +bc)?2  (ad + bo)?2 (ad + bc)?

(bd + ¢?)? — (ac — b?)? = (ad + bc)?

1
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EXERCISE : 3.2

Example 3.6 Find the length of an arc of a circle of radius 5cm
subtending a central angle measuring 15°.

@ =15°, r=5cm s =?

7T .
9 = 15 degree degree = T80 X radian

T
= X — [
6 =15 180 radians

s=ro] .
ASm T
= |[S=—cm

s=5xX
18%12 12

Example 3.7 If the arcs of same length in two circles subtend
central angles 30° and 80°, find the radio of thiir radi Let r{ and 1,

be the radi of the two given circles

T
9 - 300: = o
: 01 = 30° X 1555
T
61 = - 6
6 4
92 = 80° = HZSQ/XW
92 == 4_7T 9

1. Express each of the following angles in radian measure:
(i)30° (ii)135° (iii) — 205° (iv) 150° (v) 330°.

(i) 30° into radians degree = % X radian
30° =30degree

T di T
= X —X = —
30, radians 6

6 T
(ii) 135° into radians degree = - X radian
135° = 135 degree
3 1 3
= ’12\\375><—><radians _2r
364 4
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(ii) — 205° into radians
—205°= —205 degree

41 T
= —205X —— X radians
36
_ 41m
36

(iii)150° into radians
150° = 150degree

= 150 X ﬁ X radians
5 T 57
50 X — = —
180 6
6

(iv) 330° into radians
330° = 330 degree

i3
=—X
degree = 80 radian

3
= —X ]
degree T80 radian

T
degree = — X radian

11 T
= X — X radi 180
330 g radians
_ 11w
-6
2.Find the degree measure corresponding to the following radian
measures
71 10w
(l)— (u)— (lu)— ()= W) —5—
(ii) —into degrees
3 _ 180°
T T radians =
— = —radians
’ 7: 1*80goo
== = 60°
3
(i) e
ii)—
9 , 180°
T T radians =
i §radians
w 180° 20°
= — = 20°
9.

143




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

(fii) — _ 180°
5 radians =

21 ]
= ?radlans

| ¥

2m  180°36"
Y

2X36° =72°

A ITC
(iii) 3 180°
radians =

m_Tm di
3 =3 radians

_mx}smeoo
3 o

10w

(v) =5~

=7 x60° =420°

180°

Tt 7w radians =

3 = EY radians i

7 180°60° . .
_gx - =7X%X60° =420
3.What must be the radius of a circular running path, around
which an athlete must run 5 times in order to describe 1 km?
Let r be the radii of the circle.

Circumference = 2nr

Given that:5(12nr) = 1km

10r = 1000m
1000 100 100 7 700
TETomr = g m T2z M 00xggm =
350 7

=—m=3182m
11
4.In a circle of diameter 40cm, a chord is of length 20 cm.
Find the length of the minor arc of the chord.

Diameter = 40cm

radius = 20cm
AB is the chord of length 20 cm. Let C be the midpoint of AB

O is the centre of cricle AC = CB = 10cm
InAOCA,2A0C =6
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sinf = opp
hyp
sinf = ﬁ = sinf = E
0OA 20

1
sin0=§ = 6 = 30°

Here AOB = 2 X 30° = 60° = gradians

Arc length : s = rf (central angle)

207
3 3 cm

44
_20 22 20 _ 5695em

37 21

5. Find the degree measure of the angle subtended at the centre
of circle of radius 100 cm by an arc of length 22cm.

Given : r =100cm;s = 22cm

Arc length : s = 10 (6 is the angle at the centre)

22 =1006
o — 22 di ) ,
= 100ra ians [0.6 X 60min = 36]
, 180°
radians =
T
B 2 o 180° o 22 180° _%2/ 186° x 7
100" 7 YT100°22 " 100" v
7
_ 126 _ 156°= 12034
10

6. What is the length of the arc intercepted by a central angle
ofmeasure 41° in a circle of radius 10ft?

0 =41° ,r=10ft ,s =

T
degree = —— X radian

0 = 41 degree 180

41><—
0= 180 radians

S=r0

3 451
41
s=10x X7 =1—;ft=%x¥ = — = 7.16ft
180 9 145
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7. If in two circles,arcs of the same length subtend angles 60°
and 75° at the centre, find the ratio of their radii.

Let ry and 1, be the radii of the given circles
T

6, =60° = 6; =60x T

! 1 =40 2503 degree = T80 X radian

s
0, = —radians

6, =75°= 6, =75x 12

57

6, = —radians
Given:§; =S5,
T 57
1"191: 7"292 = N X/§/= P XE 4

5 5

= - =S — =

r="1X 2 r, 4

8. The perimeter of a certain sector of a cricle is equal to the length
of the arc of a semi — circle having the same radius.

Express the angle of the sector in degrees, minutes and seconds.

= NN = 5:4

Given that perimeter of the sector= length of arc of semicircle
r+r+s =nr = r+r+rf =nr

2r+r0=nr = +(2+60)=m" .
s
0 = — 2 radians )
r
_ 22 22-14
. 7 7 dims — 180°
0 = 7 radians = g = § X 180 e
7 T
8 180° 11)720 (65- 45
9 = —X i
7 [ 60
g 55
8 _180° -8 1800 X 50
=7% 722 =7 1805 n =
= 60
_180° x4 7207 _ g5 45450 (0.4545°x 60 = 27.27' | T
11 11 0.27" = 0.27' x 60

= 162" ~ 16"

= 65°27'16"
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9.An airplane propeller rotates 1000 times per minute. Find the
number of degrees that a point the edge of the propeller will rotate

in 1 second.

No.of rotations per minute = 1000

50 )
No.of rotations per second = Jzﬂ_(}@’ = >0 tati = >0 x3,16zﬂef
- 360 — 3 rotations =-—
= 6000°
10. A train is moving on a circular track of 1500m radius at the rate
of 66km\hr. What angle will be turn in 20 seconds?
Given : r = 1500m, Speed = 66km\hr 1km = 1000m
, , 1hr = 60 mins
Time = 20sec.To find 68 =?
Speed = 66km\hr
Speed = 66 x 1000 m\hr
66000
Speed = 66000 m\hr = Speed = Tm\min
116 55
croed = 26000 66000
peed = C0 % 60m\sec _/Wm\sec
55
Speed = —m\sec
3 Di
d = Istance
. 55 speed = i
Distance = ?m\«séc X 205/36 [Distance = sp;Z;ex Time}
55
Distance = 3 X20m = § = %m
S=r0
1106~
Tm=/1/500m><9 = %=15><9
11 o 1 9 = 11
3715 9=15
11 180° 11 180°

S el
45 222

0 = 14°
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11. A ciruclar metallic plate of radius 8cm and thickness 6mm is
melted and moulded into a pie(a sector of the circle with thickness)
of radius 16cm and thickness 4mm. Find the angle of the sector.

r, = radius of circular coin

. m = radius of sector
Given:

Volume of circular plate = volume of sector
2

T
mr % X thickness = ?29 X thickness
6  (16)> 4

8)2x — = X —
()™ 15 7 %10
64 X6 = 12860 X 4
64T X 6 3
= == i = 1350
178 x4 4nradlans
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EXERCISE : 3.3

3
Example: 3.9 If sin 0 = — and the angle 0 is in the second quadrant,then

5
find the values of other five trigonometric functions.
3
Given:sinf = <

sin20 + cos?0 =1 = cos?6 =1 — sin®6

cosO = 1-— sm2

8—+’1—— = ’

cos oe = cosf =

cosf =+ | = cosf=+=
25

U'II-P

cos@ = —— 0lies inthe second quardrant.
. 9 J— 5
sin @ =z = cosect = 3
4 5. . .
cos @ = -z — sech = ~2 [since O lies in the second quardrant].
in 0 3 3
tan9=Sln =>tan0=i/=>tan9= ——
cos 8 —4
5
cotd = ——

3

Example : 3.10.Find the values of (i) sin(—45°), (ii) cos(—45°),
(iii) cot(—45°).
S A

® g |1
sin(—45°)= —sin45°  [sin(—0) = —sind| 180°—6 | 90°—6 (6)
1 < >
V2 g -9 v 360°—0 (—0)
(ii) cos(—45°) = cos45° [cos(—0) = cosb|
1
V2
(iv) cot(—45°) = —cot 45° |cot(—9) = —cot@l
=-1

Example: 3.11 Find the value of (i) sin 150°, (ii) cos 135°, (iii)tan 120°
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(l) sin150° = Sin(90° + 600) |Sin(90° + 9) = COSQl s 1 [ 4
= cos 60° R
_ l T 1 l v ¢
- 2 - 360°— 0 (—0)
(or)
sin 150° = sin(180° — 30°) s ou '[ I 4
— sin30° sin(180°—@) =sing | 7| @*°
1 r l IV ¢ 270°+0
— E 180° + 6 —0)
(iit) cos135° = cos(180° —45°)  [£5(180° — 6) = —cosd)]
= —cos(45°) o
— _i 180°— 6 | 90°—¢ (9)
\/E ) I vV ¢
(OT) - 360°— 0 (—8)
135° = 90° + 45°
€05 cos( ) |cos(90° + 0) = —sind|
= - sin(45°) S I
_ 1 (3}360 +0
V2 r 1 l IV ¢ 270°+6
180°
(iii)tan 120° = tan(180° — 60°) e
= —tan 60° [tqn(180° — ) = —tand|
= /3 s I I 4
(07‘) 180°—4 | 90°—6 (@)
tan 120° = tan(90° + 30°) p o m l W
— —cot 30° [tan(90° 4+ 0) = —cotH)| 27070 L 360°-6 (-0)
-3
Example:3.12 Find the value of (i) sin765° , s |1,
—15m 90° + 0 (6)360°+8
(ii) cosec(—1410°), (iii) cot 2 | « s
111 °
(i) sin765° = sin(2 x 360° + 45°) i N BT
(—6)
= sin45° [sin(360° + 6) = sinb)|
A
I
— 1 360) 765(2 s 1 A
V2 720 180°—6 | 90°—6 ()
45 ) >
765 = 2 x 360 + 45 r o me
v 360°—6 (—6)
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|

(ii) cosec(—1410°) s u 11 2
cosec(—1410°) = — cosec(1410°) 90° + @ (6)360° +9
= — cosec(3 x 360° + 330°) < —
= — cosec 330° T 1;){)_'_9 IV 200 1+ 9
= —cosec(360° — 30°) (=6)
_ o 1410 (3
= —{—cosec30°%} 360)1080 ( cosec(360° + 0)
= cosec30° =2 - = cosecO
330
[1410 = 3 x 360 + 330]|c0sec(360° - 6)
= —cosecH
F 3
s 1 11 4 S I' 4
180°— @ 90°— 9 (@) 90°+ @ (6) 360°+0
111 v ) 11 ro
- 360”—6;1 (—0) d 180° + 6 IV "+ 0
v v (—0)
i) cot —15n 15m  15x180°
(iii) co 2 lcot(—6) = —cotb)| Y 2
—157 157 o = 15X 45°= 675°
C°t< 4 ) -7 COt( 4 ) =~ C0t675 [cot(360° — §) = —cotd]
= — cot(360° + 315°) = — cot(315°)
s I 4
= —cot(360° — 45°) = —{—cot45°} 90° + 0 [ (6)360°+8
= cot45° = < " . >
su b1, T’ BJ' C 270°+8
180°— @ Iwa (9 > (-0)
T‘ 111 v ¢ -
g0°—o 360°— 8 (—0)

Example:3.13 Prove : tan315° cot(—405°) + cot495°tan(—585°) = 2.
L.H.S = tan 315° cot(—405°) + cot 495°tan(—585°) lcot(—6) = — cotb)]

= tan 315°X — cot(405°)+ cot 495°x — tan(585°) tan(=6) = —tanb)
= tan(360° — 45°) X — cot(360° + 45°)+ cot (360° + 135°)
= — tan 45°x — cot 45°+ cot 135° X — tan225° X —tan(360° + 225°)

= tan45°X cot 45° + cot(180° — 45°) X — tan(270° — 45°)

= tan45°X cot 45°— cot 45° X —cot45° (tan(360°+ @) = tan
= tan45° X cot 45°+ cot 45° X cot45° tan(360° — 6) = — tand
=1x1+1x1=2 cot(360°+ 0) = cotb
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Example: 3.14. Determine whether the following functions are even,
odd or neither. (i)sin?x — 2 cos*x — cos x, (ii) sin(cos(x)),
(iii) cos(sin(x)), (iv) sinx + cosx.

[Sin(—G) = —sinG]

cos(—8) = cos6

(i) f(x) = sin®’x — 2cos*x — cos x

f(x) = (sinx)?— 2(cosx)*— cosx
f(=x) = [sin(—x)]? —2[cos(—x)]*— cos(—x)
= (—sinx)? — 2(cosx)? — cosx
f(—=x) = sin®x — 2cos?x — cosx
f(—=x) = f(x) = f(x)iseven
(ii) f(x) = sin[cos(x)]
f(—x) = sin[cos(—x)] = sin(cos x)
f(=x) = f(x) = f(x)iseven
(iii) f(x) = cos(sin(x))
f(—x) = cos[sin(—x)] [
= cos[— sinx] = cos[sin x]
f(=x)=f(x) = f(x)iseven.
(iv) f(x) = sinx + cos x
f(=x) = sin(—x) + cos(—x)
f(—x) = —sinx + cos x
f(=x) # f(x)
f(=x)# —f(x)

f(x) = sinx + cos x is neither even nor odd.

sin(—0) =— sinGJ

cos(—=6) = cosh

1. Find the values of (i) sin(480°) (ii) sin(—1110°) (iii) cos(300°),

i 19 . [11m
(iv) tan(1050°), (v) cot(660°) (vi) tan =3 | (vii) sin [ 3 ] .

) sin(480°
() sin( ) (Sin(360° + 6) = sin@ ]

= sin(360° + 120°) = sin 120°

= sin(180° ~ 60°) = sin 60" — > | 5in(180°~ 6) = sing
(i) sin(—1110°) Sn(=0) = —sind| 360 ) 1110( 3
— —sin(1110°) = —sin(3 X 360° + 30°) 1080
1 30
= —sin30% = -5 [1110=3><360+30]
sin(360° + 8) = sind
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(iii) cos 300° e85 =8 = cosd]
300° = 360° — 60°
R - ° ) 360 ) 1050 (2
= cos 60 i
1 —
T2 330
=3 x 360+ 30
(iv) tan(1050°) 1050
tan(1050°)= tan(2 x 360° + 330°) |tan(360° +6) = tan9|

|tan(360° — §) = —tané|

|

tan 330°
= tan(360° — 30°)

(v) cot(660°) B _\/_§

= cot(660°) = cot(360° + 300°)
= cot300° = cot(360° — 60°)
1

—tan 30°

cot(360° + @) = cotb
cot(360° — ) =— cot0

—cot60° = ——

V3
on 4 197 19 % 180°
(vi) tan <T> 360 ) 1140(3 3. 3 o
. 1080 19 x 180°
= tan1140 60 — 3
= tan(3 X 360°+60°) |1140 = 3x 360+ 60 = 19 X 60°
= tan 60° = +/3 = 11407 /
—117n o
(vii) sin( 3 ) sin(—0) = —sind| 417t= 11 x 180 )
3 3
117'[ o ©
sin(——>=_sin 1in = —sin 660° _11X1'80 60
3 3 T3
= —{sin(360° + 300°)} | = 11%x60°= 660"
= ~sin300% = ~{sin(360° — 60} 360 ) 660 (1
V3 360
= 4§ _—q7 600 — 1 600 — J—
{—sin60°}= sin 5 300

|sin(360° + 6) = sind| |sin(360° — 6) = —sinb)|

660= 360 + 300

5 2V6)\ | , L :
is apoint on the terminal side of an angle 0 in standard

position. Determine trigonometric function values of angle 6.

X=7,y

_2V6
7
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S )

>

_ 25+4(6)_ 25+24_ 25+24_ 49 3
T 049" 49 T |49 T 49 49 |49
r=1 ]
X 5
5 Cc0s0 =— = cosf =—
r 7
9_7
sec =z
SiH@:X
r
i V6 = cosecO ZL
Sll’10=7 2\/8
24/6
tane:z ﬁtan@:i/
x 5
P
tan @ 6 = to
anf = — cotld = —
5 2v/6

3.Find the value of other five trigonometric function for the
following:

1
(i) cos 0 = — > 0 lies in the III quardrant.
2
(ii) cos 0 = 3’ 0 lies in the I quardrant.
2
(iii) sin@ = — 3’ 0 lies in the IV quardrant.

(iv) tan O = —2,0 lies in the II quardrant.

13
(v)secO = = 0 lies in the IV quardrant.

1
(i)cos B = — 2 0 lies in the I1I quardrant.
2 _ AR2 2
1 adj AC* = AB* + BC

C059=—§ % ABZZACZ—BCZ

= 2 _ 2
AB = AC? — B0z = AB =4/22 =12 AB AC? — BC -
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AB=vV4—1 = AB =13 4
0 lies in the I1I quadrant,only tan0 and cot 0 2
are positive: V3
opp 3 opp o (
sin hyp 5 tan 6 adj B 1 C
1 -2 1
cosecl = — =—: secl = =—2: cosf = ——
sin 8 3 cos @
cotf = ang = \/_§
iy 2 . A
(i) cos 0 = 3’ 0 lies in the I quardrant. 3
o 2 adj V5
cos 3 hyp B . 7] c
AB=.32-22=V9-4=15
0 lies in the I quadrant all the trigonometric rations are positive.
5 3
sin 0= £,tan9=—, cosecl=— 4
3 2 NG
3 2 3
secl=—, cotfd = — 2
2 B AN
(iii) sin@ = — 3 0 lies in the IV quardrant. B \5
2 o
sind = -2 3.,
BC =+32-22 =194
BC =5
0 lies in the IV quadrant,only cos8 and sec@ are positive.
V5 -2 3
ncosf = ?;tane = E; secf = ﬁ;
_3 _
cosecd =—; cotf = _\/E
2 2

(iv)tan B = —2,0 lies in the II quardrant.

_ 209
tan@——I adj

AC =/22+12 =5

0 lies in the Il quadrant, only sin@ and cosec6 are positive.
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. 2 -1 V5 4
sind =—, cosf =—, cosecd =—,
V5 V5 2 NG
-1 2
sec = —V5, coth = 6
13 B 1 ¢
(v) secO = = 0 lies in the IV quardrant
13 5
secld =— — cosf=—
5 13 A
AB =./132 — 52 =169 — 25 =144 = 12 13
0 lies in the IV quadrant, only cos 0 and secf 12
are positive. 0 c
. 12 B
Sm9=——,cost9:i,tan9=—2, >
13 13 5
13
cosecd= 15 cotf= 17
4P that cot(180° + 0) sin(90° — 0) cos(—0) 20 cot 0
.Pr =
ove tha sin(270° + Q) tan(—0) cosecO (360° + ) cosTco
LHS = cot(180° + 8) sin(90° — @) cos(—6) cot(180° + 8) = cot 0
o sin(270° + 0) tan(—8) cosech (360° + ) sin(90° — §) = cos
cotf X cos@ X cos O ~ cos(=) = cost
= sin(270°+ 68) = —cos6
—cosf X —tan 8 X cosect tan(—) = —tan6
cos6 i cos 6@ cosec(360° 4+ 0) = cosect
_ Sing X cosB X cosb  Snd X cos O
<0 % sind 9 1 = 1
oS cos O " sin0@ cos O
cos?0 cos@ ,, oSO
= — X = cos“0 X —
sin 6 1 sinf
= cos?0 cot b
5. Find all the3 angles between 0° and 360° which satisfy the equation
sin?0 = Z
a3 sin(270° — 30°) = —cos30°
sin“0 = 2
n 240° = V3
| 3 N sin =
sinf = 7 = sinf = i7
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sin0=\/2—§ sinBz—?
sin@ = sin 60° sin @ = sin(270° — 30°)
6 =60° sin @ = sin 240°
sin @ = sin(180° — 60°) 0 = 240°
sin@ = sin 120° sin @ = sin(360° — 60°)
6 =120° sinf@ = sin300° = 6 = 300°

-~ 0 =60°,120°,240°,300°

6.Show that sin? I + sin? T + sin? 7—n + sin? 4—n = 2.
18 9 18 9
L.H.S = sinZi + SinZE + sin27—n + Sin24—n
18 9 18 9

10° 20° 10°
(7 180° _ T 180° 7 180°
= sin X + sin? gxX— )+ sin? | =— X 20°

18 yi4 18 T
= s5in?10° + sin®20° + sin?70° + sin?80° + sin2 (ﬂ X 180 >

= [sin(90 — 80°)]2 + [sin(90 — 70)]? + sin?70° + sin?80° vF
= c0s280° + c0s?70° + sin?70° + sin?80°

= (c0s?80° + sin?80°) + (cos?70° + sin?70°)

=14+1=2=R.H.S
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EXERCISE : 3.4

COMPOUND ANGLES \
sin(A+ B) =sinAcosB + cosAsinB
sin(A — B) = sinAcosB — cos Asin B

cos(A+ B) =cosAcosB —sinAsinB

cos(A — B) = cosAcosB + sinAsinB

tanA + tan B
1—tanAtanB

tanA —tan B
Ktan(/l —B= 1+tanAtanB /
Example : 3.5 Find the value of i) cos 15°
cos 15°= cos(45° — 30°) lcos(A — B) = cos Acos B + sin A sin B]
= c0s 45° cos 30° + sin45°sin 30°

1
_X\/§+1X1_\/§ 1 V3+1

V2 2 T TR e a2
_\/_+1 V2 Ve ++2

tan(4A + B) =

N2 Nz &
ji ° tanA + tan B
ii)tan165 tan(A + B) =
tan 165° = tan(120° + 45°) 1—tanAtanB
tan 120°+ tan 45° tan120° = tan(180° — 600)
= o = —tan 60° = —/3
1 — tan120° tan 45
-3+ 1 = —V3+1 1.3
(3 1+V3 " 1443
—-12
Example 3.16 If sinx = E(in I quadrant) and cosy = 13
(in II quadrant), then find (i) sin(x — y), (ii) cos(x — y).
4
Given : sinx = =
5
cos’x + sin’x = 1
cos’x =1 —sin’x = cosx = —sm2

’ 2 ,
COSX = 1— — = = 1__
CoSx = >e
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/ 5—-16 ’
coSx = = (COSX =
3

3
cosx = E since 0 < x < E 5 COSX = =
- 12 he 11 d
Given : cosy = I3 in the Il quadrant sin?y + cos?y = 1
siny = /1 — cos2y sin?y = 1 — cos?y
2 siny = /1 — cos?
siny:\/1_<_2> 144 Y Y
13) = [1—-—
169
_|169 - 144 _ 25
B 169 169
L5
siny =+ 3

siny = 133 (since y lies in the Il quadrant)
(i) sin(x —y) = sinx cosy — cosx siny
4 (—12 3 (5 48 15 —48-15
- §<F>_§ <E>=_£_E 65
63
65
(ii) cos(x — y) = cosx cosy + sinx siny

_3(—12>+4<3>_ 36,20 _ 16
5\13/ " 5\13/" 65 65 65

3 3T .
Example 3.17 Prove that cos e + x| —cos 7 x| =—V2sinx

3 3 45°
L.H.S=cos<7ﬂ+x>—cos<f—x> [?%T iﬂ; l/gj}—IBSJ

= C0oS 51 CcoSXx 1 3 1 { 3 + si 3 A }
= — — — —3C0S — COSX SIin—Sinx
4 sin 4 sinx 4 4

3

ctﬁn/cosx ot ;,Bﬂ/ ] j
= — sin— sinx — cos—= cosx — Sin— sinx
4 4 4 4

3
= —ZSinTsinx = —2sin135°sinx [Sin135° = sin(180° — 45°)J
9

sin135° = sin45° 1

= —2sin45°sinx
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1 1
= -2 —=|sinx = V2 x+2 x —=x sinx = —+/2 sinx
(%) 7
Example 3.18 Point A(9,12) rotates around the origin O in a plane
through 60° in the anticlock wise direction to a new position B. Find
the coordinates of the point B,

Let A(9,12) = A (r cosO,r sinf) [ cos(6 + 60°),7sin(6 + 60°)]
Then r cosf =9 and r sinf = 12.
r= JxT T2
r = T 12 = VBT F 148 = VI35
.

Hence, the point A is (15cos60, 15sin8).

Now, the point B is
[15cos(6 + 60°),15sin(8 + 60°)]
15 cos(@ + 60°) = 15[cosB cos60° — sinfsin60°]

= 15[cos0 cos60° — sinfsin60°] [15 cosd =9 ]
= 15c0s0 c0s60° — 15sin8sin60° 15 sing = 12.

1 V3 9 123

2 2 2 2

3
:5(3—4\/5)

15sin(8 + 60°) = 15 (sin 6 cos60° + cosh sin60°)
= 15sin 60 cos60° + 15co0s6 sin60°

1 V3

=12X=-4+9X%x —

7t 2

12 93 3
_ 4.7V =Z(4+3V3
—+— 5 ( )

B = [%(3 — 4\/5),;(4 + 3\/§)]

Example3.19 Aripple rank demonstrates the ef fect of two water
waves being added together.The two waves are described by
h=8cost and h = 6sint,wheret € (0,2m) is in secounds and h the
height in millimeters above still water. Find the maximum

height of the resultant wave and the value of t at a which it occurs.

Let H be the height of the resulatant wave at time t.Then H is given by
Given : h = 8cost ...(1) and h = 6sint ...(2)
H = 8cost+ 6sint lcos A cos B + sin Asin B = cos (A — B)]
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Let 8cost + 6sint = cost(k cosa) + sint (ksina)
= k(costcosa + sint sina)
8cost + 6sint = k cos(t — a)

k =+/82 + 62 = V64 + 36 = V100
Hence, k = 10
solve (1) and (2)
6 sint = 8 cost
sint 8

4
—— =— =tant = -
cost 6 3

8cost + 6sint = k cos(t — a)
H =k cos(t —a)
H =10 cos(t — a)
whent =«
H =10 cos(a — a)

H =10cos0 =H =10
Thus, the maximum of H = 10mm. The maximum occurs whent = «,

Wheretana = 1

Example 3.20 Expand (i) sin(A + B + C) (ii) tan(A+ B + C)

(D) sin(A+ B+ C) = sin[A +%—q |sin(A + B) = sin A cos B + cos A sin B|

= sinAcos(B + C)+ cos Asin(B + C)
= sin A (cosB cosC — sinBsinC) + cosA (sinB cosC + cosB sinC)
= sin A cosB cosC — sin A sinBsinC + cos A sinB cosC + cos A cosB sinC
= sin A cosB cosC + cos A sinB cosC+ cos A cosB sinC— sinA sinB sinC

(ii) tan(A+ B + C)= tan[A + B + C]

tanA + tan B
_ _tanA +tan(B + C) B tan(A + B) = 1 — tanAtanB
1 —tanA tan(B + C)
tanB + tanC tanA(1 — tanB tan C ) + tanB + tanC
B tand + 1—tanBtanC  _ 1 —tanBtanC
tanB + tanC 1 — tanB tan C — tanA(tanB + tanC)
1-tand [1—tanBtanC] 1—tanBtancC

_ tanA — tanA tanB tanC + tanB + tanC
" 1—tanB tanC — tanA(tanB + tanC)
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tanA + tanB + tanC — tanA tanB tanC
1 — tanB tan C — tanA tanB — tanA tanC

15

12
1.If smx—ﬁ andcosy—ﬁ 0<x<§ 0<y<— find the value of

(i) sin(x + y) (ii) cos(x — y) (iii) tan(x + y).

yia s
0<x< 5 0<y< E,x and y lies in the I quadrant.
sin?0 + cos?6 =1

=~ All the trigonometric ratios are positive
sinx — 15 cos?f = 1 — sin?0
17

_ 24 cosf =+/1 —sin?0
cosx =+ 1—sin

15 ’
_ (1 289 — 225
cosx = |1 (17> = cosx = 1—— = cosx—\/—

= 64 = cosx—+—
CoOSx = 289 17

— 8 . 7T
cosx-17 since 0<x<§

12

cosy =z = siny =4/1 — cos?y

2
siny= |1-— <E) = 1 144 _ w _ |2
13) ~ 169 169 ~ 169

[sinze + cos?f =1 ]

sin’f = 1 — cos?6

) T
siny = "‘1—3 = siny = since 0 <y <~
sinx J1_£5/ 15
tanx = = — tanx = —
COS X 8
§%4
) 5
tanyzsmy 13 _ 5
CoS y 10 = tany E

|sin(x + y) = sinx cosy + cos x siny|
15 12 8 5 180 40 220

= X — f— X— =
7 BT 13 221 T 221 221
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(ii) cos(x — y)

|cos(x —y) = cosx cosy + sin x sin y|

_ 8 12+15><5 96 N 75 96 x17+75x15
"5 13717713 T 15x13 '17x13  13x15x17
_1632+1125_2757
~ 3315 3315
(iii) tan(x + y)
tanx + tany
t =
an(x +y) 1 —tanxtany
15 5 45+ 10 55
812 24 _ 24
15 5 96 —75
- x5 17D o6
8 12 96
55 4
24 55 96
tan(x +y) =" = tan(x +y) = 7 X o7
96
220
tan(x +y) = 21

41 2 2
(i) sin(4 + B) (ii) cos(A — B)

[ [
0<AKL E'O <B< E'A'B lies in the I quadrant.

~ All the trigonometric ratios are positive

] 3
sinA =§
2
cosA =+1—-sin?4 = [1- <§>
9 25—-9 16
=17 T3 Tz

* since 0<A <=
cos A = g since 2

3 9 4 (4
2.1f sinA = 3 and cosB=-—,0< A< =,0<B < —.Find the value of
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cosB = —

’ ’ 1681 — 81
B=+1- — — _
sin cos? 1 41 1 Teal 1681

B 1600 — B =
sinB = —
sin 1681 41

(i) sin(A+ B) = sinAcosB + cosAsinB

—3><9 4 40 27+16O 187
5217521~ 205 "205 " 205

(ii) cos(A— B)= cos AcosB + sinAsinB
4 9 3 40 36 120 156

= — X — + -
5% 4175 “a1 205 2057205
[
3.Find cos(x — y),given thatcosx = — - with 1 < x < — and
5 2
. 24 th < v < 3
siny = —ozwithm <y <—-.
3
T<x< - X lies in the I1] quadrant only.cotx and tan x are positive
4
cosx =—¢

sinx =/ 1 — cos?x

4y 2 16 25— 16
sinx = 1—(—5) 1—-— =

25 25
9 . +3

i = J— Sinx = 1rr—

Sinx 25 5

) 3 3T

smx:—g sincent < x < —

n<y< Y is also lies in the I1] quardrant. coty and tany are positive

, 24
siny = — ¢
cosy =+/1 —sin?y
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oo |1 (24 _ |, _576_ |625-576
- 25) 625 . 625

49 7 , 31T

cosy = E: cosyzig smcen<y<7

7
cosy =—o

|- cos(x —y) = cosxcosy+ sinxsiny|

4 7 3\(_24\_28 72 _100 4
B <_§)<_£>+ “5)\725) T125 125 125 " 5
8 1[4
4.Find sin(x — y)given that sinx = Ewith 0<x< > and

24 T
cosy:—ﬁ Wlth7'l'<y<7.

T
0<x< E,x lies in the I quardrant

=~ All the trigonometric ratios are positive.

. 8
sinx ==

cosx =+ 1 —sin?x

| (8 _ |, _ 6% _ [289-64
cosx= 1+7\17) ~ 289 |~ 289

cosx = %2 = Cosxzii_g sinceO<x<g
15
cosx ==
T<y< 3;.3/ lies in the I quadrant only tany and coty are positive
24
cosy=-—-
siny =+/1 — cos?y

o 24\* | _576 _ |625-576
Sy = 25) 625 |~ 625
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, 49 7
siny = E = Sin y = + E
7

. __ 3T
SINY = ~5¢ sincem < x < —

sin(x —y) = sinxcosy — cosxsiny

- (1) ()~ (5)(-

425 225 425

5.Find the value of (i) cos 105° (ii) sin 105° (iii) tan—
cos 105° = cos(60° + 45°)

87

lcos(A + B) = cos Acos B — sin A sin B|
= cos 60°cos 45°— sin 60° sin 45°

1 1 \/g 1 1 V3 1—\/§
= —X = —_— =

2 V2 2 22 22 22
1- fsxg VZ-16

N2 N2 4

ii) sin 105°

sin 105° = sin(60° 4 45°)

|sin(4 + B) = sin A cos B + cos A sin B|
= sin 60°cos 45°+ cos 60°sin 45°
_\/§Xi+1x 1 \/§ 1 V3+1
2 V222 AR 22
7T
(iii) tan— 15°
12 30° an(A + B = tanA + tan B
tan7—T[ = tan (%jx L80/°) an( ) = 1 —tanAtanB
12
2 <l
t T = tan(7 x 15°)
an 7= an
t 7t—t 105°
anE— an
tan 105° = tan(60° + 45°)
tan 60° + tan45° V3+ 1 _\/§+1
1= tan60°tan45° 1 =(¥3)(1) 1=3 166
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_\/§+1X1+x/§ _ (B+1)?
T1-V3 1+43 12 - (¥/3)2

_ (V3+1)* (\/§)2 +2(V/3)(1) + 12

12 — (\/3)2 1-3
C3+42(V3) () +1 _4+2\/§=)<2+\/§>
N —2 ) =2
7T

tan— = —(2 + \/§)
12
V3 cosx — sinx
2

6. Prove that (i) cos(30° + x) =
(iii) sin(m + ) = —sin @
V3 cosx — sinx |cos(A + B) = cosAcosB —sinA sinB|

(ii) cos(m+ 0) = —cos O

(i) cos(30°+ x) =

2
cos(30° + x) = cos 30°cos x— sin30°sinx
V3 1 V3cosx sinx
=7><cosx—§smx = 5 i
_ V3 cosx — sinx

2
(ii) cos(m+ 0) = —cos O
L.H.S = cos(t+ 0) =cosmcosO —sinmsin®

=—1x%xcosd—0Xsiné
= —cosf

(iii) sin(m + 0) = —sin O |sin(A + B) = sin A cos B 4+ cos A sin B|

sin(m+ 0) = sinm cos 9+ cos T sin 6
= (0)cos 6 + (—1)sin6

=0—sinf
Sin(T[+ 8) = —5sin@

[+ sin180° = 0]
[+ cos180° = —1]

7.Find a quadratic equation whose roots are sin15° and cos 15°
sin 15° = sin(45° — 30°)
= sin45°cos 30°— cos 45°sin 30°

1 1
=—x§ — —xl lcos(A — B) = cos Acos B + sin A sin B|

2 2
V2o 2 V2 |sin(A — B) = sin A cos B — cos A sin B|
V31 VB3-1

2V2 . 2N2. . 2\2
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V3 1 V3-1
22 22 22
cos 15° = cos(45° — 30°)
= cos 45°cos 30°t sin45°sin 30°

1 \/§+1 1 \/§+1 V3+1
— X - — X _ = =
V2 2 N2 2 22 2V2 242
V3 1 V3+1

+ or
V2 22 22
Sum of the roots = sin 15° + cos 15°

V3-1 V3+1 3-1+V3+1 V3+V3 23

sin 15° =

cos 15° =

Nz vz 2z a2 a2
_@_x/?x\/i
V2 V2xV2

Sum of the roots = >

Product of the roots = sin 15° cos 15°

B <\/§ — 1) <\/§ + 1>
V2 )\ 2v2
(V3)-12 3-1_2_1
- 1T 8 8 4
Product of the roots = 2
~ Required equation is x?> — (sum of the roots)x + product of the roots = 0
6 1
x? — £ x+—=0
2 4

multiplying both side by 4

4x2 —2V6x +1=0
8.Expand cos(A + B + C).Hence prove that cos A cos BcosC = -
sinAsinBcosC + sinBsinCcosA+ sinCsinAcosB,if A+ B+ C = 7

cos(A+ B +g) = cos(A+ B) cos C — sin(A + B) sinC
A

= [cos Acos B — sinAsin B]cos C — [sinAcos B + cos Asin B]sinC

cos(A+ B+ C)=cosAcosBcosC —sinAsinBcosC —sinAcosBsinC
—cosAsinBsinC
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[
A+B+C=+ lcos(A + B) = cos Acos B — sin Asin B

2
s |sin(A + B) = sinA cos B + cos A sin B|
cos(A+B+C) = cos >

cosAcosBcosC —sinAsinBcosC —sinAcosBsinC —cosAsinBsinC =0
s coSAcosBcosC =sinAsinBcosC + sinAcosBsinC + cos AsinB sinC

9. Prove that (i) sin(45°+ 0) — sin(45°— 0) = V2 sin@
(ii) sin(30° + @) + cos(60° + 0) = cos O
(i) sin(45°+ 0) — sin(45°— 0) =V2sin@

L.H.S = sin(45°+ 0) — sin(45° — 6) [sin(A + B) = sin A cos B + cos A sin B|
= sin45°cos 0 + cos 45°sin 0 — (sin 45° cos 6 — cos 45° sin Q)

—1c050+1'0 <1 6 1'6)
== —sinf — | —=cos 8 — —sin
V2 V2 V2 V2

1 1 1 1
= —=€050+ —sin ——e0s 0 +—sind
V2

V2

1 1 . 1 1
=-—=sinf +—=sinf =-—(sinf +sinf)=—=x2sinb

V2 V2 V2 V2

1 1
=-—x2sin = —x2ZxX\2sin0 =2 sind
V2 /&/%

(ii) sin(30° + 0) + cos(60° + 0) = cos O
L.H.S = sin(30° + 6) + cos(60° + 8)|cos(A + B) = cos Acos B — sin Asin B|

= sin30°cos 6 + cos 30°sin @ + cos 60° cos 6 — sin 60°sin @

1 V3 1 V3
= —cos @ +%4n9 +ECOSQ_ sin@

2
1 1 1 1
=§COSQ+§COSQ =E(COSQ+COSQ) =§><2c059

= cos 6
10.1f a cos(x+y) = b cos(x —y),show that(a + b) tanx = (a — b) cot y.
acos(x+y)=bcos(x—y)
a[cos x cosy — sinx siny]= b[cos x cosy + sinx siny]

acosxcosy—asinxsiny = bcosxcosy + bsinxsiny
ACoOSXCOSY —bcosxcosy=asinxsiny +bsinxsiny
(a—b)cosxcosy= (a+b)sinxsiny

cosy sin

siny =(a+b) cos x

(a+b)tanx = (a—b)coty 169

= (a—b)coty = (a+b)tanx
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11. Prove that sin105° + cos 105° = cos 45°
L.H.S =sin105°+ cos 105°

= sin(60° + 45°) + cos(60° + 45°)
= sin 60° cos 45° 4 cos 60° sin 45°+ cos 60° cos 45° — sin 60° sin 45°
zﬁxi+lxi+lxi_*/_§xi

2 N2 2 N2 2 2 2 NG
SN O S S

22 2V 22 202 2V 22 2.

1
=-—=1c0545°=R.H.S

V2
12. Prove that sin75° — sin15° = cos 105° + cos 15°.
L.H.S=sin75° —sin 15° [sin(90° — ) = cos0)]
= sin(90° — 15°) — sin 15° [cos(90° ¥ 8) = —sind|

= cos 15° — sin 15°

R.H.S = cos105°+ cos 15°
= cos(90 + 15°)+ cos 15°
= —sin15°+ cos 15° = cos 15° — sin 15°
~LHS=R.H.S
13.Show that tan75° + cot75° =
tan75° = tan(45° + 30°)
o o tanA + tanB
tan 45° + tan 30 [tan(A +B) = T tanAtanBJ

tan75° = 1 — tan45°tan 30°
1 1+ 1
1+ — —
V3 V3
tan75° = —— =
1 1 1
-ofg) E
V3+1
ﬁ/ 34+1
tan750m ————— = tanyse = 31
V3—-1 V3—-1
B~
3—1
cot75° = = cot75° = \/—
tan 75° V3+1

170




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

L.H.S = tan75° + cot75°
V3+1  V3-1 (V3+1)2 +(V3-1)2

B-1 @ B+1 V3-1) (V3+1)
(V3)? + (1*+2V3 + (V3)? - 28 + 12
(V3)? — 12
3+1+2>5+3—2/§+1 =§=4
2

3 -1
14. Prove that cos(A+ B) cosC — cos(B + C)cosA = sinBsin(C — A)

L.H.S =cos(A+ B)cosC —cos(B+C)cosA

= (cos Acos B —sinAsinB) cos C—cos A(cos BcosC — sinBsin(C)
= cosA/ws’EcosC—sinAsinB cos C —cos Acos B cos C+ cos Asin B sinC

=cosAsinBsinC —sinAsinBcosC
= sinB(cosAsinC — sinAcosC) = sinB(sinC cos A — cos C sin A)
=sinBsin(C—A) =R.H.S

15. Prove that sin(n + 1)0 sin(n — 1)@ + cos(n + 1)0 cos(n — 1)0.

=cos20,ne’
L.H.S =sin(n+ 1)8sin(n—1)0 + cos(n+ 1)8 cos(n — 1)8.

A B A B
=cos[(n+1)0 — (n—1)6]
= cos[nf + 6 —nb + 6]
=cos20=R.H.S5,n €Z

lcos(A — B) = cos Acos B + sin A sin B|

21 4\
16.1f xcos 0 = ycos 0+? =zcos<0+?>,fmdthe
f A
value of xy + yz + zx c05120° = cos(180° — 60°
g 9 21 _ p 4 _k =—cos60°=_71
xcosb = ycos +? —zcos( +?>— 9 )
4 - , R O
x cosf = k,y cos 9+2—ﬂ =k, ZCOs (9 +_) = k |5in120° = sin(180° — 60°)
3 3 o V3
k k amy kT
2T
o=k, 20) ko (9+2) - &
coS x cos <9+ 3) y' coS + 3 7
21T 41
E+E+5=c059+cos<9+—) +Cos(6+—)
x y Z 3 3

= c0s6 + cos(120° + 6) + cos(240° + 6) 171
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= c0s0 + c05s120°o0s0 — sin120° sinbf + cos240 cosO — sin240° sinb

-1 3 -1
= cosO + | — |cosO — £ sinf +| — | cosO — —_\/§ sin@
2 2 2 2

1 V3
= c0s0 — = cosO — - sinf — — cosf + > sinf
\/§ . o — o __ o
— cos0 — cosd —sing V3 g — o |c05240° = cos(270° - 30°)
2 2 _ .
= —sin30°= —=
k+k+k N 2
x y Z =0="z y Z =0
1 1 1 ; o — o _ 2(o
;+_+E —0 — yzZ + xzZ + xy _ 0 sin240° = sin(270 \S;g)
g i = —c0s30°= -

YZ+xz2+xy=0=xy+yz+zx=0
17.Prove that (i) sin(A + B) sin(A — B) = sin*A — sin’B

(ii) cos(A + B) cos(A — B) = cos*A — sin’B = cos*B — sin*A

(iii) sin>(A + B) — sin*(A — B) = sin2Asin2B
(iv) cos 80 cos 20 = cos*50sin*30
i) Prove that sin(A + B) sin(A — B) = sin? A — sin’ B
L.H.S = sin(A + B) sin(4 — B) |sin(A + B) =sinAcosB 4+ cos A sinB|

= (sinA cos B + cos AsinB) (sin A cos B — cos Asin B)

= (sin A cos B)? — (cos A sin B)? lcos? B = 1 — sin? B]
= sin?Acos?B — cos?Asin’B lcos? A = 1 — sin? Al
= sin2A(1 — sin?B) — sin?B (1 — sin?4)
= sin%A — sjnzﬂsi/nzB — sin?B + sin?Asin’B

= sin®A — sin’B |sin(A — B) = sinA cos B — cos A sin B|

ii) Prove that cos(A + B) cos(A — B) = cos* A — sin* B
|cos(A + B) = cosAcosB —sinA sinB|

L.H.S = cos(A + B)cos(A — B)
= (cos Acos B —sinAsin B)(cos A cos B + sin A sin B)
= (cos A cos B)? — (sin A sin B)? lcos? B = 1 — sin? B|
= cos?Acos?B — sin?Asin’B [sin? A = 1 — cos? Al

= (1 — sin®B) cos?A— sin?B(1 — cos?A)

= c0s?A — cos*4sin%B — sin?B + cos24sin?B

= cos?*A = sin’B lcos(A — B) = cos A cos B + sin A sinB|
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iii) cos(A + B) cos(A — B) = cos* B — sin* A
L.H.S = cos(A+ B)cos(A—B) |cos(4 + B) = cos A cos B — sin A sin B|

= (cos A cos B — sin Asin B) (cos A cos B + sin A sin B)
= (cos A cos B)? — (sin A sin B)?

lsin2 B = 1 — cos? B|
= cos?Acos?B — sin?Asin’B lcos?2 A = 1 — sin? A|

= (1 — sin®4) cos?B— sin?A(1 — cos?B)

= c0s?B — sin?4cos?B — sin?A + sin?Acos?B
lcos(4 — B) = cos A cos B + sin 4 sin B|

= cos?B — sin?A4
(iv) sin?(A + B) — sin*(A — B) = sin2Asin2B
L.H.S=sin*(A+ B) —sin?(A—B)
=sin(A+B+A—B) sin[A+B—(A— B)]
=sin(A+B+A—-B)sin(A+B—A+B)

= sin2Asin2B = R.H.S |sin(A + B) sin(A — B) =sin*A — sin*B

(iv) cos 86 cos260 = cos*50 — sin*360

R.H.S = cos?560 — sin*30 cos(A+ B) cos(A— B) = cos? A —sin? B

= cos(56 + 360) cos(50 — 30)
=cos80cos20 =L.H.S
18.Show that cos*A + cos*B — 2 cos Acos B cos(A + B) =sin?(A + B)
L.H.S = cos?A + cos?B — 2 cos Acos B cos(A + B)
= c0s?A+ 1 —sin?B — 2 cosAcosB cos(4 + B)
= c0s?A —sin®B+1—2cosAcosBcos(4+ B)
|- cos®A — sin’B = cos(A + B) cos(A — B)|
= cos(A+ B)cos(A—B) —2cosAcosBcos(A+B) +1
= cos(A+ B)[cos(A—B) —2cosAcosB]+1
= cos(A+ B)[cosAcosB + sinAsinB —2cosAcosB] + 1
= cos(A + B)[sinAsinB —cosAcosB] + 1
= —cos(A+ B)[cosAcos B —sinAsinB] +1
=—cos(A+B)cos(A+B)+1=—cos?(A+B) +1
=1-cos*’(A+B)=sin?(A+B) =R.H.S
19.1f cos(a — B) + cos(f—y) +cos(y —a) = —; then
prove that cosa + cosf +cosy =sina+ sinff +siny =0

cos(a — B) + cos(B —y) + cos(y —a) = —5
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cosacosf +sinasinfi +cosfcosy +sinfsiny +cosycosa

3
+sinasiny = 5

cosacosf +cosfcosy+cosycosa+sinasinf +sinf siny

2 +sinasiny] = =3

2cosacosf+2cosfcosy+2cosycosa+2sinasinf +2sinfsiny
+2sinysina = —3
34+2cosacosf+2cosfcosy+2cosycosa
+ 2sinasinf +2sinfsiny + 2sinysina =0
1+1+4+1+2cosacosf+2cosfcosy+2cosycosa
+2sinasinf +2sinfsiny +2sinysina =0
cos?a + sina + cos?f + sin?B + cos?y + sin?y + 2cos acos B + 2 cos S cosy
2cosycosa+ 2sinasinf+2sinfsiny +2sinysina=0
(cos?a + cos?pB + cos?y + 2cosacosff + 2 cos 5 cosy + 2 cosy cos a)
+(sina + sin?B + sin?y + 2sinasinf + 2sinBsiny + 2sinysina ) =0
(cosa + cosf +cosy)? + (sina +sinf +siny)?=0
(cosa +cosfB+cosy)2=0, (sina+sinf+siny)?=0
cosa + cosf +cosy =0, sina+sinf+siny =0

20.Show that (i) tan(45° + 4) = "4 i1y tan(ase — 2) = L 194

.Show that (i) tan = T ran i) tan =1+ tand
1+ tanA

() tan(45°+ A) = —— |- tan 45° = 1|
1—tanA

L.H.S = tan(45° + A)
tan45° +tanA _l+tanA _ R.H.S

1—tan45°tanA 1—tanA

1—tanA
i)t 45° —A) = ———
(it} tan( ) 1+tanA

L.H.S = tan(45° — A)

_ tan45° — tan A _ 1—tanA
" 14+ tan45°tandA 1+ tanA
cotAcotB —1

R.H.S

21.Prove that cot(A+ B) =

cotA + cotB
L.H.S = cot(A+ B)
1 _ 1 1—tanAtanB
=m ~ tanA+tanB ~ tanA + tanB
1—tanAtanB
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1 1 1 1 cotAcotB —1
_ 1~ Cota X cotB B cotAcotB  _  cotA<otB
1 .1 cotB + cotA cotB + cotA
cotd * cotB cotA cotB cotA-cutB
cotAcotB —1
cotA + cotB

22.If t .
.fanx—n

1 andtany =

T 1,fmdtan (x+y)

tanx + tany

tan(x + =
(x+y) 1 — tanx tany
n 1 n 1
_ A+it Za¥i __ntitZntd
T n 1 1 — n
Tn+lZnti (n+1)(2n +1)
n@2n+1)+n+1
m+1@rn+1) _ 2n°+n+n+1  2n°+2n+1 _
T m+D@n+1)-n 2n2+n+2n+1-n 2n2+2n+1
(n+B2n+1)
23.Prove that tan [1—t + 0 ] tan [3—n+ 0] =-1
' 4 4 /" 3w 3x180° N\
T 31T — =———=3X45°
L.H.S=tan[—+9]tan[—+9] 4 4
4 4 3 c
— — = 135°
1 D 4
ran + tan 6 ﬁanf +tan6 tan135° = tan(180° — 45°)
— — 3 tan135° = —tan45°
1— ta;zztane 1— tan—- tant Qan135° =-1 /
(-1
1+ tanf |[-1+tan6| 14tand —(1—tand)
= — — X
1—tanf || 1 + tang 1 =tan® 1-+4tanb
=1 1 37
24.Find the values of tan(a + f )given that cota = > € |m, 7] and

5 T
secf = _§’B € [E,n]

. 1 E[ 3t
coa—z,a n,z
tana = 2
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also secfy = 2 B € [zﬂ]
3 2 1+ tan?0 = sec?6

£\ 2 tan?0 = sec?6 — 1
— 2 — = —_— -
tan sec? f —1 < 3> 1 tanf = +/sec?0 — 1
25
|2 _ |4
9 9 3
tanp = 3 since f € 3,1
anf = 3smce[3 5T
u . L = tana + tanf
ence tan(a + ) = 1 — tana tanf
4 —
,_ 2 6-4 z
8
1-2x—-= 1+ 3+8
3 3

tan(a + p) = %

25.If 0 + ¢ = a and tanB = ktan ¢, then prove that

. k-1 |
sin(0 — ¢) = 1 sina
6+¢=a = tanf = ktan¢,
_ tanf
~ tang¢
tand _ 1 tanf —tan¢
k=1_ tang _ tan¢ k—1 tanfd —tan¢
k+1 tang Ttand ttang . k+1  tang + tan ¢
+1
tan ¢ tan¢
Sind _ ﬂ sinfcos@® — sin@cosb
k—1 _ cosb  cos¢ _ cos8-cosP
k+1  sinf N sing sinfcos@+ sin@cosb
cosd  cos¢ _cosB cosP

sinf cos¢p — cosO sing

" sinfcos¢ + cosb sing

k—1 sin(0 — ¢) k—1 sin(0 — ¢)

— e ——— : = .

k+1  sin(6 + ¢) k+1 Sina
k—1

sin(6 —¢)= >C sina
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EXERCISE : 3.5
Example 3.21 A football player can kick a football from ground

80ft
level with an initial velocity of —f Find the maximum
secound

horizontal distance the football travels and at what angle?
(Take g = 32)
The formula for horizontal distance R is given by
_ u’sin2a
= T
Given : The maximum distance is R = 200ft

20 10
g = BOXBO) sinza 04— 10x 20 sin2a

2

200 = 200 sin2a = sin2a=1
20 = 90° = a = 45°

Identity 3.10

) 2tanA
smed = 1 + tan2A 2 sinA cosA
2 sinA cosA cos?A
sin2A=2sinAcosd = —m0 ——m78M80 = ——mM8M8M—
1 1
cos2A
2 tanA 2 tanA
 sec’A 1+ tan?4
Identity 3.11
1 — tan’A
cCOS2A =——
1 + tan?A

2 . 2
. cos“A — sin“A
cos2A = cos?A — sin?A =

1
cos?A — sin%A
052/ 1 — tan®A
- 1 1 + tan?4
cos?A

Identity 3.12
sin3A = 3 sind — 4 sin3A
sin3A =sin(24 + A)
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= C0S2A sinA

= 2 sind cos?A+ (1 — 2 sin*A) sinA

= 2sinA(1 — sin?A) +(1 — 2 sin®A) sinA
=3 sind — 4 sin34

Identity 3.13
sin3A4 = 4 cos3A — 3 cosA.

c0s3A = sin(24 + A) = cos2A cosA — sinZA sinA
= (2 cos?A — 1) cosA — 2 sinA cosA Sind
= (2 cos?A — 1) cosA — 2 cosA (1 — cos?A)
= 4 cos3A — 3 cosA

Identity 3.14

3 tand — tan3A
1 — 3tan?A
tan3A = tan(2A + A)

tan3A =

M _|_ tanA
_ tan2A +3 tanA _ 1 — tan?A _ 3tand— tan34
1 — tan2A tanA - — 2
- 2tand tand 1 — 3tan“A
1 — tan?A

Half — Angle Identities

0
If weput2A=0or A= ) in the double angle indentites

Let us list out the half angle identites in the following table :

Double angle identity Half angle identity
sin2A = 2 sinA cosA sinf = ZSingcosg
c0s2A = cos?A — sin*A cosf — COSZ% _ sinzg
c0s2A = 2cos*A — 1 cosf = 200529 ~1
K cos2A =1 — 2 sin*A cos = 1 — 2 sin? ; /
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/t 24 = 2tanA Ztané \
e T T " tan2a tand = ——=
1—tan >
A = T an?a sind = ——=2
1 + tan? 5
COSZA=M l—tanzé
K 1+ tan2A cosA = Y /
1+ tan >

sin(A + B) = sinAcosB + cos Asin B
sub B=A
sin(A + A) =sinAcosA + cosAsinA

sin(A+ A) =sinAcosA +sinAcos A

sin2A = 2sinAcosA = Esin 2A =sinAcos A

2
0 A= 7si A
sind = 2sin cos >
cos(A+ B) =cosAcos B —sinAsinB
sub B=A

cos(A+ A) = cosAcosA —sinAsinA
cos 2A = cos?A — sin%A
sub cos?A =1 —sin%4

cos2A = 1 — sin?A4 — sin%4

-zA -zA
cosA =1 — 2sin E = 2sin E=1—cosA

cosZA=1—ZSin2A< 1 — cos 24
2sin24 = 1 — cos24 = sin24 = — 2244

2
cos 24 = cos?A — sin?A

sub sin’4 = 1 — cos?4
cos 24 = cos?A — (1 — cos?4A)
cos 2A = cos?A — 1 + cos?A
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cos A = zcoszé_ 1 = 1+ cosd= 2COSZE

/ 2
cos 2A = 2cos?A — 1 1+ cos 24

I 1+ cos2A = 2cos?2A = C0s?A =

2
4 N I
cos3A = 4cos3A — 3cosA sin3A = 3sind — 4sin3A
cos3A + 3cosA = 4cos3A 4sin3A = 3sinA — sin3A
1 1
cos®A = —(cos3A + 3cosA) sin34 = —(3sinA — sin3A)
4 /L 4 J
/ tan A + tan B\
tan(A + B) =
l-tanAtanB 4 tan45°+ tan A
tan(45°+ A) =
sub B=A 1—ta 455°tanA
01
tanA4A +tan A
tan(A + 4) = . 1+tanA
an(4 +4) 1—tanAtanA \ tan(45° + 4) = T—tand
tan 24 = 2tan A
k W tan?4 /
1° 1 2
22. Find the value of sin [22 E] V2 V2x2
0
cosh =1 — 2sin?— = 2sin?—=1 — cos0 i:@
2 2 2 2

. ,0 1—cos6 o 0 n 1 — cosO
sin® — = ——— — =T |[——
2 2 ) 2

Take 6 = 45°,

45° °
sin > = + ’1 — C0s45°  (since 221° lies in the first quadrant)
2
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12
23.Find the value of sin20, When sin0 = 13 0 lies in the first

quadrant.
] ] 12
Given: sinf = 13 _
cosf = +/1— sin%6 =\/1—<E> =\/1—% = ’w
13 169 169
25 5
cosf = 169 = i1—3

cosf = 13 since 0 lies in the first quadrant.

sin26 = 2sinf cos0O

_(12)(5)_120
13/\13 169
24. Prove that sin4A = 4 sinA cos®A — 4 cosA sin3A.
4 sinAcos3A — 4 cosA sin3A = 4 sinA cosA (cos?A — sin?A)
= 2(2sinA cosA) cos24

=2sin2Acos2A = sin2(2A) = sin4A

25. Prove that sinx = 210 sin (ZxW) cos (yzﬁ) cos (Zx_z) s, COS (wa)

sinx=2 sin—cosz

2 [sin 2A =2 sin A cos A]
X X X

= 2 (2 sm—cos—) coS— 7 Y|

4 4 2 SinA=ZSin;cos;
= 2 (2 sinicosi) cosE
B 22 722 2
= 2%sin cos— cosm = 22 (2 i x) XX
= 52 >z 5 = sm23 cos K cos 2 cos2

3 X X X X
= 2°sin— C0S— C0S— COS—
23 23 22 2

— 23 2 . X X X COSi COSE
= ( Sin -7 cos ?) cos o3 52 >
. X X X X X
= 2 sm? cos? COS? cos? cosz
Applying repeatedly the half angle sine formula, we get
; . X X X X
sinx = 219 gin (ﬁ) cos (E) cos (?) .. COS (ﬁ)
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26. P that sin@ + sin 260 — tand
- rrovetha 1 + cosO + cos20 an

_ sin@ + sin 20
" 1+ cosf + cos28

sinf + 2sinf cosf  sin @ (1+2cosH)

cosf 4+ 2cos?6 cos 6 (3+2cosh)
= tanb

L.H.S

sin3x + cos3x
sinx + cosx

in3
sz'nx+cos X |a3+b3=(a+b)(a2—ab+b2)|
sinx + cosx

1
27. Prove that 1 — Esin 2x =

3

R.H.S =

(sinx~Tosx) (sin’x — sinx cos x + cos?x)

sin x_~"cos x
= sin®x + cos?x — sinx cos x =1 — sinx cos x

1
2Sll’l X

28. Find x suchthat —m < x < mand cos2x = sinx
cos2x =Sinx
1 — 2sin?x = sinx
2sin’x + sinx —1=0
a=2,b=1andc = -1

—b ++/b?% — 4ac

sinx =
2a
—1+./12 - 4(2)(-1) -1+v1+38
2(2) B 4

. —-1£49
sinx = —,——

. __1i3 = siny= _113 sinx=_1_3
sinx =", 4

2 4

sinx =, sinx =—

sinx = — sinx = —1
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' 1 30°, 150° x = m ST
Smx=§ — X = ) = X = 6’6
T
x=—90°=>x=—§
T m5n
“XT 7266

29.Find the values of (i)sin18°, (ii)cos18°, (iii)sin72°, (iv)cos36°,
(v)sin54°

(i) Let® = 18°

50 = 5x18 = 50 = 90°
30 + 20 =90° = 260 = 90°— 360
sin26 =sin (90° — 39) = 2 sinf cosf = cos 306
2 sinf cos 0 = 4cos30 — 3cos O
2 sinfcost = cpsh (4cos?0 — 3)
2 sinf = 4 cos?0 — 3 = 2 sinf =4(1 — sin’0) — 3
2sinf = 4 —4sin’6 — 3

2sind = 1 —4sin?6

4sin’0+2sinf—-1=0

a=4,b=2,c=-1

P e —24.,/22 —4(4) (-1
sinf = b+ Vb — 4ac = sinf = y B
2a 2(4)
—2+V4+16 —24++20
B 8 I
_ —2+V4x 5 _ —2+ 25
sinf = = sing = ———
3 8
Z(-1+V5 —
sin@ = ( — ) = sinf = L\/g
84 4
, —-1++5
sinf = 4— (Since 18° is in I Quadrant)
—-1++V5
sing — +‘/— (Where 6 = 18°)
-1
sin18° = \/§4
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(ii) cos18°

V5 -1\’
cos18° = Y1 —sin?18° = |1 =

=\/1—(\/§_1)2 _ \/16—(\/3—1)2

16 16

= 16— [V5 —2v5(1) + 12] =\/16—[512\/§+1]
16 6

16 —54+2V5 -1

10 + 25

18° =
cos 7

(iii) sin72°

sin72° = sin(90° — 18°)

~ cos1gr = V10+2V5
4
sin72e = Y10 +2V5
(iv) cos36°
cos36°= cos 2 X 18°
= 1— 2sin?18°
2
P — 1 v5)2-2V5(1) + 17
_1-2 (¥ P VLR S L)
4 16 g 8
,_5-2V5+1 _, 6-2V5 _ 8-(6-2V5)
- > : 8
8—6+2V5 _2+2V5 _ (145 1445
8 8 7, = —
cos36°=\/§4+1
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(v) sin54°
sin54° = sin(90° — 36°)
= c0s36°
V5 +1
sin54° =
4
30.Iftan = 1_at ¢th that cos—a
f an = an en prove that cos¢ = 1= acoso

tang 1_atan 0 o [1ta
2 1+a 2 = tan2 tanz 1—a

squaring on both sides

tan29 _ (Lta tanzg
2 \l1-—-a 2
1 tanzg
cos® = p
1+ tan® =
+ tan >
7]
1+a ,0 1—a—(1+a)tan?=
1-— T tanE 2
cos¢p = —° 1~a
) 1 1ta t 29 ) 1 a+(1+a)tanzt9
+ 1—a anE 2
1/(1 0
7] 0 _ 22 _ 4 _ 2 -
1—a—tan2§—atan2§ 1 tan® - —a—atan®
- 0 0 0 0
1—a+tan2—+atan25 1+tan2§—a+atan2§
0 9 7] 7]
1—tan25—a<1+tan25> 1—tan2§—a(1+tan25>
0 0 1+ tan?—
1+ tan’=—al|1l—tan®*= _ 2
2 2 0 0
1+tan2§—a<1—tan2§>
1+t 29
an?—
2
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31. Find the value ofV3cosec 20° — sec 20

\/3 cosec 20° —sec 20° =

6 6
1—tan® 1+ tan®— 0
2 —a 2 1—tan27
1+tan2€ 29 1 29 e
2 1+tan§ +tan7
1+ tan?— 1—tan2€ 1—tan27
0 a 0 1+tan27
1+ tan® 1+ tan?=
2 2
_ cosO — a
~  1-—acosb

|sin 2A = 2sinA cosA|

V3

sin 20°

1
cos20°

Esin 2A =sinAcosA

V3c0s20° — sin20°

~ 2sindA

_ V3c0s20° — 5in20° _ 2
sin20°cos20° sin20°cos20°
2
3 20° in20° 3 20° L 20°
5 €os 5 Sin _ 5 cos 5 Sin
Esin20° c0s20° Esin20°c0320°
V3 . V3
) 700520° - ESlTl20° 700520° — Esin20°
- 111 . = 1
E [E sin2 (20 )] ZSinz(zoo)
_ 4 sin60°c0s20° — c0s60°sin20° . sin(60° — 20°)
sin 2 (20°) B sin40°
_ Asmd0® _
sin40°
) 3 1 sin2"A
32.Prove thatcos Acos2A cos2“Acos2°A .....cos2" A = -
2" sinA
L.H.S = cosA cos2A cos22Acos23A........ cos2™ 1A
— 2sinA cos A cos 2A cos2?A cos23A... ... cos2n—14

Isin 2A = 2sinAcos A
1
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= 5— Sin2A cos 2A c0s22Acos23A... ..... cos?14
sin
1 1 3
= Soind X5 Sin4A cos2?AcosZ A........ cos® 1A
N [sinZZA cosZZA]c0523A 2n-14 1sin 2A =sinAcosA
>25inA cie e COS 5
1 1 5 3
= Tsind XESLTIZ(Z A)cos23A........ cos?™ 14
1 193 3
= m sin2°A cos2>A... ..... cos?™" 14

Continuing the process,we get
_ sin2™A
~ 2"sinA

(ii) cos2A=1 -2 sin2%A

where sinA = T

42
cos 2A =1—2(§)

25— 32
25
7
cos 2A = 7c
1 — tan?A
(iiiycos2A = —_—
1+ tan“A
16
where tanA = 63
2
_ (E) 16 632 — 162
4 63/ 7 632 _ 637
oS = 16\, 16 63% + 167
1+ <a> 632 632

_3969-256 _ 3713
3969 + 256 4225
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T 0
2.If 0 is an acute angle, then find(i)sin [Z — E] when sinf = 25

- = -n
(ii)cos |— 2 lehensme—9
\
T 6 T 0 U 6
; _ il Z _ —sin”Z
sm[z_zj sm4 €os = —cos >
1 o 1
= —(C0S = ——sin _
V22 272

1 0 0
m 0 ;
S I — —sin =
sm[4 2]—\/?[0052 2]
squaring on both sides
(r 6 1\°/ 6 8\
sin? 273 7z cos — sinz

a(T_O\_1f L0, . .0 . 0 0
Sin 4 5 _E coS 5 Sin 5 Sl'I’lZCOS2

6
Y AV PR €=1[1_-2_]
sin (4 > )= E 1 ZSlTlZCOSZ > sin >

1 . 1
= — (1 —sinb) where sinf = oC

T 0 m 0 m 0 i Q . ising
cos <_+E> = C0SCOS 7 — sin— sm \/E ) N
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1 0 0

=7 cos 5 = sin
2<n 9) 1\’ o 6\
cos’|——=| = [—= Z sin—
173 75) |cosg—sing

1 6 6 6 o0
=3 c0s? =+ sin* = — 2sin—cos —

2 2 2 2
cos? E—g = [1 25 0 le
4 2 — — SlTlECOSE

) 1 _
[1—sin2 —)J =E(1—sm9)

o945

cos360 = 4 cos30 — 3 cos 6

“ah(oe)-3(ed) = 3(ed) 3o r)
3 (erd) o3

(a+b)2=a®+b3+3ab(a+b)
e

;. 1 1 1 1
a’+— +3a<_> at—|-3la+-
a a a a
~
f

1 1 1 1| 5,1
a®+— +3lat+—-|-3la+=])| =2 |a’+—=
L a a a 2 a

N| =

I
N =
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4. Prove that cos 50 = 16 cos°0 — 20 cos30 + 5 cos 0
cos 58 =cos(36 + 20) |cos(A + B) =cosAcosB —sinA sinB|
— cos 30 cos 28 — sin 36 sin 26

= (4 co0s®0 —3cos0)(2 cos? —1)—(3sind — 4 sin39) (2 sinb cosb)
8 cos59 — 6 cos30 — 4 cos30+ 3 cos O — (6 cos 0 sin*0 — 8 cos O sin‘*@}

8 cos50 — 10 cos30 +3 cos 6 — {6 cos 0 sin’0 — 8 cos H(SinZH)ZJ
8 cos50 — 10 cos39 +3 cos 8 — 6 cosd (1 — cos?8) + 8 cos 8 (1 — cos*0)?
8 cos50 — 10 cos30+3 cos 0 — 6 cosd (1 — cos?0) +8 cos O

(1 — 2co0s?0 + cos*0)
= 8 cos59 — 10 cos30+3 cos O — 6 cosO + 6 cos30 + 8 cos @ — 16 cos30
=16 cos°0 — 20 cos360+ 5cos0=R.H.S

+ 8 cos6
] 1 — tan’a
5. Prove thatsin4da =4tana 53
(1 + tan<a)
. 2
R.H.S= 4tana 1 tarzl az
(1+tan‘a)
_ 4tana 1 — tan’a 2 tana 1 — tan’a
1+ tan?a X 1 + tan2a 1+ tan?a 1+ tan?a
—2sin2acos2a

= sin2 (2a) = sin4a = L.H.S
6.IfA+ B = 45° Show that(1 + tanA)(1 + tanB) = 2

A+ B =45°
tan(A + B) = tan 45°
tanA + tan B

=1 = tanA+tanB=1—tanAtanB
1—tanAtanB

tanA+tanB +tanAtanB =1
Adding 1 on both side

l1+tanA+tanB +tanAtanB=1+1

1+ tanA+tanB (1 +tand) =2 — (1 +tanA)(1 +tanB) =2
7.prove that(1 + tan1°)(1 + tan2°)(1 + tan3°) .....(1 + tan44°) is a
multiple of 4.

(1 +tan44°) = 1 + tan(45° — 1°)
_1 tan 45° — tan1°®

1 —tanl®
1+ tan1®

Y 1 + tan45°tan1®
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_ I+tan1°+1—tanl® _ 2
a 1+ tanl® - 1+tanl®

14 tan44°) = —— 0 0y —
( an 44°) T tanrs = (1+tan44°)(1 + tanl®) = 2

Similarly (1 4 tan2°) (1 + tan43°) = 2
(1+tan3°) (1 +tan42°) =2

(14 tan 22°)(1 + tan 23°) = 2

(1+tan1°)(1+ tan2°) - -« (1 + tan 44°)
=2 X 2 X et

22 times (It is a multiple of 4.)
T /1
8.prove that tan [Z + 0] — tan [Z — 0] =2tan20

L.HS= tan[%+0] —tan[%—e]

tan— + tan @ tan— 6

~ an- tan an, —tan

- T o T
1 - tanZ tan 6 1 + tanZ tan 6

_ 1+tand  1-—tand _ (1 tand)? —(1 — tanB)?
1 — tan® 1+ tand (1 —tanB)(1 + tanb)

_ 1+ 2tanb + tan®*6 — (1 — 2tand + tan’6)
B (1 — tanB)(1 + tanb)

_ 1+ 2tanb + tan?0 — 1 + 2tanb — tan?6
N 12 — tan?6

2tan@
=2[1 — J = 2tan26

1 o
9.Show that cot(75> =V2+V3+V4+6

4tan 6
1 — tan?0

[ 2sin A cos A = sin 24]|
L.H.S=cot<7%> | [+ 2sin® A = 1 — cos 24] |
71 o 2 . 71 ) 71 ) | 1 o
cos| 75 sin| 7 cos| 75 sin 2 7E

" "

. 1 ’
sin <7 E) 2 sin? <7 E) 1 — cos 2 (7%)
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sin 15° sin(45° —30°)
1- cos 15’ 1 — cos(45° —30°)
sin45° cos30° — cos 45 sin 30°

1 — [cos45° cos30° + sin45"sin30°]

L3 1.1 V31
o) 2 2 _ 2V2 242
(L L 1 1) 1V
2772 T2 1 22 2v2
V3-1
_ 22 V31 ><2\/§+(\/§+1)
22-(V3+1)  2v2-(V3+1)  2v2+(V3+1)
242
_ (V3-1)(2v2+V3+1) _ 2V6 +3+3/3-2V2-43 -1
(2v2)' - (V3+1)° 4x2 —(3+1+2V3]
26 2242 2V6 —2v2 +2
8—3-1-2V3  8_4-2V3
_ 26 -2v2+2  2(V6-vZ+1) V- VZ+1 L2t V3
4—2V3  2(2-v3)  2-43 2+ 3
 (Y6-V2+1)(2+vV3) 26 +VIB -2V2 V6 +2++3
- (3)° 4 -3
—2V2
_ V6+3V2 212+2+\/§ N {2=\/§X\/§J
=4

= V6+V2+Va+V3 =vV2 +V3 +V2+V6 =R.H.S
10. Prove that (1 + sec20)(1 + sec40) ... ... (1 + sec2™0@) = tan2"6 cot O

L.HS= (1+sec260)(1+ sec4d)...... (1 + sec2™0)

1
=(1+ 1+ L R 1+ 1
cos 20 cos 46 cos 26
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cos260+1 cos40 +1 cos2"0+ 1

:[ cos 20 ][ cos 40 ] """"" [ cos 2™6 ]
(cos 260 + 1)(cos40 + 1) ......... (cos 26 + 1)

- cos 26 cos 40 - - - cos 20
(2 cos?0) (2 cos?20) ........ (2 cos?2™1p)

- cos 260 €0s? 20 ... ... cos 2™0

= 27cosb [cos 0 X cos 20 X c0S 220 - - ... X oS 2”‘19J
cos 26

2" cos @ sin2"A

= =tan2™0 cotl =
cos 2"0 X 2" sin A R-H.5

) 1 sin2™A
" cosSAcos2Acos2%A ... .. cos 2" A = ,
2" sin A

T T T T

11. Prove that 32(v3) sin — =3
. Frove a Sln48COS48COSZ4C0512COS6 = J.

L.H.S =32(V3) " 05— C0S—= coS~
Sln48COS48COSZ4C0512COS6

Multiply divide by 2

323 T m T T m
= X |28in— c0S — |c0S — c0S — Cc0S —

2 4877748 [ 247126

16
32
= \/_smz (
2

I I I
48) €OS o7 COS 15 COS = [+ 2sinA cos A = sin 24]

T T

8 2 T T T
— iy _ e By 2 — _
= 16V3 x[— sin 4 cos 7 cos 1 cos 6 = 8v3sin (24) coS 12 cos e

4 (2 T T| w s T
=83 xgsmﬁcosﬁ os¢ = 4\/§Sln2(12)cos€

T T

2
=43 X,}Sing COSE] —2\/_sm2( ) =23 Sm_
(.

. 3
= 2v/35in60° =24/3 x \/?— =3=R.H.S
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EXERCISE : 3.6

Transformation of a product into a sum or difference

Adding sin(A + B) and sin(A — B)

sin(A + B) = sinA cos B + cosA'sin B
+

sin(A — B) = sinA cos B — cos ASin B

sin(A + B) +sin(A — B) = 2sinAcos B

1

3 [sin(A + B) + sin(A — B)] = sinA cosB
Subtracting sin(A + B) and sin(A — B)

sin(A + B) = sinAcosB + cosAsinB
(=) (=) (+)

sin(A — B) = sinAcos B — cosAsinB

sin(A + B) —sin(A — B) = 2cosAsinB

1

3 [sin(A + B) — sin(A — B)] = cosAsinB
Adding cos(A + B) and cos(A — B)

cos(A + B) = cosAcos B — sind sinB
_|_

cos(A — B) = cosAcosB + sinAsSinB

cos(A+ B) + cos(A—B) =2cosAcosB

1
> [cos(A + B) + cos(A — B)] = cosAcosB
Subtracting cos(A + B) and cos(A — B)

cos(A + B) = cos Atos B —sinAsinB
(-) (=) ()

cos(A — B) = cosA cosB + sinAsinB

cos(A+ B) —cos(A—B) = -2sinAsinB
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—cos(A + B) + cos(A — B) = 2sinAsinB
cos(A—B) —cos(A+ B) = 2sinAsinB

1
5 [cos(A — B) — cos(A + B)] = sinAsinB

sin(A + B) + sin(A — B) = 2sinAcos B /A+,B/=C N
where A+ B=Cand A—B =D A—,B/=D
SinC + sinD = 2 sin <C+D>cos<C_TD> 24=C+D
2
C+D
sin(A + B) —sin(A — B) = 2 cosAsinB A= —
sinC —sinD = 2 cos C+D sin ﬂ ,A/+B=C
2 2 )+ )
—B=D
cos(A+ B) + cos(A—B) = 2cosAcosB
2B=C—-D
cos € + cos D = 2cos (LY cos( =L C—-D
2 2 "7

cos(A+ B) —cos(A — B) = —2sinAsin B

~(C+D\  (C—-D
cosC —cosD = —2sin 5 sin >

cos(A—B) —cos(A+ B) = 2sinAsinB
~(C+D\  (C-D
cosD — cosC = 2sin > sin{ —

Example 3.33 Express each of the following product as a sum or
dif ference

o o o o x 3x
(i) sin40 cos30 (ii) cos110 sin55 (iii)sin— cos—

2
(i) sin40° cos 30’
|Sin(A + B)+ sin(A—B) =2sinA cosB|

1
> [sin(A + B) + sin(A — B)] = sinA cos B
. o o 1 o o o o
sin 40" cos 30" = - [sin(40° + 30") + sin(40° — 307)]
1o e oo
=3 [sin70 + sin10 ]
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(ii) cos110° sin 55

|sin(A + B) —sin(A—B) =2cos A sinB|

1
5 [sin(A+ B) — sin(A— B)] = cos A sinB
) o 1 o o o o
cos 110° sin55° = 3 [sin(110° + 55°) — sin(110° — 55°)]
1 o .
=5 [sin165 — sin 55 ]

(i) si X 3x
iii) sin— cos—
2 2

|sin(A + B) + sin(A— B) = 2sinA cos B

1
> [sin(A + B) + sin(A — B)] = sinA cosB

r
sinx cos3x 1 x+3x 4o x 3x
2 P TSR TSI ST

-

1 ( ] <4x> b —2x
=3 sin > sin >
\

1( 1 .
=3 sin2x + sin(—x)] =3 (sin2x — sinx)

Example3.34 Express each of the following sum or dif ference as
a product

0 o 3x 9x
(i)sin50 + sin20 (ii) cos60 + cos260 (iii)cos 5 T cos—

(i) sin50° + sin 20’
C+D C—-D
sinC + sinD = 2 sin cos
2 2
Take ¢ =50° and D = 20°

o o ° ° 500 - 200
sin50 + sin20 = 2sin (50+20> coS <T>

70° 30° o .
= 2sin <7> coS <T> = 2sin35 cos 15
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(ii) cos 60 + cos 20

C+D C—-D
cosC + cosD = 2 cos > cos >

TakeC =66 and D = 26

60 + 20 66 — 20
cos 68 + cos260 = 2 cos > cos

2
80 40
= 2 cos - cos 5

= 2 cos 40 cos 260

(i) 3x 9x
iii) cos > cos >

C+D C—-D
cosD — cosC = 2sin > sin >

9x
2
X

3
Take D:;andc =

9 3x
3x Ox =z t7].
cOS— — c0S — = 2 sin sin

2 2

6x 3x . . (3x
= 2 sin <7>sin <7> = 2 sin3xsin <7>

Example 3.35 Find the value of sin34° + cos 64" — cos 4’

o o o . C+D . C_D
sin34 + cos64 — cos4 [COSC—COSD =—281n< )sm< )]
g J

2
~

o 64" +47\ (64 —4
= sin34 — 2 sin sin
2 2
68° 607\ e o
= sin34° — 2sin - sin — )= sin34 — 2sin34 sin30

o 1 o o
= sin34 — 2sin34 (E) =sin34" — sin34° = 0

o o o o 1
Example 3.36 Show that cos36 cos72 cos108 cos144 = 16"

L.H.S = cos36 cos72° cos108° cos144°
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= cos 36" cos(90" — 18”) cos(90” + 18") cos(180° — 36")

= c0s36 X sin18" x —sin18" X —cos 36 _ V5 -1
. . 5inl8° =
= sin? 18’ cos? 36 4
V541
_<\/§_1>2 \/—"'1) [(\/__1)(\/_+ 1)] cos 360=T
~\ 4

o] -

16 4) " 16

sin75 — sin15’
cos75° + cos 15°

75 + 157\ (75 —15
o o 2cos| —— |sin| ————
sin75 —sin15 2 2

cos 75" + cos 15° 75° 4+ 15° 75° _ 15°
2 cos — Cos 5

Example 3.37: Simplify:

2 2
=tan30 = i
V3 3
Example 3.38: Show that cos10° cos 30’ cos 50" cos 70" = —

1 16
cos(60° — 10°) cos A cos(60° + 10°) = 7608 34

cos 10° cos 30° cos 50° cos 70° = cos 30° [cos 10° cos 50" cos 70°]
= cos 30" [cos(60° — 10”) cos 10° cos(60° + 107)]

V311 1 V3/1\/V3 3
=7[ZC°S30]=7(Z>(7>=E

3
~ 16

cos(A + B) cos(A — B)
= cos? A —sin’ B

Example 3.38: cos10° cos30° cos50° cos70°
L.H.S = cos 10° cos 30° cos 50" cos 70°

= cos 30° cos 10" cos 50" cos 70°

= \/7? cos 10° cos(60° — 10°) cos(60° + 10°)
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V3

= —-cos 10° (cos? 60° — sin? 10°)

2 V3 1
3 . 1 o 0 i o
=§cos 10 [(5) — sin? 10] = cos 10 [Z—smz 10}
- X )
V3 . 1—4sin10" | 3 [ 1-4(1—-cos210%)
=—cos 10 =—cos 10
2 L 4 2 4
- . .
V3 1—4+4cos?10 V3 | 4cos?10" -3
=—cos10° =—cos 10
2 4 2 4
-
3 ° ° 3 . .
=£[4COS 10 3C0510] =\g;[4cos310 —3coleJ
2 4
|cos3A4 = 4 cos® A — 3 cos 4|
=\/—§ cos 3(10°) =\/_§ cos 30°
8 8
_V3 3 _3
— g 2 16

1. Express each of the following as a sum or dif ference.
(i) sin35° cos 28" (ii)sin4xcos2x  (iii)2 sin 100 cos 20
(iv) cos 50 c0s260 () sin 50 sin 40 [sin(A+ B) + sin(A—B) = 2sin A cos B|

(i) sin35 cos 28’

1
5 [sin(A + B) + sin(A — B)] = sinAcosB

sin35° cos 28° = %{sin(35° +28°) + sin(35" — 28°)}

1 o o
=E{sin63 + sin7J
(ii) sin4xcos2x

1
E[ sin(4x + 2x) + sin(4x — Zx)}

[sin(A + B) + sin(A — B) = 2 sin A cos B|

1
= E{ sin 6x + sin 2x]

1
5 [sin(A+ B) + sin(A — B)] = sinAcosB

(iii) 2 sin 100 cos 20
= sin(1060 + 260) + sin(1060 — 20)
=sin126 + sin 860
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(iv) cos 50 cos 20

1
= 5[ cos(50 + 260)+ cos(560 — 29)}

lcos(A + B) + cos(A — B) = 2 cos A cos B|

= %{cos 70+ cos 39}

1
5 [cos(A+ B) + cos(A — B)] = cosAcosB

(v) sin50 sin460

= %{ cos(50 — 460) — cos(50 + 40)}

1

2

2. Express each of the following as a product.

N =

[cos(A — B) —cos(A+ B)] = sinAsinB

{ cos @ — cos 99}

(i) sin75° — sin35°
(iii) sin 50° + sin40°
(i) sin75 — sin35’

75 +357\ . (75 —35°
= 2 COS T Sin 2
B 1107\ = [40° € sinD — 2 C+D\ . (C—D
=2 coSs > sin T sinC —sinD = 2 cos > sin >
— 2 cos 55 sin 20° C+D cC-D
cosC + cosD = 2 cos 2 cos 2
(ii) cos 65° + cos 15°
, 65 + 15° 65 — 15
=2 cos T coS >

80°

2

_, 50°
= 4 COS COS >
50" + 40°

(iii) sin50° + sin40°
2 >CO

2 sin<
(7)o (3
= 2 sin cos

= 2 sin45" cos5’

90"

2

)

(ii) cos 65° + cos 15°

(iv) cos 35° — cos 75°

= 2 cos 40’ cos 25°

(=)

50" — 40°

2
C+D C—-D
sinC + sinD = 2 sin CoS
2 2
~(D+C D—-C
cosD —cosC = 2sin > coS >
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(iv) cos 35" — cos75°

(35" +75 35 —75° s 110° 40°
=2Sin T COS 5 = Sin 5 COoS 5

o ) . C+D C_D
= 2sin55 cos20 cos C —cosD = —2sin coS

2 2

o o o 1 = =
3. Show that sin12 sin48 sin54 = 3 S”llA sinB
=5 [cos(A — B) — cos(A + B)]

1
= —[ cos(12° — 48") —cos(12" + 48°)J sin 54°

2
\/§+1 . V51

=%{cos(—36°)— cos(60°)] sin54’  [0536 = sin 54 = —

1 — =

—(COS36 —1 ] sin 54° ——[\/_-"1 J[\/_+1 |COS( 0) = cos0O

2 2 2
C1[VE+1-2 (V541 ) 1 V5 -1
2 4 4 320 T2 2

32 32 ~— 32 g v

Hence proved.
T 2T 3 4 5w 61 7T 1

4. Show that COS T COS 7 COS 7 COS o COS = COS = COS = = o0

T 21T 3 41 5t 61 V14

L.HS = COSECOSECOSECOSECOSECOSECOSE

—c0s 12° cos 24° cos 36° cos 48° cos 60° cos 72° cos 84°
V5 +1 ) ((cos 72°= cos(90° — 18)

cos36° = 7 TN m 180" 180°

=sin18 -
o AE-1 V5 -1 157 @ 15
sin18 = 1 =T 4 =12

o o 5+1 1 o
=cos12 cos24 <\/_4 ) cos 48’ <2><\/_4 ) cos 84

%[cos(A + B) + cos(4 — B)]

= cosAcosB

—_— 2 o o o o
\(\/_) 1 ‘ cos48 cos12 cos84 cos?24
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4N 1 o o
- () = 48° +12°) + cos(48 — 12
(32) z {cos( 8" +12°) ( )}

% {cos(84o +247)+ cos(84 — 240)}

(1 11 o560+ cos36° cos 108"+ cos 60° V5 +1
8/ 4 c0S36° =
4
_ 14! +cos36” 605108°+1 sin 18° =\/§_1
= 35173 cos > 4
J / \
) Ve c0s108° = cos(90° + 18°)
:i{l \/§+1> {1_4 S_I_%} :—Sin180
32 | 2
1 /2+5+1) (1—-V5+2 ~ T2 ) 4
T 32 4 4 o J
_ 134535\ 132 (yB) 1[4]_ 1
32\ 4 4 32|71 | 32116l 128
sin 8x cosx — sin 6x cos 3x
5.Show that - - = tan2x
cos2xcosx —sin3xsin4x

Sin 8x cos x — sin 6x cos 3x
L.H.S= - -
coS 2x cos x — Sin3x sin4x

1 10 . .
E[Sin(Sx + x) + sin(8x — x)] - E[ sin(6x + 3x) + sin(6x — 3xj

%[cos(Zx + x) + cos(2x — x)] — % [cos(4x — 3x) + cos(4x + 3x)]

%[sin‘)x +sin7x) — %[sin()x + sin3x

%[ cos 3x + cosx] — %[COSX —cos7x ]

1f . . . .
f{/sm@;c + sin 7x—/smﬁx — sin 3:} sin7x — sin3x
%/[ cos 3x W_}%/x + cos 7XJ cos3x + cos7x
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N

<7x + 3x> _ <7x — 3x>
2COoS sin C+D ()
2 2 sinC—sinDchos( 5 )sin( )

5 7x + 3x 7x — 3x ) —
cos 2 cos 2 cosC+cosD=2cos< > )cos( > )

) 10x\ = /4x

o\ ) (7) __2egs5x sin2x

- 10x 4x 2 c655% COS 2X
>cos( )

= tan 2x

(cos@ — cos360)(sin86 + sin26)
(sin560 — sin0)(cos 40 — cos 60)

LHS — (cos 8 — cos 30)(sin86 + sin 20)
T T (sin56 — sin 6)(cos 46 — cos 66)

~(6+36\ @ (36—06 (860 + 26 860 — 20
251n< > >51n< > >><251n< > )cos( > >
56 +6\ . (560 -6 (460 + 66\ . (60 —40
2cos< > >sm< > )stm( > )sm( > )
(46N @ [26 100 66
4 x sin <7> sin <7> X sin <—2 > cos <7>
660\ @ [46 - (1068\ @ [260
4 X cos <7> sin <7> X sin <T> sin <7>

6. Show that

sir28-sinf X sir50.cos 30 L SRHS H ]
- =1 =R.H.5 Hence proved.
€0530-sir20 X-sir50-sin 6 P
7. Prove thatsin x + sin2x + sin3x = sin2x (1 + 2 cosx)
L.H.S = (sin3x + sinx) + sin2x sinC +sinD = ZSin<C;D)cos<C;D)

(5 (M)
= 2 sin cos + sin2x
2 2
= 2 sin (42_x> coS <22_x> + sin2x = 2sin2x cosx+ sin2x
=sin2x (2cosx + 1) = sin2x (1 + 2cosx)

= R.H.S Hence proved.

sin4x + sin2x

8. Prove that = tan 3x
cos4x + cos2x 203
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sin4x + sin2x
cos 4x + cos2x

4x + 2x 4x — 2x [6x 2x
Zsin< > ( ) Zsin <7 €051

) (e

L.H.S=

~2 sin 3xcosX
= = tan3x
-2 coS 3x€osX
9. Prove that 1 + cos2x + cos4x + cos6x = 4 cos x cos 2x cos 3x
L.HS= 1+ cos2x + cos4x + cos 6x cos 24 = 2cos2A — 1
4x + 6x 4x — 6x — 2
=2(:052x+2cos< >cos< > 1+ cos24 = 2cos®A
2 2 + cos(—8) = cosO
10x —
_ZCOS X + 2COS< 2 )COS(%)

= 2c0s?x +2 cos5x cos(—x) =2cos®x +2 cos 5x COS X

=2 cosx (cosx + cos 5x)

x + 5x x — 5x
=2cC0Ssx 4 2cos > CoS >

6 _
x) cos (ﬂ> = 2 cos x 2 cos 3x cos(—2x)

=2 cosx 2 cos (—
2 2

=4 cosx cos2xcos3x =R.H.S Hence proved.

0 70 30 110
10. Prove that sin— sin— + sin —sin > = sin 260 sin 50

2 2 2
6 76 36 116 sinAsinB = %[COS(A — B) — cos(A + B)]

L.H.S = — —+ - -
sin— sin 5 sin > sin 5

0_70\_ .(0.7° .1 30 116
2 2 2" 2 2 5\ T

(39 116
— Ccos| —+—

2 2

1 6—-76 6+76 +1 360 — 116 30 + 116\
= _ |cos — cos = — ) - —_—
> 5 2 5 |cos 5 cos 5 _
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cos(—38) — cos 46 + cos(—40) — cos 79) ~» cos(—0) = cosH

[
[cos 30 — cos 40 + cos 46 — COs 79}
(

~(C+D\ (C—-D
cosD — cos C = 2sin > sin >

cos 36 — cos 79)

1 C(30+76\ . (76-36\| _ .. (108)\ . (46
=§{251n< > )sm( > >} —Slll<2 Sin >

=sin50sin20 =R.H.S Hence proved.

2
1
"2
1
2

11. Prove that cos(30° — A) cos(30° + A) + cos(45° — A) cos(45" + A)

= 2A+1
= cos 1

L.H.S =cos(30° — A) cos(30° + A) + cos (45" — A) cos(45° + A)
= cos230° —sin®? A + cos?45° —sin? A [

3\, 1\*
=<7>—51nA +<\/_§>_SIHA

3 1 3 1

—+ —-—2sin?4 =-+=—(1—cos24)

4 2 4 2 2sin?4A =1—cos2A4
3

4

cos(A + B) cos(A — B) ]
B

= cos? A — sin?

1 3+2—4
E — 1+ cos24 = T+ cos 2A

1
= l + cos24 =cos2A+ - =R.H.S
4 4
Hence proved.

sinx + sin3x + sin5x + sin7x

12. Prove that = tan 4x
cosx + cos3x+ cos5x + cos7x

sinx + sin 3x + sin 5x + sin 7x

LH.S=
cosx + cos3x + cos5x + cos 7x

o (x+3x x — 3x 5 si 7x + 5x 7x — 5x
2 sin 2 coS > + 2 sin > cos >
) 3x + x 3x —x 4+ 7x + 5x 7x — 5x
CoS > cos > coS > CoS 2
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4x —2x 12x 2x
2 sin(7)cos< > ) + 2 Sln< > >cos<7)
2 Cos (4_x) coS <2_x> + 2 cos <&> cos <§>
2 2 2 2

2 [ Sin2x cos x + sin 6x cos x]

2[cos 2xcos x + cos 6x cos x]

cos x (sin 2x + sin 6x) sin 2x + sin 6x

cos x (cos 2x + cos 6x) "~ cos2x + cos 6x
2si 6x + 2x 6x — 2x 5 si 8x (4x>
— | cos|—
sin > cos > sin > >
B B 8x 4x
6x + 2x 6x — 2x
2 cos < 5 ) cos ( 5 > 2 cos <7) cos (7)

= SIMAX COS2X _ 4y — R H.S Hence proved.

cos4x cos2x
13. Prove that Sin(44 — 2B) + sin(4B — 24) = tan(4 + B)
cos(4A — 2B) + cos(4B — 2A)
sin(4A — 2B) + sin(4B — 24)
cos(4A — 2B) + cos(4B — 2A)

<4A 2B + 4B — 2A>

L.HS =

— 2B — (4B — 2A)>
2sin

2 COS

<4A 2B + 4B — 2A> (4 — 2B — (4B — 2A)>

~2sin

4A — 2B + 4B — 2A> 4A - 2B — 4B+2A>

<4A — 2B+ 4B — 2A> <4A 2B — 4B + 2A>

Sin 2 C 2 /2

2A + 2B 6 B (A+B)
COS (T) CW%) CosS GT)

sin(A + B)
— ———— = tan(4 + B) Hence proved.
cos(A+ B) 206
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4 cos2A

14. Show that cot(A+ 15°) — tan(A — 15°) = T2 sin2A

L.H.S = cot(A+15") — tan(A — 15")

cos(A+15)  sin(4— 15

sin(A + 15%) - cos(A —15")

cos(A + 15" ) cos(A — 15")—sin(A — 157)sin(4 + 15°)
sin(A + 15" cos(A — 15°)

cos? A —sin? 15 — (sin2 A —sin? 15‘]

“oin(a +15 +4-15) + sin(4+ 15" — 4 +15)

Z(COSZA—M— sin? 4 + M}

sin 24 + sin 30°

2 (cos?A —sin?4)  2(cos?A — sin?A)
- 2sin24+1
2
7 4 (cos?A — sin?A)

_ 2 _ cin2 - @ =
= 2(cos"A —sin®A) X e 25in24 + 1

sin 24 + 1
2

__4cos24 d
=14 25in2A = R.H.S Hence prove
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EXERCISE : 3.7

Example 3.39: If A+ B + C = w,Prove that

A B C
(i)cosA+cosB+cosC =1+ 4sin§sinisin§

L H.S=cosA+cosB+cosC

A+ B A—B _
=2cos< >cos< >+ cosC A+B+C=m
2 2 A+B=n-C
, <7T C) (A B>+ ; A+B=TC—C
=2cos|———=]cos|=—— cos 2 2
2 2 2 2 AYB m ¢
C A B C =5 5
=zsm§cw<———>+1—zgﬁz- 2 2 2

2 2

- C
=1+ 2sin—

A B - C

> cos 573 —smE
1 5 i C A B T C
= — ———=]—cos|———
+ sm2 CcoS 573 > 5

C A B A B
=1+ ZSinE cos|=——=|—cos| =+ =

2 2 2 2

A

C(. . . B
=1_|-251nE Zsmismg

B C N o ,
— 14 4sin=sin—sin— |cos(A — B) — cos(A + B) = 2sinA4sinB|
2 2 2
... A B  C 1
Example 3.39: If A+ B+ C = m, Prove that (ii) sinzsinz sino <o
Let v — < A B C
u = sinzsinosing

cos(A—B) —cos(A+ B) =2sinAsinB
1
5 [cos(A — B) — cos(A + B)] = sinAsinB

. C
sin—

[ A—B A+ B

_cos > — CoS > >
1— A+B — COoS A-5 Sing

_E_COS > > >

1 A+B A-B\| A+B
p— _E cosS > COoS > cos 5

A+ B A—B A+ B
—2u =| cos > — COos 5 2

cos

]
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A+ B A—-B A+B

2
cos — cos cos
2 2

+2u=20

A+B

which is in quadratic in cos

A+ B
is real number, the above equation has a solution.

since cos

Thus, the discriminant b® — 4ac > 0,which gives

A+B U > 0 = <1 2A+B<1
cos u= usgeos’—— =g
Hence 'A'B'C<1
» singsinosing < g
A B _C
Example 3.40: Prove thatsmE + smE + smi
. m—-—A, . /m—B\ . [mr—C)\ .
=1+4sm( )sm( )sm ——],ifA+B+C=m
2 2 2
L.H.S = si A+ J B+ i<
H.§ = sin + sino + sing

_ nA+
= cos|5—3

T B 4 T C
C"S(E‘E) 272

m A+B B—A L (r C

= 2cos<5— 2 >cos< 2 > +[ 1 —2sin (Z_Z>
T C B—-A (T C
= 1+42sin ———)cos( 2 >—251n (Z_Z>

TC
=1+2sin|~-
Sln<4

»Mﬁ
N~
)

@]

)
/-~

(wy]
el
X~
~
I
2.
S
R
INIE)
I
Nall3)
-

=14 2sin

~_—
| 1
(@]
o
wn

-[>I=I

=1+ 2sin

-Mﬁ -Mm

e RS
-[>I=I
N———
(@]
@]
wn
/N ~
o
el
N
N S——— ~———
I
()
O .
95}
VRS
NS
I
o
S|+
o)
—

SO
\/

T
=1+25m< —

77"_
=1+ 4sin
209
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Example3.41: If A+ B + C = m, provethat
cos*A + cos*B + cos’C =1 —2cosAcosBcosC

L.H.S = cos?A + cos?B + cos?C , . 1+cos24
_1+cos24  1+cos2B 1+ cos2C cos™A=———
; 12 2 2 A+ B+ C =]
=E+E[C052A+COSZB+COSZC] A+B=mn—C|

= g[ZCOS(A + B) cos(4 —B)J + cos2C

-

2| 2 cos(m — C) cos(4 — B)] + 2cos?C—1

= 2:2 cos(—C) cos(A — B)J + 2cos*C -1

=2:2 —cosC cos(A—B)J + 2cos?’C—1

= 2r2(— cosC)cos(A—B)]+ 2cos?’C—1
=—-1+2 X —2cosC[cos(A—B) —cosCJ
=1- ZCOSC[cos(A—B) - cos(n—(A+B))]
=1- 2COSC[ cos(A— B) + cos(A +B)J

=1—2cosC cosAcosB cos(A—B)+cos(A+B) =2cosAcosB
=1—2cosAcosBcosC =R.H.S

(i) A+ B + C = 180°, prove that sin 24 + sin 2B + sin 2C
=4sinAsinBsinC

L.H.S =sin2A4 +sin2B + sin2C

C+D c_p A+ B+ C =180
sinC+sinD=25in< 5 >cos< 5 ) A+B =180 =C
- (2A+ 2B 24 — 2B — 5

= 2511’1(—) cos| —— |+ sin2C A+ B +OC =180
2 2 C=180"— (4+B)

= 2sin(A + B) cos(A — B)+sin2C

= 25in(180° — € )cos(A — B) + sin 2C
= 2sinC cos(A — B)+ 2sinC cosC
= 2sinC [cos(A — B) + cos (]

|sin 2A = 2sin A cos A|

= 2sinC [cos(A —B) +cos(180° — A+B) | 210
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= 2sinC [cos(A — B) — cos(A+B) ]
= 2sinC (2sinAsinB) =4 sinAsinBsinC
(ii)If A+ B + C = 180°, prove thatcos A + cos B — cos C

A B C ]
=—-1+4coscos—sin A+B+C =180
2 2 2 A+B=180°-C
L.H.S =cosA+cosB —cosC A;B=1802—C
a+B A—B A+B 180° ¢
= 2cos cos —cosC _ G
2 7 2 =2 2
A+B_ . C
=2 cos|{90° — =] cos —cosC
2 2
C A—B C _ -
:25in—cos< )‘(1—25in2—> A+ B+ (C=180
° 2 2 ¢ =180°— (A+B)
¢ (A-B C C 180° [A+B
=25in§cos > —1+25in25 ==
C 50° (A+B)
C A—B C — = -
=—1+25inEcos< >+25in2— 2 2

2 2

|+ 2sinS A= B in&

= — Sll’l2 Ccos 5 Slrl2
- C A—B +sin [ 90° A+ B
=—1+ ZSIHE CosS 2 Sin 2

[t (2]
_ — cos
= 1+251n2_COS 2 2

cl A B 1+ 4 A cos2 sine
= — COS— COS— Sin—
=—1+ Zsinz ZCOSE COSE} T 2 2 2

iii) IfA+ B + C = 180°, provethat sin®A + sin’B + sin?C

=2+ 2cosAcosBcosC |A+B+C=180°|
L.H.S = sin?A + sin?B + sin?C |A+B= 180°—C|
=1 — cos2A4 + sin®B + sin*C

=1 — (cos?A — sin?B) + sin*C
lcos(4 + B) cos(A — B) = cos? A — sin? B|

= 1—cos(A+ B) cos(A — B) + sin’C
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= 1—c0s(180° — C) cos(A — B) + sin?C = 1+ cos C cos(4 — B) + sin*C
=1+ cosC cos(A — B) +1 — cos?C = 2 + cos C cos(A — B) — cos*C

=2+ cosC [cos(A — B) — cosC] = 2 + cos C [cos(A — B) — cos(]
= 2+ cosC [cos(A — B) — cos(180° — (A + B))]
=2 + cosC [cos(A — B) + cos(A + B)]

|A+ B+ C = 180°|
IC = 180° — (4 + B)|

=24+ cosC(2cosAcosB)=2+ 2cosAcosBcosC

iv) IfA+ B + C = 180°, provethat sin?A + sin?B — sin*C
=2sinAsinBcos(C

L.H.S = sin?A + sin?B — sin?C

|A+ B + C = 180°|
— 1 — cos?2A + sin?B — sin?C

|A+ B =180°—C|
=1 — (cos?A — sin?B) — sin?C
lcos(4 + B) cos(4A — B) = cos? A — sin® B|

= 1—cos(A + B) cos(4 — B) — sin?C
= 1—cos(180° — () cos(4A — B) —sin®C

— 1 +cos C cos(4 — B) —sin?C =1+ cosC cos(A — B) — (1 — cos?C)
=1+ cosC cos(4 —@ — 1+ cos®C,

= cos C cos(A — B) + cos?C = cos C [cos(A — B) + cos(]
= cos C [cos(A — B) + cosC(]

|4+ B+ C = 180°|
= cos C [cos(A — B) + cos(180° — (4 + B)] c=180°"—(4+B)]
= cos C [cos(A — B) — cos(4 + B)]

= cosC (2sinAsinB) = 2sinAsinB cosC

(v) If A+ B + C = 180°, prove that

t t +t t C-l—t Ct A_l
anz anz anz anz anz anz—
A+ B+ C =180° ﬁé E:180 _E
2 2 2
A B 180° C A B C
tan E-I_E = tan 2 _2 = tan<z+5>=cotz
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A B
tan7+tan7 1 (t A+t B)t C L—t At B
= — (tan=—+tan— |tan— =1 — tan—tan—
1—tanétanE tang 2 z z 2 2
2 2 2

t t +t t =1-t At B

anzan2 anzanz— anzan2

t t +t Bt C-I—t Ct A—l

anzan2 an2 an2 anzanz— .

vi) If A+ B+ C = 180°, Prove thatsin A + sinB + sinC

B 4cosécosEcos£ sin2A = 2sinAcos A
B 22 2 .. A A
sin4 = 2sin—cos—
L.H.S =sinAsinBsinC 2 2

A+ B A—B
= 2sin > coS > +sinC

C A—B\
= 2sin 90°—E cos 5 +sinC

2 2 2 2 2 2

= yeosl e (A8, i (00 _ATB
= 4 COS 5 COS > + sin —T

C A—-B A+ B C A B
=2 COSE CoS 5 + cos > =2 COSE 2 COSECOSE

¢ [(A-B C C C A-B o C
=2 COSE cos + 2sin—cos— = 2cos—| cos + sin—

A B C cos(A—B) + cos(A+ B) =2cosAcosB
= 4 c0OS— COS— COS— A—B A+ B A B
2 2 2 cos > + cos > =2 cosicosi

vii) If A+ B + C = 180°, provethat

L.H.S=sin(B+C—A)+sin(C+A—-B)+sin(A+B—0C)
= sin(180° — A — A) + sin(180° — B — B) + sin(180° — C — C)
= sin(180° — 24)+ sin(180° — 2B) + sin(180° — 2C)
= sin2A +sin 2B +sin 2C

A+ B+ (C=180°

C+D C—D B+C=180°—4A
sinC+sinD=ZSin< )cos( ) C+A=180°-H
2 2 A+B=180°—C

sin(B+C—-A)+sin(C+A—-B)+sin(A+B—-C)=4sinAsinBcosC
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 (2A+ 2B 2A — 2B
= 2sin > cos 3 + sin2C

A+ B+ C =180°
= 2sin(A + B) cos(A —B)+sin2C A+ B =180°=C

= 25sin(180° — C ) cos(A — B) +sin2C

= 2sinC cos(A — B)+ 2sinC cosC A+ B+ C=180°
C =180°—(A+B)

= 2sinC [cos(A — B) + cos (C]

= 2sinC [cos(A — B) + cos(180° — A+B) |
= 2sinC [cos(4A — B) — cos(A+B) ]

= 2sinC (2sinAsinB)= 4 sinAsinBsinC

2)If A+ B+ C = 2s, then provethat sin(s — A) sin(s — B) + sins sin(s — C)
=sinAsinB

L.H.S = sin(s — A) sin(s — B) + sins sin(s — ()
cos(A—B) —cos(A+ B) =2sinAsinB
1

> [cos(A — B) — cos(A + B)] = sinAsinB

A+B+C=2s

1
=§[cos(s—A—S+B)—cos(s—A+s—B)}

1
+§{cos(s—s+ C)—cos(s+s—20C)

= %[cos(—A + B)—cos(2s — A — B)} +%[Cos C—cos(2s — C)}

=%[cos(3 —A) —cos(A+8B +C—A—BE|

1
+§[COSC—COS(A+B +C — C}

1 1
= E{COS(B — A) — cos C} + E[cos C— cos(4A+ B)}

% cos(B — A) — cosC +-€osC— cos(A +B)}
s
2

cos[—(A — B)] — cos(4 + B)}
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1 1
= E[ cos(A—B) — cos(A + B)} =/—Zr@ sinAsinB) = sinAsinB

3)If x+y+z=xyz then prove that

2x+2y+22_2x 2y 2z
1-x2 1-y2 1-22 1-x21-y21— 72

Let x = tanA ,y = tanB ,z = tan(C
Take: A+ B+ C =180°

2A+ 2B + 2C =360° = 2A+ 2B = 360° — 2C
Taking tan on both sides

tan 24 + tan 2B = —tan 2C (1 — tan 2A tan 2B)
tan24 +tan2B=—tan 2C + tan 2A tan 2B tan 2C
tan 24 + tan 2B + tan 2C = tan 2Atan 2B tan 2C

2tan A 2tan B 2tanC < 2tan A )( 2tan B >

+ + =
1—tan?A 1—tan?B 1-—tan?C 1—tan2A/N\1—tan?B
2tan C
1—tan?C
2x N 2y 4 2z [ 2tanA 2tan B 2tan C
1-x2 1-y? 1-2z2 \1—tan?24A/)\1—tan?2B/\1 —tan?C

2x 2y 2z 2x 2y 2z
+ + =
1-x2 1-y? 1-2z2 \1-x2)\1—-y2)\1—22

/4
@) IfA+B+C = E,prove that sin2A + sin2B + sin2C

L.HS =sin2A+ sin2B + sin2C

=4cosAcosBcosC

. (24A+2B 2A — 2B —
= 2sin ] + sin 2C A+B+C=E
=2sin(A+ B A—B ' T

(n ) cos( ) +sin2C A+B=§—C
= 25in (5 = C) cos(4 — B) +sin 2C

2 T
= 2cosC cos(A—B) + 2sinC cosC C:§_(A+B)

= 2 cos C[ cos(A — B) + sin C]

= 2c05C[cos(A—B)+ sin(g—(A+B))jI

= 2cos C[ cos(A — B)+ cos(4 + B)] 215
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= 2cosC[2cosA cosB] =4cosAcosBcosC

[
(i) IfA+B+C= 5 prove that cos2A + cos 2B + cos 2C
=1+ 4sinAsinBcosC

L.H.S = cos2A + cos 2B + cos 2C

) 2A+ 2B 2A — 2B o C
=2co0S| ——— _— 4
2 cos > + cos A+B+C=E

= 2cos(A+ B)cos(A—B)+ cos2C
T A+B =
= 2cos (E - C)COS(A —B) +cos2C

-C

ASHRES

lcos 24 = 1 — 2sin?4]

= 2sinC cos(4 — B) + 1 — 2sin%C

i
CZE—(A-FB)

= 2sinC cos(A — B) — 2sin*C + 1
N _
~N

— 2sinC [cos(4 — B) - sin¢] +1
VA
= ZSinC{cos(A—B)— sin(E—(A+B) )}+1

= 2sinC[(2sinAsinB)— cos(A + B)] +1

=1+4+2sinCcos(A—B) =1+ 4sinAsinBsinC

/4
5)(i) If AABC,is aright triangle and if £A = rx then prove that
C

cos’B + cos®’C=1

LA=2 then B +4C ==
g then ~2
L.H.S = cos?B + cos? C
=cos’?B+1—sin’C =1 2 B — sin?
+ cos Vsm C 5 |_ A

=1+ cos(B + C)sin(B — C)
=14 cos90°sin(B—C) =1+ (0)sin(B—-C) =1
5)(ii) If AABC,is aright triangle and if £A = g then prove that
sin?B +sin*C =1
L.H.S =sin?B + sin?*C
=sin?B+1—cos?C =1 + sin? B—cos?C

=1 —(cos?C— sin? B) =1 — cos(C + B) cos(C — B)
=1— cos90° cos(C—B) =1— (0)cos(C—B) =1
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[

5)(iii)If AABC,is aright triangle and if £A = 2 then prove that
B C

cosB—cosC=-1+ Zﬁcosisini

Let us take : cosA + cosB — cosC since A = 900, cosdA =0

A B C 90° B C
:—1+4cos—coszsmi——1+4C05 5 oS5 sing

B ¢ 1+4X 1 B it

_ ° —Qin— = — — COS—SIn—

= —1+ 4 cos45 c05251n2 NG > >
B 1 B C
=—1+2><2><icos—sinE =—1+2><\/§>< 2 X —= CcOS—Sin—
V2272 )if 272

B C
=—14+2V2 cosEsinE
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EXERCISE : 3.8
Trigonometrical Equations

An equation involving trigonometrical function is called a trigonometrical
equation.

1 1
Example : cosf = E,tan@ = 0,c0s%0 — 2sinf = 5

are some examples for trigonometrical equations.

A solution of a trigonometrical equation is the value of the unknown angle
that satisfies the equation. A trigonometrical equation may have infinite number
of solutions. The solution in which the absolute value of the angle is the least is
called principal solution.

General solutions of sin6 =0 0 = nr,neZ

i
General solutions of cos 0 =0 6 = (2n + 1) > nez

General solutions oftan0 =0 6 =nm,neZ

When a trigonometrical equation is solved, among all solutions the
solution which is in intervals
T

_ T
For sine : [_E'E] = For tangent: (—%E) —  For cosine : [0,m]

General solutions of sin® =sina 6 =nm+ (—1)"a,neZ
General solutions of cos 0 =cosa 0 =2ntta,neZ
General solutionsoftan6 =tana A =nn+a,ne”Z

1
Example 3.42 : Finding the principal value for sinf = —

1 -
sinf = = ’» 30°=1_‘
2 sin 2

Since sin0 is positive , 0 lies in the|Zir5t|

w1

Principal value of must be in [_E'E i.e.[firstor second quadrant

The principal value is in thefirst quadrant.

1 [o]
sin9=5=> sinf = sin30° = 0 =30° = 0 =

S

Example 3.42: Find the principal value of : (ii) sinf = —

V3

ng = — —
sin 5

Since sinx is negative , x lies in the third or{fourthlquadrant
T T

Principal value of must be in [— 27 i.e. first 0 quadrant
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The principal value is in thefourth quadrant. lsin(—0) = —sind|

V3

3
sinf = — = sin(—60°)= —sin60° = sin (—60°) = —5 = 0 = —60°
=~ The principal value of 8 = — 3

Example 3.42: Find the principal value of : (iii) cosec6 = —2

1
cosecd = —2 = sinf = —3

Since sinf is negative ,0 lies in the third or{ fourthlquadrant

] ] " 71- n - -
Principal value of must be in |— 55 Le first oquadrant

The principal value is in the fourth quadrant. |sin(—0) = —sind)|

1 . . . 1
sinf = —5 = sin(—30°)= —sin30° = sin(—30°) = 5= 6 = —30°

=~ The principal value of 8 = — g

1

Example 3.42: Find the principal value of the following :(iv) cos@ = 2
g = 1
cosd = -

Since cosf is positive, 0 lies in theor fourth
Principal value of must be in [0, n]i.e.or second quadrant
The principal value is in thefirst quadrant. -
cos = — = cosO = cos60° =>9=6(3: = 0 =§
=~ The principal value of 9 is 3

Example 3.44: (i)Find the General solution of sec6 = —/2

1
Finding the principal value for cosf = ——

V2
Since cos@ is negative ,0 lies in the or Third

Principal value of must be in [0, w]i.e. first or(second) quadrant
(cos(180° — §) = —cos6b)

The principal value is in the second quadrant.

6 = 1 = 6 = (180° — 45°) 2 3
cosf = NG cosf = cos ﬁy . - 3
cosO = cos130° /}8'0°=T
cos B = cos a 36
3 74
a=135° > a=—
4 | cos(180° — 45°) = —co0s45° |
General solutions of cos0 =cosa 60 =2nmt+t a,neZ
0=2nmt nez 1
=2nmt+—,ne
- 4’ cos(180° — 45°) = ——
\2
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Example 3.44: (ii)Find the general solution of the equations:tan = /3

Finding the principal value for tanf = V3
Since tan@ is positive ,0 lies inthe or third quadrant

T

T

Principal value of must be in [— 27 i.e.orfourth quadrant
The principal value is in thefourth quadrant. tan(=0) = —tanf|
T

tand = V3 = tanf = tan(60°) = tand = tana = a = 60°=|q = 3
General solutions oftan6 =tana = O =nw+a,ne”Z

T
General solutionis @ =nm + 3

. 2 _ =2

Example 3.45: Solve 3 cos“0 = sin“0 Sin%0 T cos?6 = 1]

3 cos?0 = sin?0 sin0 — 1 -
3 cos?0 = 1 — cos?0 sin“0 = 1 — cos

3c0s20 + cos?0 =1 = 4co0s20 =1 cos2A = 1+ czos 2A

1
=>1+c0529 1 l

cos?® =~ —  __ = 1+cos20=
4 2 4o 2
1 -1 2T
cos20=——1 = cos20 =— = cos 20 = cos —
2 2 3
6=20 a=""
= , o= 3

General solutions of cos 6 = cos a
O=2ntrtane’Z

21 1
20 = ZnHi?,neZ = 0 = nnig,nEZ
+2
Example 3.46 Solve : sinx + sin5x =sin3x

sinx + sin5x =sin 3x
sinx +sin5x —sin3x =0

C+D C—-D
[sinC+sinD :251n< -Iz_ >COS< > )J

x + 5x x — 5x
2 sin cosS > —sin3x =0

2

6x 4x
2 sin — | cos (— 7) —sin3x = 0 = 2 sin3x cos(—2x) —sin3x =0

2 sin3x cos2x — sin3x = 0 = sin3x (2cos2x —1) =0
sin3x =0, 2cos2x —1 = 0= sin3x =0, cos2x =
Take :sin3x = 0 = sin3x =sin 0 = sinB =sina 220

N =
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6 =3x,a=0°
0 =nn+(—1)"a,neZ

nm
3x=nr+(-1)"X0 = 3x=nnm = X =—
Take : cos2x = >
The principal value is in thefirst quadrant.
T
cos2x = cos60° = cos2x = cos§
cos B =cosa
I8
0 = ZX, o=—
3
0=2ntt+aneZ
T T
L2x=2nm+— = x= nnig
=2
nm T
The general solution x = 3 andx =nm+ 3

Example 3.47: Solve cos x + sinx = cos 2x + sin2x

COS X — C0S 2x = sin2x — sinx
5 i x+2x\ | [2x—x 5 2x+x\ | (2x—x
sin > sin > = 2cos > sin >
_(3x\ . x 3x\ . (x
2 sin <7>sm (E) = 2 cos <7>sm (E)
3 i 3x\  [3x ) 3x\ . (x)_ 0
sin > sin > cos > sin > )=
x 3x 3x | L (3% 3x
2 sin (E) [sin <7> — COS <7>]: 0 = Sin (E)[Sln <7> — CoS <7>] =0
i (2 (25— cos 3_x
sm(E)=O, sin > > =0
/X . [3x 3x \
Take: sin (E) =0, Take: sin <7> — CoS <—> =0

2
sinf =0 = 9=§ . (39() (39()
2 sin 7 =cCosS 7
0 =nmn€Ez

. (3x
Y = x=2nnm sm(T) 3x 3x T
2 —3=1=>tan— =1=tan|— | =tan—
cos(—x) 2 2 4
2
tanf = tan«a
3x

N : i
= — ax =—

g5 A

4 221
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3x 2 s
=nnt+a= 7:nn+n’/4 :}x_g(nr[-FZ)

2nm 2w 2NT T
X=—+— — X=——+—-,n€z

3 12 3 6

6
Example 3.48: Solve the equation sin960 = sin 6

sin90 —sin@ =0

, 90 +6) . (90-06)_ , 06\ (86)_ .
coSs 2 sSin 3 = = coS 5 Sin 5 =

2cos(560) sin(40) =0= cos56 sin46 =0
cos50 =0, sin40 =0
cos8 =0, sinf =0

0=56 0 =40

T
General Solution: 6 = (2n + DE'” €z
Here6 =50

is is
50=(2n+1)5,nEz = 9=(2n+1)1—0,n62

General Solution: 0 = nmt
nm

40=nmn= 9 =—

4
Example 3.50: Solve sinx —3sin2x + sin3x = cosx — 3 cos 2x + cos 3x
sinx — 3sin2x + sin3x = cos 3x + cos x — 3 cos 2x

[(3x+x 3x —x ) 3x +x 3x—x
2sin > cos > —3sin2x =2 cos > cos > —3cos 2x

5 i 4x 2x 3sindy = 2 (4x) 2x 3 )
sin (7) cos > sin2x = 2cos 5 coS > |- COoS 2x
2sin2x cosx —3sin2x =2cos2x cosx—3cos 2x

sin2x (2 cosx —3) =cos 2x(2 cos x — 3)
sin2x(2cosx —3)—cos2x(2cosx—3) =0
(2cosx —3)(sin2x —cos2x) =0

2cosx—3=0, sin2x —cos2x=0

2cosx —3 =0, sin2x = cos 2x

(not possible) sin 2x
=1= tan2x =1

COS 2x
tan 2x =tan 45° = tan 2x = tan”/4
tanf =tana = 6 =2x, a =

NS

0=nm+« 222
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2 — T — — _n + —
=nm + X
x =nw+"/, > T3
Example 3.51: Solve sinx + cosx =1+ sinxcosx

Let sinx+cosx =t
t =sinx + cosx
squaring on both side

t? = (sinx + cosx)> = t? =sin’x + cos’x + 2sinx cosx

t2=14+2sinxcosx = t>—1=2sinxcosx

t2—-1
= SInXCcosx
2 t2—1
sinx+cosx=14+sinx cosx — t=1+
2+t2-1 5 2

2
2t =t24+1 = t2-2t+1=0

t—-1),t—-1)=0=t—-1=0
t=1 = sinx+cosx=1
a=1, b=1

Jaz + b2 =12 + 12 =2
sinx+cosx =1 sinx coSXx 1

= + -
2 Z %z V2

sinx cosx 1 1
\E( + >=1=>\/§<—sinx+—cosx>=1
V2 W2 V2 V2
T T T
ﬁ(cosxcosz+sinxsinz) =1 = \/Ecos(x—z) =1
T 1 T T
—_— s = —_ ) = —
cos(x 4) 7 cos(x 4) cos4=> gzx_f a=7T/
cos@ = cosa 4"’ 4
General Solution: 0 = 2n+1)ane€z
T T T
x—ZZZnnia,nEZ=> x—Z=2nniZ
—z—z +z x—ZzZnn—;E
X 1= nm % n
20T+ + = " 2nm + =
= —+— = = — = x= —
X nm 2 4,x 2NmT = x 2n7t+4,2 X nm 5

Example 3.52: Solve:2sin*x + sin%2x = 2
2sin?x + (sin2x)? = 2 = 2sin’x + (2sinx cosx)? =2
2sin?x + 4sin?x cos?x = 2 = 2(1 — cos?x) + 4 sin’xcos?x = 2
2 — 2c0s*x + 4 sinxcos?x = 2 = 4 sin’x cos?*x — 2c0s*x = 2 — 2
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2c0s%x(2 sin*x —1) = 0 = cos?’x (2sin’x—1) =0

cos?x=0,2sin?x—1=0
cosx =0, 2sin*x =1
[cos 6 = 0]

[ T
General Solution: 6 = (2n + 1) 5 M €z = x=02n+ 1)5,11 €z

1 1 1
sin22x=1 = Ssinx=+— = sinx=—or sinx = ——
/2 Vi Vi N
] T or si = _
sinx = st sinx = sm4
[ T
Take :sinxzsinz Take : sinx = —SinZ \

sinf = sina

0 = X,a = 7-[/4
6 =nm+ (—1)"«a
<= nr+ (1" 7T/4

O=x,a=-T/,
0=nn+(—-1)"a = 0=nn+(—1" (—”/4)
0=nr+(-D""1/y = g=nr+ T/ Y

Example 3.54: Solve V3 sinf — cos§ =2

a=+3, b=-1
r=4at+b2=T1T = ’(\/§)Z+12 = r=v3+1
r=vi =1
, V2
V3 sin@ —cos =2 = E sine—lcose ==
=2 2 2 2
\/—gsine—lcose—i = V3 2 1 2 !

o 1 . o
' 30°—cos0sin30'=— = sin(0—30) =—
sinfcos > 5

T

sin (9 —%) — sin45° = sin (0 —E) - sin%
=0 = 9—g,a=

6

T
sinf = sina 6

General solution: 0 = nn+ (-1)"a,n €Z
T s
0 = nm+ (—1)"Z = 0 = nn+ (—1)”Z ,NEZ
Example 3.55: SolveV3tan?0 + (V3 —1)tan6—-1=10

V3tan?6 ++3 tanf —tan —1=0
V3tan? 0 (tan® —1) —(tan6 +1)=0 224
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(tan6 +1)(\/§tan8 —1)=0 = tan6 +1=0,(\/§tan9 —1)=0
tan® =-1, \/3tanf =1

tanf =—
V3
Take : tan8 = —1 -
tan 6 = tan(~45") = tan6 = tan (- 7), .
tanf = tana =0, “="7

General solution: 6 =nn+a ,n€Z

o — T
=nmn 4

1
Take : tan@ = —
V3

o T
tanf = tan30 = tanf = tang

T
= 0=0,a=—
tanf = tana 6

9=n7t+a=>6=nn+z
6 1

Ex : 1 (i) Find the principal value and General solution : Sinf = — NG

sing = ——

V2
Since sinx is negative ,x lies in the third or{ fourthlquadrant

T
Principal value of must be in —55| e first onfourth|quadrant

2
The principal value is in thefourth quadrant. Isin(—0) = —sind|
1
sind = —— = sinf = sin(—45°
7 (—45°)
, /[
sinf = Sin(— —)
4 [
sin @ =sin a =>9=0'°‘=_Z
/1
= The principal value of a = — 1

General solutions : sin ® =sinais 0 = nw + (—1)"a,neZ

6 =nn+(—1)"(—%),nEZ

(ii) Find the principal value and General solution : cot® = V3

1
cotd =3 = tanh = —
V3
Since tan@ is positive ,0liesinthe or third quadrant 55
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T
Principal value of must be in (— > E)i.e.or fourth quadrant

The principal value is in the first quadrant.
1
tanf = — = 30°
/3 = 6 = 30

T
=~ The principal value of 8 = r

1 _ o tanf = tomE Y
tan@——3=> tanf = tan30° = 6:3:0,61:—
v tanf = tana 6

General solution:0 = nw+ «

0 + z
=n —
Tt )
(iii) Find the principal value and General solution: tanf = — —
V3
tanf = ——

V3
Since tanf is negative ,0 lies in the Second orquadrant

T
Principal value of must be in [— E'E] i.e. first oquadrant

The principal value is in thef ourth quadrant.

1 s
tand = —— = tanf =t —30°) => tanf =t -
an NG an an( ) an an( 6)

s

=~ The principal value of 6 = — e

tanf = tan (— %)

s
tanf = tana — 2 =0 “="%

General solution:0 = nw+ «

0 — T
=nmn 6

Ex : 2. Solve the following equations for which solutions lies in the
interval 0° < 0 360’

(i) sin*x = sin’x
sin*x —sin?x =0 = sin?x (sin?x—1) =0
sin?x =0, sinx—1=0 = sinx=0, sin?x=1
sinx =+V1 = sinx=+1

sinx =1, sinx = -1,

226
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sinx=20
0 =x
General solution :sin@ =0
0=nm,n€EZ
sinx=1

- - o - - n
sinx =sin90 = sinx = smz

T
. . = O0=x, a=—
sinf = sina ’ 2

General solution:sinf = sina
0=nn+ (—1)"a, n€Z
X = nm+ (—1)"%,
sinx = —1
sinx = sin(—90°)
. . n T
sinx = sm(—i) = 0=xa =5
General solution: sinx = sina

0=nr+ (—1)"a

X = nm+ (—1)”(—%), neEz

(ii) 2cos®>x +1 = -3 cos x

2cos’x+3cosx+1=0
Lety = cosx

2y243y+1=0 = 2y2+y+2y+1=0
y2y+1)+12y+1)=0 = Qy+1DH+1)=0

2y+1=0, y+1=0=2y=1y=-1
1

y=-3 120°—}§0’x—” _2m
. Z 180° T 3
cosx=—§,cosx:—1 3
1
Take : cosx = ——,
2
cos x = cos(180° — 60") = cosx = cos 120’
21
COS X = COS —
2
cosO =cosa 2

T
General solution: 6 = nt+ anez — 0 =2nm+ ?
227
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Take : cosx = —1
cosx =cos180° = cosx =cosm
cosO =cosa

0=x, a=m

General solution: 0 =2nn+ a, n €z

x=2nm+ 7@, —/\X
3 2
(iii) 2sin*x+ 1 = 3sinx

2sin?x —3sinx+1=0

Let y =sinx
22 —3y+1=0 = 2y> —y—2y +1=0
y2y-D-1Q2y-D=0= 2y-1) -1 =0
2y—1=0,y—-1=0=2y=1,y=1

1

VS B y=3
y_2 ory =
. 1 .

smx=§ orsinx =1

1
Take:sinx=§

T

sinx = sin30° = sinx = sin— T
sin@ =sina ’ 6

General solutions: @ =nw + (—1)"a,neZ

i
X =nm+ (—1)"6

Take : sinx = 1
) /A
sinx = sin—
) ) = 0=x a=
sinf = sina

NS

General solutions : 0 = nt + (—1)"«
T
x =nm+ (1" >
(iv) cos2x =1 —3sinx
1 — 2sin?x + 3sinx — 1= 0 = —2sin’x + 3sinx =0
3sinx — 2sin?x = 0 = sinx (3 —2sinx) =0

sinx =0,3—2sinx=0
sin@ =0, —2sinx =-3 228
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3
2sinx =3 = sinx ZE
3
sinx = > ¢ [—1,1]
General solutions:sinf = 0
O=nmn,neZ
X =Nnm
3.Solve the following equations.
(i) sin5x — sin x = cos 3x
3 2
5 5x+x\ . [(5x—x ) Bx\ = (Ax
coS > sin > = cos 3x = 2cos > sin (7) = cos3x

2 cos3x sin2x = cos 3x = 2 cos3x sin2x —cos3x =0

cos3x(2sin2x—1)=0 = cos3x =0,2sin2x—1=0

cos3x = cos90°, 2sin2x=1
T

cos3x = cos—, sin2x = =
2 2

T

Take : cos3x = cos — T
2 = 0=3x,« ZE

cosB = cosa

General Solution: 0 =2nn+a,neZ

3x =2n +n=> Znn_l_n
= T _ [ — —_
2 T XT3 TG

Take : sin2x = 5
sin2x = sin30° = sin2x = sinE -
sinf =sina 9=2x,a:g
General Solution: g = nir + (—1)"a
nT o x =g (-
= —_ [— X =— — _
2x =nm + (—1) e > 12
(ii) 2cos?*0 +3sin6 -3 =0
2(1 — sin%6) +3sinf —3=0 = 2 — 2sin’f +3sinf -3 =0

—2sin%?@ 43sinf —1 =0 = 2sin?6 —3sinf+1 =0

x(2x—1)—12x—-1)=0 -1
QRx—-—1)(x=1)=0

Let x =sin@ + X
2x2—-3x+1=0 = 2x2—x—2x+1=0 —/\2
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2x—1=0,x—1=0

2x =1, x=1
_1
*=32
1 ) .
.'.x=§,x 1= sinf =—,sinx=1
1
Take: sm@-z

T
sin@ = sin30° = sinf = sin—

, 6 = g_pa=
sinf = sina

General Solution: 0 =nw+ (—1)"a,neZ

m
0 =nm+ (—1)"g,n €z
Take : sinf =1
. T
sin@ = sin90° = sin6 = sin— -
sinf = sinag . 0=0¢a )
General Solution:0 =nn + (—1)"a,neZ
[
0 =nm + (—1)"E,n 4

(iii) cos 0 + cos 360 = 2 cos 20

cos 8+ cos360 = 2cos 20

6+ 36 6 — 36
2 cos > coS > = 2 cos 20

46 —26
2 cos|—) cos{—~) = 2c0s20 = 2 c0s20 cos(—8) = 2cos26

2 cos20 cos® = 2cos28 = 2 cos260 cosf — 2 cos260 =0

2 c0s26 (cos@ —1) =0 = 2cos20 =0, cos§ —1=0
cos20 =0, cosf =1

Take : cos260 = 0,
cos 20 = c0s90° — (0s260 = cosE

2 5 9=20a=2
cosf = cosa - eva=g

General Solution: 0 = 2nt + «

29—2nn+— = 9_271_7T+7T=> 0 =nm+
) 2 2 4

N

230
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Take : cos@ =1
cosf = cos0 = g=9a=0
cosO = cosa

General Solution: 0 = 2nm + a
0=2nr+0 = 0 =~2nm
(iv) sin 8 + sin30 + sin50 = 0
sin50 +sinf +sin30 =0

56 + 6 56 — 6
2 sin > cos > +sin36 =0

40
2sin <62—9> cos <7> + sin360 =0

2 sin36 cos20 +sin360 =0 = sin30(2cosf +1) =0
sin360 =0, 2cos20+1=0
,2 c0520 = —1

,C0520 = —

Take : sin360 =0
sin360 = sin0
sinf = sina

2

0 =30,a=0

General Solution: 9 = n + (—1)"a
30=nt+(—-1"(0) = 30=nrt = ¢ :nS_n

Take: cos260 = —%

cos20 = cos(180° — 60°) = cos26 = cos120°

2T

20 = —
cos cos —

cosO = cosa

21
- 9229,()(:?

General Solution: 0 =2nwr+a,neZ
2T T
20 =2nni? = 0 =nni§

(v) sin 20 — cos20 — sinO + cosf = 0
sin 20 —sin@ + cos 0 — cos20 =0

20+60\ @ (20-—16 - (60426 -~ [(20—0
2cos< > )Sln< > )+251n< 5 >+sm< 5

)-o

231
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) 30\ @ [6 36 6
cos > sin > +25m7 smE—O

Take : sin==0
aesm2

6
sin- =sin0 2

2 = g=—,a=0,
sinf = sina, 2

General Solution: 9 = nw + (—1)"«

0 0
=nr+ (-1)"*0) = 5 =nn = 0 =2nm

2

- 36
ae.smz— COS2

sin—-
2

360 360
=-1= tan7 =-1= tan7 = tan(—45°)

COS ——
2

¢ 39_t ( T[)
an 7 = an 2 20
tanf = tana 927'“2_1

General Solution:0 =nmr+a,neZ

T
39_ T nmw
3 2 2

2

2nmw 0w

3 6

e 50 in (22 =0 = 2si 9—0 Cosﬁ+sin——0
Zsmz cos > + sin )= Zsmi— , > =

0 .30 360

sin—=0, Sin > = Cos >

232
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3. (vi) Solve : cos 0 + sin@ =2
cos @ +sinh =2

a=1b=1
Va? +b? =412 + 12
=VI+1 _
_ 3 lcos Acos B + sin Asin B = cos (A — B)|
0 nmg =v2 1 1
cost s V2 = cosO0—=+sinf—==1
+2 V2 V2

cochosE+sin95inz— 1= cos(@—z) =1
4 4 4)

cos (6 —%) =cos 0 T

= 0=0—-——,a=0
cos 0 = cos o 4

General solutions of : cos 8 = cos a
0=2nmt+aneZ

0— 0= 0-" = 2nr = T
Z T 1 nm 9=2n7’[+z

3. (vii) Solve: sinx + V3 cosx = 1

sinx + V3cosx = 1 a=\/§,b=1

=2
2
L7 . (V3) +12=V3F1=vE=2
Esinx + TCOSX = E
\/§ L —1 = cosxcosﬂ+sinxsinﬂ—1
7cosx+zsmx—z 6 6= 72
T 1 T T
cos (x—g)=§=> cos(x—g)=cos§=> ”_ T om
=x——,a=
cos 8 = cos a 6 3

General solutions of cos 6 = cos a
0=2nmt+taneZz

71 2 71 T T
P +—$ —_ — = — e
X 6 Tl7T_3 X 6—2nn+3 = x=2nm+

3. (viii) Solve: cot 8 + cosec 8 = /3
cot 8 + cosecd =+/3

w|
o[

233
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cos 0 1 cosf0 +1
+ =3 = —=
sin@ sin@ V3 sin@
cos@ +1=+/3sinf = 1=+3sinb — cos 6
V3sinf —cos@ =1 a=+V3,b=1
=2
2
J3 . . (V3) +12 =V3+1=Va=2
751719—56059:5
s si 2] il 9—1=>coszc056—sin—sin6———
sin—=sinf@ — cos—cos 6 = > 3 3 >

cos (9 + E) = _% = cos (9 + %) = cos(180° — 60°)

3
T T 2T
coS (9 + —) = c0s 120° = cos (0 +—) = c0S—
3 3 3 T 27'[
cos 8 =cosa 3 3
General solutions of cos 6 = cos a
0=2nmt+aneZ
T 2T 20 T
+3 Tl7T_3=>0 2nni3 3

T 21
(ix) tanb + tan (9 + 5) + tan <0 + ?> =+/3

tand + tan% tand + tan%”
tanf + = + o = V3
1—tand tanz 1 — tand tan?n tan120° = tan(180° — 60°)
tanl120° = —tan60°
0 tand + 3 4 tanf + tan120° 73 =V3
tant + 1 — tand tan% 1 — tan6 tan120° ~
tand + /3 tand — V3

tanf + + =
1—+/3tand 1 —tand (—V/3)

tand ++/3 N tand — /3
1—+/3tand 1+ (V3)tand

tanb + /3 4 tan® — /3
1 —+/3tand 1+ (V3)tand

tanf +

=+/3 — tanb
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(tanf +V3) (1 +V3tand) + (tand —3) (1 — V3tand)
=3 — tané

(1 —+/3tand) (1 + V3tand)
tan6 + V3tan?0 +-73 + 3 tand + tand —
12 — (v3tan)?

tan@ + 3tanf + tanf + 3tanf
=+/3 — tand

an6 —~/3 + 3 tand

1 — 3tan?6
2tanf + 6 tand = (V3 — tanh) (1 — 3tan?0)
8 tand = V3 — 3V3tan?6 — tan + 3tan?6
8 tand + tan® = 3tan30 —3+/3tan?6 +/3

9 tanf — 3tan36 = V3 — 3v/3tan?6
3(3 tanb — 3tan36
( ) —_ 1/3

9 tanf — 3tan36 = 1-— 29) =
an an V3(1 — 3tan?6) T 3tan28
1
VB'x /3 (tan30) =v3 = tan36 = —
1 V3
tan36 = tan—= 0 =30, q = =
an36 = an6=> = ,a_g
General Solution: 0 =nt+a,neZ
L nn+ T
30 = +— -2 Tig
nm 6 3 18
V5 +1
(x) cos20 = 1
4 ¥
c0s20 = cos36° 36° X L
T 180° 5
cos260 = cos— T 7‘05
5 = 9 =20, a=-
cosf = cosa 5
General Solution: 0 =2nmrt+ta,neZ
o P L SN P L
2 —2nﬂ_§ - —T_E - 2 10

(xi) 2c0s?0 — 7cosx +3 =0 +/\ y
7
6

Lety = cosx
2 _ =
2y« —=7y+3=0 _1 —6

2y2—1y —6y+3=0
y2y-1)—-3R2y~-1)=0 =@ -3)2y -1 =0
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y—3=0,2y—1=0

cosx = 3, COSXx = —
(Is not possible)

Take: cosx = =
2
T
COSX = COS— T
cosf = cosa

General solutions: @ =2nwrt+a,neZ

T
x =2nm + E,neZ
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EXERCISE : 3.9
Example 3.56:The Government plans to have a circular zoological
park of diameter 8km. A separate area in the form of a segment
formed by a chordof length 4 km is to be allotted exclusively for a
veterinary hospital in the park. Find the area of the segment to be

allotted for the veterinary hospital.
Let O be the centre of the circular park and AB be the chord.B

Let £AOB = 6
Diameter = 8km
. 8
d = - ===
radius 2 =7 4

Area of the segment =
Area of the sector — Area of AOAB

129——§r29n9 r2 [0 — sinB]

NI RN~

42 [0 — sin@] = 0 —sinf]=8[0 —sinf] (1)

By cosine formula
b% + ¢? — a?
2bc
42+ 42— AXK

CoSA =

S0 =% ax4  2xAxA
1 T
cosf=— = 9 = 3
From (1) 2
area of the segment to be allotted = 8[0 — sin 0]
for the veterinary hospital
T s m V3] 4 [2r—3V3] 4 5
=8|z —sin=|=8|- ——| =g|———"| ==|2r — 3V3|m
[3 51n3] 83 2] g 3% Z 3[7'[ \/—]

Example 3.57: In a AABC,prove that b?sin 2C + ¢?sin2B = 2bcsin A.

By using sine formula
a c

sinA sinB sinC
@ _ 2R b _ 2R =2R
sind~ sinB7 sinC~

a=2RsinA | b =2RsinB | ¢ = 2RsinC

L.H.S = b?sin 2C + c? sin 2B
= (2R sin B)?sin2C + (2RsinC)? sin 2B
= 4R? sin® B sin 2C + 4R? sin? C sin 2B
= 4R? (sin? Bsin 2C + sin? C sin 2B)
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= 4R?2 (sin? B 2 sin C cos C + sin® C 2sin B cos B)
= 4R? x 2 sinB sinC (sin B cos C + sin C cos B) 24 = ZsmAcos 4]
= 8R?sinBsin C sin(B + ()

Isin(A + B) = sin A cos B + sin B cos A|

A+B+C=m
B+C=nmn—-A b
sin(fd —A) =sind = b=2RsinB$sinB=ﬁ
c 274 R b c
¢ =2RsinC = sinC T R <2R>(2R)sm(n A) = 2bcsin
. (B—-C b—-c A
Example 3.58: In a AABC,prove that sin = cosi.

By using sine formula

b A+ B+ C=180°
@ _ __% _9R B+C=180°—A4
sinA sinB sinC
b c B+C 180°—A
=2R =2R =2R =
B+C 180° A
a=2RsinA | b=2RsinB | ¢ =2RsinC =5
b—c A B+C
R.H.S = COSE 5= >
2RsinB —2RsinC A 2R (sinB — sin C) A
2RsinA 2 2R sinA 2
B+C . B—-C B—-C . A
B Z cos 5 ST //\ sin z Cos<90 _E>
= cog— —
7 A //4 2 A
smzco 5 sm2
B—-C . 1cos(90° — 0) = sind|
sin si > B—C
= sin > =R.H.S

_ 2
Slp/%/

Example 3.59: If the three angles in a triangle are in the ratio 1:2: 3,
then prove that the corresponding sides are in the ratio 1:v/3: 2.

Let the angles be 6,260,360
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0 + 26 + 36 =180°
30° 66 =180’
180 ]
0=——= 6 =30
1
a b _
sind sinB sinC

By using sine formula:

A=20 B =26 C =36
A=30"| B=2x30"|C=3x30
B =60 B =90
a b . c
sin30°  sin60°  sin90°

. . . 1 43
a:b:¢ = sin30 :sin60 :sin90 :E: 7: 1
X 2
1 V3
=2x=:2ZX—=:2x%x1 =1:4/3:2

Z Z
Example 3.60:In a AABC,prove that
(b+c)cosA+ (c+a)cosB+(a+b)cosC=a+b+c

LHS=((Mb+c)cosA+ (c+a)cosB+ (a+b)cosC
=bcosA+ccosd+ccosB+acosB+acosC + bcosC
=bcosA+acosB+ccosA+acosC +ccosB+ bcosC

=c+b+a [By projection formula] la = bcosC + ccos B|

= a+b+c=R.H.S
a’*+b*> 1+ cos(A—B)cosC
a?+c2 1+ cos(A—C)cosB

Example 3.61:In a AABC,prove that

By using sine formula

a b c
sin A - sin B - sinC = 2R
a b
sin 2R SinBE'ZR sirlCE'2R

a=2RsinA | b =2RsinB | ¢ = 2Rsin(
a’ + b?
a? + c?
(2RsinA)? + (2RsinB)?  4R?sin’A + 4R*sin’B
B (2R sinA)? + (2R sin C)? " 4R?sin? A + 4R? sin? C
4R?(sin? A + sin? B) 1—cos?A+ sin?B _ 1—(cos® A —sin®B)

L.HS=

- 4R?(sin? A +sin?C) = 1< cos2A+ sin?C 1 = (cos® A —sin3 )
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_ 1 —cos(4 + B)cos(A - B) 1 — cos(m — C) cos(A — B) [sin“A+cos*A=1

_ _ A+ cos? A~ 1
1—cos(A+C)cos(A—C) ~ 1—cos(m—B)cos(A—C) |

|cos(m — 6) = —cos

_1—-(zcosC)cos(A—B) 1+ cos(A—B)cosC _ pps [ATBFC=m
1—(—cosB)cos(A—C) 1+ cos(A—C)cosB A+B=m—C
Example 3.62: Drive cosine formula using the law of sines in a AABC.
The law of sines :
a b c

2R

sinA - sin B - sinC -
¢ =2R b =2R ¢ =2R
sind~ sinB7 sinC~

a=2RsinA | b =2RsinB | ¢ = 2RsinC

b? + c? — a?

cosine formula: cosA =

D

2bc
RHS_b2+c2—a2
T 2bc
_ (2Rsin B)?>+(2RsinC)*—(2RsinA)*>  4R2sin? B + 4R? sin? C — 4R? sin? A
2(2RsinB)(2R sin () 8R2 sin B sin C
__ARZ (sin? B +sin® C —sin?A) _ sin? B + sin(C + A) sin(C — A)
B8R?sinBsinC 2sinBsinC
sin? B % sin(mr — B)sin(C —A) _ sin? B + sin B sin(C — A)
2sinBsinC 2sinBsinC A+B+C =1
_ siwB [sin B + sin(C — A)] sin(C + A) +sin(C—4) |AtC=m—B
2 sinB sin C B 2sinC |sin(mr — 0) = sin 6|
2sirC cos A sin(C + 4) = sin(z — B) = sinB|
= : =C0s A
2sirC |sin(A + B) + sin(A — B) = 2sinA cos B|

sinA sin(4 — B)

1. Ina AABC,i =
na if sinC sin(B —C)

,prove that a?,b?,c? are in

Arithmetic Progression. A+B+C=m
A=mn—(B+0)
sinA_ _sin(A — B)
, : A+B+(C=m
sinC” “sin(B — () C=n—(A+B)
sin(B — C)sin A =sin(A — B) sinC sin(m — 6) = sin 0|

sin(B — C) sin(wr — (B + C)) =sin(4 — B) sin(r — (A + B))
sin(B — C) sin(B + C) = sin(4A — B) sin(4 + B)

sin? B —sin% €= sin* A —sin®B ... (1)
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By using sine formula

a b . cC _ R

sinA  sinB sinC
¢ =,2R b =2R =2R
sin A« sinB;' sin C &7
i—sinA b ; ¢ =sinC
2R op -~ SinB|5p=

subs sinA,sinBand sinC in (1) = sin? B — sin? C = sin? A —sin? B
2 2 bZ C2 a2 b2
%) G =G - (ar) = w7 ~aw ~aw ~am
2R 2R 2R 2R 4R 4R 4R 4R
b%? —c? a%-b?
4RT AR
2b% = a? + c? =>Thus, a? b?,c? are in Arithmetic Progression.
2. The angles of a triangle ABC, are in Arithmetic Progression and if]

b:c =3:V2, find £A. gD
b — 2R
—=§ and 24, 4B, £C are in A.P.
¢ V2
2B=satoc 23 b b _ ¢ b ¢
c“vz V3 v2 3 v2 V3 L
2 2 2 2
i B—\/§=>B—60°=>sinC—i=> C =45
R V2 ve_ VI _ 1
A+ B+ C =180 0 0 2 B X2 V2
A+60°+45 =180"=A+ 105 =180 V3
A=180"-105= A =75 sin60 = —
A, B, C are in Arithmetic Progression sin45° = \/i_
. sinA . . 2
3. Ina AABC,if cosC = 2 SinB,show that the triangle is isoceles.
¢ = sinA
€05 ~ 2sinB
[By cosine and sine formula]
a
a’+b?>—c* g :>az+bz—c2 a=>a2+b2—c2 .
2ab (b 2ab _ 2b a—
2 2R

a2+b2—cz=a2=>/aé+b2—cz—y{2=0
p? —c? =0 = b? = c?
b=c
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sinB c¢—acosB

4. 1 AABC, that = )
na provetha sinC b—acosC

B c? + a? — b2
c—acosB c—a 2cd [

RHS=_""""" _ .
b —acosC = , 1l c? By cosine formula]
_ﬂ( 2ab )
2¢2— (2 +a?—b?) 2c2—c?—a’+b? c? —a? + b?
2C . 2c _ 2C
= 2b2—(a?+b2—c?2) 2b*2—a?—-b*+c*? T b*P—a*+c?
2b 2b i 2b
c2—a*+b* Zb b sinB 3p b
= 7 X 2 =— =L.H.S =— = ==
c bz —a?>+7¢c? ¢ sinC b c
LHS=R.HS
5. Ina AABC,prove that acos A+ bcosB + ccosC = 2asinBsinC.
L.HS=acosA+bcosB + ccosC l[By Sineformula]]

= 2RsinAcosA +2RsinBcosB +2RsinCcosC  |a = 2R sin 4]
=R [2sinAcosA + 2sinBcosB + 2sinC cos C]|ZSinACOSA = sin 24

B _ _ _ A+B+C=m
=R [Eln2A$51n2§+251nCcosC] A+B=n—C

= R[2sin(A + B) cos(A — B) + 2sinC cos C] sin(r — 8) = sin 6|

= R [2sin(mr — C) cos(A — B) + 2sinC cos (] CA=+HB_+(Z : g)
= R[2sinC cos(A — B) + 2sinC cos (] [cos(m — 0) = — cos 6

= R 2sinC [cos(A — B) + cos (] la = 2Rsin A
= R2sinC [cos(A — B) + cos(m — (A + B))]
= R2sinC [cos(A — B) — cos(A + B)] = R2sinC [2sin Asin B]

=2 X 2RsinAsinBsinC =2qgsinBsinC=R.H.S

o B—-C
6. Ina AABC,£A = 60 .+c = prove that b + c = Zacos< > >

A+B+C=180 = 60°4+B+C=180"=B+C = 180" — 60°
—B+4+(C=120"=L.H.S=b + ¢ — [By sine formula] =2RsinB + 2R sin (]

. (B+C B-C
= 2R[sin B + sin C] = 2R |2 sin cos

2 2
60
_anls 120° B-C
= _Sln ; CosS 5

[ B-c\] 2 [V3 (B-cC (B—C>
_ ; ° — - =2v3R cos
= 4R _sm 60 cos( > )] —,4’}?!% cos( > )] 7
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R.H.S =2a cos( >= 2X 2RsinA COS( ) [By sine formula]

_ . B—-C B—-C B—-C
= 4R sin60 cos > ,412 —cos > =2+/3R cos >

L.HS=R.H.S
7.In a AABC,prove the following:

A A A
(i) a sin (E + B) = (b + ¢) sin > (ii) a(cos B + cos C) = 2(b + ¢)sin? 2

(i) a’?—c* sin(A-0) (iv) asin(B—C) bsin(C—A4) csin(4— B)

" e ~ sin(A+ 0) v b2—c2 =~ ¢2-a2 = a?- b2
a+b A+ B A—B

(v) —tan< > ).cot( > )

N S Sy
(l)asm<5+ )—( +c)51n§

[By sine formula]
b +c¢_ ksinB+ksinC
a ksinA
sinB + sinC B ZSin(B -ZI_ C) cos (B ; C)
sin A N

consider

7 sinfeos A
SanCOSZ

sin (90 — —) cos 2 ) cos cos (%) _ cos (B E C)
A

sm2 cos > Sin-cos= sin
B+C A
“A+B+C =180 =>T=90_E]

B—(180—A—B
¢ 2 [ C =180 — A — B]

sin
A
cos (—90 +§+B) COS[ ( (7 )>]
B A - A
s;lnf sinm  [[+ cos(=6) = cosb]]
cos <90 - (7 + B))

- . A
sinz

A
sin|5+B A A
btc — L — (b+c)sin—=a5in<—+B>
a Siné 2 2
2
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A
(ii) a(cos B + cosC) = 2(b + c)sinzi
L.H.S =a(cosB + cos ()

. Cz‘l'az—bz_I_Clz‘H?Z—C2 1[c?* +a*—b* a®*+b?—c?
2ac 2ab +
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1
[bc? + a?b — b3 + a?c + b%c — 3]

" 2bc
1
=52 [— (b3 + ¢3) + (a®b + a’c) +bc?+ b?c]
=%[—(b+c)+(b2—bc+c2)+ a?(b+c¢) +bc(b + ¢)]
_b+c N 2 4 a4+ b _b+c 2 _p2 2 _op
= e [ =b* +bc — ¢ +a*+bc] = ——]a c c]
b+c
=\ 2pe [(a+b—-c)+(a—Db+c)] [since 2s = a+ b + c]
b+c
= (a+b+c—-2c)(a+b+c—2b)
2bc
b+c b + c(4)
— <2bc >[(25—2c)(25—2b)] = < he )[(s—c)(s—b)]
s—b)(s—c A
=2(b—7¢) [( )( )] = 2(b +c) sin?= = RHS
bc 2
. a*—c* sin(A-0)
(i) =—
b? sin(A+ C)
Let __b __c =k ' ' l
sind ~ sinB _ sinec [Using sine formula]
a=ksinA, b=ksinBand c =ksinC ..(1)
LHS — a’ —c?  k?sin* A— k?sin® C
- b2 k?sin? B
_ sin® A—sin®C _sin(A + C) sin(4 - C)
sin?B ~ sin?2(180— (A + ()
_ sin(4 + C) sin(A — C) :sm(A— C) — RHS
sin?(A + C) sin(4 + C)
. .asin(B—C) bsin(C—A) csin(A—B)
(iv) b2 —c2  Z—aZ  aZ_p?
b c
Let = =— = . .
¢ sind ~ sinB _ sinc k [Using sine formula]
a=ksinA, b=ksinBand c =ksinC ..(1)
consider asin(B—-C) ksinAsin(B - ()

b2 —¢2  k2sin?B — k2sin?C
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_ksin(B+C)sin(B—C) k(sin®B—sin?C) 1 @

"~ k2(sin?B —sin2C)  k2(sin?B —sin2C) k
and b sin(C — A) _ k sin B sin(C — A)
c? — a? k?sin?C — k?sin?A

_ sin(C+A)sin(C—4) 1 3)
"~ ksin(C+ A) —sin(C—4)  k
Csin(A—B 1
Similarly, sin( ) _ . (4)

a2 —b%2 "k
From (2), (3)and (4),

asin(B—C) bsin(C—A) csin(A—B)

b2 — ¢c2 c2—a?2 = a?—b2
()a+b_t <A+B) t(A_B)
va—b_ an > .CO >
Let a4 b ¢

Sind ~ snB _snc [Using sine formula]
a=ksinA, b=ksinBand c =ksinC ..(1)
a+b ksinA+ksinB sinA+sinB

L.H.S = = =

“a—-b ksinA—ksinB sinA—sinB

. (A+ B A—B
ZSm(T).cos(T) . <A+B> t<A_B>
= =tan|——).co

2co0s (A _5 B) .Sin (ATB) 2 2
= RHS
8. In AABC,prove that (a? — b? + ¢?)tan B = (a® + b% — ¢?) tan C.
a® — b? + c? _tanC
a2+ b%2—c?2 tanB
a? — b? + c? B k?sin?A — k?sin?B + k?sin?C

Let us prove that

=tanC.cotB

L.H.S= aZ + b2 —c2  k2sin?A + k?sin?B — k2sin2C
sin?A — sin?B + sin?C S _b = —k—=a=ksina,
= — - - sind sinB sinC
sin?A — sin?C + sin?B b =ksinB,c=ksinC

_ sin(A + B) sin(4 — B) + sin*C
~ sin(4 + €) sin(4 — C) + sin?B

_sinCsin(4 — B) + sin*C
sin B sin(A — C) + sin?B

[“A+B=180—C&A+C =180 — B]
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_sinC [sin(A — B) +sinC] sinC [sin(A — B) + sin(A + B)]

~ sinB [sin(4 — C) + sin B] ~sinB [sin(A — C) + sin(4 + 0)]

=smC.ZsmAcosB _ smC.cosB — tan C cot B = RHS
sinB.2sinAcosC cosc sinB

| sin(A — B) + sin(A + B) = 2 sinAcosB|

9. An Engineer has to develop a triangular shaped park with
perimeter 120 m in a village .The park to be developed must be of
maximum area. Fimd out the dimensions of the park.
Using example 3.62.the equilateral triangle has the maximum area for
any fixed perimeter.
 Let a be the side if the equilateral triangle.
Given Perimeter =120 m
at+a+a=120m
Ba =120
a =40

Hence the dimensions of the park are 40 m,40 m amd 40 m.

10. Arope of length 12 m s given. Find the largest area of the
triangle formed by this rope and find the dimensions of the

triangler so formed.
Length of the rope =12 m

= Perimeter of the triangle =12 m
By example 3.62,the equilateral triangle hs the maximum area for any

fixed perimeter 4
Let a be the side of the equilateral triangle.
atat+a=12
Ba =12
a=4 4
Let AD be the height of the equilateral AABC.
# AD =+/AB? — BD? =\/42 — 22 =\/16 — 4 -

w Area of the largest triangle ABC = 3 X BC x AD

1
:—2x4x2\/§=4\/§sq.m

11. Derive projection formula form
(i) Law of sines (ii) Law of cosines
(i)Law of sines
a b c
sind_sinB _sinC
= a=ksinA, b=ksinB andc =ksinC ..(1) 247
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To prove that
a=bcosC+ccosB,b=ccosA+acosC and c =acosB + bcosA

To prove that a = bcosc + ccosB [Using(1)]
RHS =bcosC + ccosB [+ A+ B+ C = 180]
= k sin B cos C+ k sinC cos B = k[sin B cos C + cos B sin (]

=k sin(B + () =ksin(180 —A)=ksinA=a =LHS
Similarly b = ccosA+acosCand ¢ = acosB + bcosA can be proved.

(ii) Law of cosines
RHS =bcosC + ccosB

a’ + b% — ¢? c% + a? — b2 a’?+b?—c? c?+a?—b?
_ +C — -|—

2ab 2ca B 2a 2a

= = a =LHS

B a’? +b% =62 +62% 4+ a? —h? a>
B 2a paee
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EXERCISE 3.10

Eg3.64:In aAABC,a=3,b=5and c = 7.Find the value of cos A,cos B
and cosC
Given a=3,b=5,c=7

b? + c? — a?

By Cosine formula, cosA =

2bc
_52+72-3% 25+49-9
T 2X5%x7  2%x5x7
74 —9 6513 13

2X5%X7  2x5x7 14

a? + c? — b?

cosB =
2ac
32 + 72— 5% 9449 — 25
T T2Xx3x7  2Xx3x7
58 — 25 3311 11
T 2x3x7 2X3x7 14
cosC = @ +b—c
2ab
32452-72 9425-49
~ T2x3x5 ~ 2x3x5
34 — 49 —15 01

2x3x5=2x3w{=_§
Example 3.65:In a AABC,A =30",B = 60" and c = 10.Find a and b.
Given A=30",B=60",c=10
[A+B+C =180
C = 180" —(4 +B)
C =180"—(30"+ 60")
C =180° —(90")
C = 90°

b
By sine formula, — = —— = _C
sinA sinB sinC
a b 10
sin30° ~ sin60° ~ sin90° 5 1
@ .10 o 10sin30" 10 <§>
sin 30° sin90° a= sin90° =a=
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b 10 10sin 60°
) o => b - = . ~ 0
sin 60° sin 90 sin 90
5 V3
0%
b = = |b= 5\/§
1

Example 3.66:In a AABC,if a = 2v/2,b = 2V/3 and C = 75°, find the
other side and the angles.

Given a = 2v2,b = 24/3,C = 75°

2 2 _ .2
By Cosine formula, cosC = a”+b”—c

2ab
N (2v2)'+ (2v3)" —¢2 _(4x2)+(4x3) —c?
2 x (2v2) x (2v3) 8V6
8+ 12 —c?
NG

Eg.3.67:Find the area of the triangle whose sides are 13cm,14cm
and 15cm.

Given a = 13cm,b = 14cm,c = 15cm
Using heron's formula,

area of AABC, A= Js(Gs—a)(s = b)(s — ) [Where ¢ = a+b+ CJ

2

21
_13+14+15_#27_
B 2 2

~ A= /21(21 - 13)(21 — 14)(21 — 15)

&S

=V2IX8X7X6=V3XTX2X2X2X7X2X3
=3X7X2X2=84sq.cm

82
Example 3.68:In any AABC,prove thatacos A+ bcosB + ccosC = abe

acosA+ bcosB+ccosC = 2asinBsinC

g (28 (22) _ 8
B ac ) \ab ~ abc

Example 3.69: Suppose that there are two cell phone towers within
range of a cell phone.The two towers are located at 6km apart along
a straight highway, running east to west and the cell phone is north
of the highway.The signal is 5km from the first tower and V31km
from the second tower. Determine the position of the cell phone north
and east of the first tower and how far it is from the highway.

Let 0 be the position of the cell phone fromnorth to east of the first towey.
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Leta=5b=6andc =31
Then,using the cosine formula,
c? =a®+ b%?—2abcosC
(\/ﬁ)z=52+62—2x5x6c059
31 = 25+ 36 — 60 cos¥f

31 =61 —60cosH
60cos8=61—31= 30

Let x be the distance of the cell phone's position from the highway.

X
51n9—§=>x_551n9 6\&“‘ I{PJ\{
X = SSln 60 Sln60 = f X 2

X = 6 km

Example 3.70: Suppose that a boat travels 10km from the port
towards east and then turns 60’ to its left.If the boat travels further
8km, how far from the portis the boat?

Let BP be the required distance.
Leta=10,b=8and ¢ =180° — 60" = 120°

Boat

Then,using the cosine formula, -
c?=a?+b?—2abcosC Port _-~
BP? = 102 + 82 — 2 x 10 X 8cos 120° |
10 km

BP? = 100 + 64 — 160 cos(90° + 30")
BP? =164 — 160 (—sin30)

[ cos(90° + ) = — sin0]

80 /1
BP? =164 + r&o(—) 2[244
2 2(122
BP? =244 ELL .
61

BP = V244 =2 x2 x 61 = 2V61km

1. Determine whether the following measuremnetsproduce one
triangle,two triangles or no triangle «1B = 88 ,a = 23,b = 2.Solve
if solution exists. 4

a b
Using sine formula, SnA_ snB
SlnA __sin 88’
a 2
sind .= 23(sin 88 )

2
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sinAd = 23 X 0.999
sin A = 22.99 which is not possible.
~ Solution of the given triangle does not exist.

2.1f the sides of AABCarea =4,b = 6,c = 8,then show that
4cosB + 3cosC = 2.

LHS = 4cosB + 3cosC
a? + c? — b? a? + b? — c?
=4< 2ac >+ 3< 2ab )
<16+64—36> 16 + 36 — 64
=4 +3
2(4)(8) ( 2(4)(6) )
80 — 36 52 — 64
(o) (557)
44 —12
:4(a)+3(ﬁ)

= E_E —=—~=2=RHS Hence proved
4 4 4

3. InAABC,if a=V3 —1,b =3+ 1 and +«C = 60°. Fimd the other side
and the other two angles.

) A—B a—b>b C
By Napier's formula,we have tan

2 =a+bC0t§
~ (VB+1)-(3-1) 60" 2 .1 B
B (\/§+1)+(\/§+1)60t 2 _X\/§C°t30_\)§x‘>§—1
# —45=A-B=90" -.(1)

AlsoA+B =180"-C
=180" — 60°= 120° - (2)
Adding(1) and (2),24 = 210° =24 =105
Substituting A = 105 in (2) we get,
105"+ B =120= B = 120" — 105=15"
a sinC

Now, by sine formula,

- = — = C .
sinC sinA sin4

_(V3+1)sin60" _ (V3+ 1)\/75
¢= sin 105° 341
2v2
zgx\;ﬁ =6

~# LA =105",2B =15"and 2C =6 252
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b? + ¢% — a?

4.1f any AABC,prove that the area 4 =

4 cotA
b? + c? — a?
RHS =
4 cotA
_b2+cz—az_bz.|.c2_az>< o
4 % €0s4 4 cos A o
sin A
b2 =a = Zbc | 2
S (e
2bc
1
= EbcsinA = area of AABC
B b? + c? — a?
B 4 cotd

5.InaAABC,if a=12cm,b =8 cmand £C = 30°, then show that its
area is 24 sq.cm.

1
Area of AABC = 5 ab sin C

; 6
=—X 12 % 8sin30°
/2 Sin

1
.°.A=6><8><§=24sq.cm

Hence proved

6.Ina AABC,if a=18cm,b = 24 cm and ¢ = 30 cm,then show that its
area is 216 sq.cm.

Using heron's formula, a+b+

2

Given a = 18,b = 24,c = 30
c
where s = J

area of AABC,A= \/S(S —a)(s—b)(s—c)
P 18+24+30:7;2=36
2 2

~ A= /36(36 — 18)(36 — 24)(36 — 30)

=v36x 18X 12 X 6
—V36X9X2X4X3X3X2

=vV36X9%x4x4x%X9
=6X3X2X2X3

=216 sq.cm

253
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7.Two soldiers A and B in two dif ferent underground bunkers on a
straght road, spot an intruder at the top of a hill. The angle of
elevation of the intruder from A and B to the ground level in the
eastern direction are 30 and 45 respectively. If A and B stand 5km
apart, find the distance of the intruder from B.

Let P be the intryder, A and B are the soldiers,
Let x be the distance between the intruder and soldier B.

In AABP, Given LPAB =30" and £PBC =45’ p

In AABP, £APB =15°
In AABP,using sine formula,
5 _ X
sin15° sin30°

5 o

=——sin30 =5x%
x sin15 >t

Now,sin 15" = sin(45 —30)

— sin45° cos30° — cos 45" sin 30°

1 V3 1.1 V3 1 _V3-1

=2 T2 2ThE o vz

Substituting this value in (1)we get,

2sin15°

e > _ 52
2083-1) JF_qrm
22

8.Aresearcher wants to determine the width of a pond from east to
west, which cannot be done by actual measurement. From a point P,
he finds the distance to the eastern — most point of the pond to be

8 km,while the distance of the western most point from P to be 6 km.
If the angle between the two lines of sight is 60°. Find the width of
the pond.

Let A be the point on the eastern side and B be the point on the western sidé,.

Given PA=8,PB =6 p
Leta=6,b=8and 2C = 60’
Using cosine formula, 60°
c?> =a®+ b%? —2abcosC
=36+ 64 + 2(6)(8) cos 60° 8
4 1
=100—<12 ><8><§ )
C B A
= 100 —-48=52
C =+52=V4x13
~C =213 km

Hence the width of the river is 2V13 km.
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9. Two navy helicopters A and B are flying over the bay of bengal at
same altitude from the sea level to search a missing boat. Pilots of
both the helicopters sight the boat at the same time while they are
apart 10 km from each other.If the distance of the boat from A is
6 km and if the line segment AB subtends 60°at the boat, find the
distance of the boat from B.
Let c be the position of the boat and A and B are the positions of the pilot.

Using cosine formula, ¢2 = a? + b%2 — 2abcosC

102 = a? + 62 — 2a(6) cos 60° 4

1
100 = a2 +36—-12a G)

a’?+36—-6a—100 =0
a’?—6a—64 =0

, _61(=6)°—4(1)(=64)

_go______ a

[. x_—bi-\/bz—4ac]

a 2a
2 a=1,b=—6,c=—64
a:6i\/36+256 2[292
2 2(146
6+ 292 6+V2x2x73 —a
Ad=——> = 73
2 2
6+ 2v73 2(3 £73) [since 3 — V73 is negative]
a=——""""Sg="r—""
2 2

a=3+V73 = a=(3+V73)km

10. A straight tunnel is to be made through a mountain. A surveyor
observes the two extremities A and B of the tunnel to be built from
apoint P in front of the mountain. If AP = 3 km,BP =5 km and
£APB = 120, then find the length of the tunnel to be built.

Let AB = C be the length of the tunnel.
Leta=05b=3and 2c = 120°

P
Using cosine formula,

c? =a?+ b%—2abcosC 20°
=25+4+9 —2(5)(3) cos 120° 5
=34 — 30cos(180° — 60°) 3
=64 — 30(—cos 60°)
R A c B
~34-30(3)
=34+15 =49

c?=49

c=7km

Hence, length of the tunnel = 7 km.
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11. A farmer wants to purchase a triangular shaped land with sides
120 feet and 60 feet and the angle included between these two sides
is 60°.If the land costs Rs.500 per sq. ft, Find the amount he needed to
purchase land. Also, find the perimeter of the land. I_
2

Givenb = 60,c = 120 and 24 = 60° 10800
Using cosine formula, 4 215400

a’? =b%+c%—2bccosA b o\ ¢ 212700

= 1202 + 60% — 2(120)(60) cos 60° 1201 60t 2[1350
1 s[675

— 14400 + 3600 — 14400<§> £ - ) (135

= 18000 — 7200 3127

9

a?= 10800 = a =v10800 3 ——

Aa=V2X2X2Xx2X5%Xx5%X3%X3xX3
a=2x2x5x3V3

a=60v3
. Perimeter of the triangular land
s=a+b+c
=120 + 60 + 60V3 = 180 + 60V3
=60 (3 +V3) feet

Area of the triangular field ABC,

= EbcsinA

1 o 3
=E><60><120><sin60 =30X120><g

=30 x 60 X V3 =1800V3
= 1800 x 1.732 = 3117.6
Cost of land for 1 sq. ft = Rs.500
~ cost of 3117.6 sq. ft land = 500 X 3117.6 = Rs.1,55,800

12. A fighter jet has a hit a small target by flying a horizontal
distance.When the target is sighted the pilot measures the angle of

depression to be 30 If after 100 km, the target has an angle of
depression of 45 ,how far is the target from the fighter jet at the
instant?
Let C be the position of the target and A and B be the positions of the
fighter jet.
Given £BAC =30°, LABC =45°
~2C=180— (30" —45") =180 — 75°=105

Given AB=100 km
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Using sine formula, c 100
a _ ¢ _ a _ 100 A A
sinA~ sinC  sin30° sin105°
a_ 100 2 100 0 (1) \105°

—_— : Cl= S ﬁ a =—0
= 1~ sin105° sin 105 sin 105

C

Now, sin 105° = sin(60° + 45")=sin 60° cos 45" + cos 60° sin 45"
V31 11 V3 1 y3+1 @

=—.—+ -. + =
2 V2 242 22 22 22
Substituting (2) in (1)we get,

_ 50 _50(2\/7)=100\/§X\/§—1
T B+l B+l V3+1 V3-1

2V2
_ 1005/_81_ v2) _ 100(\/82_ V) _ 50(v6 — V2)km.

13. Aplane is 1 km from one landmark and 2 km from another. From
the planes point of view the land between them subtends an angle of
45°.How for apart are the landmarks?

Let A, B be the landmarks and C be the position of the plane.
Given LACB = 45° c

Using cosine formula,
c? =a?+b?—2abcosC

c?2=22+12-2(2)(1) cos45’

=4+1—4(%)=5—2x€<%> £ —

c? =5-2V2

c? = /5—2\/7 km

14. A man starts his morning walk at a point A reaches two points B
and C and finally back to A such 2£A = 60°and B = 45°,AC = 4km in
AABC.Find the total distance he covered during his morning walk.

Given AC = 4 km, 2A = 60°and 4B = 45’
£C=180"-(A+B)
=180" — (60" + 45") =180" — 105'= 75"
Using sine formula,
a c

sind  sinC A

45°
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a  cC a 4
Sin60°  sin45’  y3 L
2 W2
2a
— 5}
3
a =@=2\/gkm.
2
c a

Again using sine formula, —— = —
g 9 f sinc sind

c 2V6 C
: ° = — s = = 2%
sin75"  sin60°" 7 /341 7

22 o
C2Z  aE . afBOEH1)
\/%‘l‘l_f:c_ M —2(\/§+1)

[+ sin75" = sin(45" + 307)
= sin45 cos 30" + cos 45 sin30°

1 \/§+ 1 1 V3+1]
V2°.2 22 22
=~ Total distance covered by the man =a+ b + ¢
=2V6+4+2(3+1)

=2V6+4+2V3 +2
=(6 + 2V3 + 2V6 Ykm.

15. Two vehicles leave the same place P at the same time moving
along two dif ferent roads.One vehicle moves at an average speed
of 60km/hr and the other vehicle moves at an average speed of
80km/hrAfter half an hour the vehicle reach the destinationA and B.
If AB subtends 60° at the initial point P,then find AB.

1 A
Speed taken by the vehicle I = 60 km/hr. Time = 5 hr
- Distance = speed X time 302
c
1
=<60><—)=30km .
2 60
PA = 30km P 40 B

1
Speed taken by the vehicle Il = 60 km/hr. Time = > hr

2
PB =40 km 258

1
~ Distance = speed X time = <80 X —) = 40 km
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Given LAPB = 60°
Using cosine formula, c? = a? + b? — 2ab cosC
2 = 40% + 30% — 2(40)(30) cos 60°

1
= 1600 + 900 —2‘(40)(60)(_5)
= 2500 — 1200 = 1300

¢ =+/1300 =V13 x 100 =10V13 km

16.Suppose that a satellite in sapce, an earth station and the center

of earth all lie in the same plane. Let r be the radius of earth and R

be the distance from the centre of earth to the satellite.Let d be the

distancee from the earth station to the satellite. Let 30° be the angle

of elevation from the earth station to the satellite.If the line

segment connecting earth station and satellite subtends angle «a at
2

T T
the centre ofearth,then prove that d = \/ 1+ (E) -2 R cosa.

Let S be the position of the satellite, E be the position of the earth station
and C be the centre of the earth

GivenCE =r,CS=Rand SE =d
Given £SCE =« \
In ASCE, applying cosine rule,we get. (N
>

d? =12+ R? —2rRcosa
Dividing by R? throughout we get,
d* r?> R* 2r.R

RZ RZ Rz Rz o8¢ [+ ¢? = a? + b? — 2ab cos C]
az r? 2r
ﬁzﬁ-l_ 1—Fcosa
d? =R? [TZ 1—zcosa]
R? R

Taking positive square root both sides we get,

r2 2r
d =R|—=+1——cosa

R? R

= i (2 (s

Hence proved
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EXERCISE : 5.1
Binomial Theorem:

A BINOMIAL is an algebraic expression of two terms which are connected
by the operation + or —

For example : x + 2y,x — y,x3 + 4y,a + b etc..are binomials
(a+ b)? = a® + 2ab + b?

(a +b)3 = a® + 3a?b + 3ab? + b3

The expansion of binomials with higher powers such as (x + a)°, (x + a)'’,
etc becomes more difficult.

Therefore we look for a general formula which will help us in finding the
expansion of binomials with higher powers.
(a + b)"* = nCya™b® + nC;a™ bt + nCya™ 2?b% + -+ + nC,a’b™

Particular termin the expansion: T, ., = nC,a™ "h"
Middle Term:

Case (i) : nis even

n
There is only one middle term and it is given by —+ 1
Case (ii) : nis odd

n+1 n+3
There are two middle terms and they are given by >3
Example5.1: Find the expansion of (2x + 3)°

l(a+b)*=a"+nC,a” bl + nC,a" *b* + ---+ b"|
a=2x,b=3 andn =5

(2x +3)5 = (2x)° +5C; (2x)571(3)1 + 5C, (2%)° 2 (3)* + 5C5 (2x)°7% (3)°
+5C, (2x)>"*(3)*+ (3)°

(2x)° + 5(2x)* (3)+10(2x)3 (9) +10 (2x)* (27)+ 5 (2x) (81) + 243
32 x5 + (15)16x4+90(8x3) + 270 (4x?) + 810x + 243

= 32x> + 240x* + 720x% + 1080x2 + 810x + 243
Example 5.2: Evaluate 98*

984 = (100 —2)*

l(a—b)" =a™ —nC;a" bt + nC,a"?b* — .-+ b"|
a=100,b=2 andn =4

(100 — 2)* = 100* — 4C,100*1 (2) + 4C,100%2(2)2 — 4C; 10043(2)3 + (2)*
=100* — 4 (1003)(2) + 6 (1002) (4) —4(100%) (8)+ 16
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=100* — 8(1000000) + 24 (10000) —32 (100)+ 16
= 100000000 — 8000000 + 240000 — 3200 + 16

= 92236816
Example 5.3: Find the middle term in the expansion of (x + y)®
a=x,b=y,n=6

n
if n is even there is only one middle term and it is given by =+ 1

2
6
middleterm=§+1=3+1=4 6xX5x4
~4% term is the middle term. 37 1x2x%x3
T, +1=nCa™"b" wherer =3 6C; = 20

T34+1=6C;(x)¢73(y)3
T, =20x3y3

4.Find the middle terms in the expansion of (x + y)’

a=x, b=y n=7 n+1\ (n+3
if nis odd there are two middle terms and they are given by ,

7+1 7+3 2 :
middle term = ——,——
2 2
| g 1 7C_7><6><5
mlddleterm=z,7 = 4,5 3 7 1x2x3

4t and 5% term are the middle term.
To find 4" term
T,+1=nC.a™"b" ,wherer =3
T3:1=7C3x x7 73 « (y)3
T, = 35 x*y®
To find 5" term = T,,,;=nC.a""bh" wherer =4
Tar1=7Coxx7 *x (y)* = Ts =35x°y*

Example 5.5: Find the coefficient ofx® in the expansion of (3 + 2x)1°

a=3 b=2x, n=10, r=6 3 7
IT..,=nC.a""h"| 10c, = 10 x 9 xiB X 7
T6+ 1= 1066 310_6 (2x)6 /4 X/g XzXxX1

=10C10-63* (2x)°=10C, 3* (2x)°
= 210x 3% x 26x°
coefficient of x®= 210 x 3% x 2°6
261
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Example 5.6: Find the coefficient ofx3 in the expansion of (2 — 3x)’
a=2 b=-3x, n=7, r=3

|Tr+ 1= ncran—rbrl 3
Ty11=7C;2773(=3x)3 TC. = 7XB X5
37 3x2Zx1

=352"(—3x)%= 35 x 24 x —27 x3
=35x 16 X —27x° = —15120x>
Coef ficient of x3 = —15120

Example 5.7: The 2nd, 3rd and 4th terms in the binomial expression
of (x + a)" are 240,720 and 1080 for a suitableof x.Find x,a and n.

(a+b)" = a™ + nCya™'b' + nC,a™ 2b? + -+ + b"
a=x, b=a andn=n
Tyy1 = nC.a™"h"
Given : T, = 240, T; = 720 and T, = 1080
TZ = 240
r=1
T1+1 = nClx

n-1,1 _
a'= T, = nC;x" 1!

240 =nCix"ta .. (1)
T; = 720
r=2
T2+1 = TLCZ xn_z a2 =4 T3 == Tlsz ‘a

a

720 = nCx™%a%.. . (2)
T, = 1080

r=23
T341=nC3x"3a3 = T, = nC;x" 3a

1080 = nC3x™3a® .. (3)
Dividing (2) by (1)

nn-—1) L, g a
nC,x" 2%a? 3 720 T1x2 x" %
= - =3

nCyx™ ta 240 M x" g

~1 _
nz X x"2 xx "l xq=3= N1 s xM-2-M+1 5 g = 3
n—1 —

Xxxlxa=3= " 1><a=6

2 x
a_ 6
x n-—1 .. (4)

262
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Dividing (3) by (2)
nCy;x™ 3a3 1080

nC,x" 2%a? 720

n(n—l)(n—Z)>< . 123
1x2x3 ’ 108 _ n—2

n(n—1)
X
1x2
n—2
3

N| W
l

n—2
3
a 9
x 2m-2) ...(5)
From (4) and (5)

6 a 9
= o@D and = = — ..
n—1 A T

6&, 9

n-— 2(n—2)

6x2n—2)=9(M—-1)=12n-2)=9n-9
12n-24 =9n—-9 = 12n—-24 —-9n+9=0
3n —15 =0 = 3n =15

15
=—=n=5
"=

x 2 3=>
x 2 =5 X

RI1Q

.(5)

a
X

subn =5in (1) nC;x" 1a = 240

5C;x° 'a = 240= 5x*a = 240 ...(6)
6

n—1

subn=5in(4) a_
X

a 6 a 6 a
—_ e = = Z - ...(7
Divide (6) and (7)
5x*a 240 x 80 o
_ 4, O _oanv 2 5 _
=—3— =5« ax/e(—/2/40><3$5x 160

2

a
X
32
s 5 — x =3/32
X = = X 32 = 263

9}
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x=3Y2X2xX2X2x2 = X=2
subx=2in(7)=>E=§
x 2
a 3
— - =[a=3
z=5 — =3 1

4
Example 5.8: Expand <2x — ﬂ)

(a—b)" = a® — nC,a™ bt + nCpa™2b? — -+ + b™

1
a=2x,b=—,n=4%
2x

1 4 1 1 1 2
<2x - Z) = (2x)* — 4C; (2x)* 1 <ﬂ> + 4C, (2x)*2 <§>

3 4
— 4C3 (zx)4 3< 1 > + (i)
= 20)* — 4(2)° ( & ) +6(20)? ( k ) 4(20)" ( ) (16x4>

2 (1) s (1
=16x*— 4x8x°(— |+ 6x4x° | — |-
o <4x2> 4></Zx’ )+<16x4

11
= 16x*~ 16x?t 6 ~ 5 T 103

5 5
Example 5.9: Expand (x* + V1 —x2)" + (% — V1 — x?)
Lety =1—-x2 = (* +)°+ (x* = »)°
(a+b)" =a™ +nCa™ bt + nCa™ 2?b% +---+ b"

a=x*b=yandn=>5
(2 +)5= ()54 56, ()3 (0) +50,(x2)52()? + 5C; ()3 (0)?

+5C,(x*)°*(M* + (y)5
(% +y)° = (x?)° + 50, (xD* ) +5C,(x2)3 ()2 + 5C3(x*)* (¥)?

+5C,(x)'M* + (y)°
(x2 +y)5= x10 +5x8y +10x°y2+10x* y > +5x2y* + y°

(x2—y)5= x10 —5x8y +10x6y —10x* y>+5x%y*— y°

(x% + ¥)°+ (x? — ¥)° = x1° + 5x%y + 10x%y? + 10x*y3 + 5x2y* + y°

+ x10 — 5x8y + 10x6y% — 10x*y3 + 5x2y* — y°

(e +y)°+ (x? =y)° =a'®+10x°p? + 5x%y* + 210 +10x%? + 5x2y*
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= 2x10 + 20x6y?% + 10x%y* (V= x2)4 - (V1= xzf (Vi- xz)%
= 2210 + 20x° (V1 - xZ)2 +10x% (V1 - x2)4 (VT2)' = -2
4
= 2210 + 2025(1 — x2) + 1027 (V1 — x2) = (-x y,

= 2x19 + 20x% — 20x8 + 10x%(1 — x?)?
= 2x10 4+ 20x% — 20x® + 10x%2(1%2 — 2 x 1 x x2 + x%)
= 2x10 4+ 20x® — 20x8 + 10x%(1 — 2x2 + x*)

= 2x10 4+ 20x° — 20x8 + 10x2 — 20x* + 10x°
= 2x10 — 20x8 + 30x% — 20x* + 10x? = 2[x1% — 10x8 + 15x® — 10x* + 5x?]

Example 5.10: Using Binomial theorem, prove that 6" — 5n always

leaves remainder 1 when divided by 25 for all positive integer n.
To prove this it is enough to prove, 6"—5n = 25k + 1 for some integer k.

(a+b)" = a® + nCya™ bt + nC,a™ 2b? + -+ + b"
a=1' b=5, n=n,

(1 +5)" =)™+ nC, (D5 +nk;y (1)"2(5)% + -+ +5"
(1 + 5)7’1 =1 + TlC15 + nC252+ n6353 + - + 51’1

6"=1+5n+25nC, +125nC; +---+ 5"
6" =1+ 5n+ 25(nC, + 5nC; + -+ 5772)
6™ —5n =14 25(nC, + 5nC; + --- + 5™72)

=1+25k, k€N
Thus 6™ — 5n always leaves remainder 1 when divided by 25 for all

positive integer n.
Example 5.11: Find the last two digits of the number 74°°

7400 — (72)200 = (49)200 — (50 — 1)200
(a—b)" =a™ —nCa™ bt + nCa™ ?b? —---+ b"
a=50,b=1andn =200
(50 — 1)200 = 50200 — 200, 502001 (1)* + ... .. + 200C;9g50200-198(1)198
— 200C;5502007199(1)19% 4 (1)200

— 50200~ 200, 5019 + ... ... + 200C;050%— 200(50) + 1

The last two digits: 0, 1.

1. Expand (i) (2x% - %)3 (i) (222 = 3VI— %) + (242 + 3VI— 22)"

. 3\’
(l) <2x2 - ;)
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(a—b)" =a™ —nCa™ b + nCa™ 2bh? — --- + b 3% 2
362 ==
3 1x2
a=2x2,b=;,n=3
3 1 2 3
3 3 3 3
<2x2 _ _> = (2x%) — 361(2x2)3‘1<—> 4 3, (2x2)32 <—> - (—)
x x x x

=8x°-3 (2x2)2<;> +3 (2x?)? (%) — g

3 9
=8x% —3x4x* (—) +3x 2x? (F)‘ 27

x X3
x® (3 9\ 27
— 6 __ — — | —
=8x°% —3x 4x* <X>+3><2% <x2) —~
=8x6—36x3+54—z
x3

4 4
(i) (2x2 —3vV1—x2) + (2x? + 3V1 — x2)
Puty1—x2 =a = (2x?—-3a)*+ (2x? + 3a)*
l(a — b)" = a™® — nC;a™ bt + nC,a™ 2b% — --- + b"|
a=2x%b=3a,n=4
(2x? — 3a)* = (2x2)* — 4C; 2x*)* 1 Ba)! + 4C, (2x*)* 2 (3a)?

—4C5(2x*)*3(3a)® +(3a)*

|(a + b)" = a™ + nC,a™ bt + nC,a™ 2b% + ---+ b"|

a=2x%b=3an==4%

(2x% + 3a)* = (2x2)* + 4C; (2x*)*1 (3a)! + 4C, (2x*)* 7% (3a)?
+4C5 (2x2)*1(3a)3 +(Ba)*

(2x? —3a)* + (2x% + 3a)*
= (2x2)* —4C, 2x)*"LBay+ 4C, 2x*)* % (3a)?— 46, (2x**(3a)3 + (3a)*

+ (2x2)* + 4622 F3Ba)t +4C, (2x2)* 72 (3a)?
+ 40, (2x2)*=1(3a)® + (3a)*

=22x%)* +2 [4C,(2x*)?*(3a)?] +2(B3a)*
=2[16 x®+ 6 X 4x*x 9a*+81a*]

=2 [16x8+ 216 x*(\T—x) + 81 (mﬂ
-

266




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

=2 [16x8 +216x* — 216x%+81(1 — xz)z]

=2 |16x® + 216x* — 216x5+ 81(1 — 2x2 + x4)]

=2 |16x8 +216x* — 216x° + 81— 162x% + 81x4]

=2 |16x® —216x°® + 297x* — 162x?% + 81]

=32x8 — 432x% + 594x* — 324x% + 162
2. Compute (i) 1024 (ii) 994 (iii) 97
(i) (102)* = (100 + 2)*
l(a+b)" = a™ + nC,a™ bt + nC,a™ 2b2 + - + b |
a=100,b=2 andn=4
(100 + 2)* =100* + 4C; 1003 (2)1 + 4C,100%(2)%+ 4C5100" (2)3 + (2)*
=100* + 4(1000000)(2) + 6 (10000)(4) + 4 (100) (8) + 16

100000000 + 8000000 + 240000 + 3200 + 16
108243216

(i) (99)* = (100 — 1)*
l(a — b)" = a® — nC;a™ bt + nC,a™ 2b2 — --- + b"|
a=100,b=1 andn =4
(100 — 1)* =100* — 4C; 1003 (1)* + 4C,100%(1)% — 4€5100 (1)3 + (1)*
=100* — 4 (1000000)(1) + 6 (10000)(1) — 4 (100) (1) + 1
= 100000000 — 4000000 + 60000 — 400 + 1
= 96059601
(iii) 9)7 = (10 - 1)7
(a—b)" =a™ —nCia™ bt + nCra™ ?b% —---+ b"
a=10, b=1 andn=7
(10 —1)7 =107— 7€, 106 (1)*+ 7,105 (1)?— 7C310* (1)3*+ 7€,103 (1)*
— 7C<10% (1)5 + 7C4101 (1)7 = (D)7
— 10000000— 7 (1000000)1)+ 21 (100000)(1) — 35(10000) (1)
+35(1000)(1)—21(100)(1) +7(10)(1) -1
= 10000000 — 7000000 + 2100000 — 350000 + 35000— 2100 + 70— 1
= 12135070 — 7352101 = 4782969
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3.Using Binomial theorem, indicate which of the following
two number is larger : (1.01)1000000 710000.

(1_01)1000000 — (1 + 0_01>1000000
l(a + )" = a™ + nC,a™ b + nC,a™ 2b% + --- + b"|
a=1,b=0.01,n=1000000
(1 + 0.01)1000000 — 11000000 + 100000061 (1)1000000—1(0.01)1 + ..

=1 +1000000(1)*****°(0.01)* + ...
=1+1000000% 1 X 0.01 + ...

=1+ 10000 + --- which is greater than 10,000

10
4. Find the coef ficient of x'° in <x2 + F)

a=x2%b n =10,

:;,

|Tr +1 = nCran_rbrl

1 r
Tr+1 = 10C, (x»)10-T <_>
x3

T, 11 = 10C, (x2)10—r (X—B)r
=10C, x20-27 737 = 10C, x20-2r=3r
T, , 1= 10C, x20~57
20—-5r=15=-5r=15-20

—5r=—5 = [ =1]

Find the coef ficient of x>
subr=1inT, ;1 = 10C, x20-57
Ty4q = 10C; 2051
TZ = 1061x20_5 = 10x15
coefficient of x5 = 10 o
5. Find the coef ficient ofx® and the coef ficient of x* in (xz — F)
T, .1 =nC.a™"b"

) 1
a=x° b=——, n=26,
X

1\ L (=7
Trs1 = 6C-(x2)°77 (— ;) =66, ()7 —5-
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1y
T,pq1 = 6C,x12721 —(x?’r) = 6C, x12-2r (=1)"x77"

— 6Cr (_1)1‘ x12—27"—37"
Tryq = 6C-(=1)7x1275"

(i) To find the coef ficient of x°
12—-5r=6 = —-5r=6—12

—5r=—6 = r = g (x® term is not possible)

(ii) To find the coef ficient of x>
12—-5r=2= -5r=2-12

=10 2
—5T=—10$T’=7 =>

Trp1 = 6C(—1)"x275" 3
subr =2 _ 6 X5
Tpp1 = 6C, (~1)2 x1275%2 = 15 x 1 x 12710 12
= 15x2

Coef ficient of x?> = 15

5
1
6.Find the coefficient of x* in the expansion of (1 + x3)>° (xz + —)

(a +b)" = a™ + nCia™ bt + nC,a™ 2b% + ---+ b" |
a=1,b=x3 n=50
(14 x3)50 =150+ 50¢; 1°°71 (x3)+ 50C, 1°972 (x3)?
+ 50C31%073 (x3)3 + ..+ (x
= 1+ 50C; (1)x* 50C,(1)x® +50C;(D)x%+ ...+ (x3)3°

=1+ 50C;x% 50C,x° +50C5x° + ...+ (x3)5°

3)50

1
a=x%phb==- n=5

)

X
l(a + b)" = a™ + nC;a™ bt + nC,a™ 2b% + --- + b"|

1 5 1 1 1 2 1 3
<x2 +;) = (x%)® +5¢, (x?)51 <¥> +5c2(x2)5-2< ) +5C3(x?)3 <_>
X

x
4 5
+5C, (x%)>* <l> + <1>
x x

1 1 1 1
= x10 4 5C1(x2)4; + 5C, (x?)3 =+ 5C; (x%)2 =+ 5C, (x2)1F +

1
x5
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= x104 5¢ xg A 5@/6 o+ 5(:3//7 + 504/2/7 + =

= x4+ 5C; x7+5C, x* +5C3x +5C, x72 4+ x~

(1+ x3)50<x2 + %)5 = [1 +50C;x3 + 50C,x% 4+ 50C3x° + - + (x3)°°]
[x10 + 5C;x7 + 5C,x* + 5C3x* + 5C,(x72) + (x™9)]

Coefficient of x* = 1X5C, +50C; X 5C3+ 50C, x 5C, +50C3 X1

2 2 25 25 16
_ 54 + 50 5.4 s 50.49 sy 50.49.48
1.2 12 1.2 1.2.3
— 10 + 500 + 6125 + 19600

= 26235 \S
7.Find the constant term of <2x - ﬁ)

T, ., =nC.a™"b"

1 r ( 1)1"
3\5—
TT'+1 =5CT (ZX ) r <_ ﬁ) _ 5C 25 T 15 3r 3Tx2r
5C,. 2> (=1)"

_ SCrZS—r(_]_)T (1537 y—2r = 37 x15-3r-2r
37'
5-r/_1\r
_ 5C,.2°77(-1) .
r+1 37 X 2
constant term independent of x is x° 5X%4.x 3
503 = ————
1 xX2x%x3

15 — 57 = 0= —57 = 15
r=3

Constant term

5-3/_1)\3
T3 _ 5C32 ( 1) x15—5(3) — T4_ =
+1 33

56;22(-1)°
33

10x 4 x -1 —40

li="%7 27
8.Find the last two digits of the number
3600 — (32)300 _ 9300 = (10 — 1)300
|(a = b)" = a® =nCia™ bl + nCra™ 2h2 — -+ b7 570

3600
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a=10, b=1,n=300

(10 — 1)3% = 103%0 — 300C;103°0- (1) "+ ... — 300C;9910300729%(1)29

+ (1)300
= 103%0 — 300¢;103°°"1(1)'+ ... — 300,101 (1) + 1

= 103%° — 300€,103°°1(1)™+ ... — 300(10) (1) + 1

= 103%° - 300€;103%°"1(1)+ ... — 3000+ 1
Last two digits: 0, 1

9.1f nis positive integer,show that, 9+l _8n—9ijs always divisible
by 64.

gn+l — (1 + 8)n+1
[(@+b)" = a® + nCa" b + nC,a" 2b% + — + b"]

a=1 b=8 n=n+1
(1 + 8)n+1 = (1)n+1 + (n + 1)C1 (1)n+1_](8)1 + (n + 1)62 (1)n+1—2(8)2 F ot
=1+(n+1DA)8+ (n+ 1)62(1X8)2 + ... 4 gntl

8n+1

1+8n+8+(n+ 1)6'282 + ... 4 gntl

91+l = 84+ 9 +(n+ 1)C,8% +(n + 1)C383+ - + g+l

9"l —8n—9 = (n+ 1)(,8% + (n +1)C38% + - 4 8"*1
=82[(n + 1)Co+(n + 1)C58 + -+ + 8™+172]

=82 [(n+1)C, + (n+1)C38 + -+ 8™ 1]

9"+l — 8n — 9 is divisible by 64

10.If nis an odd positive integer,prove that the coef ficients of the

middle terms in the epansion of (x + y)" are equal.
(x+y)"

a=x, b=y, n=n

) ) n+1 n+3

If nis odd the middle terms are > and >

: 1 1-2 n—1
TOflndTnT-l-l :r:n+ _1:>r:n+2_=>r= z
|Tr+1 = ncran—rbrl
Th1 n-1

— - -1
n = )" T gy

coefficients of Tn+1 = nCn-1

2
To find Tn+3
2
n+3 n+3-—-2
r= —1=>r=—=>r=n+1
2 2 2 271
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T = nC n_n_+1 n+1 . .
ntl, 4= n nt1 ()" ™72 (yyz = coefficients of Tn;-B = nCn+1
2

To prove coef ficients of Tn+1 = coef ficients of Tn+3
2 2

nCn—l = nCn+1
2 2

To prove they are equal

R.H.S = nCnT+1 | nC, = nCn_rl

=nCn-1 — ] g
2

11.If nis a positive integer and r is a non negative, prove that the
coefficients of x"and x"" in the expansion of (1 + x)" are equal.

1+ x)™
a=1 b=x, n=n
IT, ., =nC,a™"b"| [nC,=nC,_|

Trv1=nC, ()" " x" = Try1=nC, x"
Coefficient of x" =nC,

Tr+1=nCr x" whenr=n-r

Thr+1=nCy_x"" = Coefficient of x"" =nC,_,
To prove: coefficients of x" = coefficients of x™™"

12.If aand b are distinct integers,prove that a — b is a factor of
a™ — b",whenever n is a positive integer.
[Hint:write a"™ = (a — b + b)" and expand]

a®—-b"= (a—b+ b)*—-b"
a
|(a + b)" = a™ + nCa™ b + nC,a™ 2b% + - + b"|
a=a—b,b=b,n=n
(a—b+b)"—pt=(a—b)" +nCi(a—b)"1.b+nC(a—b)"%b*+ ..+
nCp_1(a—b).b" 1 + p*— "
= (a—b)"+ nCi(a—b)"Lb+nC(a—b)""2b*+ ... +nCy_4(a—b).b""
=(a—-b)Y{(a—DbD)"t+nC(a—b)"2b+ -+ nC,1b"}
a™ — b" is divisible by (a — b)

13. Inthe binomial expansion of (a + b)", the coefficient of the 4th
and 13th terms are equal to each other, find n.
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[Ty 41 = nCa™"b"]

To find 4" term wherer = 3
Ty,, = nC; a®3p3 = Ty =nC3a"3p3
Coefficient of T, = nCs

To find 13" term wherer = 12

n—12 512
T12+1 = nClZ an—lZ b12 = T13 = nC12 a b

Coefficient of T;3 = nCy,
The coef ficient are given to be equal
nC; = nC;, = nCz =nCy_q;
n—12=3=n=3+12

14.In the binomial coefficients ofthree consecutive terms in the
expansion of (a + x)" are in the ratio 1: 7:42,then find n.

Let Ty 4 1,Ty 4+ 2, Ty 4+ 3 be the terms whose coef ficients are in the
ratio 1: 7:42

(a+x)"
a=ab=x,n=n

|Tr +1 = ncran—rbrl

Tr+1=nC, (@)™ x7
Coefficient of T, y 1 = nC,
similiarly
Coefficient of Ty, =nCp 4 4
Coefficient of Ty y 3 =nCy 45

nC, : nCppq :nCpryp = 1:7:42

nC, :nCry; =1:7 & NCryq :nCpyp =7:42

G L a7 nGuy 1
nCr+1 7 nCr+2 42 nCr+2 6 6
n! n!
nt, _1 N rl(n—r)! _1 _ r'(n—r)! 1
nCryq 7 n! 7 n! 7
(r+ D! [n=-(+ D] r+D!'[n—r—1]
n! ><(r+1)! mn—r—-1! 1 ! =n(n—1)!]
rt(n—r)! n! 7 l(n+ D! = (n+ Dnl|
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1
r!(n_r)!x(r+1)!(n—r—1)! =5 (n—n!'=mn—rh-r—1)]
1 1 r+1 1
P opmen v ey TRl GRS e e
rr7=n-—r=T7=n-r-7r [+ =FC+2T+D]
n—8r=7_7,,?17)l_8r (n—r—D!'=(n—r—1Dn—-r—2)!
nCryqp 1
nCr+2_g
n! n!
C+D!'n-C+D]! 1 , ¢+D'—r—1)! 1
n! 6 n! "6
r+2)! [n—(C+2)]! r+2)!(n—r-2)!
n! (r+2)!(n—r—2)!=1
(r+ 1)! (n—r—1)!>< n! 6
1! r+2)r+D!(n—r-2)! 1
Gt D n—r—Dn—r-2) e G
r+2 1
n—r—1=€=> 6r+12=n—-r—-1

12+1=n—r —6r
13=n—7r > n—-7r=13 ...(2)
Solving (1) and (2)

—8r=7
(—Z(ﬂ =)
—7r =13
#r=r6 =
Subsr =6 ineqn (1) n—8r =7
n—8(6)=7 =>n—48=7
n =7+448 =[n =55
15.In the binomial coefficients of (1 + x)", the coefficient of the
5th,6th and 7th terms are in A.P.Find all values of n.

(14 x)"
a=1,b=x,n=n
Ty 1 =nC.a™"b"

To find 5% term wherer = 4

T4+1 =nC4, (1)11—4 X4 = T5 =nC4_ x4‘
Coefficient of Ts =nC, 274
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similiarly
Coefficient of T, = nCs and Coef ficient of T, = nCjg
To find n.
nCy,nCs,nCq, are in AP
t t, t3
tZ_tl =t3_t2 - nC5—nC4 =nC6_nC5
nCS + nC5 = nC6 + nC4_ = 2(nC5) = TLC4 + TlC6
n! n! 4 n!
2 X =
5/(n—=5)! 4'(n—4)! 6!/(n—06)!
n! n! n!

2

XSTm=5) HNm—Dl 6 m—6)
2 1 1
- = 4+ -
5i(n—5)! al(n—4) 6! (n—6)
2

1 1
5 x4 (n—5)@m=6)! Arr(n—4)(n—5)(n{6)!+ 6 X 5 x4 (n=16)!
2 1 1 2 1 1
5n—5) (m—4)(n—5) 30  5m-5 m-Hn-5 30
2(n—4) -5 1 2n—8-5 1
— =

Sn—4)(n—5) 30  5n®—5n—4n+20) 30

2n—13 1 2n—13 1
= — — —
B2 —-9n+20) 30, nZz —9n+ 200 6

6(2n—13)=n?>-9n+20=12n—-78=n%2—-9n+ 20
n>—-9n+20—-12n+78=0

+ X
n?—-21n+98=0=m-14)(n—-7)=0 —21/\98
n—14=0n—-7=0=>n=14,n=7
—-14 -7
2n!

(nh)?
[(a+b)" = nCoa™°b° + nCya™ b + ...+ nCya™ "b"|
(142" = nCo ()™ %% + nCy (D)™ *xt + ...+ nCp (D) "x™
a=1b=x
(14 x)"=nCy + nCyx + nCx? + -+ + nCpx™

(x + D" = nCyx™ %1% + nC;x™ 1 (D) +nCx™ 2 (1)%+ - + nC,(x)* 1"
a=x,b=1

(x + D"=nCyx™ + nC;x™ 1 + nCx™ 2% + .-+ nC,

16. Prove thatC3 + C3 + C% +---+ C3% =

(A +20"(x + D" =nCZx™ + nC2x™ + ...+ nC2x™
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Coefficient of x™ of (1 + x)*(x + 1)" = nC¢ + nC? + nC + --- + nC?

A+x)"=C{+CE+CE+ -+ Ch ...(1)

To find General of (1 + x)*"
r=na=1b=x,n=2n

| Tryy =nCa™ b’
Toer = 20Cu (D)™ = Toyy = 2nCax"

Coefficient of x™ of Tyyq = 2nC, ... (2)

(1) and (2) are equal
2n! 2n! 2n!

2 2 2 2: = = - :
Co+Ci+ Gt by =2nty n! (2n —n)! nln!  (n!)?

Arithmetic and Geometric Progressions
(i) Arithmetic Progression
The general form of an A.P.
a,a +d,a+ 2d,a + 3d,.........,a+ (n-1)d
The general term of an Arithmetic sequenceis T, = a+ (n — 1)d
a = t; = First term

Last term =t, =1
Common difference : d =t, —t; =t3 —t, =t, —t3 = -
Geometric Sequence or Geometric Progression (G.P.)

The general form of an G.P: q,ar,ar?,ar3, ... ... ar® 1
, by t3 1ty
Commonratio:r=—=—=—="-..
tp tp (3

The general term of an Geometric sequence is T,, = ar™!

Arithmetic — Geometric Progression

A sequence of the form
a,(a+d)r,(a+2d)r? (a+3d) 73, .....
is called an arithmetic geometric progression.
a is initial term,d is called common dif ference,r is called common ratio
of AGP.
The n'* term of an Arithmetic sequence is T, = [a + (n — 1)d] r"*1

Harmonic Progression
...1s said to be harmonic sequence or a harmonic

a+(n—1)dr"1?

A sequence hy ,h, ,hs
progression
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f 1 1 1 1 ] thmeti
L —, =, 7,7, vss aus 1S an aritnmetic seagquence
hy'hy s he 1
1 1 1 1
arein H.P

a'a+d a+2d a+3d”
a,a + d,a + 2d,a + 3d,..areinA.P

Three quantities a, b, c are in
a,b,carein A.P

a+c
(i)A.Pif b =—— = b is called arithmetic mean of a and c.

a b careinG.P
(ii) G.Pif b=+aC = b is called geometric mean of a and c.

. 111 .
a,b,carein H.P then —,—,—arein A.P
ab c

2ac
(iii) H.P if b = —— = b is called harmonic mean of a and c.

In general,
a; +az; +--+a
! 2 % is called

(i) Ifaq, a,, ...ayare in A. P, then the number m

arithetic mean of a4, a,, ...a,

(ii) If a4, ay, ...apare in G. P, then the\/ay, a,, ... a, is called geometric mean

ofa,ay,..a,
(iii) If hy, hy, ... hyare in H. P, then the then their reciprocals are

1 1 1 1 hmetici
oy e is an arithmeticis sequence
1,11, 1
) ) hy " h, " hs h,
Arithmetic mean = -
n

Harmonic mean = hy + hy + - +h,,
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EXERCISE : 5.2

a
Example 5.12: Prove that if a,b,c are in HP,if and only ifz =

111
If a,b,c are in HP,then E,E,Eare in AP

2ac

then b =
a+c

b(a+c)=2ac = ab+bc=ac+ac

ab—ac=ac—bc = a(b—c)=c(a—>b)

a a—>»
c b-c
a a-—»>b ]
Ifz=b_cthenprovea,b,carelnH.P
a a-—»b
Z=b_c=>a(b—c)=c(a—b)

ab—ac =ca—bc = ab + bc = ac + ac

2ac .
b(a+c)=2ac = b= is a harmonic mean

a-+c
Hence a,b,cisa H.P

1
Example 5.13 If the 5th and 9th terms of a HP are 19 and

12th term of the sequence.

Given:Ts = E,Tg =3 are H.P

IT, =a+ (n—1)d|
Ts =19, T =35arein A.P

Te=19 = a+ (5—1)d = 19
a+4d =19 ..(1)
T, =35 = a+(9—1)d =35

a+8d =35 ..(2)
solve (1) & (2)

a+4d =19

NE) o G

(\-\Sr)sd=35 7{%
Iy

Subsd =4 ineqn (1) = a+4d =19
a+4(4)=19 =>a+16=19
a=19 —16 =>a =3

To find 12thterm of sequence

a—>b
b—c

1 .
E,fmd the
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T,=a+(n-1)d

T, =3+(12-1)4=3+1AD4

T, =3+ 44

Ty, = 47 = 12thtermof HP is %
Example 5.14: Find seven numbers A,,A,... A; so that the sequence
4,A4,4A;,..47 7 is in AP and also 4 numbers G4, G;, G3, G4 so that the
sequence 12,G4,G,, G3, G4%is in GP.

Given:4,A,A,,...4,,7 isan AP

a=4,Ty=7
a+8d=7=4+8d=7=8d=7—-4

3
8d=3=d=>
8
3

3
A1=T2:a+d=4‘+§=4§
A, =T pd=dt2xo=442-48
2=fz=at 8 8~ '8
3_,.9 1 1 1
A =T=a+4d=4+4x—=4+lg_4+1+f_5+f_5f
PO 8 8 = g8 °T8~ "%
A =T, Sd=d4+5xo =44 ca414l=54. =5’
s=le=atse= A 8 " '8 8
A =T 6d=4+6xo=d+ 0 424l 6162
= l7=atoa= 8~ "8 8 °"8 '8
A, =T, TR VL S L S SN S
7 = 8—a+ - 8— 3 + +8 +§— §
-~ Soth d 7 numb 4> 4651 5t 57 62 62
(0] erequlre numpers are 8 8 8 8, 8, 8, 8
3
Given: 12, G4, G,, G3, G4,§ are an G.P
a=12
3 3
T6:%: ar6‘1=§=>ar5=§
3 3 1 1
12 =— = 1 =—-xX—=—
8 8 4 32
f1_s1 1111 [ 1
r=|—= [=X=X=X=X= =
32 1272727272 —|['=>3
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6

Gl=T2=aT' ZKX21/=6
62:T3=a7”2=12><<1>2=?l/2x1=3
2 s
G3:T4=ar3:12>(<1>3=132‘x1 =§=1_
2 /8’2 2
G4=T5=ar4=12>(<1>4:132'xi=§
2 A6 4
4
13
= The required 4 numbers are 6,3,1 >

Example 5.13: If the product of the 4%, 5" and 6™ terms of a GP is 4096 and
if the product of the 5%, 6t and 7t terms of it is 32768, find the sum of first 8
terms of the GP.

Leta, ar,ar? ar3.... be the geometric sequence

Product of the 4th, 5th and 6t terms is
4096 41 qrS—1 x ar6~1 = 4096
ar3 x ar* x ar® = 4096
a3 T3+4+5 = 4096
a3 r1? = 4096 ... (1)
Product of the 5%, 6th and 7t terms is 32768
ar> 1 x ar®™ ! x ar’-1 = 32768
ar* x ar® X ar® = 32768
a3 r*t5+t6 =32768
a®rl® =32768...(2)

n-1

T, = ar

solve (2) + (1)
@57 30768
a?r? 4096

r=VY8=2x2x2 = [r=2]

Subs r =2 ineqn (1) a®r'? = 4096

=>r3=8

a3 (2)1? = 4096 4096 1
a3 X 4096 = 4096 = a =M
@=1=fa=1
The sum of first8terms ,r=2>1,
rt—1
S =a<
i T4 280
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wheren=8,a=1

28 -1\ _ 4
Se=1( 5= ) =2°~1=1256-1=255

1.Write the first 6 terms of the sequences whose nth terms are given below and

classify them as AP, GP, arithmetico - geometric progression, HP and none
of them.

1 (m+Dn+2) (—1)" n+3
(l)Zn—;’l'(uz)(n+3)(n+4) (ii )4< ) (iv) (V) 3n 1+ VD 2018

(vii) 31 -

(i) ntt term is ——

2n+1 = Tn = on+1

1 1 1 1 1 1
T1_21+1_?=Z T2=22+1=?=§
1 1 1 1 1 1
T3: == — 4: = — = —
23+1 24 16 24+1 25 32
_ 1 1 1 1 1 1
5T 25417 26 64 T6=26+1:7=F
1
It is a GP whose 15tterm is 7 and common ratio is —
111 1 1 1
~ The first 6 terms are —,—,—,—,—
4’8°16°32° 64’128
.. . (n+1)(n+2)
tht
(ii)) n*" term is M+ 3)mta)
_(m+1D(n+2)
T (n+3)(n+4)
_+na+2) _2x3_6 2+1)(2+2) 3x4 12
LT @+3)1+4) 4x5 20 2 (2+3)(2+4) 5x6 30
_B+1DB+2) 4x5 20 _(4+1A4+2) 5x6 30
T B3+3)3+4) 6x7 42 *T(4+3)4+4) 7x8 56
G+1DG+2) 6x7 42 _(6+1)(6+2) 7X8 56
5= G+3)5+4 8x9 72 ° (6+3)(6+4H 9x10 90

_ 6 12 20 30 42 56
~ The first6 terms are —,—,—,—,—=,—

20°30°42°56°72°90
Not an AP/ GP / HP
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1 n
(iii) nt*term is 4 <E>
1 n
T, =4(=
=1(3)
1 2 3 4 5 6
1 1 1 1 1 1
= — = - = - IT =4 . ,T = - )T =4‘ oy
T1—4<2> Ty 4(2> T3 4<2> 4 <2> 5 4<2 6 >
2 3 4 5 6
1 1 1 1 1 1
~The first6termsare 4(=) 4(=) 4(=]| 4(=) ,4(=] 4=
/ 2)1G) *G) +G) () +G)

1 .1
It is a GP with first term is 4— and common ratio 5
n

(iv) nt*term is

Ok
T, = "
-D' -1 (-1? 1 T (1) -1
T = :—1T2: = —»13 = 3 - 5
1 1 1 2 2 3
-0t 1, DS o1, (D0 L
T,=-——7F—=2'15="35 =5 '° 6 &

-11-11-11
=~ The first 6 terms are —,—,—,—,—,—
1°'2°3 4 576

It is not an AP/ GP /| HP

2n+ 3
3n+4

V) ntt term is

_2n+3
" 3n44

2437 g 2®F3_9

_2(H)+3 LTy = =
1—m= T32)+4 10 33)+4 13

2(4)+3 11 T_2(5)+3_13 _2(6)+3 15

*T3@ 14 16 0 3B)+4 197 °73(6)+4 22

_ 57 9 11 13 15
=~ The first 6 terms are 2'10°13°16°19’° 22

5
° T
7 2

It is not an AP/ GP / HP
(vi) nt* term is 2018

~ The first 6 terms are 2018,2018,2018,2018,2018,2018. 282
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It is not an AP/ GP /| HP
e th . 3n—2
(vii) n** term is—mt
3n—2
n= 3n-1
3(1)-2 3-2 1 T _3(2)-2 _6-2 4
1=731-1 ~ 30 1 277 32-1 T 31 3
. 33-2_9-2_ 7 3 -2 12-2 10
3 33-1 32 32 4~ 7341 33 33
_3(5)-2 15-2 13 3(6)—2 18—-2 16
TS_ = = = = = —
35-1 34 34 6 36—1 35 35

14 7 10 13 16

1'3732733734735
It is Arithmetico Geometric Progression.

2.Write the first 6 terms of the sequences whose nth term a,, is given
below.

) n+1ifnisodd
(l)anz{ f

=~ The first 6 terms are

n if nis even
a,=(Mm+1) = ifnisodd = an=(n) = if niseven
a,=n+1=1+1=2 (odd) = a, =n=2 (even)
a;=n+1=3+1=4 (odd) = as =n=4 (even)
as=n+1=5+1=6(0odd) = asc =n=6 (even)
The first six terms are 2,2,4,4,6,6

1 ifn=1
(i)a, =< 2 ifn=2
a, 1ta, ; ifn>2

a=1 (n=1) = =2 n=2)

a3 = ap_;tan_, (M>2) =0a3_1+a32 =a,+a;=2+1=3
Ay = ap1+an, M>2)=q, 1+a4_, =az+a,=3+2=5
s = AQp-1tap-2 M >2)=ag_1+ads_, =a,+a3=5+3=38
g = Ap_q + 0y, (n>2)=%-1T0-—2 =as+a,=8+5=13
The first six terms are 1,2,3,5,8,13
(i) an:{n ifnis1,2,0r3

a, 1+a, ,+a, 3 ifn>2
g, =n=1m=1) = a=n=20=2) = a3=n=3n=3) 553
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Ay =0p-1+an+ a3 M>2)=ay 1 +a4,+as 3
=aztd;+ad; =3+2+1=6

s =ap_1+apytap3(n>2) =as_1+as_32+0ds—3 =q, +a; + a,
=6+3+2 =11

A =0n-1 +An2 + a3 (M >2)=Ag-1+ Ae—2 + A6-3 = a5 + a, + a;
=11+6+3 =20

The first six termsarel,2,3,6,11,20

3.Write the nth term of the following sequences.

()2.2,4 4 66 12345 13579
1 » &y ) Y ""r(11)213141516;-'-;(111)2;4;6;8;10;-"1
(iv) 6,10,4,12,2,14,0,16,—2,..

(i) The given sequence is 2,2,4,4,6,6 ....,
a, =+ 1)if nis odd

a, =nif niseven

. . . 12345
(ii) The given sequence is

2'3'4’5°6’
n
R
. 13579
(iii) The given sequence is 216810 "
2n—1
= "o

(iv) The given sequence is 6,10,4,12,2,14,0,16,-2, ...

| 7=n if nisodd
T8+ n if niseven

4. The product of three increasing numbers in GP is 5832. If we add 6 to

the second number and 9 to the third number, then resulting numbers form
an A.P. Find the numbers in GP.

a 2| 5832

Let the three numbers in GP be —, a,ar 2| 2916

Given: Product of these 3 numbers = 5832 2| 1458

a 3 729

(;) (@) (ar) = 5832 = a3= 5832 o 243

81

a=35832 =V2x2x2x3x3x3x3x3x3 27
=2X%Xx3x%x3

319
a=18 3
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E,18+6' 18r+9areinA.P = E,Z4,18r+9are inA.P
T

r
-t =t3 -1,

18 18
24—7=18T+9—24=> 24+24=18r+9+7

1872 + 9r + 18
4g= ST FOTHAS e — 1872+ 9r + 18
T

182 +9r+18—48r=0

18r2 —39r+18=0 = 612 —13r+6 =0
=3
Br-2)2r-3)=0 = 3r—2=0,2r—3 =0
2 3

3r=2,2r=3= r=z, r=3

a
~ The GP are ; a,ar.

_2
0L—18,7’—3

a 18 9 3
;'__ %- ==;L8 XLé;zz 27

2’8 2

ar = X—= =12

3

~ The numbers are 27,18, 12.

5.Write the nth term of the sequence

3 5 7
1222 ’ 2232 ’ 3242"

asa

dif ference of 2 terms.
3 5 7

122272232732 42’
numerator = 3,5,7,...areinA.P = a=3,d=5—-3=2
T,=a+n-1)d
=3+(n—-1)2=3+2n-2

T, = 2n+ 1 (numerator)

Denominator = 1%.2%,2%.32,32.4% .. — T, =n2 (n + 1)?

thpprme —nt1 1 1
M T )2 2 (n+ 1)2

6.1f t;. is the kthterm of a GP,then show thatt,_,,t,, t,.; also forma

GP for anypositive integer k.

k" termin GP = t, = ar®™!

n+k—1

- k=1 m— >
rhn ty, = ar t = ar
== n b n+k 285

tn—k - a
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To prove that t,_y, t,, th4+x arein GP.

t, 3 t t

_——_ n n+k t 2 = (t )(t )
= -k +k

tl tZ tn_]:ﬂ tn ( Tl) n n

(ar”‘l)z — (arn—k—l)(arnﬂc—l)
2,.2n—2

a2r2n—2 = g2 pR-14nAk-1 = 2,202 = 2,

“ i bt thyg are in GP.
1

7.1f a,b,carein GP,and ifa

a,b,c arein GP
b ¢ "
—=E=>b = ac
1 1 1
Given: ax = bY= cz

Cl% = b%=> a= (b%)x

X
a = bY

%—b%=>c=(b%)z=> c=b§

c

1 1
x = bY = cz,then prove that x,y,z are in AP.

X

p2 = b(§+§

Z

b? =ac = b?= py. py

X

xz):2=_+_:2=
y y

z X+z
= 2y=x+z

yty=x+z= y—-x=z-y
tbb—ti=t3-lb = . x,y,zarein AP

Find the numbers.
AM — GM = 10 and AM — HM = 16
a+b
Let AM = sz and GM =+ab =y
2
2ab _ (Vab) 2

Then HM = —— = =
a+bh atb =

2
AM — GM =10
x—y=10=x=10+y . (1)

AM — HM = 16

8.The AM of two numbers exceeds their GM by 10 and HM by 16.

2
-2 =16 —
X

X2 — 2
Y =16 = x?—y?=16x
X

286
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(y +10)2 —y2 =16(y + 10) = y? + 20y + 10> — y? = 16y + 160
20y +100 —16y—-160=0= 4y —-60=0
4y=60 ﬁy:%:} y=15
Subsy =15in(1) x =y + 10
x=154+10 = x =25

a+b a+b
> =X =

=25 =a+b=50 =a=50-b»

Vab=y = ab =15 = ab = 225
Suba=50—->b
(50 — b)b = 225=> 50b — b% = 225 = —b2 + 50b — 225 = 0
b2 —50b + 225 =0 = (b — 5)(b — 45) = 0
b—45=0, hb—5=0

b=45, b=5
If b=5thena=50—b = a=50-5
a =45

If b=45thena=50—-Db
a=50—-45=|a=5

Hence the number are 45 and 5

a+b 45+5 50

2 - 2 27 %

GM =+vVab =V5x45=V5x5x9 =5x3 =15

9

_ Zibb:ZXjSOXX: HM =9
a
2

AM =

Verification:. GM — AM = 10
AM — HM = 16

9.1f the root of the equation (q —r)x* + (r —p)x+p — q = 0 are equal,

then Show that p,q and r are in AP.

If the root of the equation (q —r)x?> + (r —p)x + p — q = 0 are equal then
b? —4ac =0 = b2 = 4ac
a=q-rb=r—p,c=p—q

(r—p)=4@-r{P-o

r? +p®=2rp= 4 (P4=q* —pr+qr) =4pq—4q>—dpr +4qr
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r? +p? — 2rp + 4pr = 4pq — 4q® + 4qr
p% + 1%+ 2pr = 4pq + 4qr — 4¢2

p? +1r%+2rp= 4q(p + 1) — 4q*
(p+1r)°>—4q(p+1)+4¢2=0

(p+1)2—4q(p+1)+49*>=0
a=1, b:—4q}c:4q2

Lpohd Vb2 — 4ac
pTr= 2a
2
pre JaE V(=492 4(1)(4q?) _ 49 £/169% — 169> _4q
2(1) 2 -z

p+r=29 = p+tr=q+q
q+q=p+7r = q-p=1r—(q
~p,qrarein AP
10.If a, b, c are respectively the p'*, q"* and r*" term of a GP
Show that (q —r)loga+ (r—p)logb+ (p —q)logc =0
Given:T, = a
ARP™! =a= logARP™! = loga
T,=»b
ARY™Y = p = logART™! =logh
T, =c
ARl =c¢ = logAR"™! = logc
Let A be the first term.R be the common ratio of GP.
L.HS= (q—7r)loga+ (r—p)logh+ (p —q)logc
=(q—71)10gARP™ 1+ (r —p) log AR 1 + (p — q) log AR™™1

=(q—71) [logA + long_l:I + (r—p) [logA + logRq_l:I +(—q)
[logA +logR’”‘1:|
=(@—71)logA+ (q—7r)(p—1logR + (r —p)logA+ (r —p)(q — 1) logR
+@®—DlogA +(p—q)(r—1) logR
:logA[q—r +r—p +p—q]
+logR|(q =)~ 1D+ ~p)(g— D+ @ -0 G~ 1]

288




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

=logAlg~y +7~p+p 4]
+logRIGP —q —pp+/ +1d—F —pg +P+pr—p—qr+q1
=logA (0)+1logR (0)=0

Finite Series
If a, is a sequence of numbers thena, + a, + -+ a,
n
= Z ay is called finite series.

k=1
Arithmetic series a+ (a+d)+(a+ 2d) + (a + 3d), ......
Sum of an A.P

n

Sum of an A.P upto n terms : S, = > [2a + (n — 1)d]
n

Sum of of an A.P upto last terms : §,, = ) (a+1)

The general form of an Geometric series:
a+ar+ar®+ard+--

Sum to n terms of an G.P

_a(r"-1) ifr>1
"or—1

_a(l-r") ifr<i
"o 1-r

Sp=na ifr=1

Sum of Arithmetico-Geometric Progressions

(i) A series is said to be an arithmetico — geometric series if the terms
of the series form an arithmetico geometric sequence.

(ii) The sum S,, of the first n terms of arithmetico — geometric sequence
is given by

=a—[a+(n—1)d]r" i [1—7’”‘1 forr+1

S -
" 1—7r (1—17)2
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Exercise — 5.3
Example 5.16: Find the sum up to n terms of the series :

6,11 16
7" 49 " 343
Gi ﬂzt1+6+11+16+
tven tha 7749 " 343

Numerator:1,6,11,16....
a=1,d=6—-1=5

1 1 1
Denominator:1,—,—,—... ...
749’343
1
a=1, r ==
7
a—[a+ (n—Ddr" 1—rn1
Sp = [ ( )d] +dr |—
1—7r (1—-1r)?
1 n 1 n—1
_ _ _ 1—-(=
1-1+(n 1)5)<7> 1 <7>
Sn= 1 +5X§ 1 >
1—; 1__>
7

1 1+5n—-5
S 7n +5
n = =
7-1 7 7-—1
7

[511 — 4]
1 —
n 5

Sn= +?

771—1

(3)2

N o

7n 5 7n 1
Sp = 6 +7 ; .
7 5

n _S5p44 7’ (7"1- 1) 72

= %5t 71 " 36
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7" —Sn+4 5(7l—1) 72

X_
mixg i 36

7n—2
7n — 5n+4+5(7”‘1 -1
71 x 6 72 x 36

Example 5.17: Find the sum of the first nterms of the series
1 1 1

14v2 VZ+v3 Bival T

Let t, denote the k" term of the given series

_ 1

S VE+VEFL

o1 VE-VEFT _ VE-VEF1
VE+VE+T VeE-Vk+T  (yB)? - (VEF 1)’

_VE-VEFT1 VE-VETT VE-VEFI

Uk

SR D T kok—1 - o = VkHvk+l
—VEFT - VE

titt+Htz+ -ty = V21 +V3-v2
+Va—V3 4+ [Vn+1—yn]
S VATT-VI = VaFi-1

n
_ 1
Example:5.18: Find 2 k(k+ 1)
k=1
S i 1 1 A B
A LG+ ) T kGe+ Dk k+1
1 Ak+D+BU) _

k(e+1)  ke+1)
putk=—-1inl1=A(k+ 1)+ B(k)
1=A1+1)+B(-1) = 1 = A(0) + B(-1)

1=-8 =[F=—1

putk =0

1=40+1D+B0)= A1) =1 =[4=1]
1 11

k(k+1). &k —k+1
291
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1 11
Zk(k+1) - Z<E_k+1> — hthtt oty
11

_(1 1 1 1 1 1 1
B 2)"\273) " 37 T T ar n+1
1. Find the sum of the first 20-terms of the AP having the sum of first 10 terms

as 52 and the sum of the first 15 terms as 77.

Given that S;, = 52 and S, =77
SlO = 52

s, =g[2a+ (n—1)d]

n=10
10
S10 = 7 [2a + (10 — 1)d]

52 = 5[2a + 9d] = 5(2a + 9d) = 52

52
2a+9d=— - (1

5
S15 =77
n =15

15 15
Sis = 7[2a +(15-1)d] = 77 = 7[2a + 14d]

2 154
77><1—5=2a+14d $2a+14d=f (2)
Solve (1)and (2)

154
24 +14d = T
YR
a = 2“
5 154 — (52 x 3
154 52 = 5= 1(5 :
5d = ——__2°
15 5
154 — 156 —2 —2 —2
d =—F— =%=75 = “T15xs 75
bd=_2 (1) 2a+9d =22
su —ﬁm() a ==
—2\ 52 18 52 52 18
2 9 —_— | = — = — —
at (75) 5 24T75 Ty T 2as= ot

52 X 15) + 18 780 + 18
2a=$ 118 o o S
75 75
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133

798" _266 _ _ 266 133
a=e T T o5 T T 5xa, 25
To find S,
n
S :E[2a+(n— 1)d]
h = 20, 133 mdd =%
wnere ,n = a = f an 75
20[ /133 133) ( 2)]
=2 — |2 19
S20 = [2<25> + (20 — 1)(75>] ( (19)
266 38 3 x 266 — 38 798 — 38
10|15 —=| = [ ]= 10 | ——
25 75 75 75

152
rﬁ) 304
20 = ]/6 = Szo - T

2.Find the sum up to the 17th terms of the series
13 Ly 13423 N 13423433 4.
1+3 1+3+5

o 1P+243 .

" 14345+4--(2n-1)
nn+1)” n2(n+1

[ _L ) nint 1y

- n2 n?2 4n?

1 2 1 2
=Z(n+1) :Z(n +2n+1)

_ %lznz_l_zzn_l_zll Elmeansaddinglforntimes

1 nn+1)2n+1 1
_1 (n+1)( )+2n(n+ ) .
4 6

lx 17(17+ 1D)(2x 17+ 1)
4 6

_ 1[17(18)234“) +17018) + 17} 4[% +17(18)+17J

Sy, = +17(17 + 1) + 17

NN

8

527
— (1785 +306 +17) == [2,1438] = 527

4;._;
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3.Compute the sum of first n terms of the following series:

()8 + 88 + 888 + 8888 + -, (ii)6 + 66 + 666 + 6666+...
(i) 8+ 88 + 888 + 8888 + -,
S :a('r”—l)
Sn=8[1+11+ 111+ 1111+ --- + n term] "1

8
:5[9+99+999+--~+nterm]

co

=—[(10—-1) + (100 — 1) + (1000 — 1) + -:- + n terms]

O

= 5[10 + 100 + 1000 + ---nterms + (—1 — 1 — 1...to n terms)]

WhichareinG.Pa=10,r=%=1o>1

_8 10(10"-1) _ 8[10(10" = 1) —9n

il
y _ 8
9 9 =9 9

(ii)Find the sum to n terms of the series 6 + 66 + 666 + -
S, =6+ 66+ 666 + ---to n terms

-[10(10™ = 1) = 9n]

=6(1+11+ 111+ ---to n terms) s
n

r—1

_a(r-=1)

6
= 5(9 + 99 + 999 + --- to n terms)

2
= §[(10 —1)+ (100 — 1) + (1000 — 1) + :-- to n terms]

2
= §[10 + 100 + 1000 + ---nterms + (-1 — 1 —1...to nterms)]

100
WhichareinG.Pa=10, r=——=10>1

10
2[a(r™ — 1) 2[10(10™ — 1)
—5_?“‘")] —§[ 0-1_ "
. - 2[10(10™ — 1)
nT 3T 9 "

4. Compute the sum of first n terms of
1+1+D)+(1+4+4°)+(1+4+42+43)+ ...

th . .
Let T, be the n**term of the given series Ca@m—1)

r—1

1+4+4%+43+ -

4k —1 -1 _ 54"—1
T, = T, = = Sp=
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w2

1
S, = 3 [(4 + 42 + 43 + -+ 4™) — n]

144" —-1) 4 n
S [ = S = _ (4" — - —
Sn_3[ 3 n n 9(4 1) 3

5. 2‘ u_}d 1t(l)le general term and sum to n terms of the sequence

L3927
Numerator:1,4,7,10....= a=1,d=4—-1=3

111 1
Denominator: — — —a=1r=

1’3’32’33 "

ool =

The given sequence are: a,(a + d)r,(a + 2d)r?,
~ Thisisan A.G.P
=[la+ (n—-1Dd]r" 1!

1 n-1 1 n—-1
=[1+n—-1)3] <§> =[1+4+3n—- 3]<§>

1
1) g _3n-2
n— n 37’1—1

Tn=3n—2<3

S, be the sum of nterm of given sequences

we e = g Y < Yol T
k=1 = k=1 k=1

n n 1 S _a(rn—l)
=[3Zk— 2]23k_1 T o T 1
k=t k= . =l
=[3(1+2+3+:-:n)—2n] <30 +31 4324 ...371—1>
_ 1 1
_[3n(n+1) ) N 3n? + 3n -
T ™ (2= B e
- 3—-1 ( 2 )

_ [3n* +3n—4n]/ 2 3’ -n_ nBn-1)
/2 \3nr -1 3n—1  3n-1
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6. Find the value of nif the sum to n terms of the series

V3 + V75 +V243+..is 435V3
Given : /3 + V75 +/243 + - isan A.P
V34+V25x3+V81x3+...— /3+5V3+9V3+...
a=vV3, d=t,—t
=5V3 -3
d=4V3

S, = 4353
S, = %[Za +(n—-1)d] = 435V3 = 2[2\/5 + (n— 1)4V3]

g x 2[V3+ (n—1)2vV3] = 435V3 = n[V3 + (n — 1)2V3] = 4353

+/3
V3n+2V3(n—1)n =435V3 = n+2n(n—1)=435

n+2n?—2n=435 = 2n2 —n—435 =0

2n? —30n+29n—-435=0 = 2n(n—15)+29(n—15)=0

(2n+29)(n—15)=0 = 2n+29 =0 ,n— 15 = 0
2n=-29 n=15
29
n=Tn

7. Show that the sum of (m + n)!" and (m — n)**term of AP is equal to
twice the m™"term

Given: tmyn +tmn = 2ty t,=a+Mn—-1)d
LH.S=tm.n+tmn

=a+(m+n—-1)d +a+(m—-—n—-—1)d
=a+md+isd—d+a+md—id—d
=2a+2md —2d =2a+ 2(m—1)d
=2(a+(m—-1)d)=2¢t,, =R.H.S

8. A man repays an amount of Rs.3250 by paying Rs.20 in the first month and

then increases the payment by Rs.15 per month. How long will it take him to
clear the amount?

Given: a =20,d =15, S, = 3250, n =7

S = %[Za + (n - 1)d]
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3250 = g [2(20) + (n — 1)15] = g [40 + (n — 1)15] = 3250

n
5[40 + 157 - 15] =3250 = g[lSn +25] = 3250

n[15n + 25]= 3250 X 2 = 15n? + 25n = 6500
+5
3n2+ 5n=1300 = 3n?+5n—-1300=0
3n2 — 60n + 65n — 1300 = 0 = 3n(n—20) + 65(n—20) =0
Bn+65)(n—20)=0= 3n+65=0n—20=0
65

n=—?

9.In arace, 20 balls are placed in a line at intervals of 4 meters with the first
ball, 24 meters away from the starting point. A contestant is required to
bring the balls back to the starting place one at a time. How far would

the contestant run to bring back all balls?

Start 1stball  2nd ball 19t ball 20t ball

[y O & O O
U A4 U A4 A4

24m 4m 4m

Distance travelled to bring 1st ball = 2(24)= 48m

Distance travelled to bring 2™ ball = 2(24 + 4) = 2(28)= 56m

Distance travelled to bring 3" ball = 2(24 + 4 + 4)= 2(32) = 64m
The series 48,56,64,...inan A. P

a=4‘8, dztz_t1=56_4‘8=8

N NS

Sn [2a + (n — 1)d]

Syo = 70 [2(48) + (20 — 1)8]

=10[96 + 19 x 8] = 10[96 + 152]
= 10[248]
S,0 = 2480m
10. The number of bacteria in a certain culture doubles every hour. If there were

30 bacteria present in the culture originally, how many bacteria will be present
at the end of 2" hour, 4t hour and nth hour?

The number of bacteria at the end of dif ferent hours froman G.P
a=30,r=2
Number of 15¢ hour, T, = (2)30 = 60
Number of 2™ hour, T3 = ar? =30 X (2)% = 120
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Number of 4" hour, Ts = ar* =30 x (2)* =30x 16 = 480
Number of n** hour, Tpyq = ar™ = 30(2)" = 30(2)"
11. What will Rs.500 amounts to in 10 years after its depositin a bank which
pays annual interest rate of 10% comp%nded annually?
Given that n =10, P l 100
Amount = P(1+ i)™

10 10
10 100 + 10
A=500(1+-—)= e
( +1oo> 500< 100 >

: 110\*° 11\* i
A= 500 (155) = 4=500(75) = 4=500(11)

A =1296.87

12.In a certain town, a viral disease caused severe health hazards upon its people
disturbing their normal life. It was found that on each day, the virus which caused
the disease spread in GP. The amount of infectious virus particle gets doubled
each day, being 5 particles on the first day. Find the day when the infectious virus
particles just grow over 150000 times?

Given that \0 000

a=5 r=2, T,=150000,n="7? 2 ,
5,10,20,40...1,50,000 2| 15,000

ty = arn™! 2| 7500
" 1,50,000 . 5| 3750

1,50,000 = 5(2)"1 = —(/——— =2 | 990

> 1875

2"~1 = 30,000

12. In a certain town, a viral disease caused severe health hazards upon its
people disturbing their normal life. It was found that on each day, the virus
which caused the disease spread in GP. The amount of infectious virus particle
gets doubled each day, being 5 particles on the first day. Find the day when
the infectious virus particles just grow over 150000 times?

Given that
a=5 r=2 T,=150000,n=2? = 5,10,20,40...1,50,000
ty = ar"™ 1= 52)"1 > 150000 = o1 5 220000
5

= 30,000




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

EXERCISE : 5.4

Some special Finite Series

n
+1
(i)Zk=1+2+3+...+n=%
k=1
nn+1)2n+1)
6

(ii)Zk2 =12 +22+43%+...+n?% =

n?(n+ 1)2

(i) ) kK3 =13+23+33+...+n3 =
4

5.6 Infinite Sequence and Series

If (d, ) isasequence and a is a number so that for any given small positive
number, there is a stage after which the distance between a,, and a is smaller
than that positive number, then we may say that a,, goes to a as n goes to
infinity.

In technical terms that a,, tends to a as n tends to infinity. In other words

, in the limiting case a,, becomes a or the limit of a,, isa asn tends to .

We also say that the sequence (a,)converges to a. If (a,,) converges to a, then

we write lim a, = a.

n—-oo

5.6.1 Fibonacci Sequence

The Fibonacci sequence is a sequence of numbers where a number other than
first two terms, is found be adding up the two numbers before it.

Starting with 0 and 1, the sequence goes 0,1, 1, 2, 3,5, 8, 13, 21, 34, and
so forth. Written as a rule, the expressionis x,, = x,_1 + x,_,,n = 3
withxyg =1,x; = 1.

Deﬁniogion

Let 2 a, be a series of real numbers and let
n=1
Sp=a;+a,+az+--+a,neN ©
The sequence (S,)is called the partical sum sequence of Z an

n=1

If (S;,) converges and if lim S, = S,

then the series is said to be a convergent series and S is called the sum of
the series.

5.6.2 Infinite Geometric Series
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The series 2x™ is called a geometric series or geometric progession.

0]

Let us start with the series: Z x™x #= 1.
n=0
1—xm
If Sy =x9+x1 +x, +-+x, then S, = 1T
1
Asx, tends to 0 if |x| < 1,we say that s, tends to - if |x| < 1.

.That is,

(0]
Z x"™ converges for all x with |x|with < 1 and the sum is
— X
n=0

[
for all real numbers x satisfying|x| < 1.

=1+x+x%+x3+-

1—x

(00]

1
o Z (—1D)™x™ converges for all x with |x| < 1 and the sum is

1+x

=0
That is for all real numbers x satisfying|x| < 1.

1
1+x

=1—x+x?—x3+-

1
1—2x"

- 1
o z (2x)™ converges for all x with |x| < > and the sum is
n=0

1
That is for all real numbers x satisfying|x| < 7

=1+ 2x+4x? + 8x3 + -

1—2x

oo
xn
. 2 — converges for all x and the sum ise*. That is for all real numbers x,
n!

n=0
1 x x% x3 x*
e TR TR TR T

[o¢]

. Z(—l)"x converges only for x = 0.

n=0
Let us discuss some special series.
By assuming the convergence of those series let us soleve some problems.

Infinite Arithmetico-Geometric Series
The sum of arithmetico — geometric series X((a + (n — 1)d)r™ lis given by

) dr
S=711_r)r0105n=1_r+(1_r)2f0r—1<r<1.

300
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, 4 7 10
Example:5.19.Find the sum: 1 + 5 + 25 + 125 + -

Herea=1,d=3andr=§

a dr
Sh= 17 (1—-1r)?
1 3
1 3xg 1 £
5 <1 - §> 5 5
3 3
T © 5 3 25
S, 5 5,5 5,385 1
4 42 4 16 4 A 16 4 16
5 2
_20+15 35
16 16
Telescopic Summation for Infinite Series
E le:5.20. Find i -
xample: 5.20. Fin R
n=1
Let a, denote the nt"* term of the given series.
B 1 1
=2 icnt6 m+3)(n+2) (By using partial fraction)
1 B A 4 B
m+3)(n+2) @Mm+3) n+2)
1 _ An+2)+B(n+3)

M+HNM+2) (I +2)
1=An+2)+B(n+3)
Putn=-2: 1=A(-2+2)+B(-2+3)
1=4(0)+B(1) = B=1
Putn=-3:1=A(-3+2)+B(-3+3)
—A=1=A=-1
1 -1 1

n+3)(n+2) n+3 n+2 301
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1 1

n+2 n+3
Sn=a1+a2+"°+an

(Y0 () ()

S"=§_n+3

a, =

1
0 1 1
3—)

Ifn - oo then _ —0
n+3 o+3

1 1
Snzg—o = Sn=§

[00]

z 1 1
n2+51+6 3

n=1
5.6.5 Binomial Series

For any rational number n,

(1+x)"= 1+nx+n(n2—71)x2 +"(n—13)'(n—2)

for all real number x satisfying.llxl <1

x3 _|_ cee

As the proof involves higher mathematical concepts, let us assume the
theorem without proof and see some particular cases and solve some
problems. In the theorem.

1.By taking — x in the place of x,we get

n(nz!— 1) 2+ n(n— 13)!(” —2) X3+ (Jx] <1

1-x)"=1—-—nx+

n(n+1) 2_n(n+1)(n+2) 3

1+x)™ =1—-nx+ TR T x>+ x| <1
n(n+1) nn+1)(n+2)
(1_x)—n=1+nx+Tx2+ 30 x3 4+ x| <1

2
Example 5.21. Expand (1 + x)3 upto four terms for |x| < 1
2

Heren = —
(1+x)" =1—nx+—n(n2'_ 1)x2+n(n—13)'(n—2)x3+m
() g 2 o
nn=-1) __3\3 _ 33 9 _A2 1 _-1
2! 1%x2 2 2 9 2 9 302
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2(2_\(2_, 2(2-3\[2-6\ 2 _1 _4
n(n—1D(n-2) §<§_ )(5_ ) §< 3 )( 3 >_ 3IX 3 X7

3!
1x2x%x3 6 6
© 4
__ 27 _ B 1 _ 4
6 27 p, 81
2 2 -1 4
1+x)33=1-= — | X%+ —x 4
( ) 3x+<9>x et
2 1 4
= 1—=x—= 2 — 43
3x 9x +81x +

1
Example 5.22 Expandm in powers of x.Find a condition on x

for which the expansion is valid.
1
= (1+3x)72

(1 + 3x)?
nn+1 nnmn+1)(n+ 2
A +07 =1 -ny 4 NN MOEVOED o,

x=3x,n=2

(1+3x)7%= 1-203x)+ %(3@2 — 2(21+><1;(j ;r 2) (3x)3

22+1D)(2+2)(2+3)
1X2%X3X%Xx4

2 %3 , /2 %X/3 X 4 ; 2 x/3 x/4 %5 .
1X49x - mx 27x° + 1Xﬂ></3>§/481x + -

=1—6x+27x*>—108x3 + 405x* + -+

1
Example 5.23. Expand m in powers of x.Find a condition on x

for which expansion is valid
1 1 1

GHa:r (1 +%x)2 ) 9(1 +%x)2

+ (32)*+ -

= 1—6x +

L1, .2 2
B+20)2 9\ 3%

Let _Z
ety =zx

303
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1
- = _ -2

X=y,
nn+1 nn+1)(n+2
1+x)™"™=1—-nx+ ( )xz— ( )( )x3+---

21 31 n=2
- 11_2y+2(2+1) . 22+ 1D2+2)
) 1x2 ~ 1x2x3
+2(2+1)(2+2)(2+3)y4+---
1xXx2%x3x%x4
1[ 2 X/3 X 4 2 x/3 x4 %5 ]
= —[1-2y+ 3y2— T u3+ 44 ...
9 Y %333 T IxaxaxAl T
1
- 5[1—2y+ 3y2 — 4y3+ 5y4+---J
Suby =2
uby =zx

_l 2 + 3 2 i 4 2 3+5 2 4+
9| l1-2\3% 3%) ~ *(3¥ 3%
1 4 4 8 16 J
— 1__x+ (_ 2>_ .3 + 4 oo
9[ 3 3 g* 4(27x> 5<81x>+

1 4 4 32 80 ]
= — _ _I_ _xz— - 3+ —_ 4+...
9[ 1=gx7 3 27" " 81"

14 4, 32 o 80
T 9 27 T 27% T2a3% T729”

Example5.24. FindV65
V65 = g53 L

1 1 11\3
(644+1)3 = 643(1+—

64

1 1
5 1\3 1\3
=\/a 1+a =4 1+a

(1+x)n=1+nx+wxz+n(n—13)'(n—2)

x3 + cee

304
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Tfd) -0+ @)+ (-]

. y, 1 1 1 N
AN o 9" 64" 64
16 6
1 1
=4+4_8_m+... Since 9216+---i5 very small
=4+ 0.02

V65 = 4.02 approximately

ExalmpleS. 25.Prove that 3;/x3 +7— Vx3 + 4 is approximately equal

toswhen xislarge.
x

347 = (x3+7)% — [x3<x—3+l>r = ["3 <1+1)]

x3 x3 x3

1 1

Ll 7\3 7\3

= @3(1+5) =x(1+ )

nn-1
1+x)"=1+nx+ (2| )x2+

7 1
*Ty T3

e x[Hz(l) 367 (7)2+J

3 \x3

305
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(5)

=X 7 49+
1 x — .
T3 1x72 x©
-
—x|1 7 1><49+
_ 3x3 9 «x6
/
_ x| 1 7 ﬁ_{_ _ 7 49
= L +F 9x6 = +§XX—§XX+
, 3 7 49 32 = (o8 4 4)3
\/T”— x+ﬁ—ﬁ+-"=> x>+ (x ) .. (1)
1
3 4\ 1 1 1
_ x3<_+_>]_[ 3( i)]?»_ 5L 4\3 4\3
[ @)= (1) = e ) = w1 5)
nn-1) ,
(1+x)"=1+nx+Tx + -
4 1
X=F' TL—3
1/1 .
4 3\3 4\?
x3+4=x |1+ (—) + (—) +
3 \x3 21 x3
()
_ 4 3\ 3
=X 1+—3 + 3\3 X E‘F"
3x 1XZ x6
1/-1 16 4 16
=X(1+— +—|—|xXx—+-| =x T
[+3x3 3<3> x® ] [1+3x3 9x6 ]
_ 4 16 2 4 16 )
= X+XX§—JC@+ x> +4= X+y—ﬁ+ - (2)

1

Since x is large, ; is very small and = hence higher powers are negligible.

\/x3+7—x+—2 and \/x3+4—x 3—

(+ 52

Va3 +7—Yx3 + 4 —x+3——

306
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7 4
_x(+3x2 -  3x2

7 4 _7-4 3 1
_3x2_3x2: 3x2 =3x2 ZF

5.6.6 Exponential Series

[o%0) n
. —is called an exponential series. It can be proved that this series
The series n!

n=0 converges for all values of x.
LA 11 11
Foranyrealnumberx,zm=e where € = 1+ﬁ+§+§+ﬁ+"'
n=0
. x2  x3 4
e’ = 1+E+Z+§+Z+

5.6.7 Logarithmic Series

oo
n

by
The series z (—1)"*1— is called an logarithmic series.
n
n=0
This series converges for all values of x satisfying|x| < 1.This series
converges when x = 1 also.

For all values of x satisfying |x| < 1, the sum of the series is log(1 + x). Thus

2 3
logl+x) =, _*  * X . .
e R
For all values of x satisfying |x| < 1, By taking — x in the place of x

x% x3 x*

log(1—x)= —x —— 4+ — 4+ — — ...
g( ) x——> 4o+

For all values of x satisfying |x| < 1.

1+x
Now log| —— ) =log(1 + x) — log(1 — x) . Using this we get
8 1—x

x3 x5
_9 T
[x+3+5+ ]

307
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Exercise 5.4
1. Expand the following in ascending powers of x and find the condition on x

for which the binomial expansion is valid.

R
(l)5+x(u)(3+4x)2
D= ——=——= (143

5+x 5<§+§> 5(1+§) 5 5

nn+1 nn+1)(n+ 2
(2' ) 2 _n( 3).( I

(ii))(5 + xz)é (iv)(x + 2)_3_2

A+x)™™=1—-nx+

ng,n=1 If |§|<1=>|x|<5

1( 1(1+1) a2 11+ D(1+2) x\3
=§3_(1)(g)+ 1:2 (g) 1x2x3 (g) +J
=1( X 2 a2 2 XB  ,x\3 J
s(1-5+306) ~mxzxaG)
1 2 3
=§[1—§+(§) -3 +]
2 2 _ 2 _ 2
ii = = =
R | O )
2 4 \72
= 5(1+3%)

1+x)™=1-nx+

sz _n(n+ 1)(n+2)x3 e

2! 3!
4
x=§x, n=2
_Ef 4 22+ 1) s4x\2 22+ 12 +2) [4x\° ]
_9\1_(2)<§x)+ 1x72 (?)_ 1x2x3 (?) e

)
_ 2| 2<4x)+3
5 (. 3

()

Zx 3 x4 43
-m(?) +J

325 ) ) )
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2

"E 5 xA\]P _ xzé 2 xzé
(iif) (5 + x?)F = [s<§+?>] - [s(1+?)] _ 53<1+g>

(1+x)":1+nx+n(n_1)x2+n(n_1)(n_2)x3+

2! 3!
B x2 2
=5 T3
x2 x2
If E—<1=:Eﬂ<1::LH|<5

N R =

n(n+1) 2_n(n+1)(n+2) 3

1I+x)"=1—-nx+ TR 3l xX°
x—2,n=§
2(2 2
1 (241 i - 3
3 ) g e
513G+, G
2 1x2x%3

(iv) (x + 2)_T2

309




BLUE STARS HR.SEC SCHOOL
ARUMPARTHAPURAM, PONDICHERRY

1 Zz.5 25 8 ,
=z 2 x 373 a2 Xz X7 X2
25| 1-%(5) + 5) -—3 3 ( >+
31\2 1x2 2 1x2°% 3 2
_ 1r1 /2/@+5(x) 40x<x2>3+ A
- 2B 20 - Sx(E
U3 9\2 9 "\ 2 )
r 2 2\ 3 N
5 «x 40 1/(x
1 X
—_ —_ — - —x__
== ! 92" 79 3(2) *
23\ J

2 40 (x® X  5x%  40x®
P Sy G WPV N [ s LA
3 36 27\ 8 2% 3 36 216

2. Find /1001 approximately (two decimal places).
{1001 = (1 + 1000)3

[(.\o)IN| =

1 1

= (1000 1000 1000 —— + 1 §—(1000)§ 1+ 1y
1000 T 1000 1000+ B 1000

1

1
, 3 1 \3
= [ — 1 N
v 100(’(1 * 1000) 10( * 1000)

0 nn—-1) ,
1+x)"=1+nx+ TR +
1
*Z1000 "3

1
B 10 1+ 3000 § 1000000 ]
310
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f

1 1
=100 14+— - — 4. = 10[1+0.0003333}
3000 9000000 J

= 10 1.00033333]2 10.00333

1
3. Prove that 3\/ x3+6-— 3\/ x3 + 3 is approximately equal to x—zwhen
x is large.

5 1 3 x3 6|3 6 \13
Vxi+6= (x34+6)3 = [X ;‘FF = [x3<1+—3>]
1 1 *
1 6 \3 6 \3
— 3\
—(X )3<1+F> = X<1+F>
nn—1) 6 1
A+x0)"=14+nx+———x%+ X=—, N=z
2! x3

i 1(5) +£‘1>(6>2+...

U re=x|113g

1+— + X — 3
\_ x3 X /2 x© X
_ 2 4 . 2 4
=X 1-|-F —F_F... = x+xxF—xxF+...
3 2 4
\/x3+6=x+x—2—x—5+---
3 3 1
1 3\[3
Vi +3= (3 +3)3 = o3[+ = [sf, L3\
x3 %3 X 1+x3
1 1
1/ 3\3 3\3
:(x3)3<1+F>= X 1+F
nn-1) ,
(1+x)n=1+nx+—2' x% 4 -
3 1
311
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s G-
=<1 "

3x3+3:x1 li +3 3 i
3\x3 21 x3

1+— +
x3 1 x6
I O T
1+; +F+“'
33 +3 = 1 1
X+3= xtax—Z—x—+-
x x
1 1

3
Vx3+3 =x+;—;+---

B re-ie+3
2 4 1 1
= x+x_2_F+ —[x-l-F—F‘F ]
4 1 1

TAT TS At s

2 1 4 1 3
= ;—P—F+F+--- SinceF+---i5verysmall
1 3 1

25T T — approximately

4. Prove that
Vv1i+x

is very small.

-1

1
A1-x_ Q29 ra+07

- 1

V14 x (1+X)E

2

1<1 1) 1
= 2027 1 2

. 1 1(5
=x142 ‘5(5)*"'

vli—x. .
is approximately equaltol1 — x + z—when x
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1
1 -1 1 %2
_ — X — — X —
1t 22 x% + 1——x+ 2 2 424
1 % 2 1x2
é 1 3
- . =
— 1____4 x2+“_ 1__+A x2+
2 2 2 2
r
x 1 X 3
= 1__— A2 . __-|- — 42 e
_ > 8x + ] 1 > 8x + J
x 3 x x% 1
= 1—-——4+ = 2 __ -4 —— = 2
2 g¥ T 2Ty gyt
2x 3 x%  x? 2 2 2
=1 _Z4, 2,2, _ 3x° + 2x° —x
> +8X +4 8+ 1—x+ -
42 x2
= 1l-x+—+= 1—x+7+---

1]
5.Write the first 6 terms of the exponential series (i)e>*(ii)e 2*(iii)e?’

N 5% _ (5x) (Gx)? (G2 Gx)*  (5x)°
e = I+3r+—rt3 T T
- 14 +25x2+125x3 625x4_|_625x5
- T 6 24 24
o —2x (2x) (2% (2x)°* (20)* (2x)°
e == -t 3t~
o2y 4x3_|_2x4 4x>
e e T
x\2  x\3 m\*  /x\°
: ~n 3 & G G
=X — -~
(iii) ez 1+(2)+ TR TR TR
L L S
2 8 48 384 3840
Logarithmic Series 2y o
g( ) Xx—— -t
x2 x3 x4—
log(1 —x) = X—o g
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] 14+ x 5 x3 x5
og 1—x/ x+?+?+---

6.Write the first 6 terms of the logarithmic series (i) log(1 + 4x)

1+ 3x

iV los(1 — 2 ”y

(ii) log( x) (iii)log (1 3.
x

(iv)log < 1T 2x> Find the interval on which expansions are valid.

1
Valid if |4x| < 1= |x| < 7

(D) log(1 + 4x) = 4x — (4x)* + (4x)° B (4x)* N (4x)> ~ (4x)6

3 4 5 6
64x3 256x° 512x°
= 4x — 8x? — 64x* + _oer
+ = 3

g 1
(i) log(1 — 2x) Valid if |2x] < 1= |x| < >

) (2;)2 L@ @t @° @

3 4 5 6
PP 8x> 4t 32x°  32x°
e -

1—3x

1+ 3x 1 14+x
(iii) log Valid if |3x|<1=>|x|<§ log | T—

_ Bx)®  (30° (3x)7  (3»°, B!
—2[(396)+3 R +11J

(iv) 1 1—-2x
)08\ 1T ox

o (L2\ o (L2
— 09 \1 %) T TIN\T T

= =2 [(2x)+ (2x)° + (2x)5+ (2x)7 N (2x)° + (Zx)“]

L 1 x3  x°
> Valid if |2x|<1=>|x|<§ 2[x+?+?+..w

3 5 7 9 11
X2 13 1t y2 y3 gyt
7.Ify=x+?+?+z+---,thenshowthatx=y—E+E—E...
x? x3
Giveny = X+7+?+"'

y = —log(l—x)
314
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alp Mm+1Dp+Mm—1)q H fi dB 15
—_ = encejin
qg (n—-p+Mn+1q 16
1+2—4
p_ p+tq_prtq+tp—q_ 2p_ 7P
q 1-P=9 p+q-p+q 29 q
p+q .
1 p—q
1 P—4\n <1+ )
<B>"= pvq| =P
q _pP—q p—q\n
P+q (1_p+q)
1(p— CI) P—q np+ng+p-—
141 ( ptng+p—gq
__"n\p¥d) tmprng T wping
_1<U) _P—4 "np+ng—-p+q
n\p+q np +nq np + nq

_np+p+ng—gq
T np—-p+ng+gq

_ (m+Dp+(n—-1)q
(n-—p+(n+1)g
putn=8,p=154g =16

3—4x+x*

— (3 —4x + x?)e™?*
e

_ _ -1 y — _ -1 2 3 4
log(l—x)"=eY =(1-x) log(l—x)z—x—x——x——x——---
l—-x=e V= 1—x = e¥ 22 33 44

p2y x_1q x+x x+x
_ e*"=1-—+=———=+—..
A-x=A- TRl 11 20 31 4]
2 3
B y: y

—X = —y+?—§+
3 y: oyd oyt
X = y—"—4——"— .

2! 31 4!

8.1f p — q is small compared to either p or q,then show that

8/15  9(15) +7(16) _ 135+ 112 247 0.9916
16~ 7(15)+9(16) 105+144 249 )
. . . 4 . 3—-4x+x
9. Find the coefficient of x*in the expansion of o

(2x)?  (2x)° (Zx)

np+nqg+p-—q
np+nqg—p+gq

= (3 —4x + x?) [1__

1! 2! 3!

8x3
Y

4
=(3—4x+x2)[1_2_x +16x}

4!
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3x16 4x8 4
. . 4 _
Coefficient of x* = 2 + T +—2!

_ Axae*? 2dxg 24 16 28
T I ZxBxA 1xix3 1wz —2tzt2=

oo 1 1 1
10. Find the value of 2 o —1 <9n_1 + 92n_1>
n=1

>1 1 1 _i 1 1 1
2271—1 gn1 T gan-1)~ L m—1\9"
1

3

x 9-1 * 92n x 9-1

_il 9+9_9°° 1 /1 1
B i 2n—1\9" " 97" B ZZn—l gn T oz
1 11211“+113+116+114+118
_9[+a+§§+§§ s\9/ "s\9) "7\9) T7\9)
' 1

—31 (2)+1l > _1310 2+1o E
=29 209\ 7] = 2[°°9 g

4_
1 51 1. (2 5\ 1
= = log—| = Z )
2[10g8+ 0g 4] = Zlogée’xdl_,) _Elog(lo)
= logV10
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EXERCISE : 6.1

Locus of a point
Definition 6.2 A point is an exact position or location on a plane
surface
The path traced out by a moving point under certain conditions is called
the locus of that point.
Alternatively, when a point moves in accordance with a geometrical
law, its path is called locus. The plural of locus is loci.
Locus denotes P(x,y)

Example 6. 1: Find the locus of a point which moves such that its distance
from the x — axis is equal to the distance from the y — axis.

Let P(h, k) be the point on the locus

Distance from x-axis = Distance from y-axis
h=k
x=hy=k

Locus of (x,y) isy = x is a straight line passes through the origin
c
Example 6.2: Find the path traced out by the point (ct,z) ,heret +#0is

the parameter and c is a constant.
Let P(h, k) be the point on the locus
Given: h=ct = ﬁ:t = k=-..(01)
c c o2

C
bt—h' 1 C=>k—c j
subs —Clneqn()k_z —h=>k=CXE=>k=W=>hk=C2

o

Where x = h, y = k = The locus of the point P isxy = c?

Example 6. 3: Find the locus of a point P moves such that its distance
from two fixed points A(1,0) and B(5, 0), are always equal.

A P(h, k
Let P(h, k) be the point on the locus ¥ (h, k)
Given: PA = PB= pA2 = PR2
Squaring on both sides Distance between two points 2
_ — _ B
A(1,0), P(hk = V02 —x)2+ (2 —y1)?  —f—— X
(xl }’)1 (xz y)z (1,0) (5,0)

PA=J(h— D2+ (k02 = PA=J(h—12+k*
PA* = (h—1)* + k?
B(5,0), P(h, k)

X1 Y1 X2 V2
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PB=\(h=52+ (k=02 = PBE=y(h-5"+k*=
PA% = PB> = (h—1)2 +/k? = (h—5)% +42=(h—1)* = (h—5)*
h? —2(1)h + 1%2= h? = 2(5)h + 52

h? —2h+ 1= h? — 10h + 25

B2 —2h+1—-p+10nh—25=0 = 8h— 24=0

8h = 24
43
:Z = h=3 = Where x=h

The locus of the point P is x = 3

Example 6.4:1If 0 is a parameter, find the equation of the locus of a
moving point whose coordinates are (asec@,btan0).

Let P(x,y) be the point on the locus

1 + tan?6 = sec?6

X
x=asecd = —= secH ..(1)
a 1 = sec?6 — tan?6

y=btanf = %= tan@ ...(2)

sec?f —tan?6 =1

X\2 YN\2 x? y

O-G)=1= S5

Example 6.5: A straight rod of the length 6 units, slides with its ends A
and B always on the x and y axes respectively. If O is the origin, then
find the locus of the centroid of AOAB. X

Let the coordinates at 0,A and B be
0(0,0), A(a,0), B(0,b)

X1 N1 X2 V2 X3 Y3

Centroid of AOAB is (h, k)

0,5

X1+ X+ X3 Y1+ Y2 +J’3>_
( 3 3 = (R k) a,0))
0O+a+00+0+0b ab
( T T3 > =(h, k)= <§,§>— (h, k)
a
a_, b

3 3=k=>a=3h,b=3k

Fromright AOAB, 0A% + OB? = AB?
a2+ b2 =62 = (3R)2+ (Bk)2=62= 9h? + 9k?= 36
R2 + k2 = 4 =9
Where x =h, y=k
The locus of the point P is x* + y* = 4
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IExample 6.6:1f 0 is a parameter, find the equation of the locus of
a moving point whose coordinates are (a(0 — sin0),a(1 — cos 0)).
Let P(h, k) be the point on the locus

h=a(0 —sinf)

h . h

— =0 —sinf = sinf=60—- —

a I a I

k=a(l—cosf)= — =1—cosf = cos@zl—a
a

a—k a—k
cos 6 = = @ = cos~ !
a a

sin%6 + cos?6 =1

2 N2 n\? (a —k)?
<9—g> +(aak> =1 =><9—a> t——m =1
<6_E>2:1_(a_k)2:> <0_ﬁ>2=a2—(a—k)2

< h)z_az—(a—k)2 :< h>2_a2—(a2—2ak+k2)

9 — —
a a?

< h)z o — dt + 2ak — k2 <9_ﬁ>2=2ak—k2
= =

g h_fak—kr b _2ak—® _ V2ak K2 _h
T a | ez a a a a
V2ak — k2 Vv2ak — k?
alf — — =h$ h=a9—aT
a

h=al —+/2ak — k2

a—k
where 6 = cos‘1< - >

a—k
h=acos‘1< - )—\/Zak—k2
} ) 1 (a=Y 2
The locus of the point P is x = acos ( a )—\/Zay—y

1.Find the locus of P, if for all values of a the co — ordinates of a moving
point P is (i) (9cosa ,9sina )

Let P(h, k) be the point on the locus
h h?

h=9cosa = g=cosa = azcosza .. (1)
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k _ k2
k=9sina = g =sina = 5z = sin*a .. (2)
Adding (1)and (2)
h?  k?
¥+¥ =cos?a +sina =
h? + k% =81
~ The locus of P(x,y) is x2 + y2 = 81

h? + k?

o Sl =

(ii) (9cosa ,6sina )
Let P(x,y) be the point on the locus

h h?
h=9cosa= §:COS(X = a=C052a (1)
. k. k?
k =6sina = g =sina = ?zsmza .. (2)

Adding (1) and (2)

h? k2 h? K2
— ) 2 in 2 —_— —_— =
92+62 cos“a+sin“a = 81+ 36 1
The | fFP(xy)i xt Y
~ The locus o XY)is —+=—=1
Y 81 * 36
2. Find the locus of a point P that moves at a constant distant of
(i) two units from the x — axis 1 o0(h, k)
Let p(h, k) be the moving point
y = 2 < h i > X
Locusis y—2=0 v
y P(h,k
(ii) three units from the y — axis. 1 (h, k)
Let P(h, k) be the given point k
h=3
x =3 > X
Locusis x—3 =0 h=3

3.1f 0 is a parameter, find the equation of the locus of a moving point,
whose coordinates are x = a cos3 0,y = a sin36.

Let P(x,y) be the point on the locus ,

= cosf = (2)§ =cos?0 ..(1)

W[

X X
X =acos30 = —= cos30 = (—)
a a
1 2

=asin39=>X='39 X§='9:> N _ o
y a sin = (a) sin (a) = sin%6 ...(2)
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Adding (1)and (2)
2

2 2
(2)3 + (%)3= cos* 0+ sin*6 =

Bl S
I
—_

Q |><
win| wiN
+

W N

2
x3+y3 _ 2

2
0}2/1 = x3+y3=a
4. Find the value of k and b, if the points P(—3,1) and Q(2,b) lie on
the locus of x* —5x+ ky = 0.

P(—3,1) lies on the locus of x> = 5x + ky =0
xy

(-3)2-5(-3)+k(1)=0 = 9+15+k=0 = 24+ k=0

k =-24

Q(2,b) lies on the locus of x> —5x +ky =0
Xy
(2)2-5(2)—24x (b)) =0=4—-10—24b=0
1 4
b=—-—-
4

6. Find the equation of the locus of a point such that the sum of the
squares of the distance from the points (3,5), (1, —1)is equal to 20.

Let p(h, k) be the moving point
A(3,5) and B(1,—1) are given points
Given: PA%? + PB?=20
A(3,5) P(h, k)

X1 V1 X2 Y2
PA= J(h=37 1 (k52 = [_PA2=(h=3)+ (k=5
B(1,-1), P(h k)

X1 1 X2 Y2
PB=\/(h—1)2+(k+1)2 = | PB2=(h—1)? + (k + 1)?
(h—3)2+ (k—5)2+ -1+ (k+1)*=20
h2 —23)h+9+ k2 —2(5)k +25+ h2 —2(1)h+1

+k?2+2(Dk+1=20
h? —6h+9 + k2 —-10k+25 + h? —2h+ 1+ k® +2k+1=20
2h% + 2k? —8h — 8k + 36 = 20

2h* + 2k?* —8h—8k+36—20=0 = 2h2 + 2k2 —8h—8k + 16 = 0

]
3

Wl N

h? + k* —4h — 4k +8 =0 3¢

321
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7. Find the equation of the locus of the point P such that the line
segment AB, joining the points A(1,—6)and B(4,—2), subtends
aright angle at P

Let p(h, k) be the point on the locus
PA L PB B (4,-2)
slope of PA X Slope of PB = —1

P(h, k)) A(l, _6)

X1,Y1 X2,Y2

o=y _ —6—k _—(k+6) p A(1,—6

SlopeofPAzxz_xl— 1-hL 1-h (k)
P(h, k),B(4,—2)
X101 X2,Y2
_ —2-k —(k+2)
Slope of PB = Y2~ - =

X, —x, 4—-h  4-h

k+6 k+2 k+6 k+2
- — —_ | = 1= —
k% 4+ 2k + 6k + 12 k% + 8k + 12
_1=>
h? —4h—h+ 4 —5h+4/'1

k? +8k +12=—-1(h> —5h+4) = k?+8k+12=—-h®>+5h—4
h>+k*—-5h+8k+12+4=0
h? + k> —5h+8k+16 =0
Locus of (h, k)is x>+ y> —5x+ 8y + 16 =0

322
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8. If O is origin and R is a variable point on y2 = 4x,then find the
equation of the locus of the mid — point of the line segment OR

Let P(h, k)be the locus of the midpoint
0 (0,0) and R(x;,,y3)

Midpoint of OR = P(h, k) = (xl JZ”CZ pé! er y2> = (b k)
0+ Xy 0+ Vo X2 Yo
- h,k == —,— ] = th
(2,2><)(2,2)(> y )
X2 Y2 — — h, k
—_h’ —_k=>x2—2h,y2—2k (r)
2 2 0 N
~ R(2h,2k) (A0)
R(2h,2k) lies on the parabola y? = 4x
2
(2k)?= 4(2h) = Al =8h = k*=2h
h=x,k=y
Locus of (x,y) is y? = 2x
9. The coordinates of a moving point P are
a b
<§ (cosec B + sin 9),§(cosec 0 — sin 9)>
where 0 is a variable parameter. show that the equation
of the locus Pis b%*x? — a?y? = a?b>.
Let x = —(cosec@ +sinf) = Z_x — cosec 6 + sin 6
’ 2%\
Squaring on both sides = <—> = (cosect +sin9)? ... (D
a
i (1~ (@)
2x 2y
=) ~\ 3 ) = (cosec +sin 0)% — (cosecH — sin 6)?

b | 5
Let y = 5 (cosec @ —sin) = =Y _ cosecl — sin 6

Squaring on both sides = (2Y

4x*  4y? " b 2
T T T (cosec* @ + 2 cosec @ sin @ + sin“ 0)—

(cosec? 8 — 2 cosec  sin @ + sin? 9)

2
4<x———>_c98é 0 + 2 cosec@ sin @ +}an9

= (cosecd —sinH)? ... (2)

2
. — cose€? 6 + 2 cosec 6 sin  — sin? 0
=y @ sin @ x—z—y—z— L X sin @
prinbys cosecfsing = —5— - _sm9 sin

b?x* — a*y? _ 1= b%x% — a?y? = a®h?

a?b? 323
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10. If P (2,—7) is a given point and Q is a point on 2x? + 9y? = 18,
then find the equations of the locus of the mid — point of PQ.
Let P(2,—7) be the given points
: 2 2 _
let Q(a, b) be a point on 2x~ + 9y~ = 18 R(h, k)
2a% +9b% = 18...(1) Pe . *Q(a,b)
Let R(h, k) be the mid — point of PQ 2=7)
P(2 7) an Q(a,b)
d X2 V2
. X1+ x, Y1+,
Midpoint of PQ = (h k) — ( o n ) = (b k)
<2+a—7+b 2+a —7+b

= — k:
2 ) 2 (h"k) ﬁh ) 2

2+a=2h 2k=b—7
la=2n-2) b=2k+7]

subs the values of a and b in eqn (1) 2a* + 9b*> = 18
wherea=2h—2, b=2k+7
2 (2h — 2)%+ 9(2k + 7)? =18
2 (4h? — 8h + 4) + 9 (4k? + 28k + 49) = 18
8h? — 16h + 8 + 36k* + 252k + 441 =18
8h? + 36k? —16h + 252k + 449 —18=10
8h? + 36k%? — 16h + 252k + 431 =0
~ Locus of (h,k)is 8x% + 36y? — 16x + 252y + 431 =0

11. If Ris any point on the x — axis and Q is any point on the y — axis
P is a variable point on RQ with RP = b,PQ = a.then find the equation
of locus of P.

Let P(h, k)be the point on PQ X
ho (R
APMQ, cosf = — = (-) = cos? @ ...(1) (
a a
k k\*
APLR, sinf = 5 = (3) =sin®0 (2 M
Adding (1) and (2) > X

a b b?

2 2
~ The required equation of the locus of P is x_ + Z_Z =1

R (k\ h? k2
- + |\ =c0520+sin20=>—+—=1

324
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12. If the points P(6,2)and Q(—2, 1)and are the vertices of a APQR and R
is the point on the locus y = x? — 3x + 4, then find the equation of
the locus of centroid of APQR

P(6,2), Q(-2,1), R(a,b)
X1 Y1 ¢ X2 Y X3 Y3 R (a,b)

Centroid of A PQR = (h, k)

(X1+X2+X3,:V1+3’2+Y3>z(h’k)
3 3 (h, k)
6—24+a 2+1+5>b P Q
=(hk
( 3 3 ) (1K) (62) (-2,1)
4+ a 3+b _

T =h, - =k= 4+a=3h3+b=3k

a=3h—4 b=3k—-3
The point R(B3h — 4,3k —3) liesony = x?> —3x + 4
3k —3=(3h—4)2—33h—4)+4
3k —3=9h% —24h+16—-9h +12+4
9h? —33h+32=3k-3
9h? —33h+32—-3k+3=0 = 9h2—-33h—3k+35=0
Locusis 9x?> —33x—3y+35=0

13.If Q is a point on the locus of x? + y? + 4x — 3y + 7 = 0, then find the
equation of locus of p which divides line segment OQ externally in the

ratio 3:4, where O is origin N . '3:4
0(0,0) and Q(a,b) 0 Q P
e v 00) (&b (hk)

The point P(h, k) divides 0Q externally in the ratio 13 : 4

m

lx; —mxy ly, —my,
P(h'k)_[ Il-m ' I—-m

3a—4(0 — 3a  3b
(hioy = | 2220 36240, = | 3¢ 30
3—-4 3—4 -1 -1

h=—3a,k=—3b=>a=__h,b=‘_k

Th int Qi n_k ’ ’

e point Q is 3’73

h k
The point Q <—§,—§> liesonx?>+y?>+4x—3y+7=0
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A% —h —k 3

—n i G VY _ 4h

B R IR o

h2 k2

— — - =

g tg -5 tkt7=0
X 9

h?+ k? —12h + 9k + 63 =0
Locus of (h, k) is x> + y> —12x+9y + 63 =0

14.Find the point on the locus of point that are 3 units from x — axis and
5 units from the point (5, 1). y
Let P be (h, k) and Q = (5,1) 1 P(h, k)
P(h,k) is at a distance of 3 units from x — axis. i.e k = 3 .
Given PQ =5 > 3 units
P(h,k) and Q(5,1) 0(5,1)

X1 N X2 Y2 > x

PQ=+(h=52+(k—-12= 5=+(h—5)2+ (k—1)2
squaring on both sides

25=(h—5)2+(k—-1)>= h2-2(B)h+25+ (3-1)% =25
h? —10h+ 25+ (2)2=25= h?—-10h+25+4+4 =25
h2 —10h+ 29 =25= h?—10h+ 29—-25=0

h? —10h+4 =0

a=1b=-10,c =4
—(— — 2 _

h_—bi*/—b2—4ac - (-10) +/(-10)2 —4 x 1 x 4

a 2x1
, _10£V100-16 _10+V84 _10+£v2x2x21 _1042v21
- 2 2 2 2

AICES FID R PP,

2
«. The points are (5 +v21,3),(5 — V21,3)

15. The sum of the distance of a moving point (4,0) and (—4, 0) is always
10 units. Find the equation of the locus of the moving point

Let P(h, k)be the moving point |Distance = VG, — %)% + (v, — ¥1)2

A(4,0),B(—4,0) are given points. A(4,0) and P(h, k)
Given that PA+ PB = 10 X1 Y1 X2 Y2
B(—4,0)and P(h, k
V=22 + (k=02 + (h+4)? + (k —0)? = 10 = yl)an (xﬂz

V-2 +12 + (At 4?2 +k? =10
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Jh=2)2 1 k2 =10 — /(h+4)? + k?
squaring on both sides

2
(h—0)?+k2= (10— J(h+ D2 +k?)
h2 —8h+ 164+ k% = 100 + (h+4)2 + k? —20/(h + 4)2 + k2

20/(h+4)2 + k2 =100 + A% +8h + 16 + k% — }Z + 8h — 16 —K*

20,/(h + 4)2 + k2 = 16h + 100

5/(h+4)2+ k2= 4h+ 25
squaring on both sides

25 [(h + 4)? + k?]= (4h + 25)?
25 [h?2 4+ 8h + 16 + k2] = (4h)? + 2(4h)(25) + 252

25h% 4 200h + 400 + 25k? = 16h* + 200h + 625
25h% 4 25k* — 16h? = 625 — 400

9h? + 25k? = 225 - h2 k2 .
+ 225 T g <
h=x,k=y

x2 2
Locusof (x,y)is —+Z_=1
f(xy) =t
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STRAIGHT LINES
EXERCISE : 6.2

In general equation ax + by + ¢ = 0 represents a line. (Straight line)

Given Slope

Angle of inclination m = tanf

Two points(xy,y,) and (x5, V5)

Y2 — W1
m =
X2 — X1
St.lineax+by+c=0 a
m=——
b
(i) Slope and intercept form: y = mx + ¢
(ii) Point — slope form: y —y; = m(x — xq)
(iii) Two point form: 221 X~ 1
Y2—YV1 X2—X1
x 'y
(iv)Intercepts form: 2 + 5= 1
(v)Normal form:xcosa + ysina = p
xX—X —
(vi) Parametric form: 1 y. V1 _
cos @ sin @
Equation of Straight line
X ry
N
3 NG
Y 6 = 135°
6 = 45° [\ S
» X O\ X

The line y = x will bisect the angle between the coordinate axes
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(v) Normal form: Let AB be the required line.

Let OP be perpendicular from origin to this line.

Let OP = p and £POA = a = LOBP = «a é\
OP
From AOAP, cosa = — = 0A = —2
OA cosa -
__P P
= Cosa b p
From AOBP, si o op=_P < = >
sina =— = = < ; >
rom ) 0B Sina 0\/ a A\
__Db
sina N y
. .. x Y D + D 1
Equation of lineis —+=-=1 = .
a b cosa sina
xcoso:_l_ysina:l — Xcosa+ysina

p p p B
xcosa +ysina =p Thisis called normal form.

when p is the perpendicular from origin tothe angle made by this
perpendicular with x — axis.

Eg 6.7:Find the slope of the straight line passing through the points
(5,7) and (7,5) also find the angle of inclination of the line with the
X — axis.

L . L Y2 =01
Slope of a line joining two given pointsis m = o
2 7 X1
(5,7),(7,5)
X1,y1 X2, )2
Y2 =M1 5-7 —2 1 \X
Slopeofmzxz_x1 = - - 372~ o)
Let 0 be the angle of inclination of the with the axis. 7,5) 3m
4
m = tanf = tanb = —1 5 \,x
6 = 135°0r " v
= or—
Slope and angle of the inclination of the line with x — axis are respective
3

m=-1 and 8 = —
4

Eg. 6.8: Find the equation of a straight line cutting an intercept of 5 from
the negative direction of the y — axis and is incilined at an angle 150 to
the x — axis.

Given that the negative y interceptis5i.e.c = =5 and 6 = 150°
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Slope m = tan 150 4%’
= tan(180° — 30°) = —tan30’
m= _L 4\1<§g D
V3
Slope and intercept form of the equationis y =mx +c —Sb
m=——andc=-5
V3
1
y:—\/—gx—S = V3y=-x-5/3 = x+.,/3y+5V3=0
x V3
3 1
Eg.6.9: Show the points <0,—§>,(1,—1)and <2,—§> are collinear
3 Slope of AC
Al0,—=|,B(1,-1
< 2) ( xz,yz) A~ 7> N\C
X101 N\ -~ A ~ ]
Slope of AB = Y27 N Slope of AB Slope of BC
X2 — X1
3 —2+4+3
_—1 + E _ 2 _ 1
1-0 1
1
Slope of AB = 5
1
B(l,—l),C(Z,—E)
X1,Y1 X2,y _l —1+2
Yy —y 2+ 1 > 1
2~ V1 _
Sl BC = = = =5
ope of X — %1 1
1 2—1
Slope of BC = 5

Slope of AB = Slope of BC .Hence A, B, C are collinear

restricted to a uniform speed of only 12.5m/s.If a train of length
560m starts at the entry point of the bridge from mandapam,
Then (i) find an equation of the motion the train. (ii)When does the
engine touch island. (iii)When does the last coach cross the entry

bridge.

Eg. 6.10:The pamban sea bridge is arailway bridge of length about
2065m constructed on the PalkStrait, which connects the Island town
of Rameswaram to Mandapam, the main land of India.The bridge is

point of the bridge. (iv)What is the time taken by a train to cross the
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Let the x — axis be the time in seconds the y — axis be distance in metres.
The length of the train = 560m AN
The uniform speed 12.5m/s is the slope of the train.

Total distance = y + 560 § %

distance y + 560 5|

Speed = = 12.5 = TS
time X

12.5x =y +560=y = 12.5x — 560

(i) The equation of the motion of the train, y = 12.5x — 560

wherem = 12.5 and ¢ = —560,
(ii) when does, the engine touch island Aty = 2065

) X
Speed = M:) 125 = X § Q
time X § /%b
y = 12.5x §
o 12.5 = v
x = 2(1)220 = x = 165.2 second time in sec

(iii) when the last coach cross the entry point of the bridge, Aty =0
suby=0iny = 12.5x — 560 3
0 =12.5x — 560
560

12.5
x = 44.8 seconds.

560 = 12.5x = x =

(iv) what is the time taken for the train to cross the other end of the bridge
Aty = 2065
suby =2065iny = 12.5x — 560

2065 = 12.5x — 560 = 2065 + 560 = 12.5x

2625
2625 =125x > x = ——
12.5

x = 210 seconds
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Eg.6.11: Find the equation of the straight lines, making the
y — intercept of 7 and angle between the lines and the y—axis is 30°.

The two lines make the angles of 60° and 120° with the axis
Equation of linesare y =myx+c and y =m,x + ¢

my = tan60° | Mz = tan120

m, =3 = tan(180° — 60°)

= —tan60 = —V/3
y — intercept: c =7

120°

< 7 l A\: X

y=m1x+cl y=m2x+c

y=V3x+7, y=—V3x+7

Eg.6.12:The seventh term of an arithmetic progression is 30 and
tenth term is 21.(i) Find the first three terms of an A. P.
(ii) which term of the A.P.is zero (if exists)

(iii) Find the relationship between slope of the straight line and
common difference of A.P.

Let the x — axis be the number of the terms
and the y — axis be the value of the terms.

t7 =30 and th =21
Let (xq,y1) = (7,30) and (x,,y,) = (10,21)

Equation of straight lines: Yy=nhn _X7%

Y2—Y1 X2—X1

y —30 x—=7 N y—30 x-—7

21-30 10—7 7, & Y T30=30-D)
y—30=-3x+21 = y=-3x+21+30
y=-3x+51
whenx =1; y=-3x+51=-3(1)+51=-3+51
y = 48
whenx =2; y=-3(2)+51=-6+51
y =45
whenx =3;y=-3(3)+51=-9+51
y =42

The first three terms are 48,45,42.
(ii) which term of the A.P is zero wheny = 0
y==3x+51
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51
0=-3x+51= 3x=51=>x=—

3
x =17
17th term of A.P.is zero.

(iii) Find the relationship between slope of the straight line and
common dif ference of A.P.

common dif ference of an A.P.d =t, — t;
d=45-48 = d = -3
Slope of the st. line — 3 is equal to the common dif ference

Eg.6.13: The quantity demanded of a certain type of compact disk is
22,000 units when a Unit price is Rs.8 the customer will not buy the
disk at a unit price of Rs.30 or higher.On the Other side the
manufacturer will not market any disk if the price is Rs.6 or lower.
However,If the price Rs.14 the manufacture can supply 24000 units|
Assume that the quantity Demanded and quantity supplied are
linearly proportional to the price. Find (i)the demand equation
(ii)supply equation (iii) the market equilibrium quantity

and price. (iv)The quantity of demand and supply when the price
is Rs.10.

Let the x — axis represent the number of units in thousand and the
y — axis represent the price in represent the price in rupees per unit.

(i) For demand function,
let(x,,y1) = (22,8) and (x,,y,) = (0,30).
Yy—V1 _X—7X — y—8 x-—22 — y—8 x—22

Y2— Y1 X2 —Xg 30—8 0-—22 22 a@
x— 22

— y—8=—x+22 =>y=—x+22+8

y—8=

y=—x+30= ~y; =—-x+30
(ii) For supply function
Let(xy,y1) = (0,6) and (x;,y,) = (24,14)
Y-y _X—x - ¥y—-6 x-0 _ y-6 «x

yz_yl_xZ_xl 14‘_6_24—0 /8 _743

1
y—6= %x — Vs = gx + 6 (Supply function)
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(iii) At the market equilibrium the demand equals to supply,
Ya=1DYs

¥

1 1 7]
_x+30=§x+6=>—x—§x:—30+6 H
3y _ 6 x
%Z_m:%:_% =>§=6=>x=18-§

O

number of units

Subx=18iny; = —x + 30
Yya=—-18+30 = y=12
Market equilibrium price is Rs. 12 and no. of quantity is 18,000 unit

(iv) When the price y = 10, from the demand functiony; = —x + 30
10=—-x+30= x=30-10
x = 20 i.e.,the demand is 20,000 units.

From the supply function

1 1 1
== = 10=-x+6 = 10-6=—
Ys =3x+6 3% 10-6=5x

1
4 = 3% = x =12 - The supply is 12,000 units.

Eg. 6.14: Find the equation of the straight line passing through (—1, 1)and
cutting off Equal intercepts, but opposite in signs with two coordinate axes.

Given : x — intercepts = —(y — intercepts)
x — intercepts = a and y — intercepts = —a i.ea=a,b = —a
. , Xy
Equation of the st.line : — +E =1
a

x X -1 1 -2

_+l=1=> __3_121 = ———= > —=1 = a=-2
a -—a a a a a a

It passes through (—1,1)

. Y _ —x+y= = —x+y=2
— E + E =1 = 2 1 y
—x+y—-2=0= x—y+2=0
Eg.6.15: A Straight line L with negative slope passes through the point
(9, 4)cuts the Positive coordinate axes at the points P and Q.As L varies, find
the minimum value of |OP| + |0Q|, where O is the origin.
Let m = —k be the slope of the line L.since it passes through the point(9,4)
The equation of the line Lis Yy — Y1 = m(x — X1)
y—4=—-k(x—9) = y—4=—kx+09k

y=—kx+9 +4
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The line intersect positive co — ordinates axis at Pi.e.,y =0

0=—-kx+9% +4= kx=9k+4 IN
% 4 4

x=T+E :x=9+E Q})?\\

Ak
The line intersect positive co — ordinates axis, ( k x)
atQ i.e.,x=0 Y 4 p -

) v o9ty
y = —kx+9k +4 AM=GM
= —k(0) + 9k + 4 a+b I
Y ©) > Vab (0,9k + 4)
y =9k + 4 g - Q
>
-+ 0(0,9% + 4) a+b=>2Vab °
4 =
OP1+10Q] =[0 + | + |4+ 9k +
k I
4 4
=9+_+4+9k=13+(—+9k) 0 s P7X
k k 9+

> 13 +2 /}%x%

|OP| 4+ |0Q| = 13 + 2v/36

Eg.6.16: The length of the perpendicular drawn from the origin to a
line is 12 and angle 150" with positive direction of the x-axis. Find the equation

of the line.
Here,p = 12 and a = 150°, so the equationof the required line is of

the form
x cosa+ysina=p /cos 150° = cos(180° — 300)\
x cos150° +y sin150° = 12 ) V3
= —cos30 =——
V3 N_ o, 2
X\—5 ) Y\3)= sin150° = sin(180° — 30°)
1
V3x —V3x+y _ ein20°= =
—Sty =1z = =12\ mhTr
X (=)

V3x—y+24=0
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Eg.6.17: Area of the triangle formed by a line with the coordinate axes,
is 36 square Units. Find the equation of the line if the perpendicular drawn from
the origin to the line make an angles of 45 with positive the x-axis.
Let p be the length of the perpendicular drawn from the origin to the
required line.

The perpendicular makes a = 45" with the x — axis . y
The equation of normal form, x cosa +y sina =p baB(0, b)
x cos45” +y sin45 =p
X y x+y
VZ' 2 vz P Trmes i \g
A(a,0) lieson thelinex +y =2 p 0 AGY) x

a+0=V2p = a=+2p

B(0,b) lieson the linex +y =2 p
0+b=V2p =b=+2p

Area of the AOAB = 36 sq.units

1
2 X Base X Height = 36

1 1
Exx/ipr/Ep:% = §><2p2 =36
p? =36
p=+36 =p==16 (~pispositive)

Subp=6inx+y=\/§p
The equation of required lineis x +y = 62

Eg. 6.18: Find the equation of the lines make an angle 60° with positive
x — axis and at A distance 5v2 units measured from the point (4,7),along the
linex—y+3=0.

The angle of inclination of the linex —y + 3 = 0is 45" and a point on the

line
X=X Y=

cos®  sinf

Point (4,7), 6 = 45° and r = £ 5V2

X—x — x—4 y—7
LT s = = = +5V2
cos 45 sin 45

5=
N|H

V2(x—4) = V2(y = 7) = +5V2
+4/2
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x—4=y—7=%5

x—4=5, y-7=5 xX—4=-5,y—7=-5
x=5+4, y=5+7 x=-54+4,y=-5+4+7
x=9, y =12 ~(9,12) x=-1, y=2

. (—1,2)
6 =60 = m=tanb
m=tan60° =m =3
Equation of st.line having slope m = V3 and point (9,12) is
y =y = mx —x;) o
y—12=+3(x—-9)=y—12=+3x-9V3
V3x—y+12-9V3=0
Equation of st.line having slope m = /3 and point (—}1» %1) is
y—y1=m(x —x)
y=2=\3(x+1)=y—-2=+3x+3
V3x—y+2+V3=0
Eg.6.19: Express the equationV3 x — y + 4 = 0 in the following
equivalent form: (i)Slope and intercept form, (ii)Intercept form,
(iii)Normal form.
Given:y3x —y+4=0
y = V3x + 4
Compare withy =mx +c
slope =+/3 and y — intercept = 4
(ii) Intercept form V3x —y +4=0= V3x—y = —4

+—4
V3x_y =4 Bx y_
4 =4 g s t371
X y
(__4>+2—1
V3 X
Comparing: — + Y 1
a b
i b=4
a=——,b=
V3
(iii) Normal form:\3x —y = —4
—3x+y=4

HereA=—J/3,B=1
337
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ST B = (—V3) +12 =VETI =i =2

—\3x+y=4
+ 2
—V3 y
Z =02
7 <72
Comparing: x cosa +y sina =p
v 1
cosa=——-,sina=g, p=
o S
a=150 = a=—
6
57t+ _ 5n_2
X oS+ ysin—=

Eg.6.20: RewriteV3x +y + 4 = 0 in to normal form.
V3x+y+4=0= V3x+y =—4
—\/§x—y =4
A= —/3 and B =-1

sin(270° — 60") = — cos 60°

o 1
sin210 = —=
[A2 + B2 2\/(_\/5)24_(_1)2 2
—3x y 4
2 2 2
Compare: x cosa + y sina =p
cosa = _T\/?, sina = —3 and p = 2

a=210"= 7?” a lies in the 111" quadrant

Normal form: x cosa+ y sina=p
7T 7T

XCOS6 ysm6
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Eg.6.21: Consider a hollow cylindrical vessel, with circumference 24cm
and height 10cm. An antis located on the outside of vessel 4cm from the
bottom. There is a drop of honey at The diagrammatically opposite inside of the
vessel ,3cm from the top. (i) what is the shortest Distance the ant would need to
craw to get the honey drop?(ii) equation of the path traced Out by the ant. (jii)
where the ant enter in to the cylinder? Here is a picture that illustrates The

position of the ant and the honey. Va
T
(i) The shortest distance between .
141(3(6)1,%)1 and H(1xZZ, 1y§) (312»13
cm
H=y(x; —x1)2+(; —y1)? £
1
= J(lz —0)2+(13 — 4)% = /(12)% + (9)? / ! =
144 + 81= V225 3 CONN I &
AH =15 < / 12¢cm ! >
(ii) The equation of the path IS ~ /
A(0,4) and H(12.13) 2dcm
X1 Yy —
y - 1y1=x—x1 _, y—4 _ x-0 T
Vo= Vi Xy —x; 13-4 12-0 i =
. @)
4y —16 =3x = 4y =3x+16 = y=Zx+T 24cm
+4

3
Equation of the path traced Out by the ant: y = Zx + 4
(iii) At the entry E,y = 10

Va N
3 4=>10—3 + 4
y—Zx+ —4x
3 3
10—4=—-x > 6=—x
4
4

w01

E = (8,10)

v
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1.Find the equation of the line passing through the point (1,1)
(i) With y — intercept (—4) (ii) with slope 3 (iii) and (—2,3)
(iv)and the perpendicular from the origin makes an angle 60°
with x — axis.

(i) Pointis (1,1) and y intercept is — 4.
Equation: y =mx +c
y — intercept:c = —4
y=mx—4
It passes through the point (1,1)
1=m(1)—4 =1=m-—-4
m=1+4= m=>5
y=5x—4
(ii) The point (1,1) and slopem = 3
The equation of the line: y —y; = m(x — xq)
y—1=3x-1)= y—1=3x-3 = y=3x-3+1

(iii) The points are (1,1) and (—2,3)
X1 Y1 X2 Y2
y=yi _x-=x _ y-1_ x-1
Y2 =M1 X2 —X1 3—1 -2—-1
y—1 x—1

= = —3y+3 =2x—2
2 -3
2x—2+3y—-3=0=2x+3y—-5=0

(iv) The normal fromisx cosa+y sina=p

Here a =60’
. x cos60 +ysin60° =p
1, V3
X—+y—=
2 Y7 TP
This passes through (1,1)

1.3 _V3+1
2T TPTPE—

_\/§+1 X \/§y_

; 3t

x yV3 V3+1 x+yV3 V3+1
2 2 2 2 2
x+yV3=V3+1

p p
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2. If P(r,c)is mid — point of a line segment between the axes,then
x

show that — + Y _ 2.

r c

Let A(a,0) and B(0, b)be points on x and y — axis. b
Midpoint of A (a,0) and B(0,b) = p(r,c)

(X1 +X2 Y1+, a+0 O0+5b
) J:(r"")ﬁ[z —— |=ro 0

’ 2
a b a b
—_ —_ — — —=C
20 7 )= = 3=n3

a=2r,b=2c
x Yy
Equationoftheline:a+5=1
x y 1x vy x y
- —=1= —(- =1 = —+==2
2r+20 2(r+c) 1 r o c

3. Find the equation of the line passing through the point (1,5) and
also divides the co-ordinate axes in the ratio 3:10.

Let the line divide the coordinate axes in the ratio 3: 10
a:b =3:10 = a=3k,b =10k

on: ~+2=1 = —4 2 =1 g
Equation: 2" % 1ok . dBO.D)
It passes through (1,5)
1 1 1 (1,5)
R G T 2+3:1
3k 10k 3k 2k 6k a
5 0 0 X
= = = k =—- A(a' )
e 1= 6k=5 5 i
. X y
Equation: — + — =1 = —
q 3k + 10k where k G
X y X
TEm Tl = +——=1
IR
2
] (6} 3 2 3
Xy _ = 10x+3y
5 25 25
110x + 3y = 25|
4.1f P is length of perpendicular from origin to the line whose
1 1 1
intercepts on the axes are a and b, then show that ==t
p a b

opP p
InAOPA, cos@ = — = cosf = —
0OA a
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op ) y
InAOPB, sinf = — = sinf = —
08 , 4B (0.D)
sin%0 + cos?6 =1 >
g (AN | »
(b) +(a) =1= b2+ a2 1 A .
(1,1 11 1 0 A(a,0)  x
1 1 1
p? @z T pz

5. The normal boiling point of water is 100°C or 212°F and the freezing
point Of water is 0°C or 32°F. (i) find the linear relationship between C and F
find (ii) the value of C for 98.6° F(iii) The value of F for 38 C.

Take the point (((;) , %2) and (100,212)
1,41

ZIFZ
YW _X=% _, F-F _C-C¢ _  F-32 _C-0
Y2=Y1 X=X FE—F C—C 212—-32  100—0

F—32 100 5
50 = CZW(S(F_BZ):[ C=§(F—32)J

~ 7100 (o)

9C—F 32 = )
5 - F=§C+32

(i) When F =98.6

333 _ [ ¢ =
C_—(986—32)=>c——(666)=> =5 ¢ =37

(ii) when ¢ = 38°C

F==C+32 -2
= F gxzé+32

F=684+32=| F=1004F

6. An object was launched was from a place P in constant speed to hita
target .At the 15% second it was 1400m away from the target and at the 18
second 800m away.Find (i) the distance between the place and the target

(ii) the distance covered by it in 15 seconds (iii) time taken to hit the target.

Let the points be (t15 d1400) and (%8 ,d800)
1,01 2 ,dy

yon _X~x4 o, d-dy _t—t _ d—1400 _ t—15
Y2—Y1 X2~ X d,—d; t,—t 800 — 1400 18 —15
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_ 1400 — d
t—15:d—1400 _ t—15=d 1400 _ . _ 1e
3 —600 —200 200
(—200)
1400 — d
-  ~ sl .. 1
[ t 200 + 15} (D
t—15=w=> 200t — 3000 = 1400 — d

200t — 3000 — 1400 = —d
200t — 4400 = —d
d = 4400 — 200t ...(2)
(i) Distance between the place and target
t=0in(2)d = 4400 — 200t
d = 4400 — 200(0)

d = 4400
(ii) Distance covered by it in 15 seconds
d = Total distances — 1400
d = 4400 — 1400

d = 3000

(iii) Time taken to hit the target

1400 — d
d=0in (1 - -
(1) ¢ >0 + 15

1400 — 0 1400
=—— 415> t=

200 200 15

t

t =7+ 15=| t = 22seconds

7.Population of a city in the years 2005 and 2010 are 1,35000 and
1,45,000 respectively. Find the approximate population in the year 2015.
(assuming that the growth of Population is constant)

The points are (20}85’ , 13;1000) and (20)(150', 14}52000)

Y—Y1  X—X

Y2—YV1 X2—Xq

y— 135000 _ x—2005 _ y-—135000 x—2005
145000 — 135000 2010 — 2005 10,000 = 5
2000
y — 135000 _ x — 2005
2000
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when x = 2015

— 135000 _
Y o 9015 —2005= Y 135000 _ .,
2000 2000
y — 135000 = 20000 = y = 20000 + 135000

ly = 1,55,000]

8.Find the equation of the line if the perpendicular drawn from the
origin makes as angle 30" with x-axis and its length is 12,
Given P = 12,a = 30’

The equation is (normal form) x cosa +y sina =p
x cos30" +y sin30" = 12
V3. y

x—+==12
2 2 = V3x+y=24
X 2

9.Find the equation of the straight line passing through the point (8, 3) and having

intercepts whose sum is 1.
Let x and y - intercepts of the straight line be aand b

a+b=1
b=1-a
X
The equation of the straight line in intercepts form is — +% =1
X y @
—+—=1..(1)
a l1l—-a
Since this line passes through (g ,y3)
8 3 —
i =1=>8(1 a)+ 3a _q
a l1l—-a a(l—a)
8—8a+3a =a(l—-a) > 8-5a=g—qg? +
_6A>< 8
8—5a—a+a’=0 = a>—-6a+8=0 A

(a—4)(a—2)=0= a—4=0anda—-2=0

a=4and a=2

b ' x+ 4 =1
su a—41n(1)a 1—a_
X y x y
—+—=1 4L =
4714 T zt3=1
3x — 4y
12 =1=3x—-4y =12

3x—4y—-12=0
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b i ~+ 2o =1
su a—21n(1)2 1_2"
X Y Xy
—4+=—=1 ——
tg=t= 77171
x—2y= — x—2y=2
lx — 2y —2 = 0|

1
10. Show that the points (1,3)(2,1) and <E , 4) are collinear by using

(i)concept of Slope (ii) using a straight line and other method.
A(1,3),B(2,1)

X1,y1 X222

— 1-3 -2
Slope of AB = Y270 _ = =2
X2 — X1 2—-1 1
Slope of AB = —2 Slope of AC
A ¢ ~C
1 ——Xx — -*
B(2,1),C|=,4
Y1 9%2, y Slope of AB Slope of BC
SlopeofBC:y2 1_ 1 _ 3 _
X2 — X1 1 5 1—4 =3
2 2 2
=3X 2 2
= =-

Slope of BC = =2
Slope of AB = Slope of BC .Hence A, B, C are collinear
(iii) Area of triangle

1
Let A(1,3),B(2,1) and C <§, 4)

X1 Y1 X2 )2 s V4

1 1 1
The area of AABC A= > ><12><?><_.
3 4
1

2
—19+3 1o+1 —19 3 10 1
T2 2 2 _E{ to- _E}
1 1
=>{9+1-10}=-{0} =0
2 345
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5
11. A straight line is passing through the point A(1, 2)with slopeﬁ find

points on the line which are 13 units away from A.
5 :
Equation straight line having slope m = 12 and point A(1,2)
y=y1=m(x—x)

5
y—-2=—(x-1)= 12 -2)=5(x—-1)

12 (13,9)
12y —24=5x—-5= 5x—5—-12y+24=0

5x —12y+19=0
when x = 13

5(13) — 12y = —19 ; 13 X
65— 12y = —19 l///////
—12y = —19 — 65 L

—12y=-84 = y=7
=~ The required point is (13,7)
5 —12y+19=0
when x = —11
5(-11) -12y = -19 = —-55—-12y =-19
—12y = —-19+55 = 12y =36

36
Y=_12

= y=-3

~. The required point is (—11,-3)

12.A 150m long train is moving with constant velocity of 12.5m/s
Find (i) the equation of the motion of the train.(ii) time taken to cross a pole.
(iii) The time taken to cross the bridge of length 850m is?

(i) The equation of the motion of the train
length of the train = 150m (Negative y - intercepts)

The uniform speed = 12.5m/s is the slope of the train.

Total distance =y + 150

distance y+ 150
Speed = = 12.5 =
time

125x =y +150 > y =12.5x — 150
Equation of aline: y=mx +c¢

= 125x =y + 150

m = 12.5, ¢ = —150
y =12.5x — 150
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(ii) Time taken to cross a pole ¢
y =12.5x — 150 &
puty =0 150 &
0=125x—-150 = 150 =125x = x = —¢ =
12.5 2
/‘LS’(YOBrO/O/gO 12 5
X = %
175 25
x = 12sec time in sec
— 150
(iif) The time taken to cross the bridge of length 850m is
y =12.5x — 150 J
put y =850 5
850 = 12.5x — 150 §
850 + 150 = 12.5x ~ 1000 g
1000 = 12.5x = x = 15 z “ &Qc;b
10600 2000 2600 400 80 1 ,
x = — X=— — () time in sec
125 25 255
150
x = 80sec

13. A spring was hung from a hook in the ceilling. A number of different
weights were attached to the spring to make it stretch, and the total length of the
spring was measured each time shown in the following table.

weight, (kg)| 2 4 | 5 8
Length, (cm)| 3 4 145 6

(i) Draw a graph sowing the results.
(ii) Find the equation relating of the length of the spring to the weight on it
(iif) What is the actual length of the spring.
(iv) If the spring has to stretch to 9 cm long, how much weight should be added?
(v) How long will the spring be when 6 kilograms of weight on it?

weight, (x) | 2 4 | 5
Length,(y) | 3 4 (45

347
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y
A

Length (cm)

» X
9 1 2 3 4 5 6 7 8 910 11 12

Weight (kg)
(ii) Find the equation relating the length of the spring to the weight
onit
Two points (2,3) and (4,4)

X1, Y1 X2,¥2
_ , , Y—M X=X
Equation of straight lines: =
Y2—=YV1 X2—X1

y—3_x—2=> y—3 x-—2

4-3 4-2 1 2

2(y—3)=x-2= 2y—6=x—2

x—2-2y+6=0=>x—-2y+4=0
(iii) Actual length of the Spring

putx =0inx—2y+4=0
0-2y+4=0 = —2y=-4
y=2

Ly =2cm

(iv) If the spring has to stretch to 9cm long. How much weight should
be added?

To find a value of : x =7
puty =9 inx —2y+4=0
x—2D+4=0= x—18+4=0=>x—-14=0

x =14kg . 14kg must be added 348
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(v) How long will the spring be when 6 kilograms of weight on it.
To find a value of : y =7
putx =6inx—2y+4=0
6—2y+4=0=>10-2y=0
-2y =-10
y=5cm

length of the string = 5cm

349
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14.A family is using liquefied petroleum gas (LPG)of weight 14.2 kg
form Consumption. (full weight 29.5kg includes the empty cylinders
are weight of 15.3kg) If it is use with constant rate then it lasts for
24 days.Then the new cylinder is replaced (i)Find the equation
relating the quantity of gas in the cylinder to the days.
(ii) Draw the graph for first 96 days.

Let x represent the number of days ,y represent the weight of gas.

X 0 24
y (142 | 0
(i) .~ Equation is Yoh _X7h - 7= 142 _ x—0
Y2—=Y1 X2—X 0—-142 24-0
14.2
24(y —14.2) = —142(x) = y—142 = — i X
71
LY = 4142
y_ 24 X . = y — 2/4/0?6 .
120
. +14.2,0<x <24
Y="T30% 2,0=sx<
(ii) Draw the graph for first 96 days
X 0 24
yk
y (142 | 0
18
16
1
2]
ED 12
© 10
=
2 8
S 6
o
4
2
0, 0) 24 48 72 9 X
Number of days

350
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15.In a shopping mall there is a hall of cuboid shape with dimension
800 x 800 x 720units, which needs to be added the facility of an
escalator in the Path as shown by the dotted line in the figure. Find
(i)the minimum total length of the escalator. (ii)the heights at
which the escalator changes its direction . (iii)the slope of the

escalator at the turning points.

/ _______
4 /
R =720 /
1 = 800 /
Q = yi
//%Q N
) I
____________________ 720
l&’———_‘ 800
A 800 800 800 .
~
3200
(i) the minimum total length of the escalator 4 10758400
AC? = AB? + BC? 4] 2689600
— (3200)2+(720)? = 10240000 + 518400 i%’i%
AC? = 10758400 = AC =+V10758400
5| 42025
AC=V4x4x4x4x5x5x41x41 5 8405
AC=4x4x5x41 41 131
AC = 3280 units
g (3200,720)
_ 72x| T
Y320} 720
. yl 1600 .
3 800 500 800 200 T X
W ———— ~ =
3200
go, 0) and (3200, 720)
X1,Y1 X2,Y2
y—Y1 _ X—X y—0 x—0 y X
= = = - =
Yo —Y1 Xo—Xq 720—0 3200—-0 720 3200

x X 720 72x

Y= 3500 2 320
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To find y; sub x = 800

36 4 5?5
2(800) .
Yy = = y, = 180 units
i (3200,720)
___C
——————————————— 720
___________ b
---------- Y2
A _----- 800 800 200
0[0) B X

To find y, sub x = 1600

738600
V2 = 77/07) = y, = 360 units

To find y; sub x = 2400

30
36///2@400) 15=> y 540 units
2= 50 »=
204 7
(iii) the slope of the escalator at the turning points.

_72x

Y =320

y=mx-+c

72 36 18 9

™= 320160 80 40

352
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EXERCISE : 6.3

6.4.4 Distance formulas
(i) two points, (ii) a point to a line, (iii) Two parallel lines.

(i) The distance between two points (x1,y,) and (x5 ,y,) is

D =\ (x;—x1)% + (¥2—¥1)?
(ii) The length of the perpendicular from the point (x;,y;) to the line

ax, + by; +c¢
va? + b?

(iii) The length of the perpendicular from originto ax + by +c =01is

ax+by+c=0is

c
VaZ + b2
(iv) The distance between two parallel lines a;x + b,y + ¢; = 0 and
a1 x+by+c, =0
€1 —C
VaZ + b2
(v) The foot of the perpendicular from (x4,y,) to the lineax + by +c =0
X—XxX3 Y—Y1_ (y4x+biy+c)
a b a? + b2
Eg.6.22: Find the equation of a parallel line and a perpendicular line
passing through the point (1, 2)to the line 3x + 4y = 7.
Parallel line to 3x + 4y = 7 is of the form 3x + 4y =3x1 + 4y,
Let (x;,y;) be (1,2)
3x + 4y =3(1) +4(2)
3x+4y =11
Perpendicular line to 3x + 4y = 7 is of the form

4x — 3y = 4x; — 3y,

Here (x1,y1) = (1,2)

4x — 3y =4(1) — 3(2)

4x -3y = -2

The parallel and perpendicular lines are respectively

3x+4y =11, 4x -3y = -2

Eg.6.23: Find the distance (i)between two points (5,4)and (2,0)

(ii) from a point (1,2)to the line5x + 12y —3 =0
(iii) between two parallel lines 3x + 4y = 12 and 6x + 8y + 1 = 0.
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(i) Distance between two points (x;,y,) = (5,4) and (x, ,y,) = (2,0) is
D =/(x; — %)% + (y2 — y1)?
=J2-52+(0-92=(-3)+(-H? =9+ 16 =V25
D=5
(ii) Distance from a point (1,2) to the line 5x + 12y —3 =0

ax, + by; +c¢

JZ 152

Distance from a points (x; ,y;) to the line ax + by + c =0 is
(x11y1)=(112) a:5,b=12,cz—3

5(1)+ 12 (2)-3 _‘5+24—3‘_‘ 26 ‘ 26
[52 1 122 V25 +144| |V169| T 13

D=2

(iii) Distance between two parallel lines
3x+4y=12and 6x+8y+1=0is
Givenlines : 3x+4y—12=0and 6x+8y+1=0

=2
1
3x+4y+-=0
1 2
a=3,b=4,01=—12,C2=E
1 924 —
CI_CZ _12__ —24 1
D=|—— = 2 | = 2
2 2 e — —_—
I N A ICEaT:
=2 =28 25 1) s
I 2 = |— —|=—=2.5units
V25 5 2 5| 2

Eg.6.24: Find the nearest point on the line 2x +y =5 from the origin
2x+y=5..(1)
The line perpendicular to the given line ,through the origin (91, )(,)1)
X —2y=x -2y,
x—2y=0-2(0) A
X—2y=0..(2) x Y
Solve (1) and (2)

(1)><2=>4x+y=10 S
(2) x—2y =0 \
10

sx=10 = x=— =[x=2 354
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subx=2in(1)2x+y =5
22)+y=5= 4+y=>5
y = 5—4= y=1
Hence the nearest point on the line 2x +y = 5 from the origin is (2,1)

What is an Angle Bisector?
An angle bisector has equal perpendicular distance from the two lines.

N

47

/]

/,
=

Perpendicular distance from a points (x,y) to the line L, =

Perpendicular distance from a points (x,y) to the line L,

Eg.6.25: Find the equation of the bisector of the acute angle
between the line3x+4y+2=0and 5x +12y —-5=0

3x+4y+2=0and 5x+ 12y —-5=10

3x+4y+2| [5Sx+ 12y —5[_ 3x +4y + 2 _+5x+12y—5
V32 442 V52 + 122 V9 + 16 V25 + 144
3x+4y+2 __l_5x+12y—5:> 3x+4y+2 _+5x+12y—5
V25 T V169 5 13
Bx+4y+2  5Sx+12y -5

= 13(3x+ 4y + 2)= -5(5x+ 12y — 5)

5 13
The equation of bisector of the acute angle between the lines
39x + 52y + 26 = —25x — 60y + 25
39x + 52y + 26+ 25x + 60y — 25 =0
l64x + 112y + 1 = 0|

Eg.6.26:Find the points on the line x + y = 5, that lie at a distance
2 units fromthe line4x+ 3y — 12 = 0.
x+y=5
Letx =t
t+y=5 = y=5-t
Any point onthe linex +y = 5is(t,5—1t)

The distance from (t,5 — t)to the line 4x + 3y — 12 = 0.is given by 2 units.
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a=4,b=3,c=-12,x,=¢t,y1=5—1t
4(t)+3(—-t)—12

V4% + 32

ax;+by,+c

v a? + b?

4+15-3c-12| t+3 t+3
- = = =
V16 +9 V25 5

t+3
Tt ) = t+43=410 = t+3=10, t+3=—10

t=10—-3, t=-10-3

t=17, t=-13
The points are (t,5 — t)

when t =7,then (7,5—-7) = (7,-2)

when t = —13, then (—=13,5+ 13)= (—13,18)
Eg.6.27: A Straight line passes through a fixed point (6 ,8)find the
locus of the foot of the perpendicular drawn to it from the origin O.
Let P(h, k) be a point on the reqired locus.
The slope PQ of the line joining (0,0) and (h, k) is

X2 Y2

k2 — 8k = —(h? — 6h) = k? — 8k = —h? + 6h
h?+k?*—6h—8k=0
Locus of P(h, k) is x> + y2 —6x—8y =0

6.4.5 Family of lines
Letax + by + c = 0and a;x + b;y + ¢; = 0 be two given lines. Then the

equation of the line through the point of intersection of these lines is

| ax+by+c+Ar(ayx+by+c)=0 |

X
Y2 e
m =
X2~ X1 Ya
- _ k-0 k _k B
YTh=0"h T ™Th
Slope AB of the line joining (6,8) and (h, k) &8
k _ 8 X1 V1 X2 Y2 P(hl k)
"2 =6
my Xm, =-—1 +OP 1L AB of0.0) x> X
k k-8 k% — 8k
— X =—-1 = - _
h h—6 h2 — 6h

356
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Eg.6.28:Find the equation of the straight lines in the family of the
linesy = mx + 2, for which m and the x — coordinate of the point of

intersection of the lines with 2x + 3y = 10 are integers.
y=mx+ 2

Given lines :
mx —y = —2...(1) and 2x + 3y = 10...(2)
Solve (1) and (2)
(1))(3:) 3mx — 3y = —6
2) = 2x +Xj//= 10

/
3mx+2x=4 = x(B3m+2)=4

4
since x and m must be an integer
3m+ 2
[3m + 2 must beequalto +1,+ 2,1+ 4]

Im+2=+1=3m=4+1-2= 3m=1-2,-1-2

1 3 1
3m=-1,-3 = =—— - = - —— —
m 3' 73 m 3’ 1
~m=-1
3Im+2=+2=3m=4+2-2=>3m=2-2,—-2-2
3Im=0-4 = —O 4: 0 4
) m—3; 3 m = ,_§
em=0
3Im+2=+4=3m=4+4-2 =>3m=4-2,—4-2
2 6 2
3m=2,—6$ :_,—_$m=—,—2
m=373 3
.m = -2
y=mx + 2
whenm=-1=y=—x+2=>x4+y—-2=0

whenm=0 = y=0+2= y—2=0
whenm=-2 = y=-2x+2=2x+y—2=0

connect the power station to two villages. (using the

allows for approach to solve this problem

Eg.6.30: Suppose the Government has decided to erect a new
Electrical power transmission substation to provide better
power supply to two villages namely A and B.the substation
has to be on the line l.the distance of villages A and B from
the foot of the perpendicular P and Q on the linel are 3 km
and 5km respectively and the distance between p and
Q is 6km. (i)what is the smallest length of cable required to

knowledge in conjuction with the principle of reflection
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Take conveniently PQ as x — axis, PA as y — axis and P is origin (instead of
vonventional origin 0). Therefore, the coordinates are p(0,0)A(0,3)and B(6,5)

If the image of A about the x — axis, A, then A is (0, —3).

The required R is the point of intersection of the line AB and x — axis.
AR and BR are the path of the cable(road)

The shortest length of the cable is AR + BR = BR + RA = BA
BA = /(6 — 0)2+(5 + 3)2 = 10 km

5—(-3)
- &0

Equation of the line AB is y — (=3) =
4x -3y =9
9
wheny =0, R iS<Z,0>
That is the substation should be located at a distance of 2.25 km from P.

The equation of AR is 4x + 3y =9
The equation of the cable lines (roads)of RA and RB are
4x —3y=9and4x +3y =9
Eg.6.29: Find the equation of the line through the intersection
of the line3x+ 2y + 5 = 0and 3x — 4y + 6 = 0 and the point(1,1).
The family of equation of straight lines through the point of intersection of
the line is of the form
(a;x+biy+c))+A(azx+byy+c;) =0
Bx+2y+5)+A(3x—4y+6)=0
it passes through the point (1,1)
{3+2(1)+5}+A2{3(1)—-4(1)+6}=0
10+A23—-4+6)=0= 10+A(5)=0
SA=-10= A=-2
subA=-2in Bx+2y+5)+A(3Bx—4y+6)=0
Bx+2y+5)—2@Bx—4y+6)=0
3x+2y+5—6x+8y—12=0
—3x+10y—7=0=3x—-10y+7=0
Eg.6.31: A car rental firm has charges Rs.25 with 1.8 free kilometer

and Rs.12 for every additional kilometer . Find the equation
relating the cost y to the number of kilometers x. Also find the cost

to travel 15 kilometers.
Given that up to 1.8 kilometers the fixed rent is Rs. 25.

The equationis y = 25,0 < x < 1.8...(1)
After 1.8 kilometers the rent is Rs.12 for every additional kilometer.

¢
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y=25+12(x—-1.8),x > 1.8
The combined equation of (1) and (2)

25,0<x<18

y:

25+ 12(x—1.8),x > 1.8
when x = 15, from (2) y = 25+ 12(x — 1.8)

y=25+12(15-1.8) = 25+ 12(13.2)
=25+ 158.4 = 183.4
cost to travel 15 kiolmeter is Rs.183.40.

1.Show that the linesare3x+2y+9=0and 12x+8y—15=0

are parallel lines.

3
The slope of 3x+2y+9=0is m1=—E

12 -3
slopeof 12x+8y —15=0is m, ——g = my =—
e ml = mz
~ Given lines are parallel

2.Find the equation of the straight line parallelto5x —4y+3 =0
and having x — intercept 3

Any line parallel to this 5x — 4y +3 =01is 5x — 4y = 5x; — 4y,
it passes through (3,0)
s 5x — 4y = 5(3) — 4(0)
5x —4y =15
~ The required equationis 5x —4y —15=0
3. Find the distance between the line 4x + 3y + 4 = 0,and a point
(0)(-2,4), (i))(7,-3).
(i)Perpendicular distance from(—2,4) to the line 4x + 3y + 4 =0is
ax, +by; +c

va? + b2

Distance from a points (x; ,y;) to the lineax + by + c =0 is

a=4,b=3,c=4
(xl 'yl) = (_2;4)

_ | 4(=2)+3(4) +4 ‘ 8+12+4_‘ ‘ _8
J42 + 32 V16 +9 V25

Distance = =

359
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(ii)Perpendicular distance from (7,—3) to the line 4x + 3y +4 =0

a=4,b=3,c=4
(x1,y1) =(7,-3)

_ [4()+3(=3) +4 _‘28—9+4_‘23‘ 23
42 + 32 V42 + 32 V25| 5

_ 23

Dlstance=?

4.Write the equation of the lines through the point(1,—1)
(i) parallel to x + 3y — 4 = 0 (ii) Perpendicularto3x+4y =6

(i) Givenlineisx+3y—4=0
Parallel to the line is x + 3y = x; + 3y,
This passes through (1,—1)
x+3y=1+4+3(-1) = x+3y=1-3
x+3y=-2
~ Required lineisx+3y+2=0

(ii) Givenlineis3x+4y =6

4x — 3y = 4x; — 3y,

Here (x1,y1) = (1,-1)

4x —3y =4(1) — 3(-1)

4x —3y=4+3 = 4x -3y =7

~ Required lineis4x —3y—7 =0

5.1f (—4,7)is one vertex of arhombus and if the equation of one
diagonalis 5x —y + 7 = 0,then find the equation of another
diagonal.
Since the diagonal of the rhombus are perpendicular

To find perpendicular to the line 5x —y + 7 = 0 passing through (—4,7)

x+5y =x; +5y

This passes through (—4,7) q 2°

(x1,¥1

X+ 5y =-4+45(7)
x+5y=35—-4
x+5y=31

(=4,7)

|- Required line is x + 5y — 31 = 0|

6.Find the equation of the line passing through the point of
intersectionlines4x—y+3 =0and 5x+ 2y +7 = 0,and
(i)through the point (—1,2)(ii)paralleltox —y+5 =10

(iii) perpendiculartox — 2y +1 =0.
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Given: 4x —y = —3...(1)

5x 4+ 2y =-7..(2)

To find point of intersection solve (1) and (2)
(Hx2= 8x—/25f=—6
(2)= bx+29=-7
BBx==13-1= x=-1
Subx =—-1in(1) 4x—y=-3
4(-1)-y=-3=—-4—-y=-3
—y=-3+4=-y=1=y=-1
=~ The point of intersection is (—1,—1)

(i)Equation of a straight line passing through the points
(-1,-1)and (—1,2)
X1 Y1 X2 y2

Y=y X—x y+1  x+1

- =
Yo — V1 Xy — X1 2+1 —-1+1

y+1_x+153x43=0
3 0 +3

(ii) paralleltox —y+5 =0

Parallel to the lineisx —y =X1 — Y1
This passes through (=1, —
P g ( (x1:}’1%)

xX—y=—-14+41=>x-y=0

(iii) perpendiculartox — 2y +1 = 0.
perpendicular to the linex —2y+1=20
2x+y =2x1+ )
This passes through (=1,—1)

(x1,¥1)
2x+y =2(-1) + (-1)
2x+y=—-2—-1=2x+y=-3

12x + v + 3 = 0

7.Find the equations of two straight lines which are parallel to

the line 12x + 5y + 2 = 0 and at a unit distance from the point (1,—1)

Givenlineis 12x +5y+2=0
Any line parallel to this 12x + 5y+ k =0
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Perpendicular distance from (1,—1) to the line 12x + 5y + k=0
X1 N
a=12 , b=5,c=k

ax; +by; +¢| 12(1) +5(-1) + k 11
va? + b2 /122+52

12—-5+k 7+k 7+k

V144 + 25 V169 13 t1

7+k=+13—=7+k=13,7+ k = —13
k=13-7k=-13-7
k=6k=-20
= The required lines are 12x + 5y + 6 = 0and 12x + 5y —20 =0
8.Find the equations of straight lines which are perpendicular to
the line 3x + 4y — 6 = 0 and are at a distance of 4 units from (2,1)
Givenlineis3x +4y—6=0
Any line perpendicular to thisis4x —3y+k =10
Perpendicular distance from (2,1)to the line4x —3y +k =0is
a=4,b=-3,c=k "

ax; + by, +c| AXx2+ (DM +k_ L,
va? + b? /42+(_3)2
8-3+k 5+ k 5+k
—— =14 ___ _ - -
V16 +9 Vs rtT s oA

5+k=120 =>5+k=20,5+k=-20
k=20-5k=-20-5
k =15,k = —25
~ Required equation are 4x —3y+15=0and 4x — 3y —25=0

9.Find the equation of a straight line parallel to 2x + 3y = 10 and
which is such that the sum of its intercepts on the axes is 15

Givenlineis2x+3y—10=0

Any line parallel to thisis 2x + 3y + k=0
x — intercept of the linei.ey=0
2x+30)+k=0=2x+k=0

k
2x=—k = y = —=
Y=y

y — intercept of the linei.e x =0

200)+3y+k=0=3y+k=0
362
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k
3y=—k=>y=—§

Sum of the intercept = 15

2 3 2 3
—3k — 2k —5k 3 —k
= — = _=3
6 = 6 ~ 6
—k =18 =

~ Required equationis 2x + 3y — 18 =0
10.Find the length of the perpendicular and the co — ordinates of
the foot of the perpendicular from (—10,—2)to the linex+y—2 = 0.
The perpendicular distance from(x,,y,) to the straight line ax + by + c =0 is
ax, +by; +c¢
va? + b2
Given : point (—10,—2) and st.linex+y—2=10
x, =-10,y;, =—2anda=1,b=1,c = -2

axy + by +c| | 1(=10) +1(=2) + (=2)
VaZ + b2 J1z ¥ 12
7
z‘—m—z—z P 21 14xVZ XVZ -5 umits
VIi+1 V2l V2T Xz 2

The co — ordinates of the foot of perpendicular is
X=Xy y—y1 _ axy+by;+c

a b a? + b?
x+10 y+2  (-10-2-2)
11 2
7
x+10=y42-_H
2

x+10 =y+2 =7 =x+10=7, y+2=7
x=7-10,y=7-2
“ x=-3; y=5
= Required point is (—3,5)
11.If p,and p, are the lengths of the perpendicular from the origin
to the straight lines x sec 0 +y cosec 0 = 2a and
xcos 0 — ysin 6 = a cos 20, then prove that p3 + p5 = a?

P, = Perpendicular distance from origin (0 ,0) to the line
X101 363
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xsecO +ycosecd —2a=0
a =secl ,b = cosecld ,c=—-2a

ax, +by; + ¢ |sec9><0+cosec6><0—2a
1 = - P1 =
va? + b? | Jsec?6 + cosec?6
| —2a
P’1 = — p — 2a
2 2 =
|‘/5€C 0 + cosecd ' Vsec?0 + cosec?d
" 4a?
Pf=— 2
sec<0 + cosec<0
P, = Perpendicular distance from origin (0,0) to the line
X1y
xcos@ —ysinf —acos20 =0 e
a=cosfO,b=—sinf,c=—acos?260
_|ax1 + by +c =P, = cos X0 —sinf ><O—ac0520|
? va? + b? 0520 + (—sin §)2 |
0—0—acos20
= acos 260
PZ — PZ = =
Jcos20 + sin?6 V1
P, = acos26 :>[ P} = aZCOSZZQ]
To prove: P? + P} = a?
4q?
P? + p2 = + a’cos?26
L sec?6 + cosec?0
4q?
= + a’cos?20
1 1
cos?0 T sin?6
4q? 2
4a
= + a?cos?20 = + a”cos?26
sin?0 + cos?0
sin®0Ocos?0 sin2cos%0

= 4a%sin® Ocos?0 + a? cos?20 = a?%(4sin?0cos?0 + cos?20)

= a?[(2sinfcos0)?+cos?20] = a?[ (sin26)? + cos?26]

= a*[sin®*26 + cos?260] = a*(1) [sinZA = 2sinAcosA ]
Lt +p3=a?

12.Find the distance between the parallel lines
(i)12x+5y=7and 12x+5y+7 =0
12x+5y—7=0..(1) and 12x + 5y + 7 =0 ...(2)
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. : €1 —C
Distance between parallel lines = [————=
va? + b?
Herea=12,b=5andcy =—7,c, =7
-7=7
Distance between parallel lines = |——
[ 1224 52
‘ —14 14 14
144 + 25 \/T 13x 13 13 WHts

(ii)3x—4y+5=0and 6x—8y—15=0
3x—4y+5=0..(1)and 6x —8y —15=0

-2
15
Distance bet el I R
1stance netween para el lines = |——
Nrea
15
Herea=3,b=4 andc, =5,c, = ——
15
54—

Distance between parallel lines = 2
’ 32 + 42

25
= _ 2 =— X— =—units
I\/9+1 V2l =5 2752

13.Find the family of straight lines (i)Perpendicular (ii)parallel to
3x+4y—12 = 0.
Givenlineis3x+4y—12=0
(i)Any line parallel to3x + 4y —12=0is 3x+4y+ k=0, k€ER
(ii)Any line perpendicular to3x + 4y —12 =0is4x -3y + k' =0,k' €R
14.If the line joining two points A(2,0)and B(3,1)is rotated AB
about A in anticlockwise direction through an angle of 15°,then
find the equation of the line in new position. y
A
A(2,0)and B(3,1)
X1 yq
Vo y1 1-0 1
Slope of AB =X —x 3-2 =7
m=1 I

~tanfd =1= @ = 45°
Let AP'be the line obtained by rotating AB about A through angle 15°

W ZP'AX=45 + 15 = 60°
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m=tan60'= m =3
The line pp'having slope m = V3 and point (2,0)
Y= y1=m(x —x1) o
y=0=vV3(x-2) = y=V3(x—2)
y =+3x —2V3 = V3x—y—-2V3=0
15.Aray of light coming from the point (1,2)is reflected at a point A

on the x — axis and it passes through the point (5,3). Find the co —
oridinates point of A

P(1 ,2) ) A(x, 0)
X1 Y1 2

X2 ¥
Y2—Y1 0—-2 —2
Sl AP = = = Slope of AP = ——
ope of P pe of —
y
5,3), A(x,0 \
Q(xl }’1) (xz 3’2) ﬂ (1P'2) (5; g)
SI AQ=—— -
ope of AQ x—5=> Slope of AQ -
Slopes are equal but opposite in sign
— _ -2
x—1 x—75 x—1 x—75 < y > x
—2(x—=5F3(x—-1) = -2x+10=3x—-3 ]
13 y (x,0)

13
~ The point A is <?, 0)
16.A line is drawn perpendicular to 5x = y + 7. Find the equation of
the line if the area of the triangle formed by this line with co —

ordinate axes is 10sq. units.

GivenlineisSx =y+7 = 5x— y—7=0 *

Any line perpendicular to thisx + 5y +k =0 0,y
The line intersect x — axis i.e,y =0 <
X+50)+k=0=x+k=0 |||
x =—k vl =
The line intersect y — axisi.e,x = 0 (0.0
0+5y+k=0 '

k
S59+k=0=5y=—k = y=-x
Area of the triangle = 10 sq.units

1 1 —k
3 X Base X Height = 10 = 3 (k) <?> =10
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2

E=10 = k?=100 = k =100 = k=+10

The required lines are x + 5y + 10 =0

17. Find the image of the point (—2,3) about the linex+2y -9 =10

Let (h,k) be the image of (—2,3) ,

Equation of line ABis x +2y —9 = 0...(1) &
since PP'is perpendicular to AB

Equation PP'is of the form :2x —y+k =0 P___—
it passes through the point (—2,3) (=2.3)

A
| Y Mid point

2(-2)—-3+k=0=>-4-34+k=0

—7+k=0=>k=7
Equation PP'is2x —y+7 =0 ..(2)

N

To find point of intersection of AB and PP'solve (1) and (2)

()=  x+2y<9=0
(Q)x2=> 4x—2§+14 =0
5x+5=0 =5x==5"

x=-1
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Subx=—-1in(D)x+2y—-9=0
_1_|_2y5_9=0=>—10+2y=0
2y=10"=y=>5

y=5
= The point of intersection is Q (—1,5)

P
2.8 ¢

A

Midpoint of P(—2,3)and P'(h,k) = Q(—1,5)

X101 X2,Y2
X1+ X }’1+3’2) —24+h 3+k
) = _1;5
( 2 2 ( )=><

"2
—2+h 3+ k
=1, K s = 24h=-23+k=10

h=-2+2k=10-3 =>h=0,k=7

(0,7) isimage of (—2,3)

>= (-1,5)

v

18.A photocopy store charges Rs.1.50 per copy for the first
10 copies and Rs.1.00 per copy after the 10" copy. Let x be the
number of copies,and let y be the total cost of photocopying.
(i) Draw graph of the cost as x goes from 0 to 50 copies.

(ii)Find the cost of making 40copies

Noof 1 g 11 | 2| 41020 [30 | 20]50
copies
Cost 0 15| 3 6 | 15 | 25 | 35 | 45 |55

Let y be the total cost and x be the no.of copy
y=(015)x 0<x<10
Let y be the cost after 10 copies
y=15x%x10+ (x —10)x 1
=154+x—-10=x+5
y=x+5(10<x <50)
To find Cost of 40 copies:

y =x+5 whenx =40
y=40+5=45
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Costin Rs.

The points (0,0), (1,1.5), (2, 3), (4, 6) (10,15), (20,25), (30,35), (40,45), (50,55)

5¢ y

g ~~-ommmmmTTTmmmmmmmmmmmmmoooess (40, 45)
0 (30,35)

20

10

(1,15)

> x
1 23 45 6 789102030 40 50 No. of copies

19.Find atleast two equation of the straight lines in the family of
the liney = 5x + b, for which b and the x — coordinate of the point of
intersection of the lines with 3x — 4y = 6 are integers

Givenlines y=5x+b
5x—y=—b..(1) and 3x—4y =6 (2)
Solve (1) and (2)

(1) x4 = 20x—4y = —4b
- H/ O
2)= 3x —Ay=6

—4h — 6
17x=—4b—6 =>x=1—7
Given that x and b must be an integer
—4h — 6
x = —7 [—4b — 6 must be equal to + 17,434, ... ]
—4hp—-6=117 = —4b=417+6= —4b=17+6,—-17+6
23 11
—4b =23,-11 = p = _Z'Tis not an integer

—4b—6=134 = —4b=+434+6 = —4b= 34+6,-34+6

40 —28
—4b=40,-28 = b=—,—- = b=-10,7
y=5x+0b

whenb = -10 = y =5x—10 369
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whenb=7 = y=5x+7

20.Find all the equation of the straight lines in the family of the
lines y = mx — 3, for which m and the x — coordinate of the point of
intersection of the lines with x — y = 6 are integers.

Givenlines: y =mx — 3
mx—y=3..(Dandx -y =6..(2)
Solve (1) and (2)

D= mx—p=3
CIRNCINCY
2)= x—-py=6
mx—x=-3 = x(m—-1)=-3

-3
m-—1

x= since x and m must be an integer
[m — 1 must be equal to + 1, £3]

m—1l1=+1=-m=+14+41=>m=1+1,-1+1

m=2,0
m—1=+3>m=x3+1=>m=3+1,-3+1
m=4,-2
y=mx—3

whenm=2 = y=2x—3 = 2x—y—3=0
whenm=0= y=0—-3=>y+3=0
whenm=4 = y=4x—-3 = 4x—-y—-3=0

whenm=-2 = y=-2x-3=2x+y+3=0
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EXERCISE : 6.4

Eg.6.33: Separate the equations 5x* + 6xy +y*> =0.
5x2+6xy+y2=0 6

(5% + )X +)=0 By Ly
So that the linesare 5x +y = 0,and x +y =0 Zx 539662

Eg.6.34: If exists, find the straight lines by separating the equation
2x2+2xy+y%2=0
Since the given equation is a homogeneous equation, divide
the given equation by x?
2x2+2xy+y2=0

+ x2
2x2  2xy y? 2y Y\2
x_2+?+x_2_0=> 2+7+(;) =0
subz=m
X

m?>+2m+2=0
a=1,b=2,c=2

A=+/b2—4ac = A=/22—-4(1)(2)
A=+vV4 -8 = A=+v—-4 < 0(imaginary)
The values of m (slopes)are not real (complex number),

=~ No line will exist with the joint equation 2x? + 2xy + y?> =0
We sometimes say that this equation represents imaginary lines.
Note that in the entire plane, only (0,0) satisfies this equation.
Eg.6.35: Find the equation of the pair through the origin and
perpendicular to the pair of line ax* + 2hxy + by* = 0
Given that ax?® + 2hxy + by? = 0

by? + 2hxy + ax? =

2_|_2h +_fa 2 _ g
y b xy bx =
2h a
my +m; = — 7 andmym; = 5 .. (1)

Let my and m, be the slopes of these two lines.
y—myx =0 and y —mpx = 0...(1)

The lines perpendicular to these two lines

Slopes of perpendicular = -
1
my Y anda m; —mz in(1) -
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1
y+—x=0 and}’+m—2x=0

my
myy + x

myy + X
ml/o_ 1y tx and — = myy+x

The combined equation is (m;y + x) (m,y + x) = 0
mym,y? + myxy + myxy + x2 =0

mymyy? + (my + my)xy+x2=0

where m1+m2=—? and mlmzzg
a , 2h )
57 —Xxy+x =0
X b

ay? — 2hxy + bx?> = 0
The required equation is ay? — 2hxy + bx? = 0
Eg. 6.36: Show that the straight lines x> —4xy +y>* =0x+y =3

form an equilateral triangle
Let the line x + y = 3 intersects the pair of line x> — 4xy + y> = 0 at A and B

The angle between the lines x? — 4xy + y?> = 0 is

NIV 2Vv4 —1
tanf = 2Vh? —ab| _ tgng =" "= 3
a+b 2
0 = tan V3 = 60° 5
x*—y

The angle bisectors of the angle AOB are given by
wherea=1,b =1 a—b

2.2 2 _ 42

XY X %ﬁ&

1-1 h h
x2—y2=0=x+y=0 and x—y =20
The angle bisector x —y = 0 is perpendicular to the given line through AB

x+y = 3= A0AB is isosceles.
£ABO = £BAO = 60’
~ The given lines form an equilateral triangle.
Eg.6.37:1f the pair of lines represented by x> — 2cxy — y* = 0 and
x* — 2dxy — y* = 0 be such that each pair bisects the angle between

the other pair,prove that cd = —1
Given that the pair of straight lines,
x2=2cxy—y?=0..(1)
x? = 2dxy —y?=0..(2)
. . . . x2—y% xy
The equation of the angle bisectors of equation (1) is A h
a —
wherea =1,b = =1,2h = —2c
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x2—y% xy h=—c
— = = —cx?+cy?=2x Z42xy—cy?=0
2 —C y Yy = cx Xy —cy
cx? 4+ 2xy —cy? =0
oy

2
Equation (2) and (3) are same

Equate the coef ficient of xy terms:—2d = 2

‘

Eg.6.38.If the equation Ax* — 10xy + 12y*> + 5x — 16y —3 =0
represent a pair of straight lines, find

(i)the value of A and the separate equation of the lines
(ii)point of intersection of the lines
(iii)angle between the lines.

1
= —-d=-
C

Ax? —10xy + 12y2+5x — 16y —3 = 0
Comparing with ax? + 2hxy + by? + 2gx + 2fy +c =0

a=X2h=-10,b=12,2g =5 2f=-16, ¢ =3

h=-5 5 f = —8
972

The condition to represent a pair of straight lines is

abc + 2fgh — af?2 —bg? — ch? =0

5 5\
A(12)(=3) +2(-8) (§> (=5)~M=8)12 (E> ~(-3)(-5)?=0
—36A+ 200 — 64X =75 +75=0
—100A = -200 = A =2
The pair of straight lines is 2x*> — 10 xy + 12y?2 + 5x — 16y —3 = 0

Consider quadratic equation :

+ X
2% = 10xy —12y* = (x - 2y)(2x — 6y) —1A—24
(x — 2y)(2x — 6y) = 2x% — 10xy — 12y? 2xy T 212xy

(x =2y +1)2x —6y + m)=2x?> —10xy — 12y% + 5x— 16y—3 ¥
Equating x — terms : 2lx + mx = 5x
Equating y — terms : —6ly — 2my = —16y

Equating coef ficient of x :2l+ m =5 ...(1)

Equating coef ficient of y : —61l — 2m = —16...(2)
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Solve (1) and (2) Subl=3in(1)
(1) x 2= 41+Zn=10 2l+m=5
2) = —6l—tm=—-16 3(3) +4m =5
Y 9+4m=5= 4m=5—9
4m = —4
[=3 m=—1

» The separate equationsarex —2y+3 = 0and2x—6y—1=0

(ii) point of intersection of the lines is given by solving the two equation

of the lines,
hf —bg hg—a
or use the formula [ f g' g {J
ab—h? ab—nh

5
a=2b=12h = 5g——f——8 c=-

(-5)(-8)-12(3) -9)(3) - 2(- 8)] [40 6(5) 22+ 16
2(12) = (=5)2 ’ 2(12)_( 5)2 24 —-25"' 24 25

' —25 +32
40-30 —5—

-1 7 -1

7
(x,y) = [ O—E]

(iii) Angle between the lines is given by tanf = ‘

2Vh% — ab
a+b

2V25 — 24

2+ 12

- ()

Eg.6.39: A student when walks from his house, at an average speed
of 6 kmph,reaches his school ten minutes before the school starts.
When his average speed is 4 kmph, he reaches his school five minutes
late. If he starts to school every day at 8.00 A. M, then find

(i)the distance between his house and the school

(ii)the minimum average speed to reach the school on time and time
taken to reach the school

(iii)the time the school gate closes

(iv)the pair of straight lines of his path of walk.

1
7

Let x — axis be the time in hours and y — axis be the distance in kilometer.

Let x be the time and y be the distance
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y = Speed X Time

10 , 10 Speed — Distance
y=6x— 20 10mins = @hrs peed = —
60x — 10 6x — 1 Distance = Speed X Time

y=6x—1= 6x—y=1..(1)

5 60x + 5 12x + 1
Y [ 60} =Y 4( 0 >:’y 60
12x + 1 12x + 1
y =20 0 =y = 3 = 3y=12x+1

12x — 3y = —1..(2)
Solving (1) and(2)

(1)x3= 18x—3§ =3
=) (+)
(2) = 12x—-By=-1

bx=4 = XxX=

o >

X =

wl N

2
subx=§in(1) 6x—y=1

2
6<§>—y=1=>4—y=1=>—y=1—4=> -y =-3
y=3

2
(x,y) = <§'3>
2

X = §h0ur = x = = X 60mins
x = 40minutes, y = 3km
(i)The distance between his house and the school = 3km

(ii)the minimum average speed to reach the school on time

2 p Distance 3 3 3 9 4.5km/h

= — =—F5= X—===4,
verage spee Time 2 > =3 m
Time taken : 40minutes 3

(iii) The school gate closes at 8.40 AM

(iv) The pair of straight lines of his path of walk to school is
6x—y—1)12x—-3y+1)=0

72x% — 30xy + 3y2—6x + 2y —1.=0
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Eg.6.40: If one of the straight lines of ax* + 2hxy + by? = 0 is
perpendicular to px + qy = 0, then show that ap? + 2hpq + bp?> = 0

Let ‘m;" and ‘m,” be the slopes of pair of straight

““r%S'er __z2h m;m _2
1 2 = b ) 1 2 b
Slopeofpx+qy=0ism=—g

q
Since one of the straight lines of ax? + 2hxy + by?> =0
is perpendicular to px + qy = 0,
mm; = -1 or mm, =-1
(mmy+1)(mmy, +1)=0
m*mymy, + mmy +mm, +1=0 = (mym,)m?> + m(m; + m,) +1 =0
(mymy)m? 4 mim; +my,)+1=0

O ()

2

a 2h
5]+ (22)+1=0

b/ \q bq

ap 2hp 2 2

L+ i1-0= ap® + 2hpq + bq —0

bq* ~ bq bq?

ap? + 2hpq + bg? = 0

Eg 6.41: Show that the straight lines joining the origin to the points
of intersectionof 3x —2y +2 = 0 and 3x* + 5xy —2y?> +4x+ 5y =0
are atright angles.

The straight lines joining the origin and the points of intersection of given
equationis a second degree homogeneous equation.

Following steps show, the way of homogenizing the 3x —2y = -2

3x2 + 5xy —2y%2 + 4x + 5y = 0with3x — 2y +2 =0 + =2

3x% + 5xy — 2y + (4x + 5y)(1) = 0 and (3x — 2y) _ L 3x _22y —1
_2 -

3x — 2y
3x% + 5xy — 2y? + (4x + 5y) — )7 0
X =2

(—2) (3x2 + 5xy — 2y?) + (4x + 5y)(3x — 2y)= 0
—6x? — 10xy + 4y?+ 12x% — 8xy + 15xy — 10y%2 =0

6x% —3xy — 6y% =0

+3
2x2+xy—2y2=0

a=6b=—-6=a+b=0

=~ The lines are at right angles.
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1.Find the combined equation of the straight lines whose separate
equationsarex—2y—3=0andx+y+5=0.

The separate equationsarex —2y—3=0,x+y+5=0
. Combined equationis (x —2y —3)(x —y+5) =0
x?— xy+ 5x — 2xy+ 2y%*~10y —3x+ 3y —15 =0
x2—3xy—2y?+2x—7y—15=0
2.Show that 4x* + 4xy + y*> — 6x — 3y — 4 = O represent a pair of

parallel lines.
4x% +4xy +y? —6x—3y—4=0
Comparing with ax? + 2hxy + by?> +2gx+ 2fy+c =0
a=42h=4b=129g=—-62f=-3,c=—4
h=2 =3 3
f==3
h?2—ab=2>-(4)(1)=4-4=0
h? — ab = 0 = The given equation represents a pair of parallel lines.
3. Show that 2x?* + 3xy — 2y?> + 3x + y + 1 = 0 represent a pair of

perpendicular lines.
2x2+3xy —2y*+3x+y+1=0

Comparing with ax? + 2hxy + by? + 2g x + 2fy +c =0

a=2; 2h=3, b=-2,2g=3, 2f=1, c=1
.3 R
~2 =73 2

a+b=2+(-2)=0
=~ It represents a pair of perpendicular lines.

4.Show that the equation 2x* — xy — 3y* — 6x + 19y — 20 = 0 represent
a pair of intersecting lines. Show further that the angle between
them is tan=1(5).
2x2 —1xy —3y? —6x+19y—20=0
Comparing with ax? + 2hxy + by? + 2gx + 2fy +c =0

a=2; 2h=—-1,b=-3,2g=—6,2f =19,c = —20
he_L g=-3 19
2 f==

The condition to represent a pair of straight lines :
abc + 2fgh —af? —bg? —ch? =0
19 -1 19\ , _1\?
@0 +2(5)3(F) - @(3) 967 -20(F) o

57
120 +7—32ﬂ+ 27 +5= 0 . It represent a pair of straight lines.
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L, 2Vh? —ab
Angle between the lines is given by tanf = Y
1 1+ 24 25| |rx2
O i O iy ey e R
1 2-3 -1 —1 -

0 = tan~! 5is the acute angle between the lines.

5.Prove that the equation to the straight lines through the origin,
each of which makes an angle a with the straight liney = x is
x* — 2xy sec2a+ y* =0.

Givenliney = x 8
compare : y = mx y y
m=1= tanf =1
6 = 45

Let the lines be y = myx and y = myx makes an angle a
with the liney = x

Here m; = tan(45° — a) and m, = tan(45° + @)
tan45° — tana 1 — tana
1 + tan45°tana Y71 + tana

<
<

mq

tan45° + tana 1+ tana

m, = m
27 1 — tan45°tana 2

"1 —tana

1—/l>aﬁa'x1j7tfma
1 +tana " 1—tana

Product of the slopes: m; Xm, =1

Product of the slopes : my Xm, =

1—tana 1+ tana
Sum of the slopes : my + m, =

+
1+ tana 1 - tana
(1 — tana)? + (1 + tana)?

(1 + tana)(1 — tana)
1—2(1)(tana) + tan?a + 1 + 2(1)(tana) + tan’a
12 — tan’a
1+ 2tana + tan®a+ 1 — 2tana + tan’a
12 — tan’a
2 + 2tan®a I 2(1 + tan?a)
e — 2
1—tana My T 1 1—tana | ;ps24 = 1—tan"4
1+ tan? A
mq + m, = 2(

mq +m2=

mq +m2=

m1+m2 -

m1+m2=

= my +m, = 2sec2a
cos2a 1 1+ tan? A
cos2A 1—tan2A
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y=mx =mx—-y=0

y=myx = myx—y =10
The combined equation is (myx —y)(myx —y) =0
mymyx? —myxy —myxy +y> =0
mymyx? —xy (m; +my) +y2 =0
where mym, = 1 and my + m, = 2sec2«a

x? —xy (2sec2a) + y?> =0 = x? — 2xysec2a +y2 =0

6.Find the equation of the pair of straight lines passing through the

point (1,3)and perpendicular to the lines 2x — 3y + 1 = 0 and
5 +y—-3=0.

The straight line perpendicular to 2x — 3y + 1 = 0 is of the form
3x +2y +k=0

it passes through the point (1, 3)
3+6+k=0

9+k=0= k=-9
~ 3x + 2y — 9 = 0 is the straight line perpendicular to 2x — 3y +1 =0
The straight line perpendicular to 5x + y — 3 = 0 is of the form
X—5y +k=0
it passes through the point (1, 3)
1-15+k=0=k =14
s x — 5y + 14 = 0 is the straight line perpendicular to 5x + y —3 =10
Combined equationis (3x +2y —9) (x —5y+14) =0
3x2 —15xy + 42x+ 2xy —10y2+ 28y — 9x + 45y —126 =10
3x% —13xy —10y% + 33x+ 73y —126 =0
7.Find the separate equation of the following pair of straight lines
(i)3x% + 2xy — y* = 0.
(ii)6(x —1)?+5(x—-1)(y—2)—-4(y—2)2=0
(iii)2x* —xy—3y*—6x+19y —20=10
(i) 3x%2 + 2xy — y? =
3x%+3xy—xy—vy?’=0= 3x(x +y)—y(x+y)=0

* X
(x +7)Bx ~3) =0 5/\ 24
The separate equationisx+y =0and 3x —y =0 L,Lg)a’b _%ab
» 2 2 _
((fi))6(x—1)*+5(x -1y —-2)—4(y—-2)*=0 3602 6
Leta=x—-1,b=y—2 a 2a

6a’ + 5ab —Ab*=
(Ba+4b)(2a—-b)=0

Bx-D+4@-DIR2E-D-(@-2)]=0
Bx—=3+4y—-8)2x—-2—-y+2)=0
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Bx+4y-1)2x—y)=0
Separate equations are 3x +4y—1=0and 2x —y =0
(iii) 2x> —xy —3y2—6x+19y—20=0

+ X
Let us take : Wyz _ A6
2x% — xy — 3y? = 2x%— 3xy + 2xy — 3y? —3xy 2xy

=x(2x —3y)+y(2x —3y)
2x% —xy—3y? = (2x = 3y)(x +y)

2x2 —xy—3y2—6x+19y —20= 2x =3y + D(x +y + m)

Equating x terms: [x+ 2mx = — 6x

Equating y terms: ly— 3my = 19y
Equating coefficient of x: [ + 2m = —6 ... (1)
Equating coefficient of y:| — 3m = 19 ... (2)

Solve (1) and (2)
l 2m——6
) (H) 3
l—3m—1
5m=—25=m= -5
Subm=-5in(1)l+2m = -6
l+2(-5)=-6 =1—-10=-6

l=—6+10 = (1 =4

~ The separate equations are 2x —3y+4=0and x+y—5 = 0.

8.The slope of one of the straight lines ax? + 2hxy + by? = 0 is twice
that of the other,Show that 8h? = 9ab.

Let ‘m,” and ‘m,’ be the slopes of pair of straight lines.

a 2h
mm; =7 and m1+m2=—?
Given : my = 2m,
2h 2h 2h 1 2h
2m2+m2=—7=> 3m2=—?=>m2=—?><§=>m2=—£
a a 2h
mlmz——=2m2><m2——=>2m22——5ubm2——£
2( 2h>2_a L A _a
3b b 9% b
8h? 5
E=a=»8h = 9ab
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9.The slope of one of the straight lines ax* + 2hxy + by? = 0 is thrice
that of the other,Show that 3h? = 4ab.

Let ‘m;” and ‘m,” be the slopes of pair of straight

lines, a
mi;m, =3 and my + my = ——

b
Given : my = 3m,
2h 2h 1 __h
3m2+m2——?=> dm, = —— = My —FXZZ}'mZ " 2b
a a a h
m1m2—5=>3m2><m2—3=>3m22=55ubm2 ~25
3( h>2—a=>~3><h—2—E
2b b 263 b
3h? 5
E=a=>3h = 4ab

10. AAOPQ is formed by the pair of straight lines x* — 4xy + y* =
and the line PQ. The equation of PQisx +y — 2 = 0 Find the equation
of the median of the triangle AOPQ drawn from the origin o.

Equation of pair of st.line of OP & 0Q: x* —4xy + y?> = 0...(1)
Equation of st.line PQ:x+y—2=0..(2) (0,0)
From(2)x=2—-y
Subx=2—-—yin(1) x> —4xy +y%>=0
2-y)?-4Q2-y)y+y*=0
4—4y+y?—8y+ 4y +y% =9

6y2 — 12 = 2 _ =
y | y+4=0= 3y 6y+2=0 P XTy—2=0 Q
+ 2 a=3,b=—-6,c=2
_—bJ_r\/bZ—4ac: 6+V36—24 6FV12
a 2a G T 6
6 2v3 V3
=M:y:_i_:y=(1i_)
P 6~ 6 3
=1= v3 = —1+1
N N A NG
1
suby=1i—3in(2)x= -y
1 1
x=2-|1t=) = x=2-1+—
3 3
1
x=1+—
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1 1 1 1
Pis({1+—,1—— dOis|1l——,1+—
( 3 ﬁ)‘”‘Q< N ﬁ)
X1 4+ X2 3’1+3’2>
2 2

Midpoint of PQ = (

Midpoint of PQ = ,
2 2
2 2 (0,0)
=|==l=@1,1
72 = an
Equation of line joining (0,0) and (1,1
quation of line joining (3, 0) and (1, 1)
Y= _X*7x — ¥y—0 x-0
Y2—Y1 X2—X1 1—0 1-0 (1,1)
X:f:}y:x P x+y—2=0

1 1
x —y = 0 is the equation of medium of APOQ from the origin

11. Find p and q, if the following equation represents a pair of
perpendicular lines.6x* + 5xy — py* + 7x + qy — 5 = 0.
6x% +5xy —py*+7x+qy—5=0.
since it represent a pair of perpendicular lines.
coefficient of x? + coefficient of y?> = 0
6—p=0=>p=6
6x%+5xy —6y>+7x+qy—5=0
Comparing with ax? + 2hxy + by? +2gx+ 2fy +c =0

a=6, 2h=5 b=-629g=7, 2f=q, c=-5
5 7 _4
! 2

"=32 9=3

The condition to represent a pair of straight lines is
abc + 2fgh—af? — bg? — ch? =0

2
©-o+2()()(5)- 0 @)= 0 [) -9(3)-o

35q 64q°> 49 25
180+Tq—%+6<7>+5(7>=0 + X
RYYAN
% 4 6834
720 +35q — 6% + 294+ 125=0 —-102 67

—6q% +35q + 1139 = 0
6g%> —35q—1139=0

6¢°— 1029+ 67¢—1139= 0= 6q (q— 17) +67(q = 17)= 0
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(q—17)(6q+67)=0= 9 —17=0,6g +67=0

|q = 17,| 6qg = —67

67
1= 7%

12.Find k such that the equation 12x* + 7xy — 12y> — x + 7y + k=0
represents a pair of straight lines. Find whether these lines are

parallel or intersecting.
12x%24+ 7xy — 12y> —x + 7y +k =0
Comparing with ax? + 2hxy + by? +2gx + 2fy+c =0
a=122h=7b=-12,29=—-1,2f =7, c=k

h—7 g=— f=
2 2 f_z

The condition to represent a pair of straight lines is
abc + 2fgh — af?2 —bg? —ch? =0

12 x —12 xk +2XLX —2 X~ —12(z)2+12 O (Y
20 272 2 ( 2) X(g) =0
49 49 1 49
—144k — - =12 X 412X 7~k X =0
49 588 12 49k
—144k — -t - =
—144]{—£—%ﬁ E—ﬂ=0[><by4onb0thside]

4 4 + 4 4
—576k—49 — 588 + 12 —-49k =0 = —625k — 625=0
—625k =625 = —k=1=(k=—1
The pair of straight lines is 12x* + 7xy — 12y* — x + 7y — 1 =0
coefficient of x? + coefficient of y*> =0
The lines are perpendicular to each other or intersecting..
13. For what value of k does the equation
12x% + 2kxy + 2y* + 11x — 5y + 2 = 0 represent two straight lines.
12x2% + 2kxy + 2y +11x =5y +2=0
Comparing with ax? + 2hxy + by? + 2gx+ 2fy+¢c =0
a=12;2h=2k,b=2, 2g =11, 2f = -5,c =2

h=k 1 _—_5
9_7 f_z

The condition to represent a pair of straight lines is
abc + 2fgh — af? —bg? —ch? =0
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2@ +2 (=) (A k—(12)<_—5>2 2 (1 2—2k2—0
(12)(2)(2) + (7)<7> > —()(7) =
B2

55k 121
48—7—75—T—Zk2=0=>96 55k —150— 121 —4k% =0

— 4k? — 55k — 175 =0 = 4k? +55k + 175 =0
4k%+ 35k + 20k + 175 =0 = k (4k +35)+ 54k +35)=0

(k+5) (4k +35)=0 = k+5=0, 4k +35=0 + X
k=-5 4k =-35 55 Amo
35
k=-7

14.Show that 9x* — 24xy + 16y* — 12x + 16y — 12 = O represents
a pair of parallel lines and find the distance between them.

9x2 — 24xy + 16y% — 12x + 16y — 12 = 0 —;z/\im
Comparing with ax? + 2hxy + by? + 2gx+ 2fy +c =0 /14)‘5’ 4725
a=29; 271:—24b—16 Zgg_— —6122;;;60 —12 3/%; 9/%
h? —ab =(-12)? — (9)(16)= 144 — 144 = 0

h? — ab = 0 . the given equation represents a pair of parallel lines.

Consider quadratic equation : W@,Z = (3x — 4y)(3x — 4y)

(3x — 4y)(3x — 4y) = 9x? — 24xy + 16y?
GBx =4y +1)(Bx — 4y + m) = 9x2 — 24xy + 16y2 — 12x + 16y — 12

Equating x — terms :3lx + 3mx = —12x
Equating coefficientof x: 3l+3m=-12 = [+ m = —4 ..(1)
=3
Constant term : lm = —12

12
mz—Tin(l)l+m=—4

12 12-12
l—T=—4=> ; =—4 = |2-12 = -4l

P4+4l-12=0=>(-2)(I+6)=0=1—-2=0,l+46=0
l=2and |l = -6

—-12 —-12
subl=2in m=T=>m=T=>m=—6

l=2,m=-6
384
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Subl=—6inm=_—6 =m=2
l=—6m=2
~ The separate equations are3x —4y —6=0and 3x —4y+2 =0
wherea =3,b = —4,¢; = —6and c; =2
. . €1 —C
The distance between the parallel lines = |————
va? + b?
_ —6—2 ‘ -8
32+ (-2 [Vo+16
-8 8 "
= |-—=| = = units
Vv25[ 5

15.Show that 4x? + 4xy + y* — 6x — 3y — 4 = 0 represents a pair of
parallel lines and find the distance between them.
4x% +4xy + 1y —6x—3y—4=10
Comparing with ax? + 2hxy + by? + 2gx + 2fy+c =0
a=42h=4, b=1 29=-62f=-3,c=—-4%

h=2 g=-3 _ T3
f_z

h? —ab=2>-(4)(1)=4—-4=0
h? —ab = 0 - given equation represents a pair of parallel lines.

Consider quadratic equation :WZ = 2x +y)(2x + y)

+ X
(2x +y)(2x + y)= 4x% + 4xy + y? 4/\}
Cx+y+1)2x+y+m)=4x?>+4xy+1y> —6x -3y — 4 1/2’)551 22Xy
- _ : —_ Ax?
Equating x — terms : 2lx + 2mx = —6x 2A{Jxﬁ >
Equating coef ficientof x : 21+ 2m=—-6 = |+ m = -3...(1)
= 2
Constant term : |j;j; = —4
4 2 _
4'n(1)l+m=—3=l—7=_3=>l 4=_3
l

m=—7
I?—4=-3l1=1243l-4=0=>-1({+4)=0

[-1=0l4+4=0=[=1and | = -4
subl=1in m=_T4=> m=_T4 = m= -4
l=1,m=—4
subl=—4inm=:—4 >m=1

l=—4m=1 385
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= The separate equations are2x —y—4=0and 2x—y+1=0

wherea=2,b=1,¢; =—4andc, =1
. . . €1 —C
The distance between the parallel lines is = |———
P va? + b?
B e A £
J2Z2+ 2| Wa+1l W5l V5T 5
= \Sunits

16. Prove that one of the straight lines ax? + 2hxy + by? = 0 will

bisect the angle between the co — ordinate axes if (a + b)? = 4h?

Given pair of st.lines : ax?> + 2hxy + by?> =0

If we consider y = x we get s
ax?+ 2hx(x) + bx? =0
ax?>+ 2hx?> + bx* =0

+ x2
a+2h+b=0= a+b=-2h <
(a + b)?= (—=2h)? = (a + b)?= 4h?
If we consider y = —x we get

ax?+ 2hx(—x) + b(—x)?2 =0 v
x> —2hx*+ bx* =0
- x2
a—2h+b=0= a+b=2h
(a + b)?= (2h)2 = (a + b)?= 4h?
16. Prove that one of the straight lines ax? + 2hxy + by? = 0 will
bisect the angle between the co — ordinate axes if (a + b)? = 4h?

Given pair of st.lines : ax?> + 2hxy + by? = 0 v,
(a+b)2=4h> = a+b=+4h? = a+b==2h J\\

If a+b=2h

ax?+ (a + b)xy + by? =0 = ax*+axy + bxy + by* =0

ax? + bxy + axy + by> =0

P
<

(ax + by)x + (ax + by)y =0
(ax + by)(x+y)=0=>x+y =0
Ifa+b=—-2h(or)2h =—(a+b)
x2—(a+b)xy+by? =0 = ax?—axy — bxy + by* =0
— bxy —axy + by? = 0 = (ax — by)x — y(ax —by) = 0
(ax—by)(x—y)=0=>x—-y=0
one of the lines x +y = 0or x —y =0 bisect the co — ordinate axes
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17.1f the pair of straight lines x* — 2kxy — y* = 0 bisect the angle
between the pair of straight lines x*> — 2lxy — y* = 0,Show that the
later pair also bisectsthe angle between the former.

x2 —2kxy—vy2=0

. . oxt—yt xy
The equation of bisectors of the angle between the lines is =5 h
a=1b=-1,2h=-2k
2 2 h=—-k
X —y° _ xy - x2—y2:xy
1-(-1) -k 2 —k

—kx?+ ky? =2xy = —kx*+ky?—2xy=0
kx? —ky?+2xy=0 = kx?+2xy —ky?=0..(1)
x?=2lxy—y%2=0..(2)
(1) & (2) coefficient are proportional

- 1

1 -2 -1 -1 1 l
| = 1
Tk

Let us find the equation of bisector of x?> — 2lxy —y? =0
a=1b=-1,2h=-21

h=-l
xz_y2=ﬂ _ x2—y? _ xy
a—>b h 2 —1
—Ix?>+1ly?—-2xy=0= x> —ly?+2xy =0

1
subl=——

k
1 1
—Exz -|-Ey2 -|-2xy: 0 = —XZ +y2 +2kxy =0
x2—y?2 —2kxy=0 = x? —2kxy—vy2=0
18. Prove that the straight lines joining the origin to the points of
intersection of 3x*> + 5xy —3y* +2x+3y=0and3x—2y—1=0are
atright angles
3x%2+5xy —3y?+2x+ 3y =0..(1)
3x—2y—1=0=3x—-2y=1
The straight lines joining the origin and the points of intersection of given
equationis a second degree homogeneous equation.
3x2 4+ 5xy —3y?+ 2x +3y)(1) =0
3x2 +5xy —3y?2+ 2x + 3y)(3x = 2y) =0
3x2 4+ 5xy — 3y?2 + 6x% — 4xy + 9xy — 6y% =0
9x?% 4+ 10xy — 9y? =

= —Ix? + ly? = 2xy
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coef ficient of x? + coef ficient of Y2 =9—-9=0
The lines joining origin to the point of intersection of
3x2+5xy —3y?+2x+ 3y =0and 3x — 2y — 1 = 0 are at right angles
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BLUE STARS HR.SEC SCHOOL
EXERCISE 4.1

Example 4.1 : Suppose one girl or one boy has to be selected for a competition
from a class comprising 17 boys and 29 girls. In how many different ways can this
selection be made?

Here the teacher is to perform two jobs :
(i) Selecting a boy among 17 boys = 17 ways

or

(ii) Selecting a girl among 29 girls = 29 ways

~ The fundamental principle of addition
Number of ways is 29 + 17 = 46.

4.2.Consider the 3 cities Chennai, Trichy and Tirunelveli.In order to
reach Tirunelveli from Chennai, one has to pass through Trichy.
There are 2 roads connecting Chennai with Trichy and there are 3
roads connecting Trichy with Tirunelveli. What are the total number
of ways of travelling from Chennai to Tirunelveli?

Ry

S1
CH >S2 TV

R, S3
Let R;and R, be 2 roads connecting Chennai to Trichy.
Let S1,S, and S5 be 3 roads connecting Trichy to Tirunelveli.

person chooses R; to travel from Chennai to Trichy and may further
noose any of the 3 roads S;, S, or S to travel from Trichy to Tirunelveli.

Thus the possible road choices are(Rl, Sl)(Rl, S,)(Ry,S3).

Similarly, if the person chooses R, to travel from Chennai to Trichy, the
choices (Ry,S;), (Rz,S2), (R2,S3).

~ The fundamental principle of multiplication
Number of ways is 2 X 3 = 6. ways of travelling from Chennai
to Tirunelveli.
Example 4.3 : A School library has 75 books on Mathematics, 35 books on
Physics. A student can choose only one book. In how many ways a
student can choose a book on Mathematics or Physics?
(i) A student can choose a Mathematics book in" 75 " different ways
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(ii) A student can choose a Physics book in "35" dif ferent ways.
~ The fundamental principle of addition

Number of waysis 75+ 35 =110.
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Example 4.4.If an electricity consumer has the consumer number say
238:110: 29, then describe the linking and count the number of house
connections upto29t" consumer connection linked to the larger
capacity transformer number 238 subject to the condition that each
smaller capacity transformer can have a maximal consumer link
of say 100.

[ransmission Systemy Mondboring & Contraol [Mzribaton Speban
Ei

yia4

iy £— Suthsteion \
A T4

There are 110 smaller capacity transformer attached to a larger capacity
transformer. As each smaller capacity transformer can be linked with only
100 consumers, we have for the 109 transformers, there will be 109 x 100

= 10900 links.

For the 110" transformer there are only 29 consumers linked. Hence, the total

number of consumer linked to the 238" larger capacity transformer is
10900 + 29 = 1029.

Eg 4.5: A person wants to buy a car. There are two brands of car available
in the market and each brand has 3 variant models and each model
comes in five different colours as in figure. In how many ways she can
choose a car to buy?

A car can be brought by a brand, a variant model and a colour :

(i) A brand can be choosen = 2 ways
and

(ii) A model can be choosen = 3 ways
and

(iii) A colour can be choosen = 5 ways

~. The fundamental principle of multiplication
Number of ways is2 x 3 x 5 =30 ways

4.6.A Woman wants to select one silk saree and one sungudi saree
from a textile shop located at Kancheepuram. In that shop, there are
20 different varieties of silk sarees and 8 differrent varieties of
sungudi sarees.In how many ways she can select her sarees?

(i) Selecting a silk saree among 20 vareties = 20 ways
and
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(ii) Selecting a sungudi saree 8 vareties = 8 ways
~. The fundamental principle of multiplication
Number of waysis 20 x 8 = 160.
4.7.In a village, out of the toal number of people, 80 percentage of the
people own Coconut groves and 65 percent of the people own Paddy
fields. What is the minimum percentage of people own both?
Let n(C) denote the percentage of people who own the Coconut groves and
n(P) denote the percentage of people who own Paddy fields.
Given : n(C) = 80 and n(P) = 65
The number of people own coconut groves or paddy groves is 100%
n(C U P) = 100.
By the rule of inclusion — exclusion.
n(CNnP) =n(C) +n(P) —n(C U P).

n(CNnP)= 80 +65 —100
n(C N P) = 45.
This is , the minimum percentage of the people who own both is 45.

Example 4.8: (i) Find the number of strings of length 4, which can be
formed using the letters of the word BIRD without repetition of the
letters.

(i) repetition is not allowed
Using : B,I,R,D

15t 2nd 3rd 4th
15¢ place can be filled any of the letters B,1, R, D = 4 ways

2nd place can be filled any of the letters B,I,RD = 3 ways
3rd place can be filled any of the letters B,I, RD = 2 ways

4th place can be filled any of the letters B,1,RD = 1ways

Number of ways = 4 X3 X2X1=24ways
(ii)How many strings of length 5 can be formed out of the letters of the
word PRIME taking all the letters at a time without repetition.

(ii) repetition is not allowed [ ]

Using : P,R,I,M,E 15t 2nd 3rd 4th S5th
15¢ place can be filled any of the letters P,R,I,M,E = 5 ways
2nd place can be filled any of the letters P,R,I,M,E = 4 ways

3rd place can be filled any of the lettersP,R,I,M,E = 3 ways
4th place can be filled any of the letters P,R,I,M,E = 2 ways

S5th place can be filled any of the letters P = 1 ways
Number of ways = 5X4X3X2X1=120ways
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Eg.4.9: How many strings of length 6 can be formed using letters of the
FLOWER if(i) either starts with F or ends with R?
(ii) neither starts with F nor ends with R?
(i) either starts with F or ends with R

Using : F,L,0,W,E,R [ ]
String starts with F 15t 2nd 3rd 4th 5th  6th

15t place can be filled by letter F = 1 ways
2nd place can be filled any of the letters L,0,W,E,R = 5 ways

3rd place can be filled any of the letters L,0O,W,E,R = 4 ways
4th place can be filled any of the letters L,O,W,E,R = 3 ways
5th place can be filled any of the letters L,0,W,E,R = 2 ways

6th place can be filled any of the letters L,0,W,E,R = 1 ways
Number of ways = 5X4X3X2X1=120ways

Using : F,L,0,W,E,R
String ends with R

15t 2nd 3rd  4th 5th 6th
15¢ place can be filledany of the letters F,L,0,W,E =5 ways
2nd place can be filled any of the letters F,L,0,W,E = 4 ways
3rd place can be filled any of the letters F,L,0,W,E = 3 ways
4th place can be filled any of the letters F,L,0,W,E = 2 ways
5th place can be filled any of the letters F,L,0,W,E = 1ways
6th place can be filled by letter R = 1 ways
Number of ways = 5X4 X3 X2X1=120ways
Using : F,L,0,W,E,R
String starts with F and also end with R

| |

15t 2nd  3rd  4th 5th 6th
15¢ place can be filled by letter F = 1 ways
2nd place can be filled any of the letters L,0,W,E = 4 ways
3rd place can be filled any of the letters L,0,W,E, = 3 ways
4th place can be filled any of the letters L,0,W,E, = 2ways
5th place can be filled any of the letters L,0,W,E, = 1ways

6th place can be filled by letter R = 1 ways
Number of ways = 4 X3 X2X1=24ways
By The principle of inclusion — exclusion
The number of strings of length either starts with F or ends with R
=120 + 120 — 24 = 240 — 24 = 216
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(ii) neither starts with F or ends with R

Using : F,L,0,W,E,R [ }

15t 2nd 3rd  4th 5th 6th
15¢ place can be filled any of the letters F,L,0,W,E,R = 6 ways

2nd place can be filled any of the letters F,L,0,W,E,R = 5 ways

3rd place can be filled any of the letters F,L,0,W,E,R = 4 ways

4th place can be filled any of the letters F,L,0,W,E,R = 3 ways

S5th place can be filled any of the letters F,L,0,W,E,R = 2 ways

6th place can be filledany of the letters F,L,0,W,E,R = 1 ways

Number of ways = 6 X5X4X3X2X1=720ways
The number of strings of length neither starts with F or ends with R
=720 — 216 = 504

Eg.4.10: How many licence plates may be made using either two distinct

letters followed by four digits or two digits followed by 4 distinct
letters where all digits and letters are distinct?

Case 1:The number of license plates having two letters followed by four

digits is , / /
1000's [100's| 10's | unit's

X )

1st place can be filled any of the letters from A — Z in 26 ways

2nd place can be filled any of the letters from A — Z in 25 ways

1000’s place can be filled in 10 ways
100’s place can be filled in 9 ways

10’s place can be filled in 8 ways
unit's place can be filled in 7 ways
Number of ways = 26 X 25 x 10X 9 x 8 x 7= 32,76,000
Case 2: The number of license plates having two digits followed by four
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letters is ,
10"s | unit's
10’s place can be filled in 10 ways
unit’'s place can be filled in 9 ways L J

3rd place can be filled any of the letters from A — Z in 26 ways
4th place can be filled any of the letters from A — Z in 25 ways
S5th place can be filled any of the letters from A — Z in 24 ways

6th place can be filled any of the letters from A — Z in 23 ways

Number of ways = 10 X 9 X 26 X 25 X 24 x 23 = 3,22,92,000

The total number of license plates = 32,76,000 + 3,22,92,000
= 3,55,68,000
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Example 4.11: Count the number of positive integers greater than
7000 and less than 8000 which are divisible by 5, provided that no
digits are repeated.

Using the digits:0,1,2,3,4,5,6,8,9

(1000’3 100's| 10’s unit’s]
1000’s place can be filled in = 1 way L J
unit's place can be filled in = 2 ways

100's place can be filled any of the digits 0,1,2,3,4,5,6,8,9 = 8 ways

10’s place can be filled any of the digits 0,1, 2,3,4,5,6,8,9 = 7ways
Number of ways =1 X2 X7 x8= 112 ways

[Eg.4.12: How many 4 — digit even number can be formed using the

digits 0,1, 2,3 and 4, if repetition of digits are not permitted ?

Using the digits:0,1,2,3,4 (1000,5 10051 10"s | wnit's

Case 1: unit place filled by 0 L

]
)

1000’s place can be filled any of the digits 1,2,3,4 = 4ways
100’splace can be filled any of the digits 1,2,3,4 = 3ways
10's place can be filled any of the digits 1,2,3,4 = 2ways

unit place can be filled by digit 0 = 1ways
Number of ways = 4X3X2X1 =24

Using the digits:0,1,2,3,4 (1000's| 100's| 10’ | unit's
Case 2: unit place filled by 2 or 4 L

— 1

unit place can be filled by digit 2 or 4 = 2 ways
1000’s place can be filled any of the digits 1,2,3 = 3 ways
100'splace can be filled any of the digits 0,1,2 = 3ways
10's place can be filled any of the digits 0,1= 2ways
Number of ways = 3X3X2X2 =36
Number of 4 — digits even numbers = 24 + 36 = 60

Eg : 4.13.Find the total number of outcome when 5 coins are tossed
once.

~. The fundamental principle of multiplication
The number of outcomes when 5 coins are tossed is

25 =2X2X2x%X2x%X2 =32.

4.14.In how many way (i) 5 different balls be distributed among
3 boxes? (ii) 3 different balls he distributed among 5 boxes?

When a coin is tossed, the outcomes are in two ways which are {Head, Tail}.
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(i) 5 dif ferent balls be distributed among 3 boxes.

[ Sways Sways Sways ]

15¢ box can be filled any of the 5 dif ferent balls = 5ways
2nd box can be filled any of the 5 dif ferent balls = Sways
3rd box can be filled any of the 5 dif ferent balls = Sways

= The fundamental principle of multiplication
The number of ways of distributing 5 different balls among three boxes
Number of ways = 5x5 x5 =125 ways

(ii) 3 dif ferent balls he distributed among 5 boxes

[3ways 3ways |3ways | 3ways 3ways]

15t box can be filled any of the 5 dif ferent balls = 3ways
2nd box can be filled any of the 5 dif ferent balls = 3ways

3rd box can be filled any of the 5 dif ferent balls = 3ways
4th box can be filled any of the 5 dif ferent balls = 3ways

S5th box can be filled any of the 5 dif ferent balls = 3ways

=~ The fundamental principle of multiplication
The number of ways of distributing 3different balls among five boxes

Number of ways =3 X3 X3 x3 X3 =3>ways
4.15.There are 10 bulbs in a room Each one of them can be operated
independently. Find the number of ways in which the room can be
illuminated.

ON or OFF ON or OFF ON or OFF ON or OFF ON or OFF ON or OFF
2 ways 2 ways 2 ways 2 ways 2 ways 2 ways

ON or OFF ON or OFF ON or OFF ON or OFF
2 ways 2 ways 2 ways 2 ways
Each of the 10 bulbs are operated independently means that each buld can be

operated in two ways. That is in off mode or on mode.
The total number of doing this = 21°
which includes the case in which 10 bulbs are off.

Keeping all 10 bulbs in 'off’ mode, the room cannot be illuminated
Hence, the total number of ways = 210 _— 1 = 1024 — 1 = 1023.
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1. (i) Aperson went to a restaurant for dinner.In the menu card, the
person saw 10 Indian and 7 Chinese food items. In how many ways
the person can select either an Indian or a Chinese food?

Here the person is to perform two jobs :
(i) Selecting a indian food among 10 items = 10 ways
or
(ii) Selecting a chinese food among 7 items =7 ways

= The fundamental principle of addition

Number of waysis 10+7 =17

(ii) There are 3 types of toy car and 2 types of toy train available in a
shop. Find the number of ways a baby can buy a toy car and a toy train?

(i) Selecting a toy car among 3 types = 3 ways
and

(ii) Selecting a toy ftrain among 2 types = 2 ways
~ The fundamental principle of multiplication

Number of waysis 3 x2 =6
(iii) How many two — digit numbers can be formed using 1,2,3,4,5
without repetition of digits?
Two digits number using 1, 2, 3,4, 5 without repetition of digits
unit's place can be filled any of the digits1,2 3,4,5 = 5ways
10's place can be filled up by remaining 4 digits = 4 ways ( 10's | unit's 1

Number of ways =5 X 4 = 20 ways L )
4ways 5ways
(iv) Three persons enter in to a conference hall in which theyre are 3iO
seats. In how many ways they can take their seats?

This first person can take any one of the 10 seats in 10 ways
The second person can take any one of the remaining 9 seats in 9 ways.

The third person can take any one of the remaining 8 seats in 8 ways.
=~ Number of ways = 10 X9 x 8 = 720.
(v) In how many ways 5 persons can be seated in a row?

(1“ 2nd | 3rd | 4th 5”11

\ )

15t place can be filled any of the 5 persons = 5ways

2nd place can be filled remaining 4 persons = 4ways
3rd place can be filled remaining 3 persons = 3 ways
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5! x 2!

Example 4. 16: Find the value of (i) 5! (ii) 6! — 5! (iii)
(i)5!=5%x4x3x2x1=120

(ii) 6! — 5!= 6 X 5! — 5!
=5 (6—-1)=(5%x4%x3%x2x1)

=120 = 600 4
... 8! 8X7X6xX5 8X7x6
(A A — R =
( )5!><2!_ 51 % 2! 2x1 168
7|

Example 4.17: Simplify 5
7! 7X6X5X4x3x2!

21 2!

=7X6X5X%X4x3=2520

Example 4.18: Evaluate when (i)n=7,r=5

r'(n —r)!
(ii) n = 50,r = 47, (iii) For any withr = 3.
(i)n=7,r=5 3
n! _ 7! _ 7! :7><6><5! :7><6 _ 91
ri(n—7)! 51(7—5)! 5Ix 2! 5i x 2! 2% 1
(ii)n =50,r = 47
n! _ 50! 3
rt(n—r)!  47!(50 —47)! 2
_ 50! =50><49><48><4-7!=50><49><48:19600
47! x 3! 47! x 3! 3xXZx1
(iii) For any n withr = 3
n! n! n(n—1)(n—2)(n-—3)!
rn—r)! 3(n—3)  3x2x1(n—3)
_n(n—-1)(n-2)
6

Example 4.19: Let N denote the number of days. If the value of N!
is equal to the toatal number of hours in N days then find the value of N

We need to solve the equation N! = 24 X N.

NIN-1! =24 x N =>(N-1)!'=1%x2x3x4
(N-1)!'=4=N-1 =4
N=4+1 :6>'N=5

Example 4.20: If E = 6,then find the value of n.

6! 6!
! 6 "
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/6/;/5! =n!
nl=5 = n=5
Example 4.21: If n! + (n—1)! = 30, then find the value of n.
n!' + (n—1)! =30
nn—1D!'+ (n—1)! =30
m-DIn+1) =30 = n—-D!(n+1)=5x%x3!
n—1)!=3!"o0orn+1=5
n—1=3, n=4
Example 4.22: What is the unit digit of the sum 2! + 3! + 4! + ..., 42217
20 + 31+ 4!+ - 4 22!
From 5! onwards for all n! the unit digit is zero
2 +3!14+41'=2+6+24=32
Therefore the required unit digit is 2.

1 1 A
Example 4.23: If — + — = — then find the value of A.

7! 8! 9!
1 4 1 _ A 1 1 A
718 T 9T 1T gk 9xgx 7
;Z'[H%]:]Z'x A _ 8+1 4
! 7! 9 x8 g5 77
9_A =>9 9 A 81
5 =77 /§><72=A =>2 =
n)!
Example 4.24: Prove that (n') = 2"(1.3.5..(2n — 1))
! 2n2n—1)(2Zn—-2)........ 4x3%x2x%x1
F_ n!

Grouping odd and even number separately
[1x3x5.... 2n-=-D][2%x4..... 2n]

n!
[1x3X5.... 2n—-1]2"[1x2Xx3.... n|
N n!
_ [1x3x5...@n=-D]2" a = 2" [1X3X5....(2n—1)]
wl
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4" place can be filled remaining 2 persons = 2 ways
5t place can be filled remaining 1 persons = lways
Number of ways = 5X4X3X2xX1=120ways

2.(i) Amobile phone has a passcode of 6 distinct digits.What is the
maximum number of attempts one makes to retrieve the passcode?

Using the digits: 1,2,3,4,5,6,7,8,9,0
( 15t | 2nd | 3rd | 4th | 5th 6”1]

\ )

15t place can be filled up in = 10 ways
2nd place can be filled up in = 9 ways

3rd place can be filled up in = 8 ways

4" place can be filled up in = 7 ways
5" place can be filled up in = 6 ways

6" place can be filled up in =5 ways

Number of ways =10 X9 X8X7X6X5 =1,51,200
(ii) Given four flags of dif ferent colours, how many dif ferent
signals can be generated if each signal requires the use of three
flags,one below the other?

(i) Selecting 1 flag among 4 flags = 4 ways
and
(ii) Selecting anthor flag among 3 flags = 3 ways

and
(ii) Selecting anthor flag among 2 flags = 2 ways
= The fundamental principle of multiplication
Number of different signals is 4 X3 x 2 =24
3. Four children are running a race.
(i) In how many ways can the first two places be filled?
(ii) In how many dif ferent ways could they finish the race?

(i) First place can be given to any one of the 4 children in 4 ways.
The second place can be given to any one of the remaining 3 children in 3 ways.
~ Number of ways =4 x3 =12.
(ii) The winner may be any one of 4 children
The runner cup may be any one of remaining 3 children
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4. Count the number of three — digit numbers which can be formed
from the digits 2,4, 6, 8 if (i) repetitions of digits is allowed.
(ii) repetitions of digits is not allowed. [ ]

(i) repetition is allowed
Using : 2,4,6,8 15t 2nd 3rd

15¢ place can be filled any of the digits 2,4,6,8 = 4 ways
2nd place can be filled any of the digits 2,4,6,8= 4 ways

3rd place can be filled any of the digits 2,4,6,8 = 4 ways
Number of ways = 4 X 4 X 4 = 64 ways

(ii) repetition is not allowed [ ]

Using : 2,4,6,8

15t 2nd 3rd
15¢ place can be filled any of the digits 2,4,6,8 = 4 ways
2nd place can be filled any of the digits 2,4,6,8 = 3 ways
3rd place can be filled any of the digits 2,4,6,8 = 2 ways
Number of ways = 4 X3 X2 =24 ways

5.How many three — digit numbers are there with 3 in the unit place?
(i) with repetition (ii) without repetition.

(i) repetition is allowed ( 100’s | 10’s | unit’ 51
Using : 0,1,2,3,4,5,6,7,8,9 L J
unit's place can be filled in = 1 way
10’s place can be filled any of the digits 0,1,2,3,4,5,6,7,8,9 = 10 ways
100’s place can be filled any of the digits 1,2,3,4,5,6,7,8,9 = 9 ways
Number of ways =10 X9 X1 =90 ways
(ii) without repetition ( 100's | 10's unit’s]
Using : 0,1,2,3,4,5,6,7,8,9 L J
unit's place can be filled in = 1 way
10’s place can be filled any of the digits 0,1,2,4,5,6,7,8,9 = 8ways

100’s place can be filled any of the digits 1,2,3,4,5,6,7,8,9 = 8 ways
Number of ways =8 X 8 X 1= 64 ways

6. How many numbers are there between 100 and 500 wih the digits
0,1,2,3,4,5?if (i) repetition of digits allowed
(ii) the repetition of digits is not allowed. ( 100's | 10's unit’s]
(i) repetition is allowed
Using : 0,1,2,3,4,5 L J
unit's place can be filled in = 6 way
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10’s place can be filled any of the digits 0,1,2,3,4,5 = 6 ways

100’s place can be filled any of the digits 1,2,3,4 = 4 ways
Number of ways = 6 X 6 X 4 = 144 ways , N
100's | 10's | unit's

(ii) without repetition

Using : 0,1,2,3,4,5 \ Y
100’s place can be filled any of the digits 1,2,3,4 = 4 ways

10's place can be filled any of the digits 0,1,2,3,4,5 = 5ways

unit's place can be filled any of the digits 0,1,2,3,4,5 = 4 way
Number of ways = 4 X5 X 4 =80 ways

7.How many three — digit odd numbers can be formed by using the
digits 0,1, 2,3,4,5?If (i) the repetition of digits is not allowed

(ii) the repetition of digits is allowed. ( 100's | 10's unit’s]

(i) without repetition
Using : 0,1,2,3,4,5 L J
unit's place can be filled any of the digits 1,3,5 = 3 ways

100's place can be filled any of the digits 1,2,3,4,5 = 4 ways

10’s place can be filled any of the digits 0,1,2,3,4,5 = 4 ways

Number of ways =3 X 4 X 4 = 48 ways

(i) repetition is allowed

Using : 0,1,2,3,4,5
unit's place can be filled in = 3 ways

10’s place can be filled any of the digits 0,1,2,3,4,5 = 6 ways
100's place can be filled any of the digits 1,2,3,4 = 5 ways
Number of ways = 3 X 6 X5 =90 ways

8. Count the numbers between 999 and 10000 subject to the condition
that there are (i) no restriction, (ii) no digit is repeated,

(iii) at least one of the digits is repeated. (1000,5 100’s | 10's unit’s]
(i) no restriction
Using : 0,1,2,3,4,5,6,7,8,9 L J
unit's place can be filled any of the digits = 10 ways

10's place can be filled any of the digits = 10ways

100's place can be filled any of the digits = 10 ways

1000’s place can be filled any of the digits = 9 ways
Number of ways = 10 x 10 X 10 X 9 = 9000 ways
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(ii) no digit is repeated
Using : 0,1,2,3,4,5,6,7,8,9
1000's place can be filled any of the digits = 9 ways
100's place can be filled any of the digits = 9 ways
10's place can be filled any of the digits = 8 ways
unit's place can be filled any of the digits = 7 ways
Number of ways = 9 X9 X 8 X7 = 4536 ways
(iii) atleast one of the digit is repeated

Number of ways =9000 — 4536
= 4464

9. How many three — digit numbers, which are divisible by 5, can be
formed using the digits 0, 1, 2, 3,4, 5 if (i) repetition of digits are not

. o .. ,

all(?we.d. (ii) rep(?tlltlon of. digits are allowed? (100,3 10's unit’s]
(i) without repetition Using : 0,1,2,3,4,5

unit's place can be filled by the digits 0 = 1 ways L J

100’s place can be filled any of the digits 1,2,3,4,5 = 5 ways

10's place can be filled any of the digits 1,2,3,4,5 =4 ways
Number of ways =1 X4 X 5= 20 ways

or
unit's place can be filled by the digits 5 = 1 ways
100’s place can be filled any of the digits 1, 2,3,4= 4 ways
10’s place can be filled any of the digits 0,1,2,3,4 = 4 ways
Number of ways =1 X4 X4 =16 ways

Total number of ways = 20 + 16 = 36 ways
10.To travel from a place A to place B,, there are two different bus
routes B4, B,, two different train routes T4, T, and one air route A;.
From place B to place C there is one bus route say B';, two different
train routes say T';. T, and one air route A’;. Find the number of routes
of commuting from place A to place C via place B without using similar

more of transportaton.
From AtoB

no.of bus routes = 2 no.of trainroutes = 2 no.of air route =1
~ Number of routes of communting fromAtoB =2+2+1=5
From B to C

no.of bus routes =1 mno.of trainroutes = 2 no.of air route =1

~ Number of routes of communting fromBtoC =1+2+1=4

~ Number of routes of communting fromAtoC =5 X 4= 20
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From A to C through B
Usingbus = 2x1 =2
Using train =2 X2 =4
Usingair= 1x1=1
Total =2 +4+1 =7
=~ No.of routes = 20 —7=13
11. How many numbers are there between 1 and 1000 (both inclusive)
which are divisible neither by 2 nor by 5?

no. of numbers divisibleby 2 n(4) =500

no. of numbers divisible by 5 n(B) = 200 51600
no. of numbers divisible by 10 n(An B) = 100 T T 500
no. of numbers divisible either by 2 or by 5 21600
n(AUB) =n(A) +n(B) —n(ANnB) & = 200
=500 + 200 — 100
— 700 — 100 = 600 a0 _ oo
=~ No. of numbers divisible neither by 2 nor by 5 10

= 1000 — 600= 400
12. How many strings can be formed using the letters of the word LOTUS

if the word (i) either starts with L or ends with S? (ii) neither starts
with L nor ends with S?

(i) either starts with L or ends with S
Using : L,0,T,U,S [ ]
Let A = string starts with L

15t 2nd 3rd 4th S5th

15¢ place can be filled by letter L = 1 ways
2nd place can be filled any of the letters O,T,U,S = 4 ways

3rd place can be filled any of the letters 0,T,U,S = 3 ways

4th place can be filled any of the letters 0,T,U,S = 2 ways

5th place can be filled any of the letters 0,T,U,S = 1 ways

n(A) =1xX4x3X2X1=24
Using : L,0,T,U,S
Let B: String ends with S

1st place can be filled any of the letters L,0,T,U = 4 ways
2nd place can be filled any of the letters L,0,T,U = 3 ways
3rd place can be filled any of the letters L,0,T,U = 2 ways
4th place can be filled any of the letters L,0,T,U = 1ways
S5th place can be filled by letter S = 1 ways

n(B) = 4x3x2x1=24
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Using : L,0,T,U,S

Let AN B = String starts with L
15¢ place can be filled by letter L = 1 ways
2nd place can be filled any of the letters O,T,U = 3 ways
3rd place can be filled any of the letters O,T,U = 2 ways
4th place can be filled any of the letters 0,T,U = 1ways
5th place can be filled by letter S = 1 ways

n(ANB)=3X2X1=¢6

either starts with L or ends with S
n(AUB) =n(A) +n(B) —n(ANB)
=24+4+24—-—6 =48—-6
=42
(i) neither starts with L nor ends with S
=5!—42 =120—- 42 =78
13. (i) Count the total number of ways of answering 6 objective type
questions, each question having 4 choices. (ii) In how many ways
10 pigeons can be placed in 3 different pigeon holes? (iii) Find the
number of ways of distributing 12 distinct prizes to 10 students?
The no. of ways of answering 6 objective type questions, each question
having 4 choices = 4°
The no. of ways 10 pigeons can be placed in 3 different pigeon holes = 31°
The no. of ways of distributing 12 distinct prizes to 10 students = 102

12!
14.Find the value of (i) 61, (ii) 4! + 51, (iii) 3! - 2!, (iv)3! x 4, (v) g,
i) (n+ 3)! -
Wa+rn!

(i)6! =6x5x4x3%x2x%x1=1720
(i)4'+5!'=(4%x3%x2x1)+(5x4x3%x2x1)
=24+120= 144
(iii)3!—2!=3x2x1) —(2x1)=6—-2=4
(iv)3!x4!'=(3%x2X1)Xx (4%x3%x2x%x1)=6x24

12!
@) <31
4 5
12'x 11 X 10 x 917
= /91/></3/></2/><1 =4x11x5=220
+ 3)! ]
(Vi)EZTli!Z(n-l_S)% I=(n+3)(n+2)
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n!
15. Evaluate ———— X when (i) n = 6,r = 2,(ii) n = 10,r = 3,

r'(n—r)!
(iii) For any n withr = 2.
(n=6,r=2 3
n! 6! 6! 6 X 5 X A4
Mm—r)! 216-2) 21x4 “axixa
(i) n=10,r=3 3 4
n! _ 10! _ 10! :10X/9’X8X/7’r=120
rin—r)! 31(10-3)!" 3Ix7!  3x2x1x7
(iii) For any nwithr = 2
n! n! _n(n—l)M n(n—1)

Mm—-r! 2in=2)!  20=27 2 1
16.Find the value of nif(i) (n+ 1)! =20(n —1)! (ii) g + —

9l
MDmm+1)! =20(n-1)! —20
(n + 1) na—DT= 200e—1)7 /\
nn+1)=20 = n24+n-20=0

n+5)n-4)=0=n+5=0,n—-4=0
n = —5(not valid)

5 —4

(__)1+1_ n
g T o T 100

1 1 n 1

1 n
—+ = — = —
8l 9x8! 10x9x8!:>/8f[1+9]_10><9></8f

10 10
— = =f‘/%(3><,90’=n=>

9 90

n

10!°
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EXERCISE 4.2

Example 4.8: (i) Find the number of strings of length 4, which can be
formed using the letters of the word BIRD without repetition of the

letters.

(i) repetition is not allowed [

Using : B,1,R,D L5t omd 3rd

15¢ place can be filled any of the letters B,1, R, D = 4 ways
2nd place can be filled any of the letters B, R,D = 3 ways
3rd place can be filled any of the letters B,1,R,D = 2 ways

4th place can be filled any of the letters B,1,R,D = 1 ways

Number of ways = 4x3x2x1 =24ways

Example 4.25: Evaluate: (i)4P,. (ii)5P5, (iii)8P,, (iv)6Ps,
(i)4P4 =4 %x3Xx2x1=4!=24
(ii)) 5P3 =5x 4 x 3 =60
(iii) 8P, =8x7 X6 X5 =1680
(iv) 6P =6 X5%x4%x3%x2=6!=720
Example 4.26: If (n+ 2)P, =42 X nP,find n.
(n+2)P, = 42 x P}
nr2p,_,, | @+DE+D@E—T
nPp, nmn—H—
m+2)(n+1)=42= +2)(n+1)=7x%x6
n+2=7=n=7-—2

Example 4.27: If 10P,. = 7P, find .

42

10P. = 7P,
00 7

(10—-7r)! (5—r)!
10 x 9 x 8 x.77

(10—-7) xX(9—71) ><(8—r)><(7—r)><(6—r)><(5——-’rj‘.r:

10x9 x 8 B
(10-7r) x(9—-1r) xB-rx(7-1r)x(6-1)
(10— xX9—-1r) xXB—7r)x(7-r)x(6—1r)=10Xx9 X8

1

4th

e

G—="!
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(10—7r) X(9—-1r) XxXB—1r)X(7T—1r)X(6—7) =5X2X3X3X4xX2
10-r=6=10-6=1 =(r =4
Example 4.28: How many ’letter strings’ together can be formed with

the letters of the word VOWELS" so that (i) the strings begin with E,
(ii) the strings begin with E and end with W.

The given strings contains 6 letters (V,0, W, E, L, S).

(i) Since all strings must begin with E,

E 5 4 3 2 1
1 ~— _
—~—
5P; ways

we have the remaining 5 letters which can be arranged in
5P = 5!ways
Therefore the total number of strings with E as the starting letter is
5 =5X4x3x2x1=120

(ii) Since all strings must begin with E, and end with W,
we need to fix E and W.

The remaining 4 letters can be arranges in 4P, = 4! Ways

w

E 4 3 2 1
N—
—~
4P,ways

S

~ the total no.of strings with E as the starting letter and W as the final

letter is
4= 4x3%x2%x1 =24

Example 4.29: A number of four different digits is formed with the use
of the digits 1, 2, 3,4 and 5 in all possible ways. Find the following
(i) How many such numbers can be formed? (ii) How many of these are
even? (iii) How many of these are exactly divisible by 4 ?
(i) The solution for this is the same as the number of permutations taking
four — digits out of 5 digits is
5P,ways

5 ways | 4 ways | 3 ways |2ways

—~—
5P,ways

5P, =5X4Xx3x2=120
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(i) [ 4ways | 3ways [2ways | 2/4 |
— —— ' 2P,ways
4P;ways

For even number last digits must be 2 or 4 which is filled in 2P;ways
and remaining 3 placess filled from remaining 4 digits in 4P;ways
2P, X4P; = 2X4x3Xx2=48
= The required number of ways is 48

(iii) Since last two digit must be divisible by 4.
use of the digits 1,2,3,4 and 5
The Last two digits become12, 24, 32,52 (4 ways).

The remaining first two places filled from remaining 3 digits in 3P,ways.

3 ways 2ways | 12/24/32/52
\H/—/ 4P,ways
3P,ways

The required number of numbers which are divisible by 4 is
Example 4.30: How many different strings can be formed together

using the letters of the word "EQUATION" so that (i) the vowels always
come together? (ii) the vowels never come together?

(i) There are 8 letters in the word "EQUATION"
which includes 5 vowels (E,U,A,1,0) and 3 consonants(Q, T, N).

(i) The vowels always come together?

Q,T, N Considering 5 vowels (E, U, A, 1, 0) as one letter,

we have 4 letters which can be arranged in 4P, = 4!ways
Now the vowels E, U, A, I, O can be arrangements by itself

5P; = 5!ways
Hence, by the rule of product required number of words is

4! X5 = (4x3Xx2x1)x(5x4x3x2x1)
=24 x 120 = 2880
(ii) the vowels never come together?
The total number of strings formed by using all the eight letters of the word
"EQUATION"
8Pg = 8!
=8X7X6X5%Xx4x3x%x2x1=40320
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So, the total number of strings in which vowels are never together is
= the total no. of strings — the no. of strings in which vowels are together

= 40320 — 2880 = 37440
Example 4.31: There are 15 candidates for an examination. 7 candidates
are appearing for mathematics examination while the remaining 8 are
appearing for different subjects. In how many ways can they be seated in
arow so that no two mathematics candidates are together?

Total number of canditate = 15
Number of mathematics canditate = 7
Number of non — mathematics canditate = 8
Let us arrange the 8 non — mathematics candidates in g8 Pg = 8! ways

No two mathematics candidates are together
—0,—0,— 03— 0,— 05— 05— 0, — Og—
Each of these arrangements create 9 gaps.
Therefore, the 7 mathematics candidates can be placed
in these 9 gaps in 9P, ways
By the rule of product, the required number of arrangements is

9!
8! x9P, =8! x
9-7)!
9! 8!'x9!
=8 X—=
2! 2!

Example 4.32: In how many ways 5 boys and 4 girls can be seated in a
row so that no two girls are together.

The 5 boys can be seated in the row in 5P5 =5!ways
No two GIRLS are seated together

—B,—B,— B3 — B,— Bs —
In each of these arrangements 6 gaps are created.

Since no two girls are to sit together,we any arrange 4 girls in this 6 gaps.

This can be done in 6P,ways.
Hence, the total number of seating arrangements is

5! Xx6P, = (5X4%x3X2%X1)X (6X5%X4X3)
=120 x 360 = 43200
Example 4.33: 4 boys and 4 girls form a line with the boys and girls
alternating. Find the of ways of making this line.

4 boys can be arranged in a line in 4P, = 4! ways
By keeping boys as first in each of these arrangements,

B, — B, — B3 — B, — 4 gaps are created.
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In these 4 gaps, 4 girls can be arranged in 4P, = 4!ways.

The total number of arrangement are = 4! x 4!
OR
Similarly, keeping girls as first,
G; — G, — G3 — G, — 4 gaps are created.
The total number of arrangement are = 4! x 4!

Hence, by the rule of sum keeping either a boy or a girl first,
The total numberr of arrangements are
(4] x 4D+ (4! x4D) =2 (4))2 =2 (4 X3 X 2 x 1)?
=2(24)2=2x 576 = 1152
Example 4.34: A van has 8 seats. It has two seats in the front with two
rows of three seats behind. The van belongs to a family, consisting of
seven members,F, M, S,,5,,53, D4, D,. How many ways can the family sit
in the van if (i) There are no restriction, (ii) Either F or M drives the van
(iii) D4, D, sits next to a window and F is driving?
(i)There are no restrictions any one can drive the van.
Hence the number of ways of occupying the driver seatis 7P; = 7 ways.
The number of ways of occuping the remaining 7 seats by the remaining

6 people is 7TPs=7X6X5x%x4x3x%X2=>5040
Hence the total number of ways the family can be seated
in the caris 7 x 5040 = 35280 ]

(ii) Either F or M drives the van, e
The driver seat can be occupied by only F or M, Hence there are 2 ways
The number of ways of occuping the remaining 7 seats by the remaining
6 people is 7P =7X6X5x4x3x2 = 5040

Hence the total number of ways the family can be seated in the car is
2 x 5040 = 10080

(iii)D4, D, sits next to a window and F is driving
5 window seats avialable for D; & D,
5P, =5x4=20
As the driver seat is occupied by F,— 1 way
The remaining 4 people can be seated in the available 5 seats in
5P, = 5X4x3x%x2=120
Hence the total number of ways the family can be seated in the car is
20 x1x 120 = 2400
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Example 4.35: If the letters of the word TABLE are permuted in all
possible ways and the words thus formed are arranged in the
dictionary order (alphabetical order), find the ranks of the words
(i) TABLE, (ii) BLEAT.

The dictionary order of the letters of given word is, A, B, E, L, T.

In the dictionary order of the words which begin with A come first.

If we fill the first place with A,

remaining 4 letters (B, E,L, T) can be arranged in 4P, = 4! ways.

(i) The rank of the word TABLE

A—— ——=4 = 24 ways
B— — ——=4l| = 24 ways
E— — ——=4l = 24 ways
L— — —— =1way = 1 ways
TABEL = 4!

TABLE =1 way
The rank of the word TABLEis4 x 4!+ 1+ 1
=4X244+2=96+2 =098

(ii) The rank of the word BLEAT

A— — — — =4! =24 ways
BA— — — =3! =6ways
BE — — — =3 =6ways
BLA — — =2! =2 ways

BLEAT = 1 way

The rank of the word BLEATis 24+ 6+ 6+ 2+ 1 = 39

Eg 4.36: Find the number of ways of arranging the letters of the word
BANANA.
This word has 6 letters in which there are 3 A’S, 2N’s and one B.

The number of ways of arrangements is

6!  6x%x5 ><4/2>< 31
32l Bixzx1
Example 4.37 : Find the number of ways of arranging the letters of the
word RAMANUJAN so that the relative positions of vowels and
consonants are not changed.
In the word RAMANU]JAN there are 4 vowels (A, A, U,A)
in that 3 A’s,1U and 5 consonants (R, M, N, ], N)
in that two N'’s and rest are distinct
4! 4 x 3

The 4 vowels (A, A, A, U) can be arranged themselves in 30 = n = 4 ways
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The consonants (R, M, N, ], N) can be arranged themselves inE — 5x4X3x21

2! 21
= 60 ways
Therefore the number of required arrangements are = 4 x 60 = 240
Example 4.38: Three twins pose for a photoggraph standing in a line.
How many arrangements are there (i) when there are no restrictions.
(ii)when each person is standing next to his or her to win?

(i) The six persons without any restriction may be arranged in
6P =6! =6X5X4X3X%x2x1=720ways
(ii) Let us consider three twins as Ty, T,, Ts.
Each twin is considered as a single unit and these three can be permuted in
3! ways.
Again each twin can be permuted between themselves in 2! ways.
Hence, the total number of arrangements is
3Ix2 x2Ix2l =3x2 x1)(2 x1)(2 x1)(2 x1)
=6 X2 X2X2=48ways
Eg 4.41: If the different permutations of all letters of the word
BHASKARA are listed as in a dictionary, how many strings are there in
this list before the first word starting with B?
The required number of strings is

the total number of strings starting with A and using the letters
A A B HKR,Sis
7 7X6X5X4x%x3x21
21 27
Eg 4.42: If the letters of the word IITJEE are permuted in all possible
ways and the strings thus formed are arranged in the lexicographic

order, find the rank of the word IITJEE.
The lexicographic order of the letters of given word is E, E, I, I, ], T.

= 2520

In the lexicographic order, the strings which begin with E come first.
If we fill the first place with E, )
remaining 5 letters(E, 1, 1,], T) can be arranged in 5 ways.

On proceeding like this we get,
5! 5x4x3x2r

E———— = — = = 60 ways
2! 21
IIE ———=31=3X2X1=6ways
i _ 3t 3x2t 3
D e
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HITE — — =21=2X1=2ways
[ITIEE =1 way
The rank of the word IITJEEis 60+ 6+3+2+1 =72
Example 4.43: Find the sum of all 4 — digit numbers that can be
formed using the digits 1,2,4,6,8.
The number of 4 — digitits numbers that can be formed using the given
> digits is 5P, =5 X 4 x 3 X2 =120
We first find the sum of the digits in the unit place of all these 120 numbers.
By filling the 1 in unit place,
the remaining three places can be filled with remaining 4 digits in
4P; = 4 X 3 X 2= 24 ways
This means, the number of 4 — digit numbers having 1 in units place is
4P; = 4 X 3 X 2= 24 ways
Similarly, each of the digits 2,4,6,8 appear 24 times in units place.

An addition of all these digits givens the sum of all the unit digits of all 120
numbers.

(4P3 X 1)+ (4P3 X 2)+ (4P3 x4) + (4P; X 6) + (4P; X 8)
=4P; X (1+2+4+6+8) =4p, x21
Similarly,we get the sum of the digits in 10" place as 4P; X 21.
Since it is in 10" place, its value is 4P; X 21 X 10
Similarly, the values of the sum of the digits in 100" place and 1000 place
4P; x 21 x 100 and 4P5 x 21 x 1000 respectively
Hence the sum of all the 4 digit numbers formed by using the digits 1, 2, 4, 6,8 is
(4P; x 21) + (4P; x21x10) + (4P; x21x100) + (4P; X 21 x 1000)

=4P;(21 x 1111)
=24 x%x21x%x 1111 = 5559944
1.If (n—1)P;:nP, =1:10,find n
(n—1)P;:nP, =1:10

(n—-1P; 1
nP, ~ 10 __n!
: nPT_(n—r)!
=2)(n-3) 1
(o = 10 I5P; = 5x 4 x 3|
1_ 1
- 10=>n=10
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2.1f 10P,_; = 2 X, 6P, find r.

10P,_, =2X6P. b, — nl
10! 6! (n—r1)!
:2)(—
[10 — (r — 1)!] (6—1)!
10! 61
W0—r+D! ~ 2% T6-m1
10! B 6!
ar-n- "6t
10 X9 X8 X7 X6t =2><,61r
11-rA0-r)O9-7r)B8—=1)(7—1) (6—T)! (=7
4
10 X9 x8x%x7
=21

11-rA0-r)9—r)(8—-r)(7—1)
10X9Xx4x7=1A1-r)(10—-r)(9—r)(8—1r)(7—1)
11 -7r)A0—-7r)9—-1r)(8—7)(7—1r) =5X2X3 X3 X4x7
11-rA0-r)(9—-r)(8—1r)(7—1) =7 x6 XxX5x4X%X3
MM-r=7=11-7=r
r=4
3. (i) Suppose 8 people enter an event in a swimming meet. In how many
ways could the gold, silver, and bronze prizes be awarded?
(ii) Three men have 4 coats, 5 waist coats and 6 caps. In how many ways
can they wear them?
(i) 8 people, 3 prizes (G, S, B) Number of ways of awarding
=8P;=8X7X6=336
(ii) Number of ways they can wear is
= 4P; X 5P; X 6P;
=(4Xx3%x2)x(5Xx4x%x3)x(6X5x%x4)
= 24 x60 %120

= 172800
4.Determine the number of permutations of the letters of the word

SIMPLE if all are taken at a time?

SIMPLE
Number of letters = 6

Required number of permutations = 6P
= 6!
=6X5%X4x3x2x1
=720
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5. A test consists of 10 multiple choice questions. In how many ways can
the test be answered if (i) Each question has four choices? (ii) The first
four questions have three choices and the remaining have five choices?
(iii) Question number n has n + 1 choices?

(i)Number of ways the test can be answered is = 41°

(ii) The first four question have three choices and the remainder have five
choices, then the number of ways the test can be answered is = 3% x 5°.
(iii) Question number n has n + 1 choices

First question has 2 choices
Second questions has 3 choices

Third question has 4 choices etc.
Number of ways the test can be answered is

2X3x4x--11 =11!
6. A student appears in an objective test which contain 5 multiple choice
questions. Each question has four choices out of which one correct
answer(i) What is the maximum number of different answers can the
students give? (ii) How will the answer change if each question may
have more than onecorrect answers?

5 multiple choice questions each having 4 choices.

(i) The maximum number of answers = 4°,

(ii) The question may have 1 correct answer,or 2 correct answers
or 3 or 4 or 5 correct answers.

Number of correct answers =1+2+4+3+4+5=15

. Maximum number of answers =15°

7.How many strings can be formed from the letters of the word
ARTICLE, so that vowel occupy the even places?
ARTICLE = Number of letters =7

Vowels = AEI
consonants = RTCL

Let the 3 vowels occupy 3 even places in 3! ways.
The remaining 4 letters will occupy the remaining 4 places in 4! ways.

~ Number of strings = 3! x 4!
=3X2X1)Xx(4x3x2x%x1)

=6X24 =144
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8.8 women and 6 men are standing in a line.
(i) How many arrangements are possible if any individual can stand in

____ any position? _ _
(ii) In how many arrangements will all 6 men be standing next to one

another?
(iii) In how many arrangements will no two men be standing next to one
another?
8 women and 6 men. Total 14 persons.
(i) 14 persons can stand in a line in 14! persons.
(i)n=14m=6
Number of arrangements = m! X (n —m + 1)!
=6l Xx(14-6+1)!

= 6! X 9!
(iiln=14,k=6,m=n—k
m=14—-6
m =8
Number of arrangemets = m! (m + 1) P,
=8!(8+1)P,
= 8!9P

9.Find the distinct permutations of the letters of the word MISSISSIPPI?
MISSISSIPPI = Number of letters = 11!

Number of S's = 4!
Number of I's = 4!

Number of P's = 2!
11!

414121
4 3
_11><10><9><8/><7><6/><5><4’!’
O A4TX (X3 X2ZXx 1) X @2 x1)
= 34650

10. How many ways can the product a? b3 ¢* be expressed without

exponents?
Total number of letters =9

a= 2; b = 31C =4 4 8’
B 9! B O X8X7XHX5 XA
Total number of ways = 513141~ @x 1) X @ X2 x )4t

= 1260
11.In how many ways 4 mathematics books, 3 physics books, 2 chemistry

books and 1 biology book can be arranged on a shelf so that all books of
the same subjects are together.

Required number of arrangements =
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Take 4 Maths books as 1 unit
3 Physics books as 1 unit

2 Chemistry book as 1 unit

1 Biology book as 1 unit

There are 4 units which can be arranged in 4! ways.
4 Maths books can be arranged in = 4!

3 Physics books can be arranged in= 3!

2 Chemistry book can be arranged in = 2!
1 Biology bookcan be arranged in= 1!
Number of arrangements = 4! X 4! x 3! X 2!
=4X3X2X1X4X3X2x1X3X2X1X2

= 6912
12.In how many ways can the letters of the word SUCCESS be arranged so
that all Ss are together?
SUCCESS, Let all the 3 S’s be considered as 1 unit.
There will be 5 units with 2 C's.
5!

~ Number of arragemens = ol

_5><4><3><21' ‘0
— > —

13.A coin is tossed 8 times,
(i) How many different sequences of heads and tails are possible?

(ii) How many different sequences containing sixheads and two tails are

possible?
(i) Total Possible ways = 28
- 8!
(ii) Number of ways = AT
4
8X7 %67
=———=128
67 x2x 1
14. How many strings are there using the letterrs of the word
INTERMEDIATE, if (i) The vowels and consonants are alternative
(ii) All the vowels are together (iii) Vowels are never together

(iv) No two vowels are together.

INTERMEDIATE
Number of letters = 12

Number of I's = 2
Number of T's = 2
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The consonants are

The vowels are

N=1
A=1

T=2 =)
R=1 __
M=1 E=3
D=1 No.of vowels =1+2+3=6

(i) The vowels and consonants are alternative

Let the first place be given to a vowel.
There are six places available for 6 vowels

6!
~ Number of permutation = CTET]
And the remaining 6 places can be given to consonants.
6!
Number of permutation = 1
6! 6!
Number of ways = CTE X el

Let the second place be given to a vowel.

6! 6!
First place consonants and second place vowels are o X TR
| |
~ Required number of ways = o X o + 6 X o
213020 = 217 2131
6! 6!
=2X— X—
2131 21
2
B x6x5xkx%x6x5x4x3xx
B 2% 37 21

=2X60x 360 =43200
(ii) All the vowels are together
Take all the vowels as 1 unit.

Therefore there will be 7 units available for arrangemet.
7!
Number of arrangements = e (There are 2 T's)

_7x6x5x4x3x%

g = 2520
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6!
Among the vowels the number of arrangements = CTET
o 2
_ 6 X5 Xx4x31 €0
- Zx3T
~ Required number of permutation = 2520 X 60
= 151200
(iii) Vowels are never together
12
Total number of arrangements = T 2131
2
12X 11X10X9X8X7X6X5x4x3T
= = 19958400

2 X2 x 3T

Number of arrangements where all vowels are togetheris = 151200
Number of arrangements where all vowels are never together
= 19958400 — 151200 = 19807200

(iv) No two vowels are together
n=12,k=6m=n—k
m=12-6
m==6
No two vowels are together = m! (m + 1) P,
=6!(6+ 1)P,
= 6! X 7P,

6! X 7P,

Number of arrangemets = ——— >
3! x 2! x 2!

_6x5x4x3x2x1x7x6x5x4x3x2
B 6X2X%2

= 151200

15.Each of the digits 1,1, 2, 3,3 and 4 is written on a separate card.
The six cards then laid out in a row to form a 6 — digit number.
(i) How many distinct 6 — digit numbers? (ii) How many of these

6 — digit numbers are even? (iii) How many of these 6 — digit numbers

are divisible by4?
. 2
The digitsare 1,1, 2,3,3 and 4 6! 6 X5X4x3x20

(i) Number of distinct 6 digit numbers = 121 = EEvEY = 180
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(ii) If a number is even, the unit place must be either 2 or 4.
5l

Number of cards = =217 if 2isinthe unit place

5l

T22
5/ 5 5145

2!2!+ 2121 2121
2(5!)  5X4x3xz

T 2%x2 Z

if 4isinthe unit place

Total number of cards =

(iii) If a number is divisible by 4,
The digitsare 1,1, 2, 3,3 and 4
then the last two digits (as a number) mus be divisible by 4.

Therefore the last two digits should be 24 or 32 or 12.

4!
Number of cards with 24 in last two digits = 170
4!
Number of cards with 32 in last two digits = o
41
Number of cards with 12 in last two digits = o
! 4! 4!
Number of cards = —1 +—
212! 2' 2!

_g4’><3><2’!’ 4x3x21 4x3x21

2X2 * 2t * 21
=6+12+12=30
16.If the letters of the word GARDEN are permuted in all possible ways
and the strings thus formed are arranged in the dictionary order,
then find the ranks of he words (i) GARDEN (ii) DANGER.

(i) GARDEN — A,D,E,G,N,R

A— — ———=5l = 120 GAR starts

D— — ———_= 5= 120 GARD starts

F— — ——_ =751= 120 GARDE starts
G starts GARDEN = 1
GA starts Total 379

GAD ———=3!= 6

GAE ———=3!= 6

GAN ———=3!'= 6

BLUE STARS HR.SEC SCHOOL

420



BLUE STARS HR.SEC SCHOOL

BLUE STARS HR.SEC SCHOOL

DANGER - A,D,E,G,N,R

A— — ——
D starts

DA starts

DAE — — —
DAG — — —
DAN starts
DANE — —

— = 120

I
N

DANG starts
DANGE starts

DANGER

Total

= 1

= 135

17.Find the number of strings that can be made using all letters of the
word THING. If these words are written as in a dictionary, what will be

the 85 string?

THING =
G———>4! =
H————>=4! =
[— —=4] =
N starts
NG——=3! =
NH——= 3! =
NI starts

NIG starts

NIGH starts
NIGHT =
Total =

GHINT

24

24
24

6
6

1

a5 ~ 85" word is NIGHT.

18.1If the letters of the word FUNNY are permuted in all possible ways
and the strings thus formed are arranged in the dictionary order, find

the rank the word FUNNY.
FUNNY = FNNUY
F starts
FN ———>= 3! =6
FU starts
FUN starts
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FUNN starts
FUNNY =1
Rank =7

19.Find the sum of all 4 — digit numbers that can be formed using digits
1,2,3,4,and 5 repetitions not allowed?

The sum of all r — digit number can be formed using the givenn
non — zero digits

(n—1)Pu_q1) X (sumof the digits) X 111 ......... 1(r times)
Sumof the digits=1+2+3+4+5
Sum of the digits = 15
n=5, r=4
Sum =4P; x15x 1111
=4x3%x2x15%x1111 = 399960

20.Find the sum of all 4 — digit numbers that can be formed using digits
0,2,5,7,8 without repetition?

Sumof thedigits=0+2+5+7+8
Sum of the digits = 22

n=5, r=4
Sum = (n—1)Pu_q1) X (sumof the digits) X 111 ... ... ... (r times)
— (n—2)Pu_y X (sumof the digits) X 111 ... ... ... (r — 1) times

=4P; x22x 1111 — 3P, x22x 111
=4X3X2X22%Xx1111 —3x2x22x111
= 586608 — 14652

= 571956
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EXERCISE 4.3

44.Evaluate the following: (i) 10C;, (ii) 15C43, (iii) 100Cqq, (iv) 50 Csy.

3 4
100 10xIxgx 7

: — — =120
) 10¢3 = Z==1= S FxZx 1
7
.. 15! 15 X 4 x 131
(ll) 45613 = = = 105
2! x 3! Z X 1x13T
100 x 991
(iii) 100Cy9 = —oor - 100
5ot

iv)50C;) =— =1
(iv) 50C5 o1
45.Find the value of 5C, and 7C3 using the property 5.

n
nC, = — xn—-1C;

Substituting n =5 and r = 2, we get
2

5 5 5 4
275 ( )Coq 2><4C1 le 10

Substituting n =7 and r = 3, we get

Z
7
3 VA
46.1f nC;, = 495.Whatis n?
nXxn—-1)xn-2) x(n—3)a495
4x3x2x%x1

nXxXnm—1)xn—-2) x(n—3) =495 x4x3x2x1
Factoring 495 =3 x 3 x5 x 11,

and writing this product as a product of 4 consecutive numbers in
the descending order

weget, n((n—1)(n—2)(n—3) =12x11x10x%x9

Equating n with the maximum number, we obtain
n=12

47. If nP, = 11880 and nC, = 495,Find n and r.

npb,
= r!

nC,
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2376

11880
99~

337

rl=4 =r=4

Using this r = 4,innC, = 495,

nXxXn—-1)xm-2) x(n—3)
4x3x2x1
nXxXn—1)Xxn—-2) x(n—3) =495 x4 x3x2x1
Factoring 495 =3 x 3 x5 x 11,
nn—1)(n—-2)(n—3)=12x11x10x9
n=12.

= 495

4
48.Prove that 24C, + 2(28 —1)C; = 29C,.
r=0

4
r=0

= 24C, + 24C; + 25C; + 26Cs + 27C; + 28C5

= 26C, + 26C3 + 27C5 + 28C5 = 27C4 + 27C3 + 28C5
= 28C4 +28C; =29C, =R.H.S
Example 4.49: Prove that 10C, + 2 X 10C3 + 10C, = 12C,.

L.H.S = 10C, +2 X 10C; + 10C,

= (10C, + 10C3) + (10C5 + 10C,) = 11C; +11C,
Example 4.50: If (n + 2)C;: (n — 1)P, = 13:24 find n.
(n+2)C,: (n— 1P, = 13:24

(n+2)C; 13
(n—1)P, 24
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(+2)! @5 13  @m+2)m+ Hne—1r_ 13
517" (n-1)! ~ 24 1t -7l — 24

(n+2)(n+1)(n) = g X 7!

13
(n+2)(n+1)(n) =/2—4,><7><6’><5><4’><3><2><1
6
n+2)(n+1)(n) =13 x14%x15 = n+2=15

n=15-2 =[n =13

Example 4.51: A salad at a certain restaurant consists of 4 of the
following fruits: apple, bannana, guava, pomegranate, grapes,

papaya and pineapple. Find the total possible number of fruit salads|.

There are seven fruits and we have to select four fruits for the fruit salad

Hence, the total number of possible ways of making a fruit salad is

7C4 == 7C7_4,
n!
= 7C; ne, =——
rl(n—r)!
wheren=7, r=3 P
7! 7! 7XBX5x M
7C; = = = =35
31(7—3)! 314 BAx2x1x4

Example 4.52: A Mathematics club has 15 members. In that 8 are girls.

6 of the members are to be selected for a competition and half of
them should be girls. How many ways of these selections are possible?

There are 8 girls and 7 boys in the mathematics club.

The number of ways of selecting 6 members in that half of them girls
(3 girls and 3 others) is
8! 7!
X
31(8—-3)!  3I(7-3)!

4 3
8! 7! 8XT7XBXB TXBX5xXH

= X —
31507 314! FRZXH  FxZx XM
=56 X 35 = 1960
Example 4.53: In rating 20 brands of cars, a car magazine picks a first,

8C3 X 7C3 =

second, third, fourth and fifth best brand and the 7 more as acceptable.

In how many ways can it be done?

The picking of 5 brands for a first, second, third, fourth and fifth best brand
from 20 brands in 20P; ways.
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From the remaining 15 we need to select 7 acceptable in 15C, ways.
By the rule of product it can be done in 20P; X 15P, ways.

Example 4.54: From a class of 25 students, 10 students are to be chosen
for an excursion party. There was4 students who decide that either all
of them will join or none of them will join. In how manyways can the
excursion party be chosen?
There are two possibilities.
(i) All the 4 students will got to the excursion party then,

we need to select 6 students out of 21 students.

21! 21!

It can be done in 21C4 = 6T x (21— 6)! = aix 151 Vays.

(ii) All the 4 students will not go to the excursion party then,

we need to select 10 students out of 21 students.
21! 21!
10! x (21 —10)! 10! x 11!
21! 21!
+
6! x 15! 10!'x 11!
Example 4.55: A box of one dozen apple contains a rotten apple.If we

are choosing 3 apples simultaneously, in how many ways, one can get
only good apples.

It can be done in 21Cy =

Hence, the total number of ways is 21C4 + 21Cy =

The total number of ways of selecting 3 apples from 12 apples is 12C5
5

- 120 120 M2x11xex 9
T 3Ix(12-3)!  3Ix9 Zx2ZxI

The total number of ways of getting a rotten apple when selecting
3 apples from 12 apples is equal to

= 220.

selecting 1 rotten apple and remaining 2 apple can be selected from

11 apples is 11! 11 11x 091
He= o= = 2o zxor 2>
Therefore, the total number of ways of getting only good apple is

12C; — 11C, = 220 —55=165
Example 4.56: An exam paper contains 8 questions,4 in Part A

and 4 in Part B. Examiners are required to answer 5 questions.
In how many ways can this be done if

(i) There are no restrictions of choosing a number of questions in
either parts.
(ii) At least two questions from Part A must be answered.
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(i) There are no restrictions.

Totally there are 8 questions in both Part A and Part B.
The total number of ways of attempting 5 questions is
8Cs = 8(3_5 = 8(5 3
8! 8! 8X7xEx5l

T 3Ix(8-3) 31x5  FxZxH

(ii) Atleast two questions from Part A needs to be answered.

Accordingly,various choices are tabulated as follows.

Part A Part B Number of selections
2 3 4C, X 4C4
3 2 4C5 X 4C,
4 1 4C, X 4Cq

Therefore, the required number of ways of answering is
=4C, X 4C3+4C3 X 4C,+ 4C, X 4C;
=4C, Xx4C;(1+1D)+1 x4
=40, X 4¢,(2) +4

41
- x4x2+ 4
a2y X et

2
AX3IX2U
= 8+ 4=48+4="52

2 x AU

Example 4.57: Out of 7 consonants and 4 vowels, how many strings of 3
consonants and 2 vowels can be formed?

Number of ways of selecting
(3 consonants out of 7) and (2 vowels out of 4) is 7C3 X 4C,
Each string contains 5 letters.
Number of ways of arranging 5 letters among themselves is

5 =5%x4x3x2x1 =120
Hence required number of v'vays s,

I = : : X 5!
70 X Al XS = S X T = 2
B 2
B 7! o 4! _7><K><5></¥.f A X3 X2
=g 2 20 o a2t X 120
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= 35X 6 x120 = 25200

Example 4.58: Find the number of strings of 5 letters that can be
formed with the letters of the word PROPOSITION.

There are 11 letters in the word,
with respect to number of repetitions of letters
there are 4 distinct letters (R,S,T,N),2 sets of two alike letters (PP, II),
1 set of three alike letters (000).
The following table will illustrate the combination of these sets and
the number of words

/SI. No Letter options Selections Arrangements \
1 5 distinct 7C- x 5! = 2520
(R,S,T,N,P,1,0) 7Cs o
: !
2 1 set of 3 alike (000), 5! _
1set of 2 alike (PP, II) 16y x 26 1y x 26 X a5 = 20
3 1 set of 3 alike (000), 51
2 distinct (R,S,T,N, P, 1) 1¢, x 6C, 16, X 6C; X 37 =300
2 set of 2 alike (PP,I11,00), ey
4 ' ' R, S, T,N a?’ld 362 X 561 362 X 561 X i — 450
1 distinct | remaining one 2! x 2!
\ in 2 alike /
4 N\

1set of 2 alike (PP,11,00), 31

5 o RS, T,Nand N 3¢ x6C; | 3¢, x6C; x =— = 3600
3 distinct | remaining two ) 2!
L in 2 alike )
Hence, the total number of strigs are 2520 + 20 + 300 + 450 + 3600

= 6890.
Example 4.59: If a set of m parallel line interesect anotherr set of n
parallel lines (not parallel to the lines in the first set), then find the
number of parallelograms formed in this lattic structure.
Whenever we select 2 lines from the first set of m lines

and 2 lines from the second set of n lines, one parallelogram is formed.

Thus the number of parallelograms formed is mC, X nC,.

Example 4.60: How many diagonals are there in a polygon with n sides?
A polygon of n sides has n vertices.
By joining any two vertices of a polygon,
we obtain either a side or a diagonal of the polygon.

BLUE STARS HR.SEC SCHOOL

428



BLUE STARS HR.SEC SCHOOL

BLUE STARS HR.SEC SCHOOL

Number of line segments obtained by joining

the vertices of a n sided polygon taken two at a time is nC, = w
Out of these lines, there are n sides of polygon.
-1
Therefore, number of diagonals of the polygon is % —n
~n(n—-1)—-2n _ nn—1-2) _ n(n—3)
= > > >
number of diagonals for pentagon = > —3) = >(2) =5
2 2 2
7(7 — 7
number of diagonals for heptagon(Septagon) = ( > 3) = E;/)z 14
1.If nClZ = nC9 find 21Cn [ncr _ nCn_r]
nCiz; = nlyo
~12=n-9=n=12+9=>n=21
s 216, =210, =1
2.1If 15C2r_1 = 15C2r+4 findr.
15C2T—1 = 1SCZT'+4 [ncr — nCn_r]

= 15C;5-27-4
2r—1=15-2r—4
2r +2r=15—-4+1
4r =12

12
=2 of=3
3.1f nP, =720,and nC, = 120, find n,r.

nC, =120, nP, =720
[nPr = nC, X r!]

720 =120 X r!
6
g
e 6= r=3

120
4.Prove that 15C; + 2 x 15C4 + 15C5 = 17Cs.

15><14><13_|_2 15x 14 x 13 x12 15X 14 x13x12x 11

LHS =

X
1Xx2x%3 1X2xXx3X%x4 T 1X2X3%X4X%X5
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T Tix2x3 |Yt 7T tToo

15x 14 x 13 [ 24 132]

15x 14 x 13 [20 +120 + 132 _ 15x 14 x 13 x 272
1X2x3 20 T 1X2x3X4x5

_17><16><15><14><13
T 1X2X3X4X5
5. Prove that 35C5 + Y3_, (39 —r)C, = 40Cs.
4

= 17Cs = RHS

4=0
=35C; 4+ (39— 0)C,+ (39— 1)C, + (39 — 2)C, + (39 — 3)C, + (39 — 4)C,
= 35Cs +39C,+ 38C,+ 37C4+ 36C,4+ 35C,
= 35Cs + 35C, +36C, + 37C, + 38C, + 39C, [aC, +nC_; = n+1C)
= 36Cs + 36C, +37C, +38C, + 39C,
=37Cs + 37C, +38C, + 39C,
= 38C; + 38C, +39C, = 39C; + 39C, = 40C; = RHS
6.If (n+ 1)C,: (n—3)P, = 57:16,find the value of n.

5
gt—g;ﬁ}(l—z = 16(n+ 1)Cg = 57(n— 3)P,
(h+1! (n—3)!
16 (n+1-18)!8! =57 (n—3—4)!
(n+ Dn(n—1)(n— 2)(,0/—-%')/!* 57 (n—73)!
@/7}/!8! E M
(n+Dnn—1)(n—2) = 571:8!

57></82’><7><6><5><,4/><3><2><1
¥6 4
=19Xx3X7X6X5%X4x%x3

(n+1)n(n—1)(n—2) =21 x20x 19 x 18

Equating corresponding value n + 1 = 21
n=21-1=20

m+1Dn(h—1)(n—-2) =

n is not an integer.
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2" X1 x3x:--(2n—-1)
n!

7. Prove that 2nC, =
L.H.S = 2C,

_ 2n!
~ (2n—n)!n!

_ 2n(2n—1)(2n—-2)..4x3x2x1
B 1xX2X3..nXn!

2n- 2n—-2)(2n—4)........2-2n—-1)(2n—-3) ...... 3-1
- n!n!
[2(n)2(n—1)2(n—2)..2(D][(2n—=1)(2n — 3) ...3.1]
B n!n!
2" [n(n—-1)..1][2n—1)2n—3)..3.1] 2" x1x3X..(2n—1)
B n!n! - n!
= RHS

8.Provethatif1<r<nthennXx (n-1)Cy_y) = (n—r+1)nC,_;.
LHS = nxn—1C,_,

_ (n—1)! _ n!
- 1-r+D!Ic-D! (-0 (-1
n(n—r+1)

= (mn—-r+1) - nC._; =RHS

T —r+ 1! (r-1!
9. (i) A Kabaddi coach has 14 players ready to play. How many different
teams of 7 players could the coach put on the court?

(ii) There are 15 persons in a part and if each 2 of them shakes hands

with each other, how many handshakes happen in the party?

(iii) How many chords can be drawn through 20 points on a circle?
(iv) In a parking lot one hundred, one year old cars, are parked.
Out of them five are to be chosenat random for to check its
pollution devices. How many dif ferent set of five cars can be
chosen?

(v) How many ways can a team of 3 boys, 2 girls and 1 transgender
be select from 5 boys, 4 girlsand 2 transgenders?

7. 4 Z 3
) M Xx13xIZXx 11X X9I X8
(i) 14C, = = 3432
1 ></Z></3’><«4’><)5></682<7
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7
15 x 14

(ii) Number of handshakes = 15C, = =105

(iii) To draw a chord use need two points

10
20 x 19
~ Number of chord = 20C, = = 190
20° 33 49

100 X 99 X 98 X 97 X 96
1 X2Z'X 3 X4 X5
(v) Required number of selection = 5C; X 4C, X 2C;

(iv) Number of selections = 100C; = = 75287520

2
B 5 ></4’><3/>< 4 X 3
C1x2x3 1x2
10.Find the total number of subsets of a set with
[Hlnt HCO + nC1 + nCZ + - nCn = Zn]
(i) 4 elements (ii) 5 elements (iii) n elements.

x 2 =120

(i) 4 elements
20 =2x%x2x%x2x%x2 =16

(ii) 5 elements
22 =2X2%X2%x2x%x2=32

(iii) n elements = 2"
11. A trust has 25 members.
(i) How many ways 3 officers can be selected?

(ii) In how many ways can a President, Vice President and a Secretary
to be selected?

(i) 25C;

(ii) 25P;
12. How many ways a committee of six persons from 10 persons can
be chosen along with a chair person and a secretary?

Required number of selection = 10C; X 9C;X 8Cgq

=10 X 9 X 8Cs_¢
=90 x 8C,
4g% 7
=90 X = 2520
1x2
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13.How many different selections of 5 books can be made from 12
different books if,
(i) Two particular books are always selected?

(ii) Two particular books are never select?

There are 12 books. We have to select 5 books.
(i) Two particular books be taken away and included.

It is enough if we select 3 books out of remaining 10 books.

Number of selections =10(; = Toos 120

(ii) Two particular books to be taken away and excluded.

Therefore we have to select 5 books out of remaining 10 books in

2 4 2
10X 9 X8X7 X6
10Cs = = 252
1 X2 X3 X4 X5
14.There are 5 teachers and 20 students. Out of them a committeee of
2 teachers and 3 students is to be formed. Find the number of ways in

which this can be done. Further find in how many of these committees.
(i) a particular teacher is included? (ii) a particular student is excluded?

The no. of selection of 2 teachers and 3 students from 5 teachers and
20 students is

10 6
5 ></f-‘}’2 20X 19 x 18
X = 11400
1 X2~ 1X2%X3

5C, X 20C; =

(i) Let the particular teacher be included:
The number of selections = 4C; X 20Cs

10 6
20 X 19 x-18
1 %2 x3
(ii) Let the particular student be excluded: 3

2
5x4 19x18x17
Ix2 1x2%x3
15.In an examination a student has to answer 5 questions, out of 9

questions in which 2 are compulsory. In how many ways a student can
answer the questions?

= 9690

Number of selection =5C, X19C3 =

3
7 X6X5
=35

Number of selections = 7C; = X2 s
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16.Determine the number of 5 card combinations out of a deck of
52 cards if there is exactly three aces in each combination.

Number of selections of 5 card combination from 52 cards with 3 aces in each

combination is
48 x 47 2 No.of cards = 52

X4 = 4512 No.of aces =4
No.of non — aces cards = 48

48C, X 4C; =

17.Find the number of ways of forming a committee of 5 members
out of 7 Indians and 5 Americans, so that always Indians will be the
majority in the committee.

Committee =5

6ossibilities Indians (7)| American (5) Combinations \
7 X673
(1) 5 - 7Cs = 7C, = —
1 x2
| 7%6x5
(2) 4 X-6X _
=———x5=175
7Ci x5 = 1o S
3) 3 2 o e TREXS SxA
\k U T I X2 %3 1 X2 J/

Total = 21 + 175+ 350 = 546
18. A committee of 7 peoples has to be formed from 8 men and 4 women
In how many ways can this be done when the committee consists of

(i) exactly 3 women? (ii) at least 3 women? (iii) at most 3 women?

(i) Exactly 3 women: that means 4 men in the committee

Number of combinations = 8C, X 4C5 [ 4C; = 4C]

2
_8><7></6'><5

= X4 = 280
1 X-2°X-3 X4~

(ii) At least 3 women
means 4 men + 3 women (or) 3 men + 4 women in the committee.

Number of combinations = (8C, X 4C3) + (8C3 X 4C,)
8 X7 X672

1 X%’XB’X

=280+ 56 = 336

= 280 +

BLUE STARS HR.SEC SCHOOL

434



BLUE STARS HR.SEC SCHOOL

BLUE STARS HR.SEC SCHOOL

(iii) At most 3 women
means (7 men + 0 women); (6 men + 1 women), (5 men + 2 women);

(4 men + 3 women) in the committee
Number of combinations
= (8C, X 4Cy)+ (8C, X 4C;) + (8Cs x 4C,) + (8C, X 4C3)

= (8C; X 1)+ (8C, X 4Cy) +(8C3 X 4C,) + 280

) 3 2
—(8><1)+8><7 - 8><7><6/XAK><3
N 1x2" +1></2/></3’ 1 x-2

=8+ 1124336+ 280 =736
19.7 relatives of a man comprises 4 ladies and 3 gentlemen, his wife
also has 7 relaives, 3 of them are ladies and 4 gentlemen. In how many
ways can they invit a dinner paty of 3 ladies and 3 gentlemen so that
there are 3 of men's relative and 3 of the wife’s relative?

+ 280

Man Woman _ \
Possibilities [3 Gents[4 Ladies| 4 Gents|3 Ladies| Combinations
3C, X 4C; X 4C.
2 1 1 2 2 1 1
(2) X 3C, = 144
(3) 1 2 2 1 3C; X 4C, X 4C,
X 3C; =324
Total 485

20.A box contains two white balls,three black balls and four red
balls.In how many ways can three balls be drawn from the box; if at
last one black ball is to be included in the draw?

Possibilities| 2W 3B 4R Combinations
(1) 2 1 — |2¢,x3C;=1x%3 =3
(2) 1 1 1 2C; X 3C; X 4C;= 2 X 3 X 4 =24
(3) — 1 2 3C; X4C, =3 %6 =18
(4) 1 2 - 2C; X 3C, =2 %3 =6
(5) — 2 1 3C, X 4C, =3 x 4 =12
(6) — 3 — 3C; =1

\\ Total - 6y
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21.Find the number of strings of 4 letters that can be formed with

the letters of the word EXAMINATION.

SI.NO.| _ Letter option | Selection Arrangements \
4 distict
Ll x,M,T,04,1,N) 8Cs 8C, x 4! — 1680
1 set of 2 alike 41
2 R —
2 distinct 3C1 X 703 3C; X 7C; X 51 = 756
- 41
3 2 set of 2 alike 3C, 3C, X Txo =18
K Total — 245y

22.How many triangles can be formed by joining 15 points on the plane,
in which no linejoining any three points?
To get a triangles we need 3 points (non collinear points)
5 7

~ Number of triangles = 15C,= = 445
8 = a3
23. How many triangles can be formed by 15 points, in which 7 of them

lie on one line and the remaining 8 on another parallel line? ?

(i) Select 2 points from the group of 7 points which are in first line
and select 1 point from the other group of 8 points.
3

Number of triangles = 7C, X 8C; = ! ><’6/>< 8 =168
gtes = /0, 1= T =
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Mathematical Induction

EXERCISE: 4.4

4.61.By the principle of Mathematical induction prove that, for all
. nn+1)

integersn=>1,1+2+3 +---+n=T

n(n+1)

LetP(n):14+2+3+:--+n= >

Putn=1

P(n):L.HS=n=1

nn+1) 11+1) 2
2 2 "2

L.H.S=R.H.S . P(1)is true.

P(n):R.H.S =

Let us assume that the statement P(n) is true forn = k
k(k+1)

> ..(1) Assume be true

Pk):14+24+3+-+k=
We need to show that P(k + 1) is true

Pk+1)=1+2+3+-+k+(k+1)
'

=Pk)+k+1

:M +(k+1)
Pl +1) = k(k+1)-;2(k+1) (k+1D(k+2)
2
z(k+1)(k+1+1)

2
This implies, P(k + 1) = is true.

The validity of P(k + 1) follows from that of P(k).
Hence by mathematical induction, for all integers, n > 1
nn+1)

2
4.62. Prove that the sum of first n positive odd numbers is n?.

1+2+3+--+n=

LetP(n):14+3+4+5+-+2n—-1)=n* Pm):LHS=2(1)-1=1
P(n):R.H.S =n? =1%2 = 1is true
We assume that P(k) =1+ 3+ 5 +... 2k — 1) istrue forn = k
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That is P(k) = k?
We need to show that P(k + 1) = (k + 1)?

_ 2k —1+2k+1
P(k+1)=1+3+5+7+~2k—1 2k—1+2=2k+1

=Pk)+2k+1=k*+2k+1
= (k+1)* This implies, P(k + 1) is true.
Hence by mathematical induction,
P(n) is true for all natural numbers.

4.63.By the principle of mathematical induction, prove that, for all
nn+12n+1)

6

integersn>1,1>+2%2+3%2+...4+n? =
Let P(n) denote the statements

nn+1)2n+1
LetP(n):12 + 224+ 3%+ -+ n? = ( )6( )

Putn=1
P(n):L.H.S=n*>=1

11+1D)2x1+1) 2x3
P(n):R.H.Szn(n+1)6(2n+1)= 1+ )(6>< +1) _ . _q

L.H.S=R.H.S . P(1)istrue.

Let us assume that the statement P(n) is true forn = k

k(k+1)R2k+1)
6 ....(1) Assume be true

P(k):124+22 432+ -+ k* =
To prove P(k + 1) is true

Pk+1) =12 +22 432+ -+ k2 + (k+ 1)

=P(k)+ (k + 1)?

_k(k+ 1R+ 1) k(k+1)(2k +1)+ 6(k + 1)?
B 6

_(k+ D[kQk+1) +6(k+1)] _ (k+ DI2k? + k + 6k+ 6]

= - = c

_(k+D[2k* + 7k + 6] _ (k+ 1) (k +2)(2k +3)

6 6
k+D(k+D+1)QREK+1D+1)
6

+(k+1)% =

P(k+1) =

if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true foralln € N
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4.64.Using the mathematical induction, show that for any natural

1 1 1 n
numbersn,1.2+2.3+3.4+---+n(n+1) :n+1'
1 1 1 1 n
Letp(n):ﬁ+ﬁ+ﬁ+.'.+n(n+1) :n+1

1 1 1
Putn =1 P(n):L.H.S=n(n_I_1)=1x2=E
1 1

n
P(n):R.H.S = _ _ 2
n+l 714172

L.HS=R.H.S . P(1)istrue.

Let us assume that the statement is true forn = k

1 1 1 1 k
Then, P(k):— + — + — + - =
en ()1.2+2.3+3.4+ +k(k+1) Kkt 1 - (1) Assume be true
We need to show that P(k + 1) is true
PUk+1) = — bbb+ :
12" 23" 34 k(k+ 1) (k+D(k+2)
—
1
= P+ GrDk+2)
k 1

(k+1) * (k+1)(k+2)

_ 1 <E+ 1>_ 1 [k(k+2)+1
(k+D\1 k+2 _(k+1)[ k+ 2 ]

3 1 [(k*+2k+1\ 1 [(k+1)? k+1
B (k+1)< k+ 2 >_(k+1)[k+2]=(k+1)+1
k+1

P(k+1)=m

This implies, P(k + 1) is true.
The validity of P(k + 1) follows from that of P(k).
Hence by mathematical induction, for any natural numbers n,
1 1 1 1 n

1.2 23 34 nn+1) n+1
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4.65. Prove that for any natural numbers n,a™ — b" is divisible
by a — b,where a > b.

Let P(n) denote the statements
P(n):a™— b™ is divisible bya — b foralln € N

Putn =1
P(1):a*— b?
= a — b isdivisiblebya — b foralln € N

~ P(1) is true
Let us assume that the statement P(n) is true forn = k
P(k):ak— b* isdivisiblebya—b Assume be true
ak_ bk
=c
a—>b

ak— bk =c(a—b) = a*= b*+c(a—>b)

P(k): ak— b* la¥= b* + c(a — b)|
To prove P(k + 1) is true
To prove : P(k + 1) = a**1— pk*1 isdivisiblebya —b
— ak*+1— pk+1 — gkq _ pkp
= [b¥ + c(a — b)]a — b*b
= ab® + ac(a — b) — b*b
= ab®*— b*b+ ac(a — b)
= b*(a — b) + ac(a — b)
= (a — b)(b* + ac) isdivisiblebya—b

~ P(k + 1)is true.
if P(k) is true, then P(k + 1) is true
Hence by mathematical induction P(n) is true for alln € N
4.66. Prove that 3°™"*% — 8n — 9 is divisible by 8 for alln > 1.
Let P(n): = 32"*2 — 8n — 9, s divisible by 8
Putn =1
P(1) =32*2-8(1) -9

=3%*-8-9=81—-17 = 64 whichis divisible by 8 - P(1) istrue.

Let us assume that the statement is true forn = k
Let P(k): 32%*2 — 8k — 9, is divisible by 8
32k+2 —8k -9

3 =c = 3%+2 _8k-9=8c
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. 3%k*2 =8¢+ 8k +9
We need to show that P(k + 1) = 32+ D+2 _ g(k + 1) — 9 is divisible by 8
P(k+1)= 32k+D+2_ g4 1)—9
=32 32k+2 _gr_g_9 32k+2 = 8¢ + 8k + 9|
=32(8c+8k+9) —8k—17
=98c+8k+9)— 8k—17 =72c + 72k + 81— 8k — 17

= 72c + 64k + 64
= 8(9c + 8k + 8) which is divisible by 8

This implies, P(k + 1) is true.
The validity of P(k + 1) follows from that of P(k).

Hence by mathematical induction, 32"*2 —8n — 9

is divisible by 8 for alln > 1.
4.67.Using the mathematical induction, show that for any integer
n>2,3n%>>m+1)>2
Let P(n):3n? > (n+ 1)? withn > 2

Putn = 2
P(2) =3x2%2=12 and 2 +1)?2=9

As 12 > 9 =~ P(2) is true.
Let us assume that the statement is true forn = k

Let P(k):3k? > (k + 1)?
P(k+1)=3(k+1)*=3(k*+2k+1) =3k? + 6k + 3
=P(k) + 6k +3
>(k+1)%*+6k+3
>k?+2k+1+6k+3

>k?+8k+4
>kZ+4k+4k+4=k?*+4k+ 4+ 4k

= (k +2)% +4k
> (k+1+1)%sincek >0

This is the statement P(k + 1).

The validity of P(k + 1) follows from that of P(k).

Hence by mathematical induction, for all n > 2,3n%? > (n + 1)?
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4.68.Using the mathematical induction, show that for any integer
n>2,3">n?

LetP(n):3" > n? withn > 2
Putn = 2
P(2)=32=9 and 2% =4
As9 >4 « P(2)istrue.
Let us assume that the statement is true forn = k

That is P(k) > k?
P(k+1) =31 =3x3k=3xP(k)
> 3k?
> (k + 1)?
Hence by mathematical induction, for all integer n > 2,3™ > n?

4.69.By the principle of mathematical induction, prove that
forneN,
cosa+cos(a+ pB)+cos(a+2B)+ -+ cos(a+ (n—1)B)

- cos(w2508), 2

2 sin (g)
Let P(n): = cosa + cos(a + B) + cos(a + 2B) + -+ cos(a + (n — 1)B)
Putn=1

cos(a) .sin (g)

. (B
sin ( >
Let us assume that the statement is true forn = k

cosa + cos(a + B) + cos(a + 2B) + -+ cos(a + (n — 1)B)

- os(a5) L)

P(1) = cos(a) ~ P(1) is true.

2 sin (B)
We need to show that P(k + 1) is true.
P(k+ 1) = cos(a) + cos(a + B) + cos(a + 2B) + -+ cos(a + (n — 1)B)

P(k + 1) = P(k) + cos(a + kB) + cos(a + k)

cos (a( — )ﬁ) sm( Zﬁ) + cos(a + kf)

n(©)
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vl e R R
= Sinl(_) lc ((a + k2,8 > g) sin <¥> + cos(a + kB) sin <§>]
gl 2)oet)son (o F)on(2) ()

+ cos(a + kpB) sin (g)]

! cos o:+ﬁ cos E sin % + SinE sin a+@ SiTL(@)
Sm(g) 2 2 2 2 2 2

+ cos(a + kﬁ))]

- [ D) -

sin|5
2

N[

1 coS a+@ coS B sin k'B
. (,8 2 2 2
sin 5

sin
2

1 kB Sm
(ﬁ [cos <a + > cos ( )Sm< > (cosa + cos(a + kﬁ))}
sin(5
2

m;() s+ ) eos(2) ) +

kﬁ 2 208 o+ 0) s (—TW
-l oG )]

N———

N

[(cosa — cos(a + kB) + 2 cos(a + k,B)]]

N——

N[

51r21 2 <2 sin (a + %) sin <%> + 2cos(a + k,[?))

BLUE STARS HR.SEC SCHOOL

443



BLUE STARS HR.SEC SCHOOL

BLUE STARS HR.SEC SCHOOL

cos(a+ 2'8) ((k+1)ﬂ)

sin (g)
That is cos a + cos(a + B) + cos(a + 2B) + -+ cos(a + (k — 1)B)
k+1 + cos(a + k)
< kﬁ>5‘"<( S D |
= cos|a+ This implies, P(k + 1) = is true.
2 sin (’8)

The validity of P(k + 1) follows from that of P(k).
Hence by the principle of mathematical induction,

cosa + cos(a+ B) + cos(a+2B)+ -+ cos(a+ (n—1)p)
< (n— 1)ﬁ> sin ()
=cos|a X

2 sin (g)

6.70.Using the mathematical induction, show that for any natural n;
with the assumption i’ = —1, (r(cos0 + i sin@))" = r™(cosn 0 + i sinng).

LetP(n): [r(cosO +isinB)]|™* = r"*(cosn @ + i sinndh)

Putn=1

P(1) = (r(cosB +isind))! = r(cosh + isinh)

~ P(1) is true.

Let us assume that the statement is true forn = k
Then, (r(cos@ + i sinB))* = r*(cosk 6 + i sink )

We need to show that P(k + 1) is true.

P(k +1) = (r(cos + i sinf))**?

=(r(cosB + i sinB))* x r(cosh + isinh)

=r¥(cosk 6 + isink@) x r(cosf + isinf)

= r**1 x (cos k OcosO + i? sink@ sin @) + i(sink Bcosb + cos kO sin §)

= r**1 X (cos(k + 1) 0 + i sin(k + 1)6)

This implies, P(k + 1) = is true.

The validity of P(k + 1) follows from that of P(k).
Hence by the principle of mathematical induction,

(r(cosB + i sinf))™ = r*(cos(nB) + isin(nh))
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1.By the principle of mathematical induction, prove that, for n > 1,

2
13+23+33+...+n3=lwl
2
nn+1) g
LetP(n):13 +23+3%3 +.-.+n3 = [T]

Putn=1
P(1): L.H.S:n®=1
[+ D] [+ @]
e [ <P -1 -

L.HS=RHS . pP(1)istrue.

Let us assume that the statement P(n) is true forn = k

k(k + D]
P(K):13 +23 4334+ -+ k3= [ > ] . Assume be true

We need to show that P(k + 1) is true

Pk+1)=13+23+33+ -+ k34 (k+1)3

2
=Pk) + (k+1)3 21@] _|_(k_|_1)3

2
=M+(k+1 = (k +1)? [k +k+1]
k? + 4k + 4 2 2
_ oA T (k+1D)*(k+2)
_(k+1)2[ 2 ] _ y

— [(k + Dk + 2)]2 ~ P(k + 1)is true.
2

Hence by mathematical induction P(n) is true for all values of n.

2.By the principle of mathematical induction, prove that, forn > 1,

n2n-1)2n+1)
3
n2n-1)2n+1)
3

12+ 32452+ 4+ (2n—-1)*=

Let P(n):12 + 32 + 52 4+ ...+ (2n — 1)2=
Putn=1
Pn):L.HS=(02n—-1)*=2x1-1)?=1%2=1

P(n):R.H.S = 12~ 1;(2 1 =§= 1
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LHS=RHS - P(1)istrue.
Let us assume that the statement P(n) is true forn = k
k(2k—1)(2k+ 1) (D

P(k):12 + 32+ 52 + - + (2k — 1)?= :

Assume be true

We need to show that P(k + 1) is true [2k — 1+ 2]% = (2k + 1)?

P(k+1)=12+3%2+5%+ -+ 2k — 1)+ (2k + 1)?

= P(k) + 2k + 1)2= k(2k —1)2k + 1)
3

+ (2k + 1)

k(2k — 1)
=(2k+1)[—3 +2k+1]

3
(2k + 1)(2k? + 5k + 3)
3
@+ D+ 1D(2k+3)

~ P(k + 1)is true. 3
This implies, P(k + 1) = is true.
if P(k) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all values of n

2k?* —k +6k+3
= k+1)

3. Prove that the sum of first 'n'non — zero even number is n> + n.

LetP(n):24+4+6+--+2n=n*+n
Putn=1
P(n):L.H.S =2n =2
Pm):RHS=n*?+n=1>+1=2
L.HS=R.H.S . P(1)istrue.
Let us assume that the statement P(n) is true forn = k
P(k):2+4+6+-+2k=k?+k....(1) Assume be true
We need to show that P(k + 1) is true
P(k+1):2+4+6+ -+ 2k+2k+2
= P(k)+2(k+1)
= k>+k+2k+2
=k*+3k+2=(k+2)(k+1)
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This implies, P(k + 1) = is true.
if P(k) is true, then P(k + 1) is true
Hence by mathematical induction P(n) is true for all values of n

4.By the principle of mathematical induction, prove that, forn > 1,
nn+1)(n+2)

3
nn+1)(n+2)
3

1.24+2.34+3.4++nn+1) =

LetP(n):1.2+23+34+ +nn+1)=
Putn=1

P(n):L.HS=11+1)=1(2) =2

11+D@A+2) 203 _
P(n):R.H.S:n(n-l_l;(n-l_z) = 3 —T‘Z

L.H.S=R.H.S . P(1)istrue.
Let us assume that the statement P(n) is true forn = k
k(k+1)(k+2) )

3
Assume be true

We need to show that P(k + 1) is true
P(k+1)=12+23+434+ -+ k(k+ 1)+ (k+1)(k+2)
k(k+1)(k+2)

P(k):12+23+34+-+k(k+1)=

=Pk)+k+1D)(k+2)= +(k+1)(k+2)

= (k+1)(k+2)[§+ 1]

C(k+ D (k+2)(k+3)

3
This implies, P(k + 1) = is true. if P(K) is true, then P(k + 1) is true

Hence by mathematical induction P(n) is true for all values of n

5.Using the mathematical induction, show that for any natural
number n = 2,

- (8-
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RHS - 2+1 _3
22) 4

L.HS=RH.S . P(1)istrue.

Let us assume that the statement P(n) is true forn = k

P(k).<1 1><1 1><1 1) I 1] k+1 ...(D)
22 32 42 k2 2k Assume be true

We need to show that P(k + 1) is true.

1 1 1 1
rocs D=(1-3)(1-52) - (1-) (-G )
_ p(k 1 _ k+1 1 1

=P( )<1_(k+1)2>‘<7>< _(k+1)2>

_k+1 (k+1)2—1] _ k+1(k*+2k+1-1
2k | (k+1)? 2k (k + 1)2

_k+1 k% + 2k ,k/l-/l/k(k+2)
- (k+1)?%| (k;l-/ffz
k+2 k+1

2(k + 1)
~ P(k + 1)is true.

Hence by mathematical induction P(n) is true for all values of n

6.Using the mathematical induction,show that for any natural
number n = 2.

1 s 1 s 1 . 1 n-1
1+2 1+2+31 1+2+3+4 1 1+2+3+1 +n n+1
n_
M T2 15243 1+2+3+.4n n+1 n(n+ 1)
Pn) t .1 _n- '2"=—2
Y T2 1+2+3 nn+1) n+1
2

P) 1 s 1 s 2 n-1
M2 142+3 nn+1) n+i
Putn = 2
P(n):L.H.S = __° 2

R nn+1) 22+1) ~ 203”3
P(n):R.H.S=E=1 L.HS=R.H.S . P(1)istrue.

2+1 3
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Let us assume that the statement P(n) is true forn = k

1 1 2 k-1
142 14243 "Ykk+D kv @
We need to show that P(k + 1) is true. = Assume be true

1 2 2
e ———_+
12 172537 +k(k+1) (k+1)(k+2)
_k—1+ 2
(k+1)(k+2) k+1 (k+1D(k+2)

1 2 1 [(k—1D(k+2)+2
=—|k—1+—— )=
k+1 k+2 k+1 k+2

P(k):

P(k + 1):

= P(k) +

1 [k*+2k—-k-2+2] 1 Jk?+2k—k—-24
Ck+1] k + 2 T k+1 k+ 2
1 Tk*+k] .k [k+1 k

k+1|k+2| k+1|k+2] k+2

~ P(k + 1)is true.
Hence by mathematical induction P(n) is true for all values of n

7.Using the mathematical induction, show that for any natural
number n,

1 N 1 N 1 P 1 _ n(n+ 3)
1-.2.3'2.3-43-4-5 nn+D(n+2) 4m+Dn+2)
1 1 1 n(n+ 3)
P : cee e
T E I T am T DD At Dm+ D)
Putn=1
1 1 1 1
P(n):L.H.S = = = _1
(n) nn+Dm+2) 10+ +2) 1x2x3 g
nn+3 1(1+3 4

P():RH.S = — "+ 3) 1+3) 1

4m+Dn+2) 40+DA+2) 42Q2)3B) g
L.H.S=R.H.S .PpP(1)istrue.

Let us assume that the statement P(n) is true forn = k
1 1 k(k + 3)
1-2:3 2-3-4 k(k+1)(k+2) 4k+1)(k+2)

- P(k):

(1)

We need to show that P(k + 1) is true. Assume be true
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1 1 1 1

Pt D =13 o3 " Tt D+  k+ DK+ 2k +3)

1 k(k +3) 1

k+ Dk +2)(k+3) dk+DK+2) kT DEkEDET3)
1 k(k+3) 1

= (k+2)(k+1)l 2 +(k+3)]

_ 1 k(k+3)2+4]

= P(k) +

C(k+2)(k+1) | 40k + 3)

1

= [k(k? + 6k +9) + 4]
4(k + 1)(k + 2)(k + 3)

1

— [k3 + 6k? + 9k + 4]
4(k + D(k +2)(k +3)

Using synthetic division k3 + 6k? + 9k + 4

1 5 4 0

one of the factor is (k + 1)
~. The other factor is k* + 5k + 4 = (k + 1)(k + 4)

1

— k k k
_4(k+1)(k+2)(k+3)[( PRl D+ ]

_ (k+1)(k+4)
~ 4(k+2)(k+3)

Hence by mathematical induction P(n) is true for all values of n

This implies, P(k + 1)is true.

8.Using the mathematical induction, show that for any natural
number n,

R S S 1 o
2-5 5-8 8-11 3n—-1)3n+2) 6n+4
P(n): 4+ —— 4 ot ! =
M5 5.8" 811 GBn-1)(GBn+2) 6n+4

Putn=1
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1 1 1 1
P(n):L.H.S = = ==
( BGn-1Bn+2) B-1DGB+2) " 2x5 10
n 1 1
P(n):R.H.S = = = — LHS=RHS .p(1)istrue.

on+4 6(1)+4 10

Let us assume that the statement P(n) is true forn = k
1 k

: ..(1
2:5 5-8 Bk—-—1)Bk+2) 6k+4 (1)
Assume be true

We need to show that P(k + 1) is true.

1 1
P(k+1)_2- tggt- +(3k—1)(3k+2) (3k—1+3)(3k+2+23)
k 1
(k) (3k +2)(3k + 5) 6k+4+ (3k +2)(3k + 5)
B k N 1 1 k+ 1
23k+2) Bk+2)(3k+5) 3k+2 3k +5
1 [k@Bk+5)+2] 1 [3k?2+5k+2
~ 3k+2| 2B@k+5) 3k+2| 2(3k+5)

= 2Gk+2)Gk+5) T DBk+2)

_ k+1 k+1 o ' |
= 2(3k n 5) = 6k + 10) This lmplleS, P(k + 1) = (s true.

if P(k) is true, then P(k + 1) is true
Hence by mathematical induction P(n) is true for all values of n

9. Prove by mathematical induction that
11+ 2x2D)+@Bx3D)+..+(nxn!) =(n+1)! —
LetP(n):=1'+ 2 x2D+ B x3D+..+(nxnH) =n+1)'—-1
Putn=1
Pn):LLHS=nxn!'=1x1!'=1
P(n):RH.S=mn+1D-=0+1)-1
=2-1
=1 LHS=RHS . P(1) is true.
Let us assume that the statement P(n) is true forn = k
p(K): 11+ @2x2D+Bx3)+. . +kxkD)=Gk+1D!'—-1 ....(0)
We need to show that P(k + 1) is true. Assume be true

Plk+1):1'+(2x2D)+ @B x3D+..+(k x k) + (k+ 1) (k + 1)!

BLUE STARS HR.SEC SCHOOL

451



BLUE STARS HR.SEC SCHOOL

BLUE STARS HR.SEC SCHOOL

=P(k) + (k + D(k + 1)! “(n+ D) = (n+1)!

—(k+ 1! =14 (k+1)(k+1)!

=k+D)!'+Ek+Dk+1)! -1
=k+D1+k+1]-1=Ck+D![k+2]-1
(k 4+ 2)! —1 This implies, P(k + 1)is true.
Hence by mathematical induction P(n) is true for all values of n
10. Using mathematical induction show that for any natural

numbers n, x>*—y*" is divisible by x + y.
Let P(n): = x2™ — y2" is divisible by x + y.
Putn =1
P(1):x* —y®= (x + y)(x —y) which is divisible by x +y - P(1) is true.

Let us assume that the statement is true forn = k

Then, P(k) = x?* — y2k is divisible by x + y
x2k _ 2k
=m= x*f —y2k =m(x + y)

xX+y

x? =m(x +y) + y?k
We need to show that P(k + 1)is true
i. e x2(k+1) — y2(k+1) j5 djvisible by (x + y)
P(k + 1) — xz(k+1) _ yz(k+1)
= x20c+1) _ 520k+1)

— 12 22k _ 5,2k+2
=ka+2_ka+2 =X“X y

= x?[m(x +y) +y*] -y

p?* = m(x +y) + y?¥]

=m(x +y)(x?) + x2y2k _y2k . y?

=m(x +y)(x?) + y**(x* — y?)

=m(x +y)x* + y*?*(x + y)(x - y)

= (x + y)[mx*+(x — ¥)y**] which is divisible by (x + y)
o x 2+ D) _ 32(k+2) j5 dipisible by (x + y)

This implies, P(k + 1) is true.
Hence by mathematical induction P(n) is true for all values of n

12.Use induction to prove that n3 — 7n + 3 is divisible by 3 for all
natural number n.
Let P(n):n3 — 7n + 3 is divisible by 3

Putn=1P(1):13 -7(1)+3=1—-7+ 3 = —3 isdivisible by 3

~ P(1) is true.
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Let us assume that P(n) is true forn = k

P(k): k3 — 7k + 3 is divisible by 3 Assume be true

3 _
k" —7k+3 kP _7k+3=3m
3
To prove P(k + 1) is true  (a+ b)3= a® + 3a?b + 3ab? + b3]

Toprove: P(k+1)=(k+1)3-7(k+ 1) + 3 is divisible by 3
Pk+1)=(k+13-7(k+1)+3
= k3+3k?*+3k+1—-7k—-7+3
= (K3 — 7k + 3)+(3k2 + 3k — 6)
=3m+3(k?*+k—2)
= 3(m + k? + k — 2) which is divisible by 3
P(k + 1) is true.

Hence by mathematical induction P(n) is true for all values of n

13.Use induction to prove that 5"*! + 4 x 6"when divided by 20
leaves a remainder 9 for all natural numbers n.

Let P(n): = 5™ + 4 x 6™ is divisible by 20 leaves remainder 9
Putn =1
P(1) =5*+4x6'

=25+24 =149

= 2(20) +9 hence leaves a remainder 9 when divisible by 9

~ P(1) is true.
Let us assume that the statement is true forn = k
Let P(k): = 5%*1 + 4 x 6% when divided by 20 leaves a remainder 9
5K+l + 4 x 6% =20m+9
5k+1=20m + 9 — 4(6*)
We need to show that P(k + 1) is true.
P(k + 1):5%%2 + 4 x 6**1
To prove P(k + 1) is divided by 20 leaves a remainder 9
— gk+2 4 4 % gk+1

= 5K*1.51 +4.6%. 6! 5k+1 = 20m + 9 — 4(6¥)

=5(20m + 9 — 4.6%) + 24 - 6*

= 100m + 45 —20- 6%+ 24 - 6¥
=100m +45—20-65+20-6%X+ 4 -6
=100m +45+4+4-6X—4
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=100m+49+4-6K—4 =100m+40+9+4(6F—1)

= 100m + 40 + 4(6¥ — 1) +9
which is divisible by 20 and leaves a remainder 9

~ P(k + 1) is true.
Hence by mathematical induction P(n) is true for all values of n

14.Use induction to prove that 10" + 3 x 4™"*2 + 5, is divisible by 9
for all natural numbers n.
Let P(n): 10™ + 3 x 4™"*2 + 5, is divisible by 9
Putn =1
P(1) =101 +3x42+5 =10+3(4%)+5
=15+ 3(64) = 15 + 192
= 207 which is divisible by 9 .. P(1) is true.
Let us assume that the statement is true forn = k
Let P(k): 10% + 3 x 4%*2 + 5 is divisible by 9
10k + 3 x 4%+2 4+ 5
9
10 +3x4k+2 45 =9m
10 = 9m — 5 — 3 X 4%*2 We need to show that P(k + 1) is true.

P(k +1):10%*1 + 3 x 4%+1%2 4 5 s divisible by 9
— 10k+1+3x4k+3+5 |1Ok=9m—5—3><4k+2|

=m

= 10%.10+3-4%*2.41 +5

=10[9m — 5 — 3 x 4%*2]4+12 - 4%*2 + 5

=90m — 50 — 30 x 4k*2+12-4%*2 4+ 5
= 90m — 45 — 30 x 4K+2 +12 - 45+2
=90m — 45 —18 - 4%+2
= 9[10m — 5 — 2(4¥*2)|which is divisible by 9
P(k + 1) is true.

Hence by mathematical induction P(n) is true for all values of n
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